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Abstract. Any three hypergeometric series whose respective parameters, a, b and c,

di¤er by integers satisfy a linear relation with coe‰cients that are rational functions of

a, b, c and the variable x. These relations are called three-term relations. This paper

gives explicit formulas describing symmetries of the coe‰cients of three-term relations.

1. Introduction

The hypergeometric series is defined by

Fða; b; c; xÞ ¼ F
a; b

c
; x

� �
:¼

Xy
n¼0

ðaÞnðbÞn
ðcÞnð1Þn

xn:

Here, ðaÞn denotes Gðaþ nÞ=GðaÞ, which equals aðaþ 1Þ � � � ðaþ n� 1Þ for any

positive integer n. It is assumed that c is such that the denominator factor ðcÞn
is never zero.

As mentioned in [1, Section 2:5, p. 94], it is known that for any triples of

integers ðk; l;mÞ and ðk 0; l 0;m 0Þ, the three hypergeometric series

F
aþ k; bþ l

cþm
; x

� �
; F

aþ k 0; bþ l 0

cþm 0 ; x

� �
; F

a; b

c
; x

� �

satisfy a linear relation with coe‰cients that are rational functions of a, b, c

and x. We call such a relation a three-term relation. Gauss obtained the

three-term relations in the cases

ðk; l;mÞ; ðk 0; l 0;m 0Þ A fð1; 0; 0Þ; ð�1; 0; 0Þ; ð0; 1; 0Þ; ð0;�1; 0Þ; ð0; 0; 1Þ; ð0; 0;�1Þg;

where ðk; l;mÞ0 ðk 0; l 0;m 0Þ; thus, there are 6
2

� �
¼ 15 pairs of ðk; l;mÞ and

ðk 0; l 0;m 0Þ. See [5, Chapter 4, p. 71] for the 15 three-term relations obtained

by Gauss.
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We consider the three-term relations of the following form:

F
aþ k; bþ l

cþm
; x

� �
¼ Q � F aþ 1; bþ 1

cþ 1
; x

� �
þ R � F a; b

c
; x

� �
: ð1Þ

Note that the pair ðQ;RÞ of rational functions of a, b, c and x is uniquely

determined by ðk; l;mÞ (cf. [4, Chapter 6, Section 23]). See [2, Section 3] for

the explicit expressions for Q and R with sums of products of two hyper-

geometric series. Ebisu [3, Section 2:3] noticed that the coe‰cient Q in ð1Þ has
48 symmetries, and using these symmetries, he gave many special values of the

hypergeometric series. As examples of Q’s symmetries, Ebisu presented two

explicit formulas [3, (2.7), (2.11)]:

Q
k; l

m
;
a; b

c
; x

� �
¼ ab

ðc� aÞðc� bÞ ð1� xÞm�k�l

�Q
m� k;m� l

m
;
c� a; c� b

c
; x

� �
; ð2Þ

Q
k; l

m
;
a; b

c
; x

� �
¼ b

b� c
ð1� xÞ2�k

Q
k;m� l

m
;
a; c� b

c
;

x

x� 1

� �
; ð3Þ

where we write Q in ð1Þ as Q
k; l

m
;
a; b

c
; x

� �
. The 48 symmetries of Q are

directly related to the Kummer’s 24 solutions. Including the trivial permuta-

tion of the local exponents at infinity, the hypergeometric di¤erential equation

has 48 symmetries (which correspond to the permutations of the 3 singular

points, and to the permutations of the local exponents at them), and Q inherit

those symmetries.

On the other hand, Vidūnas considered the three-term relations of the form

F
aþ k; bþ l

cþm
; x

� �
¼ ~QQ � F aþ 1; b

c
; x

� �
þ ~RR � F a; b

c
; x

� �
;

and gave an explicit formula describing ~QQ’s symmetry [6, ð11Þ]. We will see

that Q also has the same symmetry which corresponds to reversal of the three-

term relations.

In this paper, by conjoining the 48 symmetries of Q inherited from the

hypergeometric di¤erential equation and a new symmetry corresponding to

reversal of the three-term relations, we show that Q has 96 symmetries. In

addition, by giving a relation between Q and R, we show that R also has 96

symmetries.

