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ABSTRACT. In this work, we examine the Lyubeznik numbers of squarefree monomial
ideals that are linked. Also we study these numbers for almost complete intersection
ideals.

1. Introduction

In this paper, all rings are commutative and Noetherian. Let A4 be a local
ring containing a field, we consider A the completion of 4 with respect to its
maximal ideal. By the Cohen’s Structure Theorem, we may write A= R/I
where (R,m, k) is a complete regular local ring of dimension n and I is an
ideal of R. 1In 1993, Huneke—Sharp [10] and Lyubeznik [11] showed that Bass
numbers of local cohomology modules H}(R) for i > 0 are finite. Followed by
that, Lyubeznik introduced some invariants of 4 called the Lyubeznik numbers
of A. These numbers were defined as:

%i,j(A4) = dimy, Extp(k, Hy 7 (R) = po(m, Hy (H] /(R)) Vi, jeN,

m

depend only on A4, i and j. We have the following well known properties for
them:

1- For i>j or j>dim 4, 4;;(4)=0.

2- Adim 4,dim 4(A4) # 0.

3- Euler characteristic formula [1]

S D) =1,
0<i,j<dim 4
4- When A4 is Cohen-Macaulay, Agim 4, dim4(4) = 1.
By applying these properties we have an upper triangular matrix contains all
nonzero Lyubeznik numbers. This matrix is known as Lyubeznik table of A
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and it is shown by

oo - Ao, dim A

Adim A, dim A

A(A) is trivial whenever Agim 4.dim4(4) =1 and the other numbers vanish.
These numbers also have some interesting connections with étale cohomology,
singular [4, 8] and simplicial complexes [2, 3].

In 1974, the linkage theory of algebraic varieties was introduced by
Peskine and Szpiro by using sheaves, duality, and homological tools [17].
This theory has been a very useful tool in the classification of ideals and
algebraic varieties. By using linkage, sometimes, we can compute the invari-
ants of an ideal such as height, projective dimension, Hilbert function and other
numerical invariants, or find examples of ideals with given invariants. One
interesting question is to find the Lyubeznik numbers by using linkage.

In [14], the authors studied the Lyubeznik numbers of linked ideals. Here
we will present some new results on these numbers. More precisely, the out-
line of this paper is as follows:

In Section 2, we will provide the required definitions.

In Section 3, we work on almost complete intersection ideals and their
Lyubeznik numbers.

In Section 4, we investigate the Lyubeznik numbers of squarefree mono-
mial ideals which are linked.

2. Preliminaries

In this section, we bring some definitions that we need for the rest of the
paper.

DeriNiTION 1. A local ring (A4, n) is said to be cohomologically full (C.F
for short) if, for every surjection from a local ring (B,1n’) to A such that
A/vV0 = B/\/0, the map H/,(B) — Hi(A4) is surjective for all i.

ExampLE 1 ([6, Remark 2.4]). Cohen-Macaulay local rings, F-pure local
rings in positive characteristics and Stanley-Reisner rings are C.F. Also if I is
a homogeneous ideal of a standard graded polynomial ring R whose in(I) is

radical with respect to some monomial order, then R/I is C.F [5, Proposition
3.3].

DermNiTION 2. Let I and J be two ideals of a Gorenstein local ring
(R,m). The ideal [ is linked to J by a complete intersection ideal ¢ of height
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g, if I and J are of pure height g, cCI/NJ and ¢:/=J and ¢:J=1. We
use the notation I ~°J or I ~J for two linked ideals.

We say that I is evenly linked to J if there exists an odd integer ¢ and
ideals Ii,...,I, of R such that I ~ I}, Iy ~DL,..., I, ~ J.

DeriniTioN 3. Let (R,m) be a local ring and N be a Noetherian
R-module. N is generalized Cohen-Macaulay if for i < dim N, the i-th local
cohomology module H! (N) has finite length.

