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ABsTRACT. In this paper, the authors discuss a class of multilinear singular integrals
and obtain their boundedness from the weighted Hardy space H)(R") to the weighted
Lebesgue space L!(R") for we 4;(R") (the class of Muckenhoupt’s weights) and
from the weighted Herz-type Hardy space HK,(w;,w2;R") (or HK,(w,w;;R")) to the
weighted Herz space K,(w;, @2;R") (or K,(w;,;R")) for any p e (1,0) and w;, w; €
A1 (R").

1. Introduction

In recent years, there has been significant progress in the study of oscil-
latory singular integrals with polynomial phase functions. Let P(x,y) be a
real-valued polynomial defined on R” x R” and K be a standard Calderon-
Zygmund kernel, that is, K is C! on R” away from the origin and has mean
value zero on the unit sphere centered at the origin. Define the oscillatory
singular integral operator T by

(1) T7(5) = pv. | MK = S (.
A well-known result of Ricci-Stein [13] states that T is bounded on L?(R") for
1 < p < oo with the (operator) bound depending only on n, p and deg P (the
total degree of P), and being independent of the coefficients of the polynomial
P. Chanillo and Christ [2] proved that T is also bounded from L!(R") to weak
L'(R") with bound independent of the coefficients of P. Pan [12] considered
the behaviour of T on H{(R") (a variant of the Hardy space H'!(R")). There
are many other works about the operator T; we refer to the references [7], [9]
and [11].

The purpose of this paper is to study a class of multilinear operators which
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are closely related to the operator T defined by (1.1). Let me N and m > 2.
Let Q be homogeneous of degree zero, belong to the space Lip,(S""!) and
satisfy the moment conditions

(1.2) L Q0)07d9=0  for ae (NU{0})" and |o| = m.

Let 4 have derivatives of order m in BMO(R") and let R,,(A4;x, y) denote the
m-th order Taylor series remainder of 4 at x about y, that is,

Ru(dix,) = A(X) = 3 S D(3)(x - )™

o
|o] <m—1

The operator we will consider here is of the form:

(1.3) T4f(x) = J i ey If—(_xy_l—{),,; Omi1(4;x,y) f(y)dy,

where Q,41(4;x,y) = Ru(4;x,y) — Z|m|:m$DaA(x) (x — y)*. Recall that if b

is a BMO(R") function and T is a linear operator, then the commutator [, T']
is defined by

[b, T/ (x) = b(x)Tf (x) — T(bf)(x)

for suitable functions f. It is obvious that the difference between the operator
T4 and the operator T4 defined by

- ; Q(x —
(14) P70 = [ e 2O R (S )
is a sum of the commutators of BMO(R") functions {D°4},_, and the
operators {7,},_, of type (1.1) with the kernel K replacing by K,(x)=
Q(x)x*/|x|"™ which is a Calderén-Zygmund kernel. In fact, we have

Tf(x) - Tf(x) = Y [D*4, ] f ().
lot|=m
The boundedness of T4 on L2(R") for 1 < p < o and w e 4,(R") (the class
of Muckenhoupt’s weights), has been disposed in [3]. Here, we will study the
behaviour of 74 on the weighted Hardy space H!(R") and the weighted Herz-
type Hardy space HK,(w,wy;R"). Before stating our results, let us recall
some necessary definitions.

DeriniTION 1. Given a non-negative weight w(x) on R”, the weighted
Hardy space H(R") is the space of those f € &'(R") for which G(f), the grand
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maximal function of f (see [14]), belongs to L!(R"), and define

1/ 1L zp ey = NGy greys
where #’(R") is the space of Schwartz distributions on R”.

DerIniTION 2. Let 1 < p < 00 and w;, @w; be two non-negative weights
on R".
(i) The homogeneous weighted Herz space K,(wi,w;;R") is the space of those
functions f € Lf (R"\{0}) such that

loc

0

1-(1
1 1z o omirey = D @1BO)' ™ P f il g gry < o0

k=—o0

with B, = B(0,2%), Cy = Bi\By_1, and y; = x¢,.
(ii) The non-homogeneous weighted Herz space K,(w;,w,;R") is the space of
those functions f € L? (R") such that

loc

1-(1
1 11k, iy = 01 (B0)' ™ P f gy, e

o0
1—(1
+ > oB) T o, ey < o0
k=1

(iii) The homogeneous weighted Herz-type Hardy space HKp(wl,wz;R") is
defined by

HK,(w1,02;R") = {f € #'(R") : G(f) € K,(wy,02;R")}
with
||f“111’<,,(w,‘w2;11") = “G(f)”kp(w,,wz;nﬂ)-

