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Abstract. In this paper, we first consider relations between signatures of pseudo-

Kähler metrics on a flag manifold and complex structures on a nilpotent Lie algebra

corresponding to the flag manifold. On the nilpotent Lie algebra, we also consider

complex structures which do not correspond to invariant complex structures on the flag

manifold.

1. Introduction

In this paper, we first consider relations between signatures of pseudo-

Kähler metrics on a flag manifold and complex structures on a nilpotent

Lie algebra corresponding to the flag manifold. For the flag manifold M ¼
SUð3Þ=T 2, there exist invariant pseudo-Kähler metrics of type ