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Abstract. We consider a parabolic problem with Robin boundary condition which

arises when the edge of a micro-electro-mechanical-system (MEMS) device is connected

with a flexible nonideal support. Then via a rigorous analysis we investigate the

structure of the solution set of the corresponding steady-state problem. We show that

a critical value (the pull-in voltage) exists so that the system has exactly two stationary

solutions when the applied voltage is lower than this critical value, one stationary

solution for applying this critical voltage, and no stationary solution above the critical

voltage.

1. Introduction

In this paper, we study the deformation of an elastic membrane inside

a micro-electro mechanical system (MEMS). We consider the case when the

distance between the plate and the membrane is relatively small compared to

the length of the device. In the case when we ignore the inertia and the

device is embedded in an electric circuit with/without a capacitor, the equation

describing the operation of the MEMS is reduced to the following single par-

abolic equation

ut ¼ Duþ l

ð1� uÞ2½1þ a
Ð
W
ð1� uÞ�1

dx�2
; x A W; t > 0; ð1Þ

where l is a positive constant proportional to the square of the applied voltage.

Besides a is a nonnegative parameter related to the ratio of the applied capaci-

tances; a ¼ 0 corresponds to a MEMS device without a capacitor, whilst for

a > 0 a capacitor is connected in series with the device. W is the domain of
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the plate and u ¼ uðx; tÞ denotes the displacement of the membrane towards the

plate. It is also assumed that the gap between the elastic membrane and the

rigid plate is small compared to the dimensions of the elastic membrane.

Since the support of MEMS device might be nonideal and flexible, we

consider the edge of the membrane is connected with a flexible nonideal sup-

port so that the following Robin boundary condition is imposed

qu

qn
þ bu ¼ 0 on qW; ð2Þ

where n is the unit outer normal of qW and b is a given positive constant.

For the derivation of this model, we refer the reader to [1] (see also [16, 14,

15, 12]).

We are interested in the structure of stationary solutions of this MEMS

problem. We shall only focus on the case when the device is one-dimensional,

namely the plate is a rectangle and the deformation u only depends on the

horizontal direction. Without loss of generality we may assume that b ¼ 1 and

W ¼ ð�1; 1Þ. Therefore, we study the following boundary value problem for

UðxÞ:

�U 00ðxÞ ¼ l

½1�UðxÞ�2f1þ a
Ð 1
�1½1�UðyÞ��1

dyg2
; x A ð�1; 1Þ; ð3Þ

GU 0ðG1Þ þUðG1Þ ¼ 0: ð4Þ

Our main theorem on the bifurcation diagram of problem (3)–(4) in this paper

reads

Theorem 1. For each ab 0, there exists a finite positive constant l� ¼
l�ðaÞ such that problem (3)–(4) has exactly two solutions when l A ð0; l�Þ, a

unique solution when l ¼ l�, and no solution when l > l�.

Theorem 1 includes both the local ða ¼ 0Þ and nonlocal ða > 0Þ cases. It

provides the existence of the supremum l� of the spectrum of problem (3)–(4).

The existence of a finite l� ( pull-in voltage in MEMS terminology) is vital,

since the solution of problem (1)–(2) supplemented with an initial condition for

any nonnegative initial profile quenches for l > l� (cf. [1]). The case when the

boundary of the membrane is clamped so that (2) is replaced by the zero

Dirichlet boundary condition was studied extensively. We refer the reader to,

e.g., [13, 4, 2, 6, 7, 10, 12]. See also [8, 3, 9]. Little work was done for the

case with Robin boundary conditions (see, e.g., [5, 1]). In particular, in [1],

the bifurcation diagram of problem (3)–(4) was given, but only numerically.

The main purpose of this work is to derive rigorously the bifurcation diagram

of problem (3)–(4).
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In the sequel, we let U ¼ Uðx; lÞ be a (classical) solution of (3)–(4) for a

given l > 0. It is more convenient to use the new dependent variable wðxÞ :¼
1�UðxÞ. Then w satisfies

w 00ðxÞ ¼ l

w2ðxÞ½1þ a
Ð 1
�1 w

�1ðyÞdy�2
; �1 < x < 1; ð5Þ

Gw 0ðG1Þ ¼ 1� wðG1Þ: ð6Þ

Since u is the deformation of the membrane and U is classical, we have

0 < U < 1 in ½�1; 1� and U is strictly concave due to the right hand of (3)

is positive. It also follows that w is strictly convex and 0 < w < 1 in ½�1; 1�.
In fact, both U and w are symmetric with respect to x ¼ 0 (see Lemma 1

in § 2).

Set a :¼ wð0Þ and b :¼ wð1Þ for a solution w of (5)–(6). To study the

bifurcation diagram, the first task is to derive some relations between a, b

and l. Actually, this was done in [1] (see, in particular, (2.8)–(2.10) in [1]).