(iv) The non-homogeneous weighted Herz-type Hardy space HK,(w;,w2;R") is
defined by

HK,(w1,02;R") = {f € '(R") : G(f) € Kp(w1,w2;R")}
with
11 ik o ns Ry = NGk, 00y, 000 R7) -

THEOREM 1. Let w € A;(R"), T4 be defined as in (1.3) and P(x,y) be a
real-valued polynomial on R" x R" with V,P(0,y) =0. Then T is bounded
from HL(R") to L!(R"), that is,

1T |y ey < € Z |1 D°All prrowe) 1/ |7 mey

|ot|=m

where C depends only on n, m, deg P and A,(w), the A,;(R")-constant of w.
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THEOREM 2. Let wi, w; € A((R"), T* and P(x,y) be the same as in
Theorem 1. If 1< p< oo, then T* is bounded from HK,(w;,w2;R") to

K,(w1,w2;R") and from HK,(wi,w2;R") to K,(wi,w2;R"), that is,

y
ISk @1, 05r7) < € Z I D*All gpromny 1/ 11 &, (w1, 07

lor|=m
and

1T 1 gy o,y < € D ID*Allsasoimey 1 11k o ns R

|a|=m
where C’s depend only on n, m, p, deg P and the A,(R")-constants of w, and w,.
Obviously,
Ki(w1,2;R") = Ky(w1,02;R") = L, (R")
and
HKi (w1, 03;R") = HK; (w1, 02;R") = H,, (R");
while when 1 < p < oo and w(x) = wa(x) =1,
Ky(01,02R") & Ky(01,02;R") & Ly, (R")
and
HK, (w1, w2;R") ¢ HK, (w1, w2;R") ¢ H,, (R").

Thus Theorem 2 can be regarded as a local version at the origin of Theorem 1.

We finally remark that Theorem 1 with P(x, y) = P(x — y) and w(x) =1
has been obtained by Hu and Yang in [8]. Theorem 2 is new even when
a)l(x) = wz(x) =1.

Acknowledgement

The authors want to express their deep thanks to the referee for his/her
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2. Proof of Theorem 1

We begin with some known facts. The following Lemma 1 is the lemma
of ([4], p. 448).

Lemma 1. Let b(x) be a function on R" with m-th order derivatives in

L} (R") for some q >n. Then

loc
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1/q
1
Ron(b; %, )| < Conlx — 9" S [ ——— D*b(z)|%dz | |
IR (B35, )| < Gl — 31 |£(IQ(x,y)IJQ(x,y>I =)l )

where Q(x, y) is the cube centered at x and having diameter 5/n|x — y|.

LeMMA 2. Let T be defined as in (1.3). Then for 1 < p < o0 and w e
A,(R"), T4 is bounded on LE(R"), that is, for all f e L2(R"),

||TAf||L,5;(R") < C(m,n, p, deg P, 4,(w)) Z ”DaA“BMO(R")Hf”L,fj(R")a

|o|=m
where and in what follows, A,(w) denotes the A,(R")-constant of .

Proor. Consider the operator 74 defined in (1.4). The main result in [3]
shows that if w e 4,(R"), then

“TAf”Lg(R") < C(m,n, p, deg P, 4,(w)) Z ”DaA”BMO(R")

|ot|=m

Sz -

Note that for each fixed a with |a| = m, Q(x)x*/|x|"™™ is a standard Calderén-
Zygmund kernel. Thus, from this and the well-known LZ(R")-boundedness of
the commutators (see [6]), it follows that for w e 4,(R"),

J eiPlry) 2 = 2 (D4 (x) - DA(y))f ()dy
. |x =yl

Li(R")

< C(myn, p, deg P, Ap(®)) Z | D*Al| parown) 1/ 1 2wy -

lo|=m

Combining these two inequalities, we obtain the desired estimate. This finishes
the proof of Lemma 2.

To show Theorem 1, we will need the atomic decomposition of H)(R").