DErFINITION 4 ([18]).  Let (R, m) be an n-dimensional Gorenstein local ring
and N be an R-module.
I- N is canonically Cohen-Macaulay if and only if Ky=
Ext 4mN(N R) is Cohen-Macaulay.
2- N is sequentially Cohen-Macaulay if and only if for all 0 < i < dim N,
Extl '(N,R) is zero or an i-dimensional Cohen-Macaulay module.

DEerINITION 5. Let R be a ring and 7 an ideal of R. The unmixed part of
I, denoted by 7", is the intersection of those primary components Q of I with

ht(Q) = ht(1).

DEerINITION 6. Let R be a ring and I an ideal of R. [ is an almost
complete intersection (A.C.I for short) ideal if u(7) = ht(I) + 1, where p(I) is
the cardinality of a minimal set of generators of I.

DEerFiNiTION 7 ([20]).  Let R = k[xy,...,x,] be a positively graded polyno-
mial ring over a field k. Suppose that N is a finitely graded R-module. The
Castelnuovo-Mumford regularity of N is defined as

reg(N) = max{a'(N) +i:i >0}, (1)

where a'(N) = max{z: HI (N), # 0} and m = (xj,...,x,). Also, the regular-
ity index of N is

r(N)=min{t e Z : hy(i) = py(i), i > t},

hy(—) and py(—) are the Hilbert function and the Hilbert polynomial of N
respectively.

NotATION 1. By (=)" we mean k-dual of N as
N := @ Homy(N_;, k).
jez
3. Lyubeznik numbers

In this section, we will study A.C.I ideals and their Lyubeznik numbers.
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LemMA 1. Let (R,m) be a regular local ring and I be an A.C.I ideal
of R Assume that R/I is a C.F ring which is not Cohen-Macaulay. Then

ara(l) = pd R/I.

Proor. Since R/I is C.F, by using [6, Proposition 2.6], cd(R,I) >
pd R/I. 1In addition, ht(I) + 1 < pd R/I as R/I is not Cohen-Macaulay. So,

pd(R/I) <cd(R,I) <ara(l) < u(I) =ht(J) +1 < pd(R/I),

the second inequality comes from [9, Theorem 5.4]. Therefore ht(/) +1 =
pd R/I = ara({).

Lemma 1 is not true without this assumption that S/I is C.F:

EXaMPLE 2. Let R = lkxi,...,xq],
generated by

xg) and I be a homogeneous ideal

3 3 32 2 2 2 2 2 3 3 3
X5+ X5 + Xg, X4X1 + X5X0 + XgX3, X X4 + X5X5 + X3X6, X] + X5 + X3.

R/I is a non-Cohen-Macaulay ring of dimension 3 and 4 = u(I) =ht(I) + 1.
We see that pd(R/I) =6 but ara(I) <u(l)=4. R/I is not C.F because
cd(R,I) < pd R/I (|6, Proposition 2.6]).

PropPOSITION 1. Let (R,m) be a regular local ring, and I be an ideal of R
such that R/I is C.F. If u(I)=pd R/I, then

ara(l) = pd R/I.

Proor. By [6, Proposition 2.6], pd R/I <cd(R,I). So pdR/I <
ara(l) < u(I) =pd R/I. Thus pd R/I = ara(I).

Proposition 1 fails if R/I is not C.F:

EXAMPLE 3. Let R=k[x1,...,xg],
generated by

1xe) and I be a homogeneous ideal

3 3 3.2 2 2 2 2 2 3 3 3
X3 + X35 + Xg, X5X1 + X5X2 + XgX3, X]X4 + X5X5 + X3X6, X + X5 + X3,
X5X3 — XgX2, X6X] — X4X3.

R/I is a non-Cohen-Macaulay ring of dimension 3.  We have u(I) = pd(R/I) =
6 and ara(I) <5, because

\/(xi + xg’ + xg, X3x1 4 X2X2 + x2x3, X7 X4 + X3 x5 + X3 X6, x13 + xg + xg, XsX3 — XgX2)
= VI
R/I is not C.F because cd(R,I) < pd R/I.
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THEOREM 1. Let (R,m) be a regular local ring and I be an A.C.I ideal
of R such that R/I is C.F. Then, R/I is sequentially Cohen-Macaulay.

