HirosHIMA MATH. J., 51 (2021), 227-246
doi:10.32917/h2020027

Some relations between complex structures on compact
nilmanifolds and flag manifolds

Takumi YAMADA

(Received March 31, 2020)
(Revised May 26, 2021)

ABSTRACT. In this paper, we first consider relations between signatures of pseudo-
Kaihler metrics on a flag manifold and complex structures on a nilpotent Lie algebra
corresponding to the flag manifold. On the nilpotent Lie algebra, we also consider
complex structures which do not correspond to invariant complex structures on the flag
manifold.

1. Introduction

In this paper, we first consider relations between signatures of pseudo-
Kéahler metrics on a flag manifold and complex structures on a nilpotent
Lie algebra corresponding to the flag manifold. For the flag manifold M =
SU(3)/T?, there exist invariant pseudo-Kihler metrics of type (6,0), (0,6),
(4,2), and (2,4) ([9]). On the other hand, for a 6-dimensional nilpotent Lie
algebra g(H(1)%), where r(h(1)) is the scalar restriction of 3-dimensional
complex Heisenberg algebra b( l)c, there exist distinct 4 connected components
of the modular space %(r(H(1)T)) (see [8] for details). Let TSM be the
complexification of tangent space of the point 0 = eT?, and T'°M the com-
plex eigendistribution of the complex structure J with an eigenvalue v/—I.
Then, 7"°M can be identified with a complex nilpotent Lie algebra h(1)® =
((B(1)), ).

In previous papers, we considered signatures of pseudo-Kéhler metrics on
a flag manifold and complex structures on a nilpotent Lie algebra, separately.
Let g be a real Lie algebra, and ¢ =a+ b a direct sum decomposition such
that a and b are Lie subalgebras of g. Then, we can construct an integrable
complex structure J on g (g®) from the decomposition. Then, we studied rela-
tions between the decomposition and dim Hgif(m(gc)) for investigating the

complex structure J (see e.g. [10, Theorems 3.21, 3.3]). On the other hand, in
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the paper [9], we considered the signatures of pseudo-Kéhler metrics on the full
flag manifolds.

More precisely, we now consider the case of root system A4,. Let {o, o}
be a basis of 4, with natural manner ([4]). By using results of previous papers
([11, Section 4], [9]), we have the following relations among Weyl chambers
of the root system A, left-invariant complex structures on ]R(b(l)c), and sig-
natures of pseudo-Kihler metrics on M = SU(3)/T>.

Weyl chamber complex structure of nilpotent Lie group | signature
1 Z1 Z3
Cy = {0(1 > 0,0(2 > 0} Ny = 0 1 =z zZ; € C (6,0)
0 0 1
1 Z1 z3
Clz{—%1>0,061+{12>0} N, = 01 =z zieC (42)
0 0 1
1w wi+wpm
G = {7362 > 0,00 +0p > 0} Ny, = 0 1 Wwo w; e C (42)
0 0 1
1 Z1 Z3
Cs :{061 >0, —0 — 02 >0} N3 = 01 % zieC (24)
0 0 1
1 w1 w3 + wiwy
Cy={op>0,—0y —o >0} | Ng= 0 1 wy w; e C (2,4)
0 0 1
1 21 7
Cs ={—oy >0,—0 >0} Ns = 0 1 2 ||zeC (0,6)
0 0 1

There exist holomorphic isomorphisms fi» : N — Nj, f34 : N3 — N4, and
antiholomorphic isomorphisms fos : No — Ns, fi3: N — N3, foq: N» — Ny.
Thus, Ny, Ny = N, N3 =~ N4 and N5 are not holomorphically isomorphic each
other. On the other hand, we have a symmetry of the signatures of invariant
pseudo-Kédhler metrics. In this paper we generalize those relations.

On a real nilpotent Lie algebra given by the scalar restriction of a complex
nilpotent Lie algebra T!:°M of a flag manifold M, we also consider complex
structures J which do not correspond to invariant complex structures on the
flag manifold M. However, we use Weyl chambers for constructing com-
plex structures on the real nilpotent Lie algebra (See Sections 5 and 6). For
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example, the nilpotent Lie group with a left-invariant complex structure defined
by

1 X x =z
0 1 0

C
0 0 1 5 X1,X2, Y1,)2,Z €
0 0 0 1

does not correspond to an invariant complex structure on the flag manifold
SU4)/T?* x SU(2).