DerniTiON 3. Let w € 41(R"). A function a(x) on R” is called a (1, w)-
atom if
(i) supp a < B(xp,r) ={xeR":|x—xp| < r} for some xy € R" and r > 0;
(i) Nal e rry < @(B(x0,7)) 7"
(il) [gra(x)dx = 0.

The following atomic decomposition of the Hardy space H]!(R") is

obtained by Bui in ([1], Theorem 5.1).

LEMMA 3. Let we A(R"). A distribution f on R" belongs to H)(R")
if and only if f can be written as a series f =} Aa; convergent in the sense
of distributions, where each a; is a (1,w)-atom and the coefficients J; satisfy
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>4 < 00.  Moreover, in this case,

1 W by ey ~ inf{z lljl},
J

where the infimum is taken over all the decompositions of f.

The following lemma has been essentially proved by Pan in ([12], pp. 59—
60). In fact, Pan proved the case where Y = y{/4<|q<s)- However, by minor
modification of his proof, we can easily see that the conclusion is still true when
Y e Cy(R"). We omit the details.

LemMAa 4. Let g€ C°(R") satisfy that suppy < {xeR": |x| <2} and
p(x) =1 for |x| <1 and Y € C;°(R") satisfy that suppy < {xeR":1/4<|x| <4}
and y(x) =1 for 1/2 < |x| <2. Define

n

Tf () = b@ ) [ () f(3)dy.
If the polynomial P(x,y) has the form

P(x, y) = Z a/wxﬂyv + Q(x, y)’

lul =1, |v|=/

where Q(x,y) is a polynomial with degree in y smaller than I, then for each
sufficiently large positive integer N,

“ka”LZ(R") < CN2"k/2|a,4 l/(2Nl)2—k|llo|/(2Nl)”f”Lz(Rn)’

ovol_
where |a/40vo|l/|'u0| = Mmax|y >1,|vj=/ Iaﬂvll/]M'

ProoF OF THEOREM 1. Without loss of generality, we may assume that
2 uj=m ID*Allpyrorry = 1. By Lemma 3, it is enough to show that for any
(1,w)-atom a,

(2.1) | T%all g ey < Clm,n, deg P, Ay ().

Noting that 74 is translation and dialation invariant, we may assume that
suppa = By = B(0,1). Write

T4 a(x)|oo(x)dx + J ITAa(x) o (x)dx = I + b.

|x|>2

Lﬁ |Ta(x)|w(x)dx = J

|x|<2

We have by Lemma 2 that

L < |17l 1 gy (J

|x]<2

1/2
a)(x)dx> < C||a||L(£(Rn)a)(Bo)l/2 <C.



Multilinear oscillatory singular integrals 307

To estimate >, noting that V,P(0, y) =0, we can write
P(x? y) = Z a/wxﬂyv + Q(X, y),
=1, |v|=l
where Q(x, y) has the degree in y less than / and V;Q(0,y) =0. Let
' -1
_ ~1/lmol _ /]l
|aﬂovol <|/1|12nl?|):l=l ‘a,uvl )
and ry = max(2, |a#0v°|_1/|"°|). Write
L= J |T4a(x)|w(x)dx + J |T4a(x)|w(x)dx = I + I.
2<|x|<ro |x|>ro

We first estimate [,. Set

A4(3) = A() ~ Y g, (DA,

la|=m

where mp,,, (D*4) denotes the mean value of D*4 on By, = B(0,2K™),
and np is any fixed integer satisfying 2™ > 20./n. It is easy to see that

Omi1(4; X, y) = Oms1(4x; X, y) and for g €1, o),

1/q
(2.2) (Tkn JB |D1Ak(x)|qu> < C||D*4|| pprowe)-
k+ng
In what follows, we suppose k >2. For 2K! < |x| <2k, we write

iPix.y) 2(x —
|Ta(x)| = “R e'P ’y)—i—)M_{LQm+l(Ak;X, y)a(y)dy|

|x
g
Rﬂ

Qx-y) Q(x)

|X — y|n+m Rm(Ak;x7 y) - WRM(A/(; X, 0) |a(y)|dy

, Q0= ))(x— Y* 20
3 ool | PO B ay)lay
lo|=m ol '
Q(x 1 |D*Ax(x iP(x.y
. (‘E%Rmuk;x,m\ - g%) [ ereratal
lot|j=m ="

= T4 a(x) + T*%a(x) + T*3a(x).