To avoid ambiguity, we first define the notion of a symmetry of Q and

R. For the parameters a, b, c and the variable x, let Sabc, Sx and S be the
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sets defined by

Sabc :¼ fn0 þ n1aþ n2bþ n3c j ni A Zg;

Sx :¼ x;
x

x� 1
; 1� x;

x� 1

x
;
1

x
;

1

1� x

� �
;

S :¼ k; l

m
;
a1; a2
a3

; b

� ����� k; l;m A Z; ai A Sabc; b A Sx

� �
;

and let T be the set of all rational functions of a, b, c and x. Also, let

MapðS;TÞ denote the set of all functions P : S ! T . Then, Q and R can be

regarded as elements of MapðS;TÞ; namely,

Q ¼ Q
k; l

m
;
a; b

c
; x

� �
; R ¼ R

k; l

m
;
a; b

c
; x

� �
A MapðS;TÞ:

For a group G acting on S, we define the action of G on MapðS;TÞ by

ðsPÞðzÞ :¼ Pðs�1zÞ, where s A G, P A MapðS;TÞ and z A S. The definition of

the notion of a symmetry of any P A MapðS;TÞ is as follows:

Definition 1. Suppose that a group G acts on S, and take any s A G

and P A MapðS;TÞ. If for any k; l;m A Z, there exist a1; . . . ; an A Sabc and

i1; . . . ; in; j1; j2; j3 A Z satisfying

ðsPÞ k; l

m
;
a; b

c
; x

� �
¼ ða1Þi1 � � � ðanÞinð�1Þ j1x j2ð1� xÞ j3P k; l

m
;
a; b

c
; x

� �
;

then we say that P has a symmetry under s. If P has a symmetry under

an arbitrary s A G, then we say that P has symmetries under the action

of G.

The following theorem provides Q’s symmetries.

Theorem 1. The coe‰cient Q of ð1Þ has 96 symmetries. In fact, the

following hold:

Q
k; l

m
;
a; b

c
; x

� �
¼ ðcþ 1ÞmðcÞmð�1Þm�k�l�1

x�mð1� xÞm�k�l

ðaþ 1Þkðbþ 1Þlðc� aÞm�kðc� bÞm�l

�Q
�k;�l

�m
;
aþ k; bþ l

cþm
; x

� �
; ð4Þ

Q
k; l

m
;
a; b

c
; x

� �
¼ a

a� c
ð1� xÞ2�l

Q
m� k; l

m
;
c� a; b

c
;

x

x� 1

� �
; ð5Þ
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Q
k; l

m
;
a; b

c
; x

� �
¼

ðcþ 1Þm�1ðc� a� b� 1Þmþ1�k�l

ðc� aÞm�kðc� bÞm�l

�Q
k; l

k þ l �m
;

a; b

aþ bþ 1� c
; 1� x

� �
; ð6Þ

Q
k; l

m
;
a; b

c
; x

� �
¼ Q

l; k

m
;
b; a

c
; x

� �
: ð7Þ

In addition, combining these formulas, we are able to obtain the other 92 explicit

formulas describing Q’s symmetries.

The symmetry ð4Þ is counterpart of the symmetry given in [6, ð11Þ]. The

symmetry ð5Þ immediately follows from the symmetries ð2Þ and ð3Þ.
The following lemma is counterpart of the relation given in [6, ð8Þ].

Lemma 1. The coe‰cients of ð1Þ satisfy the following relation:

R
k; l

m
;
a; b

c
; x

� �
¼ cðcþ 1Þ

ðaþ 1Þðbþ 1Þxð1� xÞQ
k � 1; l � 1

m� 1
;
aþ 1; bþ 1

cþ 1
; x

� �
:

The following theorem is derived from Theorem 1 and Lemma 1.