Let g(n%) be a nilpotent Lie algebra constructed from a root system A;.
Then, we can construct complex structures Ji ; and Jo; on r(n®) (for the
details of r(n®), Jix and Joj, see Sections 4 and 5). We denote
dim H(‘%t(]R(n‘E)) by A%'(ny). Then, we show the following result:

THEOREM 8. Let J 1 ks j27 x be complex structures on ]R(n“:) corresponding to
decompositions of roots induced by subsets 11 i, I, i of a basis of a root system
Ay, respectively. Then,

Z hs.t(nij—l) = Z hsﬁt(an‘kJr])

st+t=r s+t=r

for each k and r.

2. Preliminaries

In this section, we recall an integrability condition of an almost left-
invariant complex structure on a Lie group, and relations between Dolbeault
cohomology groups of a nilmanifold with a complex structure and cohomology
groups of a nilpotent Lie algebra.

On the integrability condition, we have

THEOREM 1 (Andrada-Salamon [2]). Let g be a Lie algebra with a complex
structure J which satisfies J[X,Y]|=[JX,Y] for all X,Y €g  Suppose there
exists a splitting @ = u; +uy with complex subalgebras wy, u; of g. Then the
linear endomorphism J defined by

J‘ul =-J, J|112 =J
is a complex structure on g.

Let N be a simply connected real nilpotent Lie group. It is well known
that there exists a lattice in N if and only if there exists a rational Lie
subalgebra ng such that n = ng ® R (cf. [6]). Then, a complex structure J
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on n is said to be rational if J(ng) C ng ([5]). Then, we have the following
results.

THEOREM 2 (Console-Fino [5]). Let N be a simply connected nilpotent Lie
group, and I a lattice in N. If J is a I'-rational complex structure on n, then

st ~ s,tr €
HE (I'\N) =H5 (n")
for each s, t.

THEOREM 3 (Console-Fino [5]). For any small deformation of a I'-rational
complex structure, the isomorphism
H'(I\N) = H}'(n%)

holds for each s, t.

THEOREM 4 (Sakane [7]). Let N be a simply connected complex nilpotent
Lie group, and I' a lattice in N. Then,

N N

HY'(D\N) = H'(w) @ A(n)" = H'(n") @ A(n')’
for each s, t.

Thus, results on H(:f”(nm) of a nilpotent Lie algebra with good complex
structures yield results on H(_f”(l" \N) of a compact nilmanifold with invariant
complex structures. ’

3. Flag manifolds and Nilpotent Lie algebras

In this section, we first consider relations between signatures of pseudo-
Kaihler metrics on a flag manifold and complex structures on a nilpotent Lie
algebra corresponding to the flag manifold. For details of notions of T-root
systems, see [1], [3].

Let G be a compact semi-simple Lie group, g the Lie algebra of G, and |
a maximal abelian subalgebra. We identify an element of the root system R
of g€ relative to the Cartan subalgebra h€ with an element of b, = V—1h by
the duality defined by the Killing form of g€. We consider the following root
system decomposition relative to §H<:

g"=p"+> g
2eR
DeriNiTION 1. (1) A subset Q C R is said to be closed if for each o, € Q
with o+ f e R, it holds « + f € Q.
(2) A subset Q C R is said to be asymmetric if QN (—Q) = .
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Let I7T = {oy,...,0y} be a basis of the root system R. We denote by
R™ the set of all positive roots relative to I7. Let II, be a subset of IT
and IT — Iy = {oy,...,0,}, where 1 <ij <---<i, <l. Weputt={Heh|
(H,Il;) =0}. Then,

= > gf

O(ERJrf[H(]]

is a nilpotent Lie algebra, where [I1o) = RN {Ily},. We put R, = R — [II]
and R}, =R, NR'. Take a Weyl basis E, € g% (x€R). Then, the struc-
ture constants N, satisfy N, 3= N_, _pgeR, where [E,, Ez] = N,pE,p if
o, f,a+pfeR. Let g,=RE, and n=3%", r: g,

We consider the restriction map
K:bhy—t o ol

and set Ry = k(R). The elements of Ry are called T-roots. The collection of
hyperplanes {x(o) = 0} corresponding to T-roots decomposes the space t into
a finite number of cones, which are called T-chambers. We denote by B(C)
a basis of t* corresponding to a 7-chamber C. We denote by Cy a chamber
{r(a) >0,...,x(;) >0}. We also denote by R} (C) the set of the positive
T-roots corresponding to a 7-chamber C.

Let G® be a simply connected complex semi-simple Lie group and U the
parabolic subgroup of GT. Then the homogeneous complex manifold G€/U
is compact and simply connected, and G acts transitively on GT/U. Note that
K =GnNU is a connected closed subgroup of G, and G¥/U = G/K = M as
C*-manifolds. Let m be the orthogonal complement of the Lie algebra f of
K with respect to the negative of the Killing form of g.

There exists a one-to-one correspondence between T-roots ¢ and irreduc-
ible submodules m: of the Adg(K)-module m® given by

RTafr—>1n¢: Z go(,F
(o) =¢
Thus, we have a decomposition of the Adg(K)-module m?:
n1¢ = ji: me.

¢eRr

We will identify m® with the complexification TS M of tangent space T, M at
the point o = eK.

THEOREM 5 (cf. [1]). There exist natural one-to-one correspondences be-
tween
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(1) T-bases I ={&,.... ¢}

(2) T-chambers C ={& >0,...,& >0},

(3) systems IT={(&)_,...,(&) Uy of simple roots of R which con-
tain fixed system Ily, where (&;)_ is the lowest weight of irreducible
Adg(K)-module me, for each i

(4) decomposition Ry = Ry UR_ into disjoint union asymmetric closed
subsets Ry and R- = —R,;
(5) invariant complex structures on the flag manifold G/K (up to a
sign).
In particular, for a decomposition R, = R, UR_, we define a decom-
position of the complexified tangent space TIM = m® =m0+ m%!  where
mt0 =% e oaf, m®' =3 p of. Since the subspaces m'?, m®! are

Adg(K)-invariant, they can be extended to two complex invariant dlstributions
TUOM and T®'M. We define an invariant complex structure J on M such
that 7-°M and T*'M are eigendistributions of J with eigenvalues +v/—1 and
—+/—1, respectively. Since f€+m"? is a subalgebra of g€, we have J is
integrable, where t“ =H"+>, ;. af.

Conversely, any invariant complex structure J of M = G/K defines a
decomposition

m€ =m0 4 O b0 =m0,

where 7 is the complex conjugation of g© with respect to g. We denote by J¢
the complex structure on m® corresponding to a T-chamber C. Note that
Je=+v—1id on m'° and Jo = —v—1id on m®!.

Let C be a T-chamber. Put

Ry ={ae R} |x(@) e RF(C)}, Ry ={xeRy|x(x)eRF(C)}.

Then, RZ and R2 are closed because r(o
Thus we have a direct sum decomposition n

complex Lie subalgebras defined by

C_ Z ol bT — gcr‘

weRA we

k(oo + p) for o,f € R},

) +x(B) =
= ¢+b where a€ and b® are

C

x

Thus, we can consider a complex structure J on g(n®) defined by

= [—J on g(a®)
/ {J on r(bY%).

Because a€ = nCnm®!, and b€ = nC nm!°, where m® = m"° + m®! is the
decomposition corresponding to J¢o, we have the following.
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THEOREM 6. Let C be a T-chamber. Then,
J =Jclye.

Proor. This follows from the fact that, if Z is an eigenvector of J with
the eigenvalue ++v/—1, then Z is an eigenvector of —J with the eigenvalue

—/—1. O

Therefore, we can use classifications of invariant complex structures of a
flag manifold for classifications of left-invariant complex structures of a nilpo-
tent Lie group corresponding to the flag manifold.

PROPOSITION 1.  There exists a Weyl chamber C' such that

= ar= D> el bE=3of= > g

oe R aeRFNR-(C") weRE ae RENRT(CY)

m

Proor. Put

R, =REU[I)"U(-RY), R =-R,,
where [ITo]" = [[To)N R*. Then, we see R=R, UR , R.NR_ =. Let
BeRE, —ae—R: and suppose that f+ (—a) e R. Since x(f —a) e RE(C)
and R=R, UR_, we have f —ae RE or f— o e —RA. The other cases are

m
trivial. Thus, R, is closed. Since R, is closed, there exists a Weyl chamber
C’ which satisfies R, = RT(C’) and R_ = R~ (C') ([4]; Chapter 6, Corollary 1
of Proposition 20). Then,
RI=RINR_ =R;NR(C"), RE=R/NR,=R.NRT(C"). O

m m m m
For integers ji,...,Jj, with (ji,..., /) #(0,...,0), we put

/

R(ji,-- s jr) = {Zmﬂj eRT

My = jiseeo,m;, J}
j=1

Note that
Ry =R"—[o = RGjr,....J»).

J1yeeesJr
We denote m(jy, ..., j.) = 4R(j1, ..., j,), where §R(ji,. .., j,) means the number
of elements of R(ji,...,j).
We denote by w, (o € R) the complex linear forms on ¥ dual to the basis
vectors E,:

woc(E/)’) = 505/)’5 wa(bc) = {0}.
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There exists a natural isomorphism t* — H?(G/K,RR) given by the
formula
V-1

* 1 i
t"a21— 7/(1) = _W__] dl = —Tag;r(l,d)w_a N _y,

where we consider 4 as a complex linear form on g by extending.
Let 2et”, and C the T-chamber corresponding to A. Then,

n(4) = *\/2—__”1 Z (A, 0)w_y A@D_y

"
aeR,,

—E Z (A, )w_y AdO_y + Z (A, )0y Ay

2n aeR; axeR;
K(x) eRE(C) KW)GR}(C)
Note that (4, ) is constant on R(ji,..., ;). Thus, the signature of #(1) can be

written as

2(H{xe Ry [x(2) € Ry (O}, #{a € Ry [ () € R (C)})

=2 j{: dhn(jﬁ%, ji: dhn¢ me

£eR;(Co)NR;(C) £eR7(Co)NR;(C)
We have the following:

ProposITION 2.  Let C be a T-chamber, and 1. € C. Then, the signature of
n(A) can be written as

2 S dimemy, Y. dime mg | = 2(dime b, dim a%).
¢eRT(Co)NR;(C) e RE(Co)NR;(C)

COROLLARY 1. Let Ci, Cy be T-chambers, and 1, € Ci, A€ C,. Let
nt =af + b, nC = af + bf be decompositions corresponding to T-chambers
C1 and C,, respectively. If signatures of n(A1) and n(1y) are different, then
there exist no linear mapping f. : n® — n® such that f.(at) = af and £.(6F) =
by.

We consider the case where R is of A;-type. Note that x(R) is also a root
system A,. Let ¢ be the automorphism of R = A4, that transforms o; to oyyq_;.



Complex structures on compact nilmanifolds 235
Assume that &(I7y) = ITy. Then,

S(R(jl’ et ?jl‘)) = R(jl’ﬂ e 7j1)5
which implies m(ji,...,j,) = m(jr,...,ji1). Thus, we have the following:

PrOPOSITION 3.  Suppose that R is of Aj-type. Assume that e(ITy) = I.
Let Cy, Cy be T-chambers, and 11 € Cy, 2y € Co. If ¢(C1) = Cy, then the sig-
natures of n(A1) and n(ly) are equal.

ProOF. By assumption, we have #R;(Cy) N RE(Cy) = R (Co) N RE(C).
Since dimg mg = dimg mge), we have our proposition. O

4. The case of root systems A;, D;, and FEg

In this section, we consider complex structures on a nilpotent Lie algebra
given by the scalar restriction of T, ()I’OM of a flag manifold M. We mainly
consider cases of root systems A4;, D;, and Es. From now on, we take a
Chevalley basis E, € gT (2 € R). Then, structure constants N, s satisfy N, 5 =
—N_, —p, and N, g€ Z, where [E,, Eg] = Ny 3E, p if a,f,0+ [ €R.

Let IT = {oj,...,04} be a basis of a root system R. Let ITy be a subset
of I1I. Put ng=73%,.p+6,. Let C be the Weyl chamber corresponding to
{a1,...,04}. Let C’ be a Weyl chamber. Then, we have a decomposition
R=RT(CYUR(C"). Put Ry=R"(C)NR (C"), Rp=RT(C)NnRH).
Let

a:Zga, b:Zga.

aeRy a€eRp

Then, we have

PrOPOSITION 4. The sets a and b are subalgebras of w which satisfy
n=a+b and anb={0}.

Proor. We have that R, and Rp are closed because R™(C), RT(C’) and
R~ (C’) are closed. O

Thus, we can consider a complex structure J on g(n%)
the decomposition n = a+ b.

Put a(g%) = {o € Aut(g%) |a(h%) = b%}, and A(R) = {6 € Aut(h*)|6(R) =
R}. Let i(g%) c a(g%) be the set of the inner automorphisms, and W (R) the
Weyl group of R. Then, the following isomorphism are well-known:

a(g)/i(a®) = A(R)/W(R) = {p € A(R) | p(I) = IT}.

corresponding to
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For root systems A;, D;, and Es, there exists a non-indentity map ¢e€
{pe A(R)|p(IT) = IT}. Let ¢ be an element of a(g®) which induces & by
the above isomorphisms. Then, ¢ induces an isomorphism f, = ‘7|n§ nf —

nd because ¢(11) = IT implies &(R") = R*.