With the aid of the formula (see (10) in [4])

1 « o
Rin(Ai; X, y) = Rn(Aks %,0) = 3 7 — R (D*Ai; 0, ) (x = )",

Jof<m *
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we can obtain from Lemma 1 and (2.2) that for 2! < |x| < 2% and y € By,

Q(x — Q(x
L= 0) gz, ) — 25 R 44%,0)
=] N

(2.3)

_|ea-y _ ew
= =

|€2(x)

|X|n+m

m—1
< C<1x—y|‘"“ + 5 e yv)
=0

< C)x|™ "

|Rm(Ak7 X, y)l

+

lRm(Ak;x7 y) - Rm(Ak;X, O)l

This in turn implies that
(2.4) T4la(x) < CIXI‘""J la(y)ldy < €274+ Deo(Bp) ",
R'I

On the other hand, using Q € Lip,(S"7!), 27! < |x| < 2% and |y| < 1, it is easy
to see that for |a| =m,

2(x = »)(x—»)* Qx)x*

' lx _ yIn+m |x|n+m
where C is independent of x and y. From this, we can easily deduce that for
2k-1 < x| < 2%,

S Clxlon—l’

(2.5) T42a(x) < C27KD 3™ | D24y (x)|ew(Bo) ™"

|a|=m

For T43, let ¢, ¥ and Ty be the same as in Lemma 4; then another application
of Lemma 1 and (2.2) leads to that

(2.6) T43a(x) < C27*n (1 +> |D°‘Ak(x)|) | Tra(x)|.

|a|=m

Let ko be the integer such that 2k < b < 2%+1; then

o0 00

T4 a(x)w(x)dx +

J J T42a(x)w(x)dx
k=2 J2k-1<|x| <2k k=2 J2K1<|x| <2k

I <

0

+ T43a(x)w(x)dx

k=ko+1 JZ"_I<|X| <2k

=0+ 13+ 13
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Recall that w € 4;(R") and so w(By)/w(Bo) < C2¥". Therefore, (2.4) gives

00
L) < CZZ"‘("JFI)QJ(BO)_1 J w(x)dx
k=2 2k-l<|x| <2k

00

Z k(n+1)w )SC.

k=2

By the reverse Holder’s inequality, it follows that for some ¢ > 0 small enough,

(cuHE(Bk))I/(HS)
w(Bx)

where (0'*¢(By)) = [, o(x)"** dx and C depends only on n and 4;(w). Thus,
(2.5) gives

< Ciz—k(w-l)w(Bo) J (Z |D*Ay(x) ) w(x)dx
k=2 2k-l<|x| <2k

|aj=m

1/(1+2)
2K g (By) ! J w(x)"* dx
1 2k-1<x| <2k

e/ (1+¢€)
> J D% ()| dx
=m 2k-l<|x| < 2K

(2.7) < C|Bk|—8/([+8) < C2—kn(a/(1+s)),

NgE

<C

x~
|

0 l+e( B ))1/(1"’5)
<C 9 —k(n+1-n(e/(1+¢)) (0 "¢(By by (2.2
> P v 22)
o0
<c) 2*<c
k=2
Interpolation between the inequality
(2.8) ITkf |2y < ON2™ Pl |~/ CND 27KV CND|| £]] o o,

and the trivial estimate
I Tk f Nl Lo ey < CIS Nl = (gry
gives that
_ 1) m—
(2.9) TS Lomey < C2"/P)ayyy,| /PN 2Kl PN £ g, 2 < p < 0.

Taking 1/(1+¢)+1/p+1/g=1 with p > 2, by Holder’s inequality, (2.2), (ii)
of Definition 3, (2.6), (2.7) and (2.9), we have
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I, <C f: 27k Lk_.<,x|<2k (1 + ID“Ak(x)l) | Tra(x)|w(x)dx

k=ko+1 |oj=m

o 1/(1+¢)
<C 2kn J w(x)' " dx | Teall o e
k;o:ﬂ ( 2kl <)x| <2k Lo

q /4
X J 1+ Z |D*Ak(x)| | dx
2k-1<|x| <2k =

e
<C Z 2—kn+kn/q+kn/p|a’u0v0I—]/(pN1)2—k|#0|/(pN[)
k=ko+1

(wl+a(Bk))1/(1+6‘)
w(Bo)