However, these only give some implicit relations between those three param-

eters. It is not clear, in particular, whether l is a function of another single

parameter (either a or b). Actually, this is the major di‰culty of dealing with

this problem. Luckily, we are able to find a nice transformation to overcome

this di‰culty. By introducing a new parameter, namely s :¼ b=a, we found

that all parameters a, b and l are functions of this single variable s. It turns

out that l is a function of a (but not b), since a is (and b is not) a strictly

monotone function of s (see Figure 1 and § 2 below). With this piece of

information in hand, we then derive the one-to-one correspondence between

fða; lðaÞÞ j a A ð0; 1Þg and stationary solutions of (5)–(6) in § 2. Then our main

result, Theorem 1, is proved in § 3, by some delicate analysis of the derivative

l 0ðsÞ. In addition, by the proof of Theorem 1, the value of l� is directly

obtained. In particular, we derive that l�A0:10871 when a ¼ 0 and l�A
2:38709 when a ¼ 1.

Fig. 1. For the graph visualization, we set r ¼ 1=s A ð0; 1Þ as the horizontal axis, and plot the

curves of âaðrÞ ¼ að1=rÞ, b̂bðrÞ ¼ bð1=rÞ, ŝsðrÞ ¼ sð1=rÞ ¼ lð1=r; a ¼ 0Þ derived from (18)–(21).
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2. Preliminaries

In the sequel, we let w be a solution of (5)–(6) and set

s :¼ l 1þ a

ð1
�1

1

wðyÞ dy
� ��2

: ð7Þ

We first prove the following lemma.

Lemma 1. Any solution w of (5)–(6) is symmetric with respect to x ¼ 0.

Proof. Since 0 < w < 1, we have

w 0ð�1Þ ¼ wð�1Þ � 1 < 0 < 1� wð1Þ ¼ w 0ð1Þ:

Hence there exists x A ð�1; 1Þ such that w 0ðxÞ ¼ 0.

Set a :¼ wðxÞ A ð0; 1Þ. We first show that w is symmetric with respect

to x.

Multiplying (5) by w 0 and integrating from x to x A ðx; 1Þ, we obtain

1

2
ðw 0Þ2ðxÞ ¼ s

1

a
� 1

wðxÞ

� �
; x A ðx; 1�: ð8Þ

Using w 0ðxÞ > 0 for x A ðx; 1�, it follows from (8) that

w 0ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=a� 1=wðxÞ

p ¼
ffiffiffiffiffiffi
2s

p
; x A ðx; 1�: ð9Þ

Integrating (9) from x to x A ðx; 1� gives

ffiffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðxÞ½wðxÞ � a�

p
þ a ln

ffiffiffiffiffiffiffiffiffiffi
wðxÞ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðxÞ � a

p
ffiffiffi
a

p
 !( )

¼
ffiffiffiffiffiffi
2s

p
ðx� xÞ: ð10Þ

Similarly, for x A ½�1; xÞ, we have

ffiffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðxÞ½wðxÞ � a�

p
þ a ln

ffiffiffiffiffiffiffiffiffiffi
wðxÞ

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðxÞ � a

p
ffiffiffi
a

p
 !( )

¼
ffiffiffiffiffiffi
2s

p
ðx� xÞ: ð11Þ

Substituting x ¼ xþ c to (10) and x ¼ x� c to (11), since the functionffiffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yðy� aÞ

p
þ a ln

ffiffi
y

p þ ffiffiffiffiffiffi
y�a

pffiffi
a

p
� �n o

is strictly increasing for y A ða; 1Þ, we deduce

that wðxþ cÞ ¼ wðx� cÞ, and consequently w 0ðxþ cÞ ¼ �w 0ðx� cÞ for all c A
ð0;minf1� x; 1þ xg�.

Next, we show that x ¼ 0 by a contradiction argument. Without loss of

generality we may assume that x A ð�1; 0Þ. Then the reflection point of �1 is

d ¼ 2xþ 1 A ðx; 1Þ and we have w 0ðdÞ ¼ �w 0ð�1Þ ¼ 1� wð�1Þ ¼ 1� wðdÞ > 0,

since w A ð0; 1Þ. Combining with the strict convexity of w, we get that w 0ð1Þ >
w 0ðdÞ and wð1Þ > wðdÞ. It follows that w 0ð1Þ > w 0ðdÞ ¼ 1� wðdÞ > 1� wð1Þ.
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This leads to a contradiction with w 0ð1Þ ¼ 1� wð1Þ. Therefore, x ¼ 0 and

hence any solution w of (5)–(6) is symmetric with respect to x ¼ 0. The lemma

is proved. r

Recall a ¼ wð0Þ and b ¼ wð1Þ. We now derive some relations between a,

b and l. Note that (8), (9) and (10) hold with x ¼ 0, by Lemma 1.