Theorem 2. The coe‰cient R of ð1Þ has 96 symmetries. In fact, the

following hold:

R
k; l

m
;
a; b

c
; x

� �
¼ ðcþ 1Þm�1ðcÞm�1ð�1Þm�k�l

x1�mð1� xÞmþ1�k�l

ðaþ 1Þk�1ðbþ 1Þl�1ðc� aÞm�kðc� bÞm�l

� R
2� k; 2� l

2�m
;
aþ k � 1; bþ l � 1

cþm� 1
; x

� �
;

R
k; l

m
;
a; b

c
; x

� �
¼ ð1� xÞ�l

R
mþ 1� k; l

m
;
c� a� 1; b

c
;

x

x� 1

� �
;

R
k; l

m
;
a; b

c
; x

� �
¼ ðcÞmðc� a� bÞm�k�l

ðc� aÞm�kðc� bÞm�l

R
k; l

k þ l �m
;

a; b

aþ bþ 1� c
; 1� x

� �
;

R
k; l

m
;
a; b

c
; x

� �
¼ R

l; k

m
;
b; a

c
; x

� �
:

In addition, combining these formulas, we are able to obtain the other 92 explicit

formulas describing R’s symmetries.

2. Proof of Theorem 1

We prove Theorem 1.
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Let G be the group generated by the following four mappings so that G

acts on S:

s0 :
k; l

m
;
a; b

c
; x

� �
7! �k;�l

�m
;
aþ k; bþ l

cþm
; x

� �
;

s1 :
k; l

m
;
a; b

c
; x

� �
7! m� k; l

m
;
c� a; b

c
;

x

x� 1

� �
;

s2 :
k; l

m
;
a; b

c
; x

� �
7! k; l

k þ l �m
;

a; b

aþ bþ 1� c
; 1� x

� �
;

s3 :
k; l

m
;
a; b

c
; x

� �
7! l; k

m
;
b; a

c
; x

� �
;

where a group operation is defined as the composition of elements in G. Let

s4 :¼ s1s3s1s3 and s5 :¼ s2s4s2s4s3 to make them become

s4 :
k; l

m
;
a; b

c
; x

� �
7! m� k;m� l

m
;
c� a; c� b

c
; x

� �
;

s5 :
k; l

m
;
a; b

c
; x

� �
7! �k;�l

�m
;
1� a; 1� b

2� c
; x

� �
:

Then, we obtain the following lemma.

Lemma 2. The structure of G is identified as

GG hs0i� ðhs1; s2iy ðhs3i� hs4i� hs5iÞÞGZ=2Z� ðS3 y ðZ=2ZÞ3Þ;

where S3 is the symmetric group of degree 3; thus, the order of G equals

2 � 3! � 23 ¼ 96.

Proof. First, GG hs0i� hs1; s2; s3i holds. Next, since hs3; s4; s5i is

normal in hs1; s2; s3i and satisfies hs1; s2i \ hs3; s4; s5i ¼ fidg, where id

denotes the identity element of G, it holds that hs1; s2; s3i ¼ hs1; s2iy
hs3; s4; s5i. Finally, from s2

i ¼ id ð0a ia 5Þ, s1s2 ¼ s2s1s2s1 and

sisj ¼ sjsi ð3a i; ja 5Þ, the proof of the lemma is complete. r

The formulas ð4Þ–ð7Þ describe symmetries of Q under s0; . . . ; s3, respec-

tively. Hence, we can complete the proof of Theorem 1 by proving ð4Þ–ð7Þ.
As stated in the introduction, ð5Þ is obtained by combining ð2Þ and ð3Þ. Also,

ð7Þ immediately follows from the fact that Fða; b; g; xÞ is symmetric with respect

to the exchange of a and b. Below, we prove ð4Þ and ð6Þ. From the unique-

ness of analytic continuation, it is su‰cient to prove it for jxj < 1=2. Thus,

we assume jxj < 1=2. We introduce two expressions for Q given in [2]. Let

fi ði ¼ 1; 2; 5; 6Þ be the functions defined by

245Three-term relations for the hypergeometric series



f1
a; b

c
; x

� �
:¼ f

a; b

c
; x

� �
;

f2
a; b

c
; x

� �
:¼ f

a; b

aþ bþ 1� c
; 1� x

� �
;

f5
a; b

c
; x

� �
:¼ x1�cf

aþ 1� c; bþ 1� c

2� c
; x

� �
;

f6
a; b

c
; x

� �
:¼ ð1� xÞc�a�b

f
c� a; c� b

cþ 1� a� b
; 1� x

� �
;

where f
a; b

c
; x

� �
:¼ GðaÞGðbÞ

GðcÞ F
a; b

c
; x

� �
. Then, Q can be expressed as

Q ¼ abðcÞm
cðaÞkðbÞl

q;

where

q :¼ q
k; l

m
;
a; b

c
; x

� �

¼
f5

a; b

c
; x

� �
f1

aþ k; bþ l

cþm
; x

� �
� f1

a; b

c
; x

� �
f5

aþ k; bþ l

cþm
; x

� �

f5
a; b

c
; x

� �
f1

aþ 1; bþ 1

cþ 1
; x

� �
� f1

a; b

c
; x

� �
f5

aþ 1; bþ 1

cþ 1
; x

� � ; ð8Þ

¼ ð�1Þmþ1�k�l

ðc� aÞm�kðc� bÞm�l

�
f6

a; b

c
; x

� �
f2

aþ k; bþ l

cþm
; x

� �
� f2

a; b

c
; x

� �
f6

aþ k; bþ l

cþm
; x

� �

f6
a; b

c
; x

� �
f2

aþ 1; bþ 1

cþ 1
; x

� �
� f2

a; b

c
; x

� �
f6

aþ 1; bþ 1

cþ 1
; x

� � : ð9Þ

These expressions ð8Þ and ð9Þ follow immediately from [2, p. 260, ð3:5Þ] and
[2, p. 264, the expression above Theorem 3:8], respectively. First, using ð8Þ,
we prove ð4Þ. Applying s0 to ð8Þ, we have

ðs0qÞ
k; l

m
;
a; b

c
; x

� �
¼ � Wða; b; c; xÞ

Wðaþ k; bþ l; cþm; xÞ q
k; l

m
;
a; b

c
; x

� �
;

where Wða; b; c; xÞ denotes the denominator of ð8Þ; namely,
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Wða; b; c; xÞ :¼ f5
a; b

c
; x

� �
f1

aþ 1; bþ 1

cþ 1
; x

� �

� f1
a; b

c
; x

� �
f5

aþ 1; bþ 1

cþ 1
; x

� �
:

From the formula [2, p. 262, Lemma 3:6]

Wða; b; c; xÞ ¼ �GðaÞGðbÞGðaþ 1� cÞGðbþ 1� cÞ
GðcÞGð1� cÞ x�cð1� xÞc�a�b�1;

we obtain

Wða; b; c; xÞ
Wðaþ k; bþ l; cþm; xÞ ¼

ð�1Þkþl�mðc� aÞm�kðc� bÞm�l

ðaÞkðbÞl
xmð1� xÞkþl�m:

Therefore, it follows that

ðs0qÞ
k; l

m
;
a; b

c
; x

� �
¼ ð�1Þkþl�m�1ðc� aÞm�kðc� bÞm�l

ðaÞkðbÞl
xmð1� xÞkþl�m

� q
k; l

m
;
a; b

c
; x

� �
: ð10Þ

Multiplying both sides of ð10Þ by

ðaþ kÞðbþ lÞðcþmÞ�m

ðcþmÞðaþ kÞ�kðbþ lÞ�l

completes the proof of ð4Þ. Next, using ð8Þ and ð9Þ, we prove ð6Þ. When we

apply s2 to ð8Þ, the numerator becomes

f5
a; b

aþ bþ 1� c
; 1� x

� �
f1

aþ k; bþ l

aþ bþ 1� cþ k þ l �m
; 1� x

� �

� f1
a; b

aþ bþ 1� c
; 1� x

� �
f5

aþ k; bþ l

aþ bþ 1� cþ k þ l �m
; 1� x

� �
; ð11Þ

and the denominator becomes

f5
a; b

aþ bþ 1� c
; 1� x

� �
f1

aþ 1; bþ 1

aþ bþ 2� c
; 1� x

� �

� f1
a; b

aþ bþ 1� c
; 1� x

� �
f5

aþ 1; bþ 1

aþ bþ 2� c
; 1� x

� �
: ð12Þ
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From the definitions of fi ði ¼ 1; 2; 5; 6Þ, we can rewrite ð11Þ and ð12Þ as

f6
a; b

c
; x

� �
f2

aþ k; bþ l

cþm
; x

� �
� f2

a; b

c
; x

� �
f6

aþ k; bþ l

cþm
; x

� �
; ð13Þ

f6
a; b

c
; x

� �
f2

aþ 1; bþ 1

cþ 1
; x

� �
� f2

a; b

c
; x

� �
f6

aþ 1; bþ 1

cþ 1
; x

� �
; ð14Þ

respectively. Comparing ð13Þ=ð14Þ with ð9Þ, we obtain

ðs2qÞ
k; l

m
;
a; b

c
; x

� �
¼ ð�1Þkþl�m�1ðc� aÞm�kðc� bÞm�lq

k; l

m
;
a; b

c
; x

� �
: ð15Þ

Multiplying both sides of ð15Þ by

abðaþ bþ 1� cÞkþl�m

ðaþ bþ 1� cÞðaÞkðbÞl

completes the proof of ð6Þ.