LemMA 1. Let C, and C, be Weyl chambers. If ¢(RT(Cy)) = RT (),
then ¢(R™(Cy)) = R~ (Cy).

ProOF. Since ¢(R) =R, we have &R (Cp))Ue(R (Cy)) =R (C)U
R_(Cz). O

Let C; and C; be Weyl chambers. Put

of = > g, b= > gf

weRLNR(C)) xe RLNRY(Cr)
for i=1,2. Then, by the above lemma, we have

COROLLARY 2. Assume that I1y = . Let C, Cy be Weyl chambers, and
MEC, JpeC. If e(Cy)= Cy, then the signatures of n(l) and n(iy) are
equal.

LEMMA 2. Assume that ¢(I1y) = Iy, and &(Cy) = Co.  Then, f.(af) = af,
and f.(b]) = by

Note that f, : n€ — n® induces f, : g(n%) — g(n®). Let J¢, be a com-
plex structure on r(n®) corresponding to a decomposition n¢ = af —&—b,-c for

each i=1,2. Then, we have the following:

PROPOSITION 5. Assume that &(Ily) = IIy, and ¢&(Cy) = Cy. Then,
f* : (]R(TIC),JCI) - (lR(nC)Nlcz) satisﬁes f* OJC] = JCz Of*'

PrOOF. Since J¢, = —J on r(af), and J¢, = J on r(bY) for i=1,2, we
have our proposition by Lemma 2. O
Now, we consider the case of a root system A;. Let IT = {a,...,0q} be

a basis of R = A; with natural manner. Let us consider a map f; : nyp — 1y
defined by

Eoc[+-~~+a£,- = (_l)j_iEs(oc,'+~-+o:/)
for each 1 <i< j </, where ¢ € A(R) satisfies &(o;) = oy_;41 for i=1,...,1

LemMa 3. The map f. is an isomorphism of n.
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Proor. It is obvious that f, is bijective by definition. Recall that

1 k=j+1

N1.+m+x. ety — .
‘ 7k " 0 otherwise,

where i < j, k < h, and i < k. Thus, we consider indices of top terms and last
terms of roots for investigating Ny, .14, e(0gy, +-4o)-  INOtE that e(oy) = a1
Then, for i < j, j+ 1<k <[, we have

l—k+1<I-(G+)+1=l-j<l—j+1<]I—-i+1
Thus, we have

Nﬂ(“i+“‘+9€/>, ""(O(j+l +m+o(k) = _N“i+"'+0¢j-, O 10ty

Moreover,

(=1 Eyypctngys (1) By )]
= (_1)k7i71Na(x,v+~-+og,-),z:(a,+1+-~-+ak)Ez;(a,v+~-+ak)
= (_l)kiiil(—Nx,+»<<+u,,a,-“+-~+ak)Ez:(a,-+~-»+ak)
= (_1)k_[Noc[+~-+a</-,o<1+1+'~+otkEg(oc,-+-~+ak)'
The other cases are trivial. Thus, f. is an isomorphism. O

ExampLe 1. Let [ =2, ie, II={o,m}, and IIy=F. Let C =
{—a1 > 0,01 + 0y >0}, and Cy = {—ap > 0,00 + 0y >0}. Then, we see

f*(Erx]) = Eocza f*(Esz) = Eom f;k(E“1+12) = _E7~1+3(2'

Then, nilpotent Lie groups with complex structures jcl and jcz corresponding to
C, and C, are

1 Z1 z3 1 wi ws+win
Ny = 0 1 2z z;eC p, Ny, = 0 1 Wwo w;eC ,,
0 0 1 0 0 1

respectively. We have that a holomorphic and homomorphic map f : N — N>
is given by

W1(217227Z3) = Z2, Wz(ZhZz,Zs) =Zi, W3(21722,Z3) = —Z3.

Indeed,
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1 zZ1 z3
0 1 2z | =exp(z2Ey, + 23FEy+4,) eXp(Z1Ey,)
0 0 1
; 1 zo —z3+Zi2
= exp(z22Ey, — z3Ey44,) eXp(Z1E,,) =1 0 1 2]
0 0 1

REMARK 1. Except for A;, D; and Es, if o€ a(g®) induces a homo-
morphism o :n® — %, then a(g%) = g% for each o€ R because 6(R*) = RY,
where 6(¢)(H) = a(c~'(H)). Conversely, except for A;, D; and Es, if ¢e€
{p e Aut(h”*) | p(R) = R} satisfies p(R*) = R*, then o € a(qC) such that 6 = ¢
satisfies a(g%) = qT for each a e R

5. Construction of nilpotent Lie algebras with a decomposition

In this section, we construct nilpotent Lie algebras n with a decomposition
n=a+Db by root systems, and see a relation between Weyl chambers and
decompositions.