First, using (6), we obtain from (8) that

ð1� bÞ2 ¼ 2s
1

a
� 1

b

� �
: ð12Þ

Moreover, for x ¼ 1 (and x ¼ 0), we obtain from (10) that

ffiffiffiffiffiffi
2s

p
¼

ffiffiffi
a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb� aÞ

p
þ a ln

ffiffiffi
b

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
b� a

p
ffiffiffi
a

p
 !" #

: ð13Þ

Note that 0 < a < b < 1. From (12) and (13) we deduce that

ffiffiffi
b

p
ð1� bÞ ¼

ffiffiffi
b

p
ðb� aÞ þ a

ffiffiffiffiffiffiffiffiffiffiffi
b� a

p
ln

ffiffiffi
b

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
b� a

p
ffiffiffi
a

p
 !

: ð14Þ

This gives the relation between a and b. Note that l ¼ s when a ¼ 0.

When a > 0, we need to find l in terms of s, a and b. Following [1], we

first rewrite (9) as

ffiffiffiffiffiffi
2s

p
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=a� 1=wðxÞ
p dwðxÞ

dx
; x A ð0; 1�: ð15Þ

Using (15) and (13), we computeð1
�1

1

wðyÞ dy ¼ 2ffiffiffiffiffiffi
2s

p
ð b
a

1

w
ffiffiffiffiffiffiffiffiffiffi
1
a
� 1

w

q dw ¼ 2
ffiffiffi
a

pffiffiffiffiffiffi
2s

p
ð b
a

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðw� aÞ

p dw

¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bðb� aÞ

p
þ a ln

ffiffi
b

p
þ
ffiffiffiffiffiffi
b�a

pffiffi
a

p
� � 2 ln

ffiffiffi
b

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
b� a

p
ffiffiffi
a

p
 !( )

:¼ Iða; bÞ: ð16Þ

Then we deduce from (7) that

l ¼ s½1þ aIða; bÞ�2: ð17Þ

Now, we introduce the variable s :¼ b=a A ð1;yÞ. Then it follows from

(14) that

a ¼ aðsÞ ¼ 2s� 1þ
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ

 !�1

: ð18Þ

315Bifurcation diagram of a Robin boundary value problem arising in MEMS



Hereafter AðsÞ :¼ lnð
ffiffi
s

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
s� 1

p
Þ. It is clear that aðsÞ is strictly decreasing

in s such that að1þÞ ¼ 1 and aðyÞ ¼ 0. This also implies that s is a function

of a. Using b ¼ sa, we have

b ¼ bðsÞ ¼ s 2s� 1þ
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ

 !�1

: ð19Þ

With s being the independent variable, we deduce from (13) and (18) that

s ¼ sðsÞ ¼ 1

2
½
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
s� 1

p
þ AðsÞ�2 2s� 1þ

ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ

 !�3

: ð20Þ

Moreover, using (16), (17) and (20), we obtain that

l ¼ lðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
þ AðsÞ þ 4a 2s� 1þ

ffiffiffiffiffiffi
s�1
s

q
AðsÞ

� �
AðsÞ

h i2
2 2s� 1þ

ffiffiffiffiffiffi
s�1
s

q
AðsÞ

h i3 : ð21Þ

Conversely, given an s A ð1;yÞ. Let a ¼ aðsÞ, s ¼ sðsÞ and l ¼ lðsÞ be

defined by (18), (20) and (21), respectively. Then, with these a, s and l, the

function wðxÞ determined uniquely by (10) (with x ¼ 0) for each x A ð0; 1� is

the solution of (5) with initial condition wð0Þ ¼ a and w 0ð0Þ ¼ 0 such that

wð1Þ ¼ b ¼ 1� w 0ð1Þ, where b ¼ bðsÞ is defined by (19). By a reflection with

respect to x ¼ 0, we obtain a solution w of (5)–(6). We conclude that there

is a one-to-one correspondence between fðs; lðsÞÞ j s A ð1;yÞg and solutions of

(5)–(6).

Remark 1. It is easy to check from (19) that the function bðsÞ is not

monotone in s. See also Figure 1.

3. Proof of Theorem 1

This section is devoted to the proof of our main theorem, Theorem 1.

Note that (21) is valid for all ab 0. Note that lðsÞ > 0 for all s A ð1;yÞ.
Also, it is easy to check from (21) that lð1þÞ ¼ lðyÞ ¼ 0.

