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Abstract. We compute the Artin L-function of a diagonal hypersurface Dl over a

finite field associated to a character of a finite group acting on Dl, and under some

condition, express it in terms of hypergeometric functions and Jacobi sums over the

finite field. As an application, we derive certain relations among hypergeometric

functions over di¤erent finite fields from the Grothendieck-Lefschetz trace formula.

1. Introduction

Let Dl be a diagonal hypersurface over a finite field Fq defined by the

homogeneous equation

X d
1 þ � � � þ X d

n ¼ dlX h1
1 � � �X

hn
n ;

where d; nb 2, hi b 1,
P

i hi ¼ d, gcdðd; h1; . . . ; hnÞ ¼ 1 and l A Fq. Assume

that d j q� 1 and let md � F�q be the group of dth roots of unity. Then a

subquotient G of ðmdÞ
n acts on Dl. The l-adic étale cohomology decomposes

into w-eigenspaces

H �ðDl;QlÞ ¼ 0
w A ĜG

H �ðDl;QlÞðwÞ;

where ĜG ¼ HomðG;Q�Þ is the character group. Accordingly, the zeta function

decomposes into the Artin L-functions as

ZðDl; tÞ ¼
Y
w A ĜG

LðDl; w; tÞ:

The first aim of this paper is to describe LðDl; w; tÞ in terms of hypergeometric

functions over finite fields.
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Recall that a classical generalized hypergeometric function mFn over the

complex numbers is defined by a power series

mFn

a1; . . . ; am
b1; . . . ; bn

; z

� �
:¼
Xy
k¼0

ða1Þk � � � ðamÞk
ð1Þkðb1Þk � � � ðbnÞk

zk:

Here, ðaÞk ¼ Gðaþ kÞ=GðaÞ where GðsÞ is the gamma function and the param-

eters ai, bj are complex numbers with bj B Za0. Hypergeometric functions over

finite fields are defined independently by Koblitz [12], Greene [9] and McCarthy

[15] for m ¼ nþ 1, and by Katz [10] and Otsubo [18] in general. We use

Otsubo’s definition which coincides with McCarthy’s one when m ¼ nþ 1 (see

Definition 2.4). Such a function is a map from Fq to Q whose parameters are

characters of F�q , and the definition relies on the analogy between the gamma

function and the Gauss sum.

The Artin L-function LðDl; w; tÞ is a generating function of NrðDl; wÞ
ðrb 1Þ, the number of Fqr -rational points associated to w. For the subvariety

D�l of Dl defined by X1 � � �Xn 0 0, Koblitz [12, (3.2)] expressed NrðD�l ; wÞ in

terms of Jacobi sums (see Proposition 3.1). We extend this result to NrðDl; wÞ
and express them in terms of hypergeometric functions (Theorem 3.4 and

Corollary 3.5). Our result is a refinement of Salerno’s result [19, Theorem 4.1]

foraDlðFqrÞ ¼
P

w NrðDl; wÞ. There is also a result of Miyatani [17] for more

general hypersurfaces.

When d ¼ n (then hi ¼ 1 for all i), Dl is called the Dwork hypersuface.

In this case, we have a more precise formula. The following is a special case of

Theorem 3.7. A character w A ĜG is indexed by an element w ¼ ðw1; . . . ;wnÞ A
ðZ=dZÞn. For a AdF�qF�q and rb 1, we write ~aa ¼ a �NFq r=Fq

AdF�qrF�qr . Fix a char-

acter jd AdF�qF�q of exact order d. Let e AdF�qF�q and 1 A ĜG be the trivial characters.

Theorem 1.1. Suppose that l A F�q and none of wi is 0. Then

NrðDl; wÞ ¼ ð�1Þd jðjw
d Þ

r
Fred

~jjw1

d ; ~jjw2

d ; . . . ; ~jjwd

d

~ee; ~jjd ; . . . ; ~jj
d�1
d

; ld

� �
qr

if w0 1, and if w ¼ 1 the right-hand side is added by
1� qrðd�1Þ

1� qr
. Here, Fred is

the reduced hypergeometric function and jðjw
d Þ is a Jacobi sum (see Definition

2.5 and subsection 3.3).

By the Grothendieck-Lefschetz trace formula, when Dl is non-singular,

LðDl; w; tÞ is essentially the characteristic polynomial of the q-Frobenius F acting

on the primitive middle cohomology group Hn�2
primðDl;QlÞðwÞ, and NrðDl; wÞ is

essentially the trace of F r. The dimension, say k, of the cohomology is deter-

mined by Katz (see Lemma 4.1). Therefore, NrðDl; wÞ are expressed as poly-
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nomials in those for r ¼ 1; . . . ; k. As a result, we obtain relations among

hypergeometric functions over di¤erent finite fields. We may regard such rela-

tions as analogues of the Davenport-Hasse relation for Gauss sums over dif-

ferent finite fields (see Proposition 2.3).

In the case of Dwork hypersurfaces, such formulas become extremely

simple (Theorem 4.2). As a special case when k ¼ 2, we have the following

relation among finite field analogues of Gauss hypergeometric functions.

Theorem 1.2. Let a; b; c A Z=dZ satisfy a; b B f0; cg, c0 0 and

c� a� b ¼ dðd � 1Þ
2

mod d:

For l A F�q � md and rb 1, we have

F
~jja
d ; ~jj

b
d

~ee; ~jjc
d

; ld

� �
qr

¼ Pr F
ja
d ; j

b
d

e; jc
d

; ld

� �
q

;
1

2
F

ja
d ; j

b
d

e; jc
d

; ld

� �2
q

� F
~jja
d ; ~jj

b
d

~ee; ~jjc
d

; ld

� �
q2

 ! !
:

Here, Pr A Z½x; y� is the unique polynomial satisfying Prðaþ b; abÞ ¼ a r þ b r.

Moreover, we will closely look at the cases d ¼ 3 (elliptic curves) and

d ¼ 4 (K3 surfaces). Then ka 2 and ka 3 respectively for any w. We show,

however, that only one hypergeometric function over Fq is su‰cient to express

those over Fqr , hence to express NrðDl; wÞ and LðDl; w; tÞ (Example 4.4, Cor-

ollary 4.7 and Theorem 4.8).

2. Preliminaries

2.1. Zeta functions and Artin L-functions. In this subsection, we recall the

definitions of zeta functions and Artin L-functions, and their properties. For

more details, see [20] and [22].

Let Fq be a finite field with q elements of characteristic p. Let Fqr be the

degree r extension of Fq in a fixed algebraic closure Fq of Fq. Let V be a

variety over Fq and put

NrðVÞ ¼aVðFqrÞ ðr A Z>0Þ:

Then, the zeta function of V is defined by

ZðV ; tÞ ¼ exp
Xy
r¼1

NrðVÞ
r

tr

 !
A Q½½t��:

Let G be a finite abelian group, and suppose that G acts on V over Fq.