Let IT = {oy,...,0y} be a basis of root system R. Let I1y, I1| be subsets
of /. Put n=3} p+g, Then we have the following results:

ProPOSITION 6. Let Q be a subset of R such that Q and R™\Q are
closed.  Put

a= E{: 9us b= ZE: G-

aeRINQO weR}—0

Then, a and b are subalgebras of w which satisfy n=a+b and anb = {0}.
Moreover, there exists a Weyl chamber C' such that a=3, . 6, b=
Y wcry Oy Where Ry = RT(C)NR™(C'), Rp=R*(C)NRT(C"). Conversely,
let C' be a Weyl chamber. Then, Q = Rt N R (C') is a subset of R™ such that
Q and R\Q are closed.

ProOF. Because Q and RT\Q are closed, a and b are subalgebras of
n which satisfy n=a+b and anb={0}. Put 9, =Q and Q, = R"\O.
Moreover, put Ry = Q1 U(—Q,) and R_ = Q,U(—Q)). Since R=R, UR_
and R, NR_= ¢, we only have to prove that R, is closed to prove an
existence of a corresponding Weyl chamber ([4]; Chapter 6, Corollary 1 of
Proposition 20).

Suppose that o,fe Ry, and o+ e R. If o, Oy, or o, ff € O, because
01, O are closed, then o+ f € Qy, or o+ € Q. Thus, suppose that « € Q,
pe—0,. Since R=R,UR_, we see that «a+f e R, or a+feR . We
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shall prove o+ ff¢ R_ by contradiction. Suppose that o+ f e R_. Then,
since R-=Q,U(—Qy), we see that a+fe€ Q> or a+fe—-0;. If a+fe
—Q), then

—O13—a+(a+f)=pe—-0,
which is contrary to (—Q;)N(—Q2) = . So, a+ e Q>. However, then,
—013—a=—(a+p)+pe—-0s,
which is contrary to (—Q;)N(—Q>) = &. Hence, we have a+f¢ R_. [
Similarly, we have the following:

PROPOSITION 7. Let Qr be a subset of Ry C Ry = i(R) such that Qr and
Rj\Or are closed. Put

a = Z Ty b= Z G-

ae Ry, x(o) € Or ae R, K(x) € RA\Or

Then, a and b are subalgebras of w which satisfy n=a+b and anb = {0}.

a,;é()},

ot,....w)= |J 0O

te{ty,....tx}

Let

Qo) = {Zakcxk eR"

k=1

and

for 1<y <---<f <L

CorOLLARY 3. Let Q= Q(t1,..., 1) = Uyeqy,. 4y Qo) for 1<ty <--- <
te <l Then,a=3,  rino8, and b=73"  ri_ g, are subalgebras of n which
satisfy n=a+Db and anb = {0}.

Proor. For & = Z,ﬁ;l aro € Rt such that a, # 0, we say that a,o, is the
last term of & Let € Q(11), n € Q(ta), where t; < t,. If E+#5 e R, then by
considering the last term of £+# we have £+ € Q(f;). Thus, Q is closed.
Similarly, we have that R™\Q is closed. O

COROLLARY 4 ([11]). Put

aflo, )= > g, bl M)= Y g,

Rmm[n ] R!tl*[nl]

Then, a is a subalgebra of n, and b is an ideal of n.
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EXAMPLE 2. We consider the case where R is of A7-type, and Il = {o1, o3,
us,07}.  Then, Rr is of As-type. Thus, R} = {Z;{:i Ell<i<j<3}. Let
Or ={&,& + &} C RE. Then, we have the following nilpotent Lie group with
a complex structure:

Z13 Zi4 Z15 Z16 Z17 Z18
23 Zo4  Z2s Ix6 Z27 228

1 0

0 1

0 0 1 0 2ZzZ3 Z3 23 z3

0 0 0 1 Ziys Zss z47 Zag

00 0 0 1 0 =z z5|7C
0 0 0 0 0 1 Z67 Z68

00 0 o0 0 O 1 o0

00 0 0 0 O 0 1

ExampLE 3. Let {ay,...,04} be a basis of the root system R of Aj-type.