0
- B
<C Z 27 a0 ] l/(PNl)z—kl,uo[/(le)w( )

kg1 (Bo)

0
~1/(pN1) »—
C Z |00 | /(NI 5 —k| |/ (PNI)
k=ko+1

IA

< Clayg |/ PV pIwl/ (PN <

Obviously, we can assume that ro = b > 2, for otherwise {x:2 < |x| < ro}
is empty. To estimate I;, we first consider the case that /, the degree in y of
the polynomial P(x, y), is zero. In this case, by using the moment condition
of a, I, can be estimated just as I, +I3. Thus (2.1) holds. Then we can
estimate I, by induction on /.  Suppose that (2.1) is true when the degree in y
of the polynomial P(x, y) is less than /. 'We need to show that (2.1) is still true
when the degree in y of the polynomial P(x,y) equals /. To do so, by the
induction hypothesis on /, Lemma 1, (ii) of Definition 3, Hoélder’s inequality,
(2.2) and (2.7), we have

Iy < J J e'0x.) {eizl;qz1.|.v|=:“ﬂ""”yv _ 1] Lx-y)
2<|x|<ro "

N y)a(y)dy‘w(x)dx

; Q(x —
J' ” £10(x,) ﬁQmH(A;x, y)a(y)dy’w(x)dx

+J
2<|x| <o
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ko+1
<3 [t
; 2k-l<|x| <2k R”

%[Ot (Ais X, y)a(y>|dy}w

ko+1

<C>

k=2 || =T, V=1

Jzk~'<|x|szk (

X

|ot|=m

X

2n

J2"'<|x|52" (

S fanf2t2-t

>1,|v|=l

=y
x

<C
k=2 |u

ko+1

>

=1, |v=l

Z }aﬂv}Zk“”"")w

1+ ) |Di(x)]

1+ ) [D*y(x)]

|of=m

311

|aﬂvuxl|”|> x—y "
(x)dx+ C

(Bo)™

) w(x)dx+ C

1 1/(1+¢)
———J w'”(x)dx)
| )5

(1+¢)/e ¢/ (1+e)
) dx +C

(By)

w(By) +¢

<C Yl d 2 cC

WsTiv=l k=2

IA

|l =1, |v|=!

where Q(x, y) is a polynomial with its degree in y less than /.

proof.

3. Proof of Theorem 2

C > lawb“+c<c,

This finishes the

We begin with the atomic decomposition of the Herz-type Hardy space.

DErINITION 4. Let w;, w; € 41(R

"), 1< p< . A function a(x) on R”"

1 e .
is called a central (n<1 —;), p;wl,w2> -atom, if it satisfies

(i)
(i) el ey < lon (BO. )}
(iii) [gr a(x)dx = 0.

supp a < B(0,r) = {xeR": |x| < r} for some r > 0;
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The following Lemma 5 is a special case of ([10], Theorem 1).

LEMMA 5. Let wi, wy, p be the same as in Definition 4. Then f €
HKp(wl,wz; R") (or HK,(wy,w3;R")) if and only if f =3 ;. Awak, where

1 1
each ay is a central (n(l —;),p;wl,an)-atom (or a central (n(l —;),

p;wl,wz)-atom with the radius of the support >=1) and > ;2 __ |A| < oo.

o0
I|f|IHKp(w|,w2;R") ~ lnf{ Z M‘kl}

Moreover,

k=-00
0
(or “f”HKp(wl,wz;R") ~ lnf{ Z Ilk|})’
k=—o0

where the infimum is taken over all the above decompositions of f.

ProoOF OF THEOREM 2. We only show the theorem in homogeneous case.
The non-homogeneous case is similar and we omit the details. As in the proof

1
of Theorem 1, we only prove that for any central (n(l —1—’>, p; a)l,w2>-at0m
a with support By = B(0,1),
(31) IITAaIIKp(CUI,w2§Rn) S C

with C independent of a. Write

1
1-(1
||TAa||1‘<,,(w,,w2;R") = Z w1 (By) (/p)”XkTAa”LgZ(R")

k=—o0
- 1-(1
+) o (B)' /p)||XkTAaI|L£2(R")
k=2
=J+ J5.