Let F be the q-Frobenius acting on VðFqÞ. We write gF for the composition.
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For w A ĜG and r A Z>0, put

Lðg�1F rÞ :¼afx A VðFqÞ j g�1F rðxÞ ¼ xg;

NrðV ; wÞ :¼ 1

aG

X
g AG

wðgÞLðg�1F rÞ A Q:

The Artin L-function of V associated to w is defined by

LðV ; w; tÞ ¼ exp
Xy
r¼1

NrðV ; wÞ
r

tr

 !
A Q½½t��:

Since NrðVÞ ¼
P

w A ĜG NrðV ; wÞ, we have ZðV ; tÞ ¼
Q

w A ĜG LðV ; w; tÞ. Let G0 be

a finite abelian group which acts on V and suppose that G � G0. Then, the

following holds (cf. [20, (11)]):

NrðV ; wÞ ¼
X
w0 A bG0

w0jG¼w

NrðV ; w0Þ: ð2:1Þ

2.2. Gauss and Jacobi sums. For any h AdF�qF�q ¼ HomðF�q ;Q
�Þ, we set

hð0Þ ¼ 0 and put

dðhÞ ¼ 1 ðif h ¼ eÞ;
0 ðif h0 eÞ:

�
Fix a non-trivial additive character c A HomðFq;Q

�Þ. For h; h1; . . . ; hn AdF�qF�q with nb 1, define the Gauss sum gðhÞ and the Jacobi sum jðh1; . . . ; hnÞ,
which are finite field analogues of the gamma and beta functions respectively,

by

gðhÞ ¼ �
X
x AF�q

hðxÞcðxÞ A Qðmpðq�1ÞÞ;

jðh1; . . . ; hnÞ ¼ ð�1Þ
n�1 X

xi AF�q
x1þ���þxn¼1

h1ðx1Þ � � � hnðxnÞ A Qðmq�1Þ:

Since
P

x AFq
cðxÞ ¼ 0 and cð0Þ ¼ 1, we have

gðeÞ ¼ 1:

Define

g�ðhÞ :¼ qdðhÞgðhÞ:
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The following identities are well-known (cf. [18, Proposition 2.2]). For each

h AdF�qF�q ,

gðhÞg�ðh�1Þ ¼ hð�1Þq; ð2:2Þ

and if h0 e then

jgðhÞj ¼ ffiffiffi
q
p

: ð2:3Þ

For nb 1,

jðe; . . . ; e|fflfflffl{zfflfflffl}
n

Þ ¼ 1� ð1� qÞn

q
: ð2:4Þ

For h1; . . . ; hn A
dF�qF�q with not all hi ¼ e,

jðh1; . . . ; hnÞ ¼
gðh1Þ � � � gðhnÞ
g�ðh1 � � � hnÞ

: ð2:5Þ

In particular, if h1 � � � hn ¼ e, then by (2.2),

jðh1; . . . ; hnÞ ¼ hnð�1Þ jðh1; . . . ; hn�1Þ ðnb 2Þ: ð2:6Þ

We prepare the following lemma obtained by an easy change of variables.

Lemma 2.1. For h1; . . . ; hnþ1 A
dF�qF�q , we haveX

xi ;y AF�q
x1þ���þxn¼y

h1ðx1Þ � � � hnðxnÞhnþ1ðyÞ

¼ ð�1Þnð1� qÞ jðh1; . . . ; hnÞ ðh1 � � � hnþ1 ¼ eÞ;
0 ðh1 � � � hnþ1 0 eÞ:

�
We will use the Davenport-Hasse multiplication formula.

Proposition 2.2 (cf. [2, 11.3]). Let m A Z>0 and suppose that m j q� 1.

For any h AdF�qF�q , we haveQm�1
i¼0 gðj i

mhÞQm�1
i¼0 gðj i

mÞ
hðmmÞ ¼ gðhmÞ;

where jm is a character of exact order m.

Let rb 1 be an integer and let NFq r=Fq
be the norm map. For h AdF�qF�q , put

~hh ¼ h �NFq r=Fq
AdF�qrF�qr . Then, the following is well known as the Davenport-

Hasse theorem.
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Proposition 2.3 (cf. [22]). For each rb 1, we have

gð~hhÞ ¼ gðhÞr:

2.3. Hypergeometric functions over finite fields. In this subsection, we recall

hypergeometric functions over finite fields. We follow the definitions of Otsubo

[18].

For a; n AdF�qF�q , we put

ðaÞn :¼
gðanÞ
gðaÞ ;

ðaÞ�n :¼ g�ðanÞ
g�ðaÞ ¼ qdðanÞ�dðaÞðaÞn:

In particular, ðeÞn ¼ gðnÞ and ðaÞe ¼ ðaÞ
�
e ¼ 1. By Proposition 2.2, we have, for

any m j q� 1,

ðamÞnm ¼
Ym�1
i¼0
ðaj i

mÞn � nðmmÞ;

ðamÞ�nm ¼
Ym�1
i¼0
ðaj i

mÞ
�
n � nðmmÞ:

ð2:7Þ

Definition 2.4. For a1; . . . ; am; b1; . . . ; bn A
dF�qF�q and l A Fq, define

F
a1; . . . ; am
b1; . . . ; bn

; l

� �
q

:¼ 1

1� q

X
n AcF�q

ða1Þn � � � ðamÞn
ðb1Þ

�
n � � � ðbnÞ

�
n

nðlÞ:

(We often omit writing q of Fð� � �Þq).

We only consider the case when m ¼ n in this paper, and then, the values

of F are in Qðmq�1Þ (see [18, Lemma 2.5 (iii)]). For comparisons with defini-

tions of Koblitz [12], Greene [9], Katz [10] and McCarthy [15], see [18, Remark

2.13]. As a special case, it is known that

F
a

e
; l

� �
¼ a�1ð1� lÞ ð2:8Þ

for a0 e and l0 0 (cf. [18, Corollary 3.4]).

We define reduced hypergeometric functions.

Definition 2.5. Let a1; . . . ; am; b1; . . . ; bn; g1; . . . ; gl A
dF�qF�q and assume that

fa1; . . . ; amg and fb1; . . . ; bng have an empty intersection. Then, we put

Fred
a1; . . . ; am; g1; . . . ; gl
b1; . . . ; bn; g1; . . . ; gl

; l

� �
q

¼ F
a1; . . . ; am
b1; . . . ; bn

; l

� �
q

:
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When we reduce a hypergeometric function over finite fields, remainder

terms appear as the following.

Lemma 2.6 ([18, Theorem 3.2]). In the situation of Definition 2.5, suppose

that gi 0 gj for all 1a i < ja l. Then,

F
a1; . . . ; am; g1; . . . ; gl
b1; . . . ; bn; g1; . . . ; gl

; l

� �
q

¼ qdFred
a1; . . . ; am; g1; . . . ; gl
b1; . . . ; bn; g1; . . . ; gl

; l

� �
q

þ qd

q

Xl

j¼1

Qm
i¼1ðaiÞg�1

jQn
i¼1ðbiÞ

�
g�1
j

g�1j ðlÞ:

Here, d ¼ 1 when gj ¼ e for some j and d ¼ 0 otherwise.

3. Artin L-functions and hypergeometric functions

3.1. Diagonal hypersurfaces. Let hi b 1 ði ¼ 1; . . . ; nÞ be integers with

h1 þ � � � þ hn ¼ d and gcdðd; h1; . . . ; hnÞ ¼ 1, and let l A Fq. We consider the

diagonal hypersurface Dl in Pn�1 over Fq defined by the homogeneous

equation

Dl : X
d
1 þ � � � þ X d

n ¼ dlX h1
1 � � �X hn

n : ð3:1Þ

Note that Dl is non-singular if and only if ð
Qn

i¼1 h
hi
i Þl

d 0 1. Let D�l denote

the subvariety of Dl defined by X1 � � �Xn 0 0.

Define a variety Da¤
l in An over Fq by

Da¤
l : xd

1 þ � � � þ xd
n ¼ dlxh1

1 � � � xhn
n ;

and let D�a¤l denote the subvariety of Da¤
l defined by x1 � � � xn 0 0.

Suppose that d j q� 1, so that md � F�q . Define groups by

~GG0 :¼ mn
d � ~GG :¼ fx A ~GG0 j xh ¼ 1g:

Here, we write h ¼ ðh1; . . . ; hnÞ and xh ¼ xh1
1 � � � x

hn
n for x ¼ ðx1; . . . ; xnÞ. Let

D � ~GG be the diagonal subgroup and define

G0 :¼ ~GG0=D � G :¼ ~GG=D:

Let ~GG act on Da¤
l and D�a¤l over Fq by

x � ðx1; . . . ; xnÞ ¼ ðx1x1; . . . ; xnxnÞ:

This induces an action of G on Dl and D�l through the natural map

Ann0! Pn�1. Similarly, ~GG0 acts on Da¤
0 and this action induces an action

of G0 on the Fermat hypersurface D0.
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Fix a generator j of dF�qF�q . We have the following commutative diagrams:

~GG K��! ~GG0???y???y
???y???y

G K��! G0;

~̂GG~GG  ��� ��� c~GG0
~GG0

��!
K

��!
K

ĜG  ��� ��� cG0G0:

From now on, we regard ĜG (resp. cG0G0) as a subgroup of ~̂GG~GG (resp.
c~GG0
~GG0). We have

an isomorphism

ðZ=dZÞn !G c~GG0
~GG0; w ¼ ðw1; . . . ;wnÞ 7! ww

0 ;

where ww
0 ðxÞ :¼ jðxwÞ. Put

ww ¼ ww
0 j ~GG:

If we put

W :¼ fw A ðZ=dZÞn jw1 þ � � � þ wn ¼ 0g;

then

w A W , ww
0 A cG0G0 , ww A ĜG:

Note that, for w;w 0 A ðZ=dZÞn,

ww ¼ ww 0 , w� w 0 ¼ mh for some m A f0; 1; . . . ; d � 1g:

Here, note that we regard mh as an element of ðZ=dZÞn. We write

w@w 0 when ww ¼ ww 0 . Let 1 A ĜG be the unit character (i.e. 1 ¼ ww with

w@ 0).

3.2. Number of rational points with characters. Recall that for w A W and

rb 1,

NrðDl; w
wÞ ¼ 1

aG

X
x AG

wwðxÞafX A DlðFqÞ j x�1F rðXÞ ¼ Xg;

where F is the q-Frobenius. Note that aG ¼ d n�2. Without loss of gener-

ality, we only consider the case r ¼ 1. For any m j q� 1, put

jm ¼ jðq�1Þ=m;

a character of exact order m.

For the convenience of the reader, let us give a proof of the following

result of Koblitz [12, (3.2)], which was stated without proof.
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Proposition 3.1. For l0 0 and w A W, we have

N1ðD�l ; wwÞ ¼ ð�1Þ
n

1� q

X
n AcF�q jðjw1

d nh1 ; . . . ; jwn

d nhnÞndðdlÞ:

Proof. Note that if x A fx A D�a¤l ðFqÞ j x�1FðxÞ ¼ axg for some a A Fq
�

and x A ~GG, then a�1=ðq�1Þx A fx A D�a¤l ðFqÞ j x�1FðxÞ ¼ xg, and that if x A
D�a¤l ðFqÞ is fixed by x�1F for x A ~GG, then for c A Fq

�
, cx A D�a¤l ðFqÞ is fixed

by x�1F if and only if c A F�q . By these, we have

N1ðD�l ; wwÞ ¼ 1

q� 1
N1ðD�a¤l ; wwÞ: ð3:2Þ

We have

afx A D�a¤l ðFqÞ j x�1FðxÞ ¼ xg

¼afx A ðFq
�Þn j xd

1 þ � � � þ xd
n ¼ dlxh; xq�1 ¼ xg

¼ 1

d
afx A ðFq

�Þn j ðxd
1 þ � � � þ xd

n Þ
d ¼ ðdlÞdxdh; xq�1 ¼ xg: ð3:3Þ

Here we used the fact that afx A ðFq
�Þn j xd

1 þ � � � þ xd
n ¼ cdlxh; xq�1 ¼ xg

does not depend on c A md by the assumption gcdðd; h1; . . . ; hnÞ ¼ 1.

If we put ui ¼ xd
i , then ui A F�q , x

q�1
i A md . Thus, the last member of

(3.3) is equal to

d n�1afu A ðF�q Þ
n j ðu1 þ � � � þ unÞd ¼ ðdlÞduh; ul ¼ xg;

where l :¼ ðq� 1Þ=d.
Fix x A ~GG, and define the function fx : F�q ! Zb0 by

fxðtÞ :¼afu A ðF�q Þ
n j ðu1 þ � � � þ unÞd ¼ tuh; ul ¼ xg:

By the discrete Fourier transform on F�q , we have

fxðtÞ ¼
1

q� 1

X
n AcF�q f̂f ðnÞnðtÞ;

where

f̂f ðnÞ :¼
X
t AF�q

fxðtÞn�1ðtÞ ¼
X

u A ðF�q Þ
n

u l¼x

n�1
ðu1 þ � � � þ unÞd

uh

 !
:
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Therefore, letting t ¼ ðdlÞd , we have

N1ðD�a¤l ; wwÞ ¼
X
x A ~GG

wwðxÞ fxðtÞ

¼ 1

q� 1

X
x A ~GG

X
n AcF�q

X
u A ðF�q Þ

n

u l¼x

wwðxÞn�1 ðu1 þ � � � þ unÞd

uh

 !
nðtÞ

¼ 1

q� 1

X
x

X
n

X
u

u l¼x

ww
0 ðulÞnðuhÞn�dðu1 þ � � � þ unÞnðtÞ

¼ 1

q� 1

X
n

X
u

ul A ~GG

jdðuwÞnðuhÞn�dðu1 þ � � � þ unÞnðtÞ:

Since

1

d

Xd�1
m¼0

jdðuwþmhÞ ¼ jdðuwÞ ðulh ¼ 1Þ;
0 ðulh 0 1Þ;

�
and ulh ¼ 1, ul A ~GG, NðD�a¤l ; wwÞ is equal to

1

dðq� 1Þ
X
n AcF�q

Xd�1
m¼0

X
u A ðF�q Þ

n

jdðuwþmhÞnðuhÞn�dðu1 þ � � � þ unÞnðtÞ

¼ 1

dðq� 1Þ
Xd�1
m¼0

X
n

X
u A ðF�q Þ

n

jdðuwÞjm
d nðuhÞðjm

d nÞ
�dðu1 þ � � � þ unÞjm

d nðtÞ

¼ 1

q� 1

X
n

X
u A ðF�q Þ

n

jw1

d nh1ðu1Þ � � � jwn

d nhnðunÞn�dðu1 þ � � � þ unÞnðtÞ

¼ ð�1Þn�1
X
n

jðjw1

d nh1 ; . . . ; jwn

d nhnÞnðtÞ:

The first equality follows by jm
d ðtÞ ¼ 1, the second equality follows by replacing

jm
d n with n, and the last equality follows from Lemma 2.1 and that w A W .

Thus, by (3.2), the proposition follows.

3.3. Hypergeometric expressions. For brevity, we write

jðjw
d Þ ¼ jðjw1

d ; . . . ; jwn

d Þ ¼
gðjw1

d Þ � � � gðj
wn

d Þ
q

:
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From now on, we suppose that dhi j q� 1 for all i ¼ 1; . . . ; n. For each w A W ,

put

F wðlÞ :¼ F
jwi

dhi
; jwiþd

dhi
; . . . ; j

wiþdðhi�1Þ
dhi

e; jd ; . . . ; j
d�1
d

;
Yn
j¼1

h
hj
j

 !
ld

 !

(i runs through 1; . . . ; n). Here, we understand that wi means its representative

in f0; . . . ; d � 1g.

Theorem 3.2. Suppose that dhi j q� 1 for all i ¼ 1; . . . ; n. For any l0 0

and w A W,

N1ðD�l ; wwÞ ¼
ð�1Þn

qdðmÞ jðjw
d Þ

1�dðmÞ
F wðlÞ þ ð�1Þn�1 ð1� qÞn�1

q
ðif w ¼ mhÞ;

ð�1Þnjðjw
d ÞF wðlÞ ðif wS 0Þ;

8><>:
where dðmÞ ¼ 1 if m ¼ 0 and dðmÞ ¼ 0 otherwise.

Proof. Since
P

wi ¼ 0 and
P

hi ¼ d, we have

jwi

d nhi ¼ e for all i, w ¼ mh for some m A f0; . . . ; d � 1g and n ¼ j�md :

Thus, if wS 0 then, by (2.5),X
n

jðjw1

d nh1 ; . . . ; jwn

d nhnÞndðdlÞ ¼
X
n

gðjw1

d nh1Þ � � � gðjwn

d nhnÞ
g�ðndÞ ndðdlÞ;

and if w ¼ mh for some m then, by (2.4), (2.5) and g�ðeÞ ¼ q,X
n

jðjw1

d nh1 ; . . . ; jwn

d nhnÞndðdlÞ

¼
X

n0j�m
d

gðjw1

d nh1Þ � � � gðjwn

d nhnÞ
g�ðndÞ ndðdlÞ þ 1� ð1� qÞn

q
j�md
d ðdlÞ

¼
X
n

gðjw1

d nh1Þ � � � gðjwn

d nhnÞ
g�ðndÞ ndðdlÞ � ð1� qÞn

q
:

By (2.7), we have

g�ðndÞ ¼ g�ðeÞðeÞ�n d ¼ qðeÞ�n ðjdÞ
�
n � � � ðjd�1

d Þ�n nðd dÞ:

For each i ¼ 1; . . . ; n, we have similarly

gðjwi

d nhiÞ ¼ gððjwi

dhi
nÞhiÞ ¼ gðjwi

d Þðj
wihi
dhi
Þn hi

¼ gðjwi

d Þðj
wi

dhi
Þnðj

wiþd
dhi
Þn � � � ðj

wiþdðhi�1Þ
dhi

Þnnðh
hi
i Þ:
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Thus,

X
n

gðjw1

d nh1Þ � � � gðjwn

d nhnÞ
g�ðndÞ ndðdlÞ

¼ q�1
Yn
k¼1

gðjwk

d Þ
X
n

Qn
i¼1ðj

wi

dhi
Þnðj

wiþd
dhi
Þn � � � ðj

wiþdðhi�1Þ
dhi

Þn
ðeÞ�n ðjdÞ

�
n � � � ðjd�1

d Þ�n
n

Yn
j¼1

h
hj
j

 !
ld

 !

¼ ð1� qÞ
q

Yn
k¼1

gðjwk

d Þ � F
wðlÞ:

Therefore, we obtain the theorem by Proposition 3.1 and (2.5), where note that

mh ¼ 0, m ¼ 0 by the assumption that gcdðd; h1; . . . ; hnÞ ¼ 1.

Next, we consider the case where l ¼ 0. Note that ~GG (resp. G) acts on

Da¤
0 (resp. D0) through the inclusion ~GG ,! ~GG0 (resp. G ,! G0).

The following is proved by Weil [23].

Lemma 3.3 (cf. [12, (2.12)]). For each w A W,

N1ðD0; j
wÞ ¼

0 ðif some but not all wi ¼ 0Þ;
1� qn�1

1� q
ðif w ¼ 0Þ;

ð�1Þnjðjw
d Þ ðif all wi 0 0Þ:

8>>><>>>:
Theorem 3.4. Suppose that dhi j q� 1 for all i ¼ 1; . . . ; n. For any l0 0

and w A W, we have

N1ðDl; w
wÞ

¼
ð�1Þn

qdðmÞ jðjw
d Þ

1�dðmÞ
F wðlÞ þ 1� qn�1

1� q
þ ð�1Þ

n�1

q
þ C ðif w ¼ mhÞ;

ð�1Þnjðjw
d ÞF wðlÞ þ C ðif wS 0Þ:

8><>:
Here, dðmÞ is as in Theorem 3.2 and

C :¼ ð�1Þn�1
X
w 0@w

w 0i¼0 for some but not all i

jðjw 0

d Þ:

Proof. It is trivial that

N1ðDl; w
wÞ �N1ðD�l ; wwÞ ¼ N1ðD0; w

wÞ �N1ðD�0 ; wwÞ:
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By (2.1), we have, for each w A W ,

N1ðD�0 ; wwÞ ¼
X
w 0@w

N1ðD�0 ; ww 0

0 Þ;

N1ðD0; w
wÞ ¼

X
w 0@w

N1ðD0; w
w 0

0 Þ:

Hence,

N1ðDl; w
wÞ ¼ N1ðD�l ; wwÞ þ

X
w 0@w

ðN1ðD0; w
w 0

0 Þ �N1ðD�0 ; ww 0

0 ÞÞ: ð3:4Þ

Letting ui ¼ xd
i , vi ¼ �ui=un and l ¼ ðq� 1Þ=d, we have, by a similar

argument as in the proof of Proposition 3.1,

N1ðD�a¤0 ; ww
0 Þ

¼ 1

d n

X
x A ~GG0

ww
0 ðxÞafx A ðFq

�Þn j xd
1 þ � � � þ xd

n ¼ 0; xq�1 ¼ xg

¼
X
x A ~GG0

jðxwÞafu A ðF�q Þ
n j u1 þ � � � þ un ¼ 0; ul ¼ xg

¼
X

u A ðF�q Þ
n

u1þ���þun¼0

jdðuwÞ

¼ jwn

d ð�1Þ � ðq� 1Þð�1Þn�2jðjw1

d ; . . . ; jwn�1
d Þ;

where note that jw1þ���þwn

d ¼ e at the last equality. Therefore, by (2.4), (2.6)

and (3.2),

N1ðD�0 ; ww
0 Þ ¼

ð�1Þnjðjw
d Þ ðif w0 0Þ;

ð�1Þn 1� ð1� qÞn�1

q
ðif w ¼ 0Þ:

8><>:
By Lemma 3.3, we have

N1ðD0; w
w
0 Þ �N1ðD�0 ; ww

0 Þ

¼

0 ðif wi 0 0 for all iÞ;
1� qn�1

1� q
þ ð�1Þn�1 1� ð1� qÞn�1

q
ðif w ¼ 0Þ;

ð�1Þn�1jðjw
d Þ ðotherwiseÞ:

8>>><>>>:
Thus, by Theorem 3.2 and (3.4), we obtain the result.
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Corollary 3.5. Suppose that dhi j q� 1 for all i ¼ 1; . . . ; n and that w@ 0

(i.e. w ¼ mh for some m A f0; . . . ; d � 1g). Then, for any l0 0,

N1ðDl; w
wÞ ¼ ð�1Þnjðjw

d Þ
1�dðmÞ

F wðred: jm
d ; lÞ þ

1� qn�1

1� q
þ C;

where F wðred: jm
d ; lÞ is the function obtained by removing one jm

d from both

the numerator and the denominator parameters in F wðlÞ. Furthermore, if

gcdðd; hiÞ ¼ 1 for all i ¼ 1; . . . ; n, then

N1ðDl; w
wÞ ¼ ð�1Þnjðjw

d Þ
1�dðmÞ

F w
redðlÞ þ

1� qn�1

1� q
:

Proof. Note that jwi

dhi
¼ jm

d for all i. Using Lemma 2.6 partially, we

have

F wðlÞ ¼ qdðmÞF wðred: jm
d ; lÞ þ R;

where

R :¼ qdðmÞ

q
�
ðjm

d Þ
n�1
j�m
d

Qn
i¼1 j

�m
d ðh

hi
i Þ
Qhi�1

j¼1 ðjm
d j

j
hi
Þj�m

dQ
1aiad; i0mðj i

dÞ
�
j�m
d

:

Using (2.7) and (2.5), we have

R ¼ qdðmÞ

q
�
ðjm

d Þ
�
j�m
d

ðjm
d Þj�m

d

�

Qn
i¼1ðj

mhi
d Þj�mhi

d

ðeÞ�e
¼ 1Qn

i¼1 gðj
mhi
d Þ
¼ qdðmÞ

q
jðjw

d Þ
�1þdðmÞ:

Thus, by Theorem 3.4, we obtain that

N1ðDl; w
wÞ ¼ F wðred: jm

d ; lÞ þ
1� qn�1

1� q
þ C:

If gcdðd; hiÞ ¼ 1 for all i, then F wðred: jm
d ; lÞ ¼ F w

redðlÞ and C ¼ 0. Here,

note that j j
hi
is not of order d for all i ¼ 1; . . . ; n and j ¼ 1; . . . hi � 1, and that

w@ 0 implies that w ¼ 0 or wi 0 0 for all i. Therefore, we have the second

equation of the corollary.

3.4. Artin L-functions. Fix an integer rb 1. For h AdF�qF�q , define a character

~hh AdF�qrF�qr by

~hh :¼ h �NFq r=Fq
:

To define hypergeometric functions over Fqr , fix a generator j 0 of dF�qrF�qr such that

j 0jF�q ¼ j. Then, we have j 0ðq
r�1Þ=ðq�1Þ ¼ ~jj, and

j 0d :¼ j 0ðq
r�1Þ=d ¼ ejdjd
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for any d j q� 1. For convenience, we also write ~jjd ¼ ejdjd . Put as before,

F w
r ðlÞ ¼ F

~jjwi

dhi
; ~jjwiþd

dhi
; . . . ; ~jj

wiþdðhi�1Þ
dhi

~ee; ~jjd ; . . . ; ~jj
d�1
d

;
Yn
j¼1

h
hj
j

 !
ld

 !
qr

:

When w ¼ mh for some m A f0; . . . ; d � 1g, define F w
r ðred: ~jjm

d ; lÞ similarly as

in Corollary 3.5.

Corollary 3.6. Suppose that dhi j q� 1 for all i ¼ 1; . . . ; n and that l0 0.

( i ) If w ¼ mh for some m A f0; . . . ; d � 1g, then

LðDl; w
w; tÞ ¼ exp

Xy
r¼1

ð�1Þn

qrdðmÞ jðj
w
d Þ

rð1�dðmÞÞ
F w
r ðred: ~jjm

d ; lÞ
tr

r

 !Yn�2
k¼0

1

1� qkt
� CðtÞ;

where

CðtÞ :¼
Y
w 0@w

w 0i¼0 for some but not all i

ð1� jðjw 0

d ÞtÞ
ð�1Þn :

(ii) If wS 0, then

LðDl; w
w; tÞ ¼ exp

Xy
r¼1
ð�1Þnjðjw

d Þ
r
F w
r ðlÞ

tr

r

 !
CðtÞ:

Proof. By applying Theorem 3.4 and Corollary 3.5 for Fqr and j 0, we

obtain the formula for NrðDl; w
wÞ. For the Jacobi sum, by Proposition 2.3,

we have

jð~jjw1

d ; . . . ; ~jjwn

d Þ ¼ jðjw1

d ; . . . ; jwn

d Þ
r:

Thus, the theorem follows formally.

3.5. Dwork hypersurfaces. In this subsection, let Dl denote the Dwork

hypersurfaces of degree d, which is the case when n ¼ d and hi ¼ 1 for all

i in (3.1). In this case, for w;w 0 A W , ww ¼ ww 0 if and only if w� w 0 ¼
ðm; . . . ;mÞ for some m A Z=dZ. For w A W , put dðwÞ ¼ 1 if 0 A fw1; . . . ;wdg
and dðwÞ ¼ 0 otherwise.