Then,

Q(tl,...,l‘k) = {Zjoth
h=i

for 1< <---<tp <L
We now consider the case where R is of As-type. Let (N,Jy) be the com-
plex nilpotent Lie group defined by

1sigzj,j_1,...,k},

1 zip zi3 zZia
(N, Jo) 0 1 2n 2 eC
= Zii
70 0 0 1 Z34 Y
0 0 0 1
and
Loy s g
0 1 3 gy
I = e ZV—-1
0 0 1 gy ||MiE [V—1]
0 0 0 1

Then, I'\N is a compact complex nilmanifold. ~We define inductively C*(N)
by C°(N)= N, C¥(N)=[N,CK"Y(N)]. Then, the complex nilmanifold I'\N
is the top of a tower of holomorphic bundles with complex torus fibers I'\N —
C*(N)I'\N — CY(N)I'\N = T3, where the fibers of I''N — C*(N)I'\N and
C>(N)I'\N — CY(N)I'\N are complex tori T¢ and T¢, respectively.

We now consider N as a real Lie group. Let €(n) be the set of all
integrable complex structures on the Lie algebra n of N, ie.,

Gm)={J:n—n|J*=—1,[JX,JY] =X, Y]+ J[JX, Y]+ J[X,JY]}.
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By the above argument, we can consider the following left-invariant complex

structures on the real Lie group N which lie in distinct connected components
of the set €(n):

I zip zi3 zus
0 1 =z zu
ij (E ’
0 0 1 z4]||77€
0 0 0 1
1 Zp ziz zia 1 zip Zi3 zis 1 zip zi3 Zis
0 1 =z zu 0 1 Zn zu 0 1 =z Zn
0 0 1 z3y ’ 0 0 1z ’ 0 0 1 Zay '
0 0 0 1 0 0 0 1 0 0 0 1
1 Zp Zi3 zia 1 Zp zi3 Zia 1z Zi3 Zia
0 1 Zxn zu4 0 1 zx3 Zn4 0 1 Zxp 2y
0 0 1z ’ 0 0 1 Zxy ’ 0 0 1 Z3y ’
0 0 0 1 0 0 0 1 0 0 0 1
1 Zip Zi3 Zus
0 1 Zn I
0 0 1 Zxn
0 O 0 1

Indeed, consider T¢: and T¢ and the base space Tg as real manifolds. Let us
consider the orientations induced on real tori T,, T¢ and Tg of the tower by
the above invariant complex structures on I'\N. Note that T C*(N) = CK(N)I.
Moreover, note that elements of N and C'(N) can be written by elements of
CY(N), C*(N), and elements of special-type as follows:

1 zio zi3 Zis 1 0 zi3 zia—z13234 I zp 0 O
Na 0 1 Z723 Z24 - 0 1 0 Z24 0 1 23 0
0 0 1 zu| |0 0 1 0 0 0 1 z3g
0 O 0 1 0 0 O 1 0 0 0 1
and
1 0 Z13 Z14 1 0 0 Z14 1 0 Z13 0
0 1 0 Zo4 01 0 0 0 1 0 Z24
1 _
T30 1 0| loo1 olloo 1 o
0 0 O 1 0 0 0 1 00 O 1

Thus, we have that the above invariant complex structures lie in distinct con-
nected components of the set €(n).
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6. Hodge numbers

In this section, we recall relations between the decomposition g =a+b
and /7%'(g;) = dim HA '(g7) in the previous paper [12].
Let g be a real Lle algebra with a direct decomposition

g=a-+b,

where a and b are Lie subalgebras of g. Take bases of the Lie subalgebras
a and b:

a=spang{Uj,...,U,},

b = spang{V1,..., V,}.
Let {o1,...,%,p,...,8,} be the dual basis of {Uj,..., Uy, Vi,...,V,}. We
can assume that

do; = —Z TN ZD,’;Sock ABs,  dp; Z TRAB, — ZF,i,ock AP
k,h ks ks

.o i i J o
for each i, j, where C;,, D, E;, F/ €R.

Let g,, g, be real Lie algebras such that g7 = span{a!,...,u),v{,..., 0}

and gy =span{u{,...,pu),v{,...,v,} have the structure equations
S YT N W
ks
dp} == Clui Ay, }: A, (2)
k,h

respectlvely Since 0> =0 on /\'}'(g%)", we have that d> =0 on /\1 g; and
A ar, which implies that g,, g, are Lie algebras (cf. [12]). Then we have

THEOREM 7 ([12]). For each r,

> h¥'(gj) = dim H'(g, X gp)-

s+t=r

7. Symmetry of summations

In this section, we prove a property of >
root system A;.