Proor. If R/I is Cohen-Macaulay, then R/I is sequentially Cohen-
Macaulay. Assume that R/I is not Cohen-Macaulay. Let J be an ideal
linked to 7“, by [7, Lemma 2 and Theorem 3], pd(R/I) = pd(R/J) +1. We
observe also that pd(R/I) =ara(/) by Lemma 1. Hence

ht(I) < pd(R/I) = ara(l) < u(I) = ht(I) + 1.

Then, pd(R/I) =ht(I) +1. It concludes that R/J is Cohen-Macaulay. As
I" is linked to J and Cohen-Macaulay property is preserved under linkage,
I" is also Cohen-Macaulay. So the assertion follows from [23, Theorem
1.6].

CorOLLARY 1. Let (R,m) be a regular local ring containing a field k
of positive characteristic p. Let I be an A.C.I ideal and R/I is C.F. Then
A(R/I) is trivial.

Proor. By Theorem 1, R/I is sequentially Cohen-Macaulay. So we
have the result by [1, Corollary 3.4].

COROLLARY 2. Let (R,m) be a regular local ring containing a field and
I be an A.C.I ideal of R. If R/I is C.F, then

Ja.a(R/T) = 1.
d = dim R/I.

Proor. It is easy to see that H ¢(R) = H}%(R). So, by the definition
of Lyubeznik numbers, As 4(R/I) = Aq.a(R/I"). Since by Theorem 1, R/I* is
Cohen-Macaulay, g 4(R/I") =1.

4. Lyubeznik numbers under linkage

Let R = kxi, ..., x,] be the standard graded polynomial ring over a field k
with the unique homogeneous maximal ideal m = (xy,...,x,) and wg = R(—n)
its canonical module. In [14], the authors studied the Lyubeznik numbers of
evenly linked ideals / and J that are canonically Cohen-Macaulay or gener-
alized Cohen-Macaulay and showed that under some conditions we have,
A(R/I) = A(R/J). In this section, we will bring some other results of these
numbers by using the fact that for any radical monomial ideal L of R,

2 j(R/L) = dimy, Ext’s™/(Exty /(R/L,wg),wr),

[21, Corollary 3.10].
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THEOREM 2. Let I and J be two squarefree monomial ideals of R with

dim R/I =d. Assume that ¢= (ci,...,ch—q) and ¢ = (ci,...,c,_,) are two

n—d
complete intersection ideals of R such that I ~°L and J ~ L. If > deg(c;) =
n—d i=1
>~ deg(c)), then
i=1

A(R/T) = A(R/J).

ProoF. As ¢ and ¢’ are complete intersection ideals, by [16, Lemma
2.3],

n—d
r(R/¢) = r(R/¢) = deg(ci) —n+1.
i=1
Hence, [12, Theorem 5.3.1] and [13, Example 5.7] imply that
H(R/J) = H}(R/T),  V1<j<d.
So, by duality theorem [19, Theorem 4.14, p. 58|,
Ext%(Exty /(R/I,wgr), wr) = Exth ™ (Exty /(R/J, wg), wr), VO <i,j<d.

On the other hand, by [13, Lemma 5.10] , for two ideals L; ~° L, there is an
isomorphism

Hnt1(KR/L1) = HI;_I(R/L2)(r(R/b) - 1) Vtﬁd— 17 (2)
which concludes that

H, (Kgyr) = H} (Kgys), Vi<d-—1.

T

Finally by Euler characteristic formula A(R/I) = A(R/J).