Theorem 3.7. Suppose that d j q� 1. Let rb 1 and l A F�q .
( i ) If w ¼ ðm; . . . ;mÞ A W with m A Z=dZ (i.e. ww ¼ 1), then

NrðDl; w
wÞ ¼ ð�1Þd jðjw

d Þ
ð1�dðwÞÞr

Fred

 
~jjm
d ; ~jj

m
d ; . . . ; ~jj

m
d

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{d

~ee; ~jjd ; . . . ; ~jj
d�1
d

; ld

!
qr

þ 1� qrðd�1Þ

1� qr
:
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(ii) If ww 0 1, then

NrðDl; w
wÞ ¼ ð�1ÞdðqdðwÞjðjw

d ÞÞ
r
Fred

~jjw1

d ; ~jjw2

d ; . . . ; ~jjwd

d

~ee; ~jjd ; . . . ; ~jj
d�1
d

; ld

� �
qr

:

In particular, if w is a permutation of ð0; 1; . . . ; d � 1Þ (this occurs only
for odd d),

NrðDl; w
wÞ ¼

0 ðld 0 1Þ;
ð�1Þrðd

2�1Þðq�1Þ=ð8dÞ
qrðd�1Þ=2 ðld ¼ 1Þ:

(
Proof. By Proposition 2.3, we only have to prove it for r ¼ 1.

( i ) It follows by Corollary 3.5.

(ii) For w ¼ ðw1; . . . ;wdÞ A W and k A Z=dZ, put

nwðkÞ ¼afwi jwi ¼ kg:

By Theorem 3.4,

N1ðDl; w
wÞ ¼ ð�1Þd jðjw

d ÞF
jw1

d ; jw2

d ; . . . ; jwd

d

e; jd ; . . . ; j
d�1
d

; ld

� �
þ ð�1Þd�1

X
w 0@w

w 0i¼0 for some i

jðjw 0

d Þ: ð3:5Þ

Put S ¼ fw1; . . . ;wng � Z=dZ, then by Lemma 2.6, we have

F
jw1

d ; jw2

d ; . . . ; jwd

d

e; jd ; . . . ; j
d�1
d

; ld

� �

¼ qdðwÞFred

jw1

d ; jw2

d ; . . . ; jwd

d

e; jd ; . . . ; j
d�1
d

; ld

� �
þ
X
c AS

Q
a ASðja

d Þ
nwðaÞ�1
j�c
dQ

b B Sðjb
d Þj�c

d

:

Noting that
Qd

i¼1 gðj i
dÞ ¼

Qd
i¼1 gðj i�c

d Þ for c A Z=dZ and using (2.5),

X
c AS

Q
a ASðja

d Þ
nwðaÞ�1
j�c
dQ

b BSðjb
d Þj�c

d

¼
X
c AS

Yd
i¼1

ðjwi

d Þj�c
d

ðj i
dÞj�c

d

¼
X
c AS

Yd
i¼1

gðjwi�c
d Þgðj i

dÞ
gðjwi

d Þgðj i�c
d Þ

¼
X
c AS

Yd
i¼1

gðjwi�c
d Þ

gðjwi

d Þ

390 Akio Nakagawa



¼ jðjw
d Þ
�1X

c AS

jðjw�c
d Þ

¼ jðjw
d Þ
�1 X

w 0@w
w 0i¼0 for some i

jðjw 0

d Þ:

Thus, we obtain the anterior half of (ii) by (3.5).

If w ¼ ðw1; . . . ;wdÞ is a permutation of ð0; 1; . . . ; d � 1Þ, then

Fred

jw1

d ; jw2

d ; . . . ; jwd

d

e; jd ; . . . ; j
d�1
d

; ld

� �
¼ 1

1� q

X
n

nðldÞ ¼ 0 ðld 0 1Þ;
�1 ðld ¼ 1Þ:

�
Thus, we have the latter half of (ii) by the anterior half of (ii) and

jðe; jd ; . . . ; jd�1
d Þ ¼ ð�1Þðd

2�1Þðq�1Þ=ð8dÞ
qðd�3Þ=2;

which follows by (2.2) and that d is odd.

Remark 3.8. For the Dwork hypersurface, McCarthy [16, Corollary 2.6]

expresses the number aDlðFqÞ in terms of his hypergeometric functions.

Theorem 3.7 is a refinement of this result. Goodson ([6] and [7, Theorem

1.2] for d ¼ 4 and odd d) and Kumabe ([13] for d ¼ 6) show similar results in

terms of Greene’s hypergeometric functions.

For each rb 1 and w A W , put

F w
r; redðlÞ ¼ Fred

~jjw1

d ; ~jjw2

d ; . . . ; ~jjwd

d

~ee; ~jjd ; . . . ; ~jj
d�1
d

; ld

� �
qr

:

Similarly as Corollary 3.6, we have the following corollary of Theorem

3.7.

Corollary 3.9. Suppose that d j q� 1. For any l A F�q and w A W, we

have the following:

( i ) For w ¼ ðm; . . . ;mÞ A W with m A Z=dZ,

LðDl; w
w; tÞ ¼

exp
Py

r¼1 jðjw
d Þ

rð1�dðwÞÞ
F w
r; redðlÞ

tr

r

� �ð�1Þ d
ð1� tÞð1� qtÞ � � � ð1� qd�2tÞ :

(ii) For w A W with ww 0 1,

LðDl; w
w; tÞ ¼ exp

Xy
r¼1

qrdðwÞjðjw
d Þ

r
F w
r; redðlÞ

tr

r

 !ð�1Þ d
:

391Diagonal hypersurfaces and hypergeometric functions



In particular, for w A W which is a permutation of ð0; 1; . . . ; d � 1Þ,

LðDl; w
w; tÞ ¼ 1 ðld 0 1Þ;

ð1� ð�1Þðq�1Þ=dqðd�1Þ=2tÞ�1 ðld ¼ 1Þ:

(
Remark 3.10. On the factorization of the zeta functions of Dwork

hypersurfaces, Goutet [8] gave a factorization of ZðDl; tÞ considering the actions

of the groups G and Sd .

4. Hypergeometric functions over di¤erent finite fields

4.1. l-adic étale cohomology. Let X be a smooth hypersurface in Pn�1 over

Fq and write X ¼ X nFq
Fq. Let l be a prime number with l0 p. Write

HmðX ;QlÞ for the l-adic étale cohomology of X . By the weak Lefschetz

theorem (cf. [4, p. 106]), the map

HmðPn�1;QlÞ ! HmðX ;QlÞ

induced by the embedding X ,! Pn�1 is an isomorphism for m < n� 2. Thus,

by the Poincaré duality and the structure of the l-adic étale cohomology of

Pn�1, we have

HmðX ;QlÞ ¼
0 ðm is odd; m0 n� 2Þ;

Ql �
m

2

� �
ðm is even; m0 n� 2; 0ama 2ðn� 2ÞÞ:

8><>:
Let H � Pn�1 be a hyperplane and h A H 2ðX ;Qlð1ÞÞ be the cohomology

class associated with H \ X (independent of H). Then, by the hard Lefschetz

theorem (cf. [4, p. 274]), the composition

Hn�4ðX ;Qlð�1ÞÞ �!
[h

H n�2ðX ;QlÞ �!
[h

H nðX ;Qlð1ÞÞ

is an isomorphism, where [ is the cup product. Thus, we have the primitive

decomposition

Hn�2ðX ;QlÞG
Hn�2

primðX ;QlÞ ðn is oddÞ;

Hn�2
primðX ;QlÞlQl �

n� 2

2

� �
ðn is evenÞ;

8><>: ð4:1Þ

where

Hn�2
primðX ;QlÞ :¼ KerðHn�2ðX ;QlÞ �!