By ([5], Theorem 2.9 in page 401), there is a d > 0 depending only on # and the
A;(R")-constant of w; such that for k <1,

w1(By) /w1 (By) < €241
where C is independent of k. By this and Lemma 2, we obtain

i ! 1=(1/p)
Z 1=(1/p) Z w1 (By)
J] S C (/)] (Bk) “a”L(gz(Rn) S C (wl (BO)

k=—o0 k=—00

1
<C Z 2km6(1~(1/p) < .

k=—0o0
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Let b, rp and kp be the same as in the proof of Theorem 1. Write

1-(1 -
B= 20 oB) Pl w + Y (BT T al g wey

2<2k <ro 2k>rg

= Jy + Ja.
We first estimate Jo,. To do this, we write

0 o0
(1 -
In <y o1B) TPl T4 all g @y + Y o1(B)' TP 0 T2l gy
k=2 ’ k=2 :

o0
1-(1
+ Z o1 (Bi)' ™! /p)||XkTA’3a“L52(R")
k=ko+1
=Jy + 5 + I3

It follows from (2.4) that for 2%~ < |x| <2k
T4t < Cll ™ | ja(lay

< (;2—16(n+1)w1 (BO)—(I—(l/p))wz(BO)—l/p_

Thus,

es) B) 1-(1/p) 602(Bk) 1/p
JL<c 2—"("+'><M> ( ) <cC.
2 ; wi (By) w>(By)

Similarly to (2.5), we can prove

IT*2a(x)| < C27K Doy (Bo) ™~ P sy (Bo) 7§ D2 ()]

|o|=m

and then Holder’s inequality together with (2.2) and (2.7) gives

© 1-(1/p) 1/((1+)p)
_ By) -1 1
JL<CY 2 k<"+'><—_“"( ) w2(Bo) M7 j wy(x) Hdx
2 ; w1 (Bo) (Bo) 2kl <|x| <2k )

&/((1+€)p)
~ DaAk x (14+e)p/e
Z <J2“"<|x|s2" I ( )I

Now we turn our attention to J3,. We first consider the case 1< p<2.
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Interpolation between (2.8) and the trivial estimate
1Tk f Il L1 ey < Cznk“f”L'(R”)
shows that
(32) N TeSlome) < C2“Playy |~/ 02KV £ oy, 1 < p<2,

here and in what follows, p’ is such that 1/p+1/p’ = 1. Combining (3.2) and
the estimate

(3.3) I TS Nl L= gey < CIS N Lorry
gives that
(3.4)
I T f Nl Lo mry < Cznk/p"lauovo|_p/(p,pom)2_kp|"°|/(pl”°m)||f||Lp(R")v P < pg < ©.

Thus, by taking p, € [p,o0) and ge(l,00) such that 1/((1+¢&)p)+ 1/po+
1/q=1/p, (2.6), Holder’s inequality, (2.2), (2.7) and (3.4), we obtain

Bh<C S wn(B)' 2k
k=ko+1
P 1/p
x J L+ Y D Ak(x)| | |Tea(x)| s (x)dx
2k-l<|x| <2k o|=m
w 1/((1+2)p)
<C Y w(B) Mok J wa(x) | Teall e,
k=ko+1 2k=l<|x| <2k
q 1/q
X 1+ D%Ay(x)| | dx
[Lk_.<,x,s2k( I;nl ( >|) ]

IA

1-1 1

C w1 (By) /pz—kn =P/ (p'PoND) 9 —kp| o)/ (p'poNI) w2 (By) e
|a/l0"0|

kSt \@1(Bo) @2(Bo)

0

/(PPN p—k "poNI

<C Z |a,uov0| P/(P'po )2 pliol/(p'PoNI)
k=ko+1

< |y, | P/ PPN pplel /(2PN <
If 2 < p < oo, interpolation between (2.9) and (3.3) gives that
(3.5 MNTkSf N prowry < Cznk/po|a/tovo|_l/(p0N1)2_k|”°l/(p°M)||f||Lp(R")a 2 < p < po.

Now if we replace (3.4) by (3.5), similarly to the computation above, we can
also obtain a desirable estimate for J3, in this case.
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Finally, it is easy to see that J>; can be estimated similarly to I; by using
some techniques as above. This finishes the proof of Theorem 2.
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