EXAMPLE 4. Let R=x|,...,x10] and I = (x1,x2,x3)N (x3,X4,X5) N
(xs,x6,x7) N (x7,x8,X9). Consider the two complete intersection ideals ¢=
(X327, X2X5X9, X1 X4XXg) and ¢ = (X1Xs5X9, X2X4X7, X3X6Xg). Suppose that J =
¢: I and L=1<¢:1 By using Macaulay 2 we have

000000 00
0000000

000000

00010

A(R/J) = A(R/L) = 0 0 0 o
00 1

00

1




Lyubeznik numbers of almost complete intersection and linked ideals 99

n—d n—d
REMARK 1. In Theorem 2, if > deg(c;) # > deg(c/) we can not have
i=1 i=1

the result in general. For instance, in Example 4, let ¢" = (x3x7x10, X2X5X9,
X1x4x¢xs) and H=1¢":1. Now H ~"T and J ~I but again using Macaulay
2, A(H) is trivial.

LeMMA 2. Let I be a squarefree monomial ideal of R.  Then
4o,i(R/T) =0, Vi > reg(R/I).
PrOOF. Suppose that a'(R/I) = max{s: H (R/I), # 0}. So, we have
a'(R/I) = —min{¢ : Ext}y '(R/I,wg), # 0} = r;.

By Definition 7, —r;>i—k >0. Hence, Ext}'(R/I,wg),=0. Because
Extﬁ,—i(R/I,a)R) is a squarefree module by [22, Theorem 2.6], [15, Lemma
4.1] implies that depth Ext’s"(R/I,wg) > 0. So,

J0.i(R/I) = dimy Extip(Exty '(R/I,wg),®r), = 0.

COROLLARY 3. Let I be a homogeneous ideal of R such that inL(I) is
squarefree with respect to some monomial order <. Assume that char(k) > 0.
Then for all i > reg(R/I),

Ao,i(R/T) =0.

Proor. By virtue of [5, Corollary 2.7], reg(R/I) = reg(R/in<(I)). Since
by Lemma 2, for each i > reg(R/I), Ao ;(R/in<(I)) =0, [15, Corollary 2.5]
follows that for all i > reg(R/I), ¢ i(R/I) = 0.

THEOREM 3. Let I and J be radical monomial ideals of R such that I ~¢J
n—d
and dim R/I =d. Assume that ¢ = (cy,...,¢y—q) and Y deg(c;) =n. For all

i with reg(R/J) <i<d—2, =
disr.a(R/T) = 0.

Proor. Using Equation (2), for all i<d-2, HI'(Kgy) =

m

H! (R/J)(r(R/¢) —1). In the proof of Lemma 2, we showed that
Exty '(R/J,wr)y =0,  Vi>reg(R/J).
Therefore,
Exty "'(Kg/1,wr)g =0,  reg(R/J) <Vi<d-—2.

It means that A4 4(R/I) =0 for all i with reg(R/J) <i<d—2.
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n—d
REMARK 2. Theorem 3 does not hold if > deg(c;) #n. Because in
i=1
Example 4, I ~°J and reg(R/I) =3 but 1s7(R/J) # 0.

THEOREM 4. Let I and J be two d-dimensional squarefree monomial ideals
of R and I ~°J. If R/I is generalized Cohen-Macaulay, then

Jo.ai(R/T) = Joi(R)T), Yl<i<d—1.

Proor. Let 1 <i<d—1. Because R/I is generalized Cohen-Macaulay,
Ext“"(R/I,wpg) is of finite length. Thus,

H? (Exth Y(R/I,wg)) = Exth “H(R/I,g) = Exth “*(R/I, wg),.
Due to the fact that generalized Cohen-Macaulay is preserved under linkage,

HY (Exty(R/J,wg)) = Exty "(R/J,wg) = Extk (R/J, wRr),-

m

So Exth “*/(R/I,wg) and Exth '(R/J,wg) are both finitely generated k-vector
spaces. Moreover, by [13, Corollary 5.11], for all 1 <t <d —1,

Hy'(R/1) = (H,(R/T)" (1 = r(R/0)).
Therefore,
dimy, Ext’'(R/J, wg) = dimy, Ext}y “Y(R/1, wg),

and this completes the proof.
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