[h
H nðX ;Qlð1ÞÞÞ:

Now let X ¼ Dl ðl A FqÞ with ldQn
i¼1 h

hi
i 0 1. Fix an embedding

Q ,! Ql and identify ĜG with HomðG;Ql

�Þ. Then, we have a decomposition

HmðDl;QlÞ ¼ 0
w A ĜG

HmðDl;QlÞðwÞ:
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Here, for a vector space V over Ql equipped with a G-action, we write

VðwÞ ¼ fv A V j g � v ¼ wðgÞv for all g A Gg:

Since the G-action fixes h, it is compatible with the primitive decompo-

sition (4.1). Noting that H 2kðDl;QlðkÞÞ is generated by hk if 2k0 n� 2, we

have, for 0a ka n� 2 ð2k0 n� 2Þ,

H 2kðDl;QlÞðwÞ ¼
Qlð�kÞ ðw ¼ 1Þ;
0 ðw0 1Þ;

�
and

Hn�2ðDl;QlÞðwÞ ¼
Hn�2

primðDl;QlÞðwÞlQl �
n� 2

2

� �
ðw ¼ 1; n is evenÞ;

Hn�2
primðDl;QlÞðwÞ ðotherwiseÞ:

8><>:
The dimension of this cohomology group is determined by Katz.

Lemma 4.1 ([11, Lemma 3.1 (i)]). For any w A W,

dim Hn�2
primðDl;QlÞðwwÞ ¼afm A Z=dZ j dðwþmhÞ ¼ 0g;

where dðwÞ is as in Theorem 3.7.

4.2. Relations among hypergeometric functions over di¤erent fields. By the

Grothendieck-Lefschetz trace formula (cf. [4, Theorem 2.9]), we have

NrðDl; wÞ ¼
X2ðn�2Þ
i¼0
ð�1Þ i TrððF rÞ� jHiðDl;QlÞðwÞÞ: ð4:2Þ

Therefore,

LðDl; w; tÞ ¼ detð1� F �t jHn�2
primðDl;QlÞðwÞÞð�1Þ

n�1

when w0 1, and the right-hand side is multiplied with
Qn�2

i¼0 ð1� qitÞ�1 when

w ¼ 1. We can write

detð1� F �t jHn�2
primðDl;QlÞðwÞÞ ¼

Yk
i¼1
ð1� aitÞ; ð4:3Þ

where k ¼ dim Hn�2
primðDl;QlÞðwÞ. By the Weil conjecture proved by Deligne

[3], we have jaij ¼ qðn�2Þ=2 for all i.

Let ei ð0a ia kÞ be the elementary symmetric polynomial of degree i in

indeterminates a1; . . . ; ak and put

pr ¼
Xk
i¼1

ar
i :
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There exist unique polynomials Prðx1; . . . ; xkÞ A Z½x1; . . . ; xk� ðrb 1Þ satisfying

pr ¼ Prðe1; . . . ; ekÞ:

On the other hand, there exist polynomials Qiðx1; . . . ; xiÞ ð1a ia kÞ such that

ei ¼ Qiðp1; . . . ; piÞ A Q½x1; . . . ; xi�:

This fact follows for example from Newton’s identity

iei ¼
Xi

j¼1
ð�1Þ j�1ei�j pj ð1a ia kÞ:

If we put

Rrðx1; . . . ; xkÞ ¼ PrðQ1ðx1Þ;Q2ðx1; x2Þ; . . . ;Qkðx1; . . . ; xkÞÞ;

then

pr ¼ Rrðp1; . . . ; pkÞ

for any rb 1.

For ai as in (4.3), we have

NrðDl; wÞ ¼
ð�1Þnpr ðw0 1Þ;

ð�1Þnpr þ
1� qn�1

1� q
ðw ¼ 1Þ:

8><>: ð4:4Þ

Therefore, it follows from Theorem 3.4 that we can write F w
r ðlÞ in terms of

F w
1 ðlÞ; . . . ;F w

k ðlÞ and Jacobi sums, where k is determined by Lemma 4.1.

4.3. Dwork hypersurfaces. Let us write down such relations more concretely

when Dl ðld 0 1Þ is the Dwork hypersurface of degree d. For w A W , we

have by Lemma 4.1

kðwÞ :¼ dim Hd�2ðDl;QlÞðwwÞ ¼ d �afwi j i ¼ 1; . . . ; dg:

Let F w
r; redðlÞ be as in subsection 3.5. By Theorem 3.7 and (4.4),

j 0ðjw
d Þ

r
F w
r; redðlÞ ¼

XkðwÞ
i¼1

ar
i ; j 0ðjw

d Þ :¼
jðjw

d Þ
1�dðwÞ ðww ¼ 1Þ;

qdðwÞjðjw
d Þ ðww 0 1Þ:

(
ð4:5Þ

Hence we obtain the following.

Theorem 4.2. Suppose that d j q� 1. For any w A W, l A Fq � md and

rb 1, we have

F w
r; redðlÞ ¼ RrðF w

1; redðlÞ; . . . ;F w
kðwÞ; redðlÞÞ:
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We also have the following consequence of the Weil conjecture.

Theorem 4.3. Suppose that d j q� 1. For w A W with dðwÞ ¼ 0 and l A
Fqr � md ,

jF w
r; redðlÞja kðwÞ:

Proof. We are reduced to the case when r ¼ 1. The statement for l ¼ 0

is clear. By assumption, j jðjw
d Þj ¼ qðd�2Þ=2 by (2.3) and (2.5). When l0 0, the

theorem follows from (4.5) and that jaij ¼ qðd�2Þ=2 for all i.

Now, let us consider the case when kðwÞ ¼ 2. Then Theorem 4.2 becomes

F w
r; redðlÞ ¼ Pr F w

1; redðlÞ;
1

2
ðF w

1; redðlÞ
2 � F w

2; redðlÞÞ
� �

:

As an example, we take w ¼ ða; b; �00; 1; . . . ; �cc; . . . ; d � 1Þ, where a; b B f0; cg,
c0 0 and

c� a� b ¼ dðd � 1Þ
2

mod d:

Then

F w
r; redðlÞ ¼ F

~jja
d ; ~jj

b
d

~ee; ~jjc
d

; ld

� �
qr

:

Thus, we obtain Theorem 1.2.

Example 4.4. Let d ¼ 3 and l3 0 1. Then Dl is the Hesse elliptic curve

and

H 1ðDl;QlÞ ¼ H 1
primðDl;QlÞð1Þ

by Lemma 4.1. Suppose that 3 j q� 1. By Theorem 3.7 and (2.6), we have,

for m ¼ 1; 2 and rb 1,

NrðDlÞ ¼ NrðDl; 1Þ

¼ ð�1Þððq�1Þ=3Þmrþ1
jðjm

3 ; j
m
3 Þ

r
F

~jjm
3 ; ~jj

m
3

~ee; ~jj2m
3

; l3
� �

qr

þ 1þ qr: ð4:6Þ

In this case, a1a2 ¼ q by the Poincaré duality. Therefore, we have

F w
r; redðlÞ ¼ Pr F w

1; redðlÞ;
q

jðjm
3 ; j

m
3 Þ

2

 !
for any rb 1.
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Remark 4.5. The complex periods of Dl ðl A C; l3 0 1Þ are computed in

[14, Theorem 1], one of which is

B
1

3
;
1

3

� �
2F1

1
3 ;

1
3

2
3

; l3

 !
� lB

2

3
;
2

3

� �
2F1

2
3 ;

2
3

4
3

; l3

 !
:

Our formula (4.6) can be regarded as a finite field analogue of this result.

4.4. Dwork K3 surfaces. We consider the case when Dl is the Dwork hyper-

surfaces of degree 4. Suppose that l4 0 1, so that Dl is a K3 surface, and

l0 0. Now, ĜG consists of 16 characters, which are up to permutation of

indices w1; . . . ;w4:

1;

wð1;1;3;3Þ ð3 characters; note that wð1;1;3;3Þ ¼ wð3;3;1;1ÞÞ;

wð1;2;2;3Þ ð12 charactersÞ:

Note that the number NrðDl; w
wÞ does not change under permutations of

indices. Recall that

kð0; 0; 0; 0Þ ¼ 3; kð1; 1; 3; 3Þ ¼ 2; kð1; 2; 2; 3Þ ¼ 1:

Proposition 4.6. Suppose that 4 j q� 1. Let l A F�q (we do not assume

l B m4).

( i ) For m A f1; 2; 3g,

NrðDl; 1Þ ¼ F
~ee; ~ee; ~ee

~jj4; ~jj
2
4 ; ~jj

3
4

; l4
� �

qr

þ 1þ qr þ q2r

¼ jðjm
4 ; j

m
4 ; j

m
4 ; j

m
4 Þ

r
Fred

~jjm
4 ; ~jj

m
4 ; ~jj

m
4 ; ~jj

m
4

~ee; ~jj4; ~jj
2
4 ; ~jj

3
4

; l4
� �

qr

þ 1þ qr þ q2r:

( ii )

NrðDl; w
ð1;1;3;3ÞÞ ¼ ðj r

2ð1� l2Þ þ j r
2ð1þ l2ÞÞqr:

(iii)

NrðDl; w
ð1;2;2;3ÞÞ ¼ ð�1Þrðq�1Þ=4j r

2ð1� l4Þqr:

Proof. (i) Immediate consequence of Theorem 3.7.

(ii) By loc. cit., we have

NrðDl;4; w
ð1;1;3;3ÞÞ ¼ jðj4; j4; j3

4 ; j
3
4Þ

r
F

~jj4; ~jj
3
4

~ee; ~jj2
4

; l4
� �

qr

:
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First, jðj4; j4; j3
4 ; j

3
4Þ ¼ q by (2.5) and (2.2). Secondly, using (2.7), (2.2) and

(2.5), we have for n AdF�qrF�qr ,

ð~jj4Þnð~jj3
4Þn

ð~eeÞ�n ð~jj2
4Þ
�
n

¼ ð~jj
2
4Þn2
ð~eeÞ�n2

¼ jðn�2; ~jj2
4Þ;

and hence,

F
~jj4; ~jj

3
4

~ee; ~jj2
4

; l4
� �

qr

¼ 1

1� qr

X
n

jðn�2; ~jj2
4Þnðl

4Þ

¼ 1

qr � 1

X
n

X
u AF�

q r

n�2ðuÞ~jj2
4ð1� uÞnðl4Þ

¼ 1

qr � 1

X
u

~jj2
4ð1� uÞ

X
n

n
l4

u2

 !

¼ ~jj2
4ð1� l2Þ þ ~jj2

4ð1þ l2Þ:

Noting that ~jj2
4ðlÞ ¼ j2ðlÞ

ð1�qrÞ=ð1�qÞ ¼ jr
2ðlÞ, the formula follows.

(iii) By Theorem 3.7, we have

NrðDl; w
ð1;2;2;3ÞÞ ¼ jðj4; j2

4 ; j
2
4 ; j

3
4Þ

r
F

~jj2
4

~ee
; l4

� �
qr

;

and the formula follows by (2.8), (2.5) and (2.2).

Corollary 4.7. Suppose that 4 j q� 1. Let m A f1; 2; 3g and put

QðtÞ ¼ 1� p1tþ
p21 � p2

2
t2 � p31 � 3p1 p2 þ 2p3

6
t3;

where

pr ¼ jðjm
4 ; j

m
4 ; j

m
4 ; j

m
4 Þ

r
F
ðm;m;m;mÞ
r; red ðlÞ:

Then

ZðDl; tÞ ¼
1

ð1� tÞð1� qtÞð1� uqtÞ3ð1� u 0qtÞ3ð1� vqtÞ12QðtÞð1� q2tÞ
;

where u ¼ j2ð1� l2Þ, u 0 ¼ j2ð1þ l2Þ and v ¼ ð�1Þðq�1Þ=4uu 0.

In fact, F w
r; redðlÞ hence QðtÞ and ZðDl; tÞ are determined only by F w

1; redðlÞ.

Theorem 4.8. Suppose that 4 j q� 1. Let Prðx1; x2Þ be the polynomial

defined in subsection 4.2 for k ¼ 2. Let w ¼ ðm;m;m;mÞ ðm A f1; 2; 3gÞ.
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Then, for any rb 1,

F w
r; redðlÞ ¼

j2ð1� l4Þq
jðjw

4 Þ

 !r
þ Pr F w

1; redðlÞ �
j2ð1� l4Þq

jðjw
4 Þ

;
q

jðjw
4 Þ

� �2 !
:

Proof. Since detð1� F �t jH 2ðDl;QlÞÞ A Q½t� (independent of l), it fol-

lows that QðtÞ A Q½t�. Hence we can write

QðtÞ ¼ ð1� a1tÞð1� a2tÞð1� a3tÞ

with a1 A R, a2 ¼ a3 and jaij ¼ q for all i. It is known that the highest term of

detð1� F �t jH 2ðDl;QlÞÞ is q22t22. One can show this fact by reducing to the

case of the Fermat quartic surface ðl ¼ 0Þ similarly as in the proof of Lemma

4.1. Hence a1a2a3 ¼ a1q
2 ¼ uu 0q3, i.e. a1 ¼ j2ð1� l4Þq (this fact is also proved

in [1]). Since

F w
r; redðlÞ ¼

ar
1 þ ar

2 þ ar
3

jðjw
4 Þ

r ;

we obtain the theorem.

Remark 4.9. When m ¼ 2, we have jðjw
4 Þ ¼ q.
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