Let I7T = {a1,...,04} be a basis of the root system R of A;-type, and I,
a subset of I7. Let

Hl,k:{oq,...,ock}, H27k:{ock,...,oc1}.

sii—r P¥'(nj) for the case of a
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Then, by the equations (1), (2), we have
Sa(t1y. 111 41) = Z 9y X ]Rt(Rmm[HHH])’
ae R =T k-]

gb(ﬂ()-nl.k—]) — Z g“ X ]Rt(Rmﬁ[Hz,kH])’

“ERHI [HZ./c+]]

ga(”o~,”27k+]) _ Z g, X ]Ri:(an[Hz,kH])7
O(ERruf[H27k+]]
9[)(170_,172.“1) - Z Gy X IRI:(R'“Q[H])’PI])'

“ERm [Hl.k—l]

Indeed, let us consider second equations dv! = —Y", F/ul av! of (2). Let
i<k<j Then, we see

st (RN 1]) N (R [T 2, 1))

Consider elements

Zocs [T 1] N (RT\[IT i41)),

where m <i— 1. Then, we have
i—1 J
Z“S+Z°‘3 Z“S \UT 1 1)) N (RT\ [T 2, 511]).
s=m s=i s=m

Then, by the equation (2), we have

gb(no,”l,kfl) = Z G-

1€R,+“7[H27/‘»¢ 1]

Similarly, we have

o170, 11> 1) = Z g, X REReOUT k1))
we Ry~ k1]

Thus, we have

Sa(119, 1Ty 4-1) = B0(IT0, 1T 4011)> S6(ITo, 111 1) = Salllo, T2 411)"
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Hence, we have
a1y, 111 1) X Oo(1T0, 111 1) = Sa(ITo, 1T, 1041) = So(IT, 1T 1001)"
Thus, we have

THEOREM 8. Let le’ Js jz, i be complex structures on g(n%) corresponding to
decompositions induced by Iy i, I, respectively. Then,

Dy, )= g, )
s+i=r S+t=r
for each k and r.
As an application, we have the following:

ProrosiTiON 8 ([11]). Let Ily be a subset of II such that e(Ily) = I.
Let J; be complex structures on g(n%) corresponding to decompositions induced
by Il for each k=0,...,I. Then,

Do) =Y By, )
s+t=r s+t=r

for each k and r.

Proor. Since (1)) = I1), we have

Z hs’l(nfk) = Z hs#l(nfl.k) = Z h&[(njz,mz)

S+1=r s+t=r s+t=r
_ 2 : SyE(y _ § : SyE 1y
- h (n-]LI—k—l)_ h (n-]l—k—l)
st+t=r s+1=r

by considering a holomorphic isomorphism f, : (R(n%),J2x12) — (rR(nT),
fl,l,k,l) (see Proposition 5; note that &(axy2) = ay—x—1 and &(oy) = o). O

ExampLe 4. Let IT ={oy,... 05}, and o= {ay}. Then, r(n®) =
span{ £y, Fy}, . i is a real 40-dimensional nilpotent Lie algebra with the struc-
ture equations |E,, Egl = Eyyp, [Ey, Fg| = [Fy, Eg] = Fuip, [Fu, Fg) = —Eyip for
o, B0+ f e Ry, where o =37, oy and f= Z,]f:iﬂ ap with iy <ig. Then, in
the case of k =4, j1,3 satisfies j1,3Ea =-F, (j1,3Fa =E,) for ae{o,0n,us,
oy + o, 00 + o3, 01 + o + 03} and otherwise flnga =F, (flAng =—E,). On
the other hand, f275 satisfies j2,5Ea = —F, for a € {oas,a,05 + 0} and otherwise
j275E“ = Fa. Then,

D) = >0 g ).

S+t=r s+t=r
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REMARK 2. In general, g, and g, have different type. For example, let
us consider the case of Bs. Let {a,00,03} be a basis of the root system R
of Bs-type with natural manner. Let Ilo= &, and I} = {oy}. Then, we
have

30 = Z gocXIRl’ 9 = Z gaXIR4’
we Rt —[I1}] zxeR;}f{a;}

where Rj3 = {oy, 00, 03,00 + 02,000 + 03,001 + o2 + 03}, and we define [E,, Eg] =0
for a,f e Ry such that o+ f ¢ R} .

EXAMPLE 5. Let ITo = {oa,...,00 1} Then, &(Ily) = Iy, and n® is a
complex (2] — 1)-dimensional Heisenberg algebra. Then, % ., h"'(n jk) =
Yogri 12 (g ) for each k and r.
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