3. Proof of Lemma 1

We prove Lemma 1.

Replacing ðk; l;m; a; b; cÞ by ðk � 1; l � 1;m� 1; aþ 1; bþ 1; cþ 1Þ in ð1Þ,
we have

F
aþ k; bþ l

cþm
; x

� �
¼ Q 0 � F aþ 2; bþ 2

cþ 2
; x

� �
þ R 0 � F aþ 1; bþ 1

cþ 1
; x

� �
; ð16Þ

where

Q 0 :¼ Q
k � 1; l � 1

m� 1
;
aþ 1; bþ 1

cþ 1
; x

� �
;

R 0 :¼ R
k � 1; l � 1

m� 1
;
aþ 1; bþ 1

cþ 1
; x

� �
:

As is well known, F ða; b; c; xÞ satisfies

qF
a; b

c
; x

� �
¼ ab

c
F

aþ 1; bþ 1

cþ 1
; x

� �
;

where q :¼ d=dx, and is a solution of the hypergeometric di¤erential equation

Labc y ¼ 0, where

Labc :¼ q2 þ c� ðaþ bþ 1Þx
xð1� xÞ q� ab

xð1� xÞ :
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Using these facts, we have

0 ¼ LabcF
a; b

c
; x

� �

¼ q2F
a; b

c
; x

� �
þ c� ðaþ bþ 1Þx

xð1� xÞ qF
a; b

c
; x

� �
� ab

xð1� xÞF
a; b

c
; x

� �

¼ abðaþ 1Þðbþ 1Þ
cðcþ 1Þ F

aþ 2; bþ 2

cþ 2
; x

� �

þ abfc� ðaþ bþ 1Þxg
cxð1� xÞ F

aþ 1; bþ 1

cþ 1
; x

� �
� ab

xð1� xÞF
a; b

c
; x

� �
:

Therefore, we obtain

F
aþ 2; bþ 2

cþ 2
; x

� �
¼ �ðcþ 1Þfc� ðaþ bþ 1Þxg

ðaþ 1Þðbþ 1Þxð1� xÞ F
aþ 1; bþ 1

cþ 1
; x

� �

þ cðcþ 1Þ
ðaþ 1Þðbþ 1Þxð1� xÞF

a; b

c
; x

� �
:

Using this, we rewrite ð16Þ as

F
aþ k; bþ l

cþm
; x

� �
¼ �ðcþ 1Þfc� ðaþ bþ 1Þxg

ðaþ 1Þðbþ 1Þxð1� xÞ Q 0 þ R 0
� �

F
aþ 1; bþ 1

cþ 1
; x

� �

þ cðcþ 1Þ
ðaþ 1Þðbþ 1Þxð1� xÞQ

0 � F a; b

c
; x

� �
: ð17Þ

Equating the coe‰cients of Fða; b; c; xÞ in ð1Þ and ð17Þ completes the proof of

Lemma 1.

4. Proof of Theorem 2

Using Theorem 1 and Lemma 1, we prove Theorem 2.

Let ~GG be the group generated by tsit
�1 ði ¼ 0; 1; 2; 3Þ, where t is the

mapping defined by

t :
k; l

m
;
a; b

c
; x

� �
7! k þ 1; l þ 1

mþ 1
;
a� 1; b� 1

c� 1
; x

� �
:

Then, ~GG is isomorphic to G; thus, the order of ~GG also equals 96. By com-

bining the four formulas in Theorem 1 with the formula in Lemma 1, we

can obtain the four formulas in Theorem 2. These four resulting formulas

assert that R has symmetries under tsit
�1 ði ¼ 0; 1; 2; 3Þ, respectively. This

completes the proof of Theorem 2.
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