Given a fixed ab 0. Writing (21) as l ¼ lðsÞ ¼ ½CðsÞ�2=f2½DðsÞ�3g, where

CðsÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
þ AðsÞ þ 4a 2s� 1þ

ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ

 !
AðsÞ;

DðsÞ :¼ 2s� 1þ
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ:
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Then l 0ðsÞ ¼ 0 if and only if 2C 0ðsÞDðsÞ ¼ 3CðsÞD 0ðsÞ. To proceed further,

we first compute

A 0ðsÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p ; D 0ðsÞ ¼ 2þ 1

2s
þ AðsÞ
2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p ;

C 0ðsÞ ¼ sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p þ 4a 2þ 1

2s
þ AðsÞ
2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
" #

AðsÞ

þ 2a 2s� 1þ
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

s

r
AðsÞ

" #
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs� 1Þ
p :

Hence l 0ðsÞ ¼ 0 if and only if PaðsÞ :¼ EðsÞ þ aF ðsÞ ¼ 0, where

EðsÞ :¼ 3

2s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2ðsÞ þ 4þ 3

s

� �
AðsÞ þ 4s2 � 5s� 3

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p ;

FðsÞ :¼ 2

s2
A3ðsÞ þ 2ð4s� 3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sðs� 1Þ
p A2ðsÞ þ 2ð2s� 1Þð4s� 3Þ

s
AðsÞ

� 4ð2s� 1Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p :

Lemma 2. Both EðsÞ and FðsÞ are strictly increasing for s > 1.

Proof. First, we compute

E 0ðsÞ ¼ 8s3 � 4s2 þ 9s� 9

4sðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p � 6s� 9

2s2ðs� 1ÞA� 3ð4s� 3Þ
4s2ðs� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2

:¼ 1

4s2ðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p GðsÞ; where

GðsÞ :¼ ð8s4 � 4s3 þ 9s2 � 9sÞ � 2ð6s� 9Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
A� 3ð4s� 3ÞA2:

Using the property that AðsÞ <
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

p
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
for s > 1, we have

GðsÞ > ð8s4 � 4s3 þ 9s2 � 9sÞ þ 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
A� 2ð6s� 6Þ½sðs� 1Þ�

� 3ð4s� 3Þðs� 1Þ

> 8s4 � 16s3 þ 21s2 � 9

¼ 8s2ðs� 1Þ2 þ ð13s2 � 9Þ > 0; Es > 1:

Hence E 0ðsÞ > 0 for s > 1.
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Next, we consider the function FðsÞ. As before, we first compute

F 0ðsÞ ¼ � 4

s3
A3 þ 2s2 � 3

s2ðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2

þ 2ð2s� 1Þð4s2 � 3Þ
s2ðs� 1Þ A� ð4s� 5Þð2s� 1Þðsþ 1Þ

sðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p :

We rewrite F 0ðsÞ ¼ G1ðsÞ þ G2ðsÞ, where

G1ðsÞ :¼ � 4

s3
A3 � 1

s2ðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2 þ 2ð2s� 1Þ
s2ðs� 1Þ A;

G2ðsÞ :¼
2s2 � 2

s2ðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2 þ 2ð2s� 1Þð4s2 � 4Þ
s2ðs� 1Þ A

� ð4s� 5Þð2s� 1Þðsþ 1Þ
sðs� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p :

We claim that both G1ðsÞ and G2ðsÞ are positive for s > 1.

For G1, we use again AðsÞ <
ffiffiffiffiffiffiffiffiffiffiffi
s� 1

p
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p
and obtain

G1ðsÞ >
A

s3ðs� 1Þ f2sð2s� 1Þ � 4ðs� 1Þ2 � sg ¼ A

s3ðs� 1Þ ð5s� 4Þ > 0

for s > 1. For G2, we rewrite it as

G2ðsÞ ¼
2s2 � 2

s2ðs� 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p A2 þ 8ð2s� 1Þðsþ 1Þ
s2

gðsÞ; where

gðsÞ :¼ A� sð4s� 5Þ
8ðs� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p :

We compute

g 0ðsÞ ¼ 8s2 � 14sþ 3

16ðs� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs� 1Þ

p :

It is easy to see that gðsÞ has a global minimum at s ¼ 3=2 for s A ð1;yÞ.
Since gð3=2Þ > 0, so gðsÞ > 0 for s > 1. Hence G2ðsÞ > 0 for s > 1. We con-

clude that F 0ðsÞ > 0 for s > 1 and the lemma is proved. r

Now, we are ready to prove Theorem 1 as follows.
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Proof of Theorem 1. Given a fixed ab 0. First, we note that Pað1þÞ ¼
�y and PaðyÞ ¼ y. Since PaðsÞ is strictly increasing in s, by Lemma 2,

there is a unique s� A ð1;yÞ (depending on a) such that Paðs�Þ ¼ 0. Hence

l 0ðsÞ ¼ 0 if and only if s ¼ s�. Therefore, Theorem 1 follows immediately with

l� :¼ lðs�Þ, since lðsÞ > 0 for s > 1 and lð1þÞ ¼ lðyÞ ¼ 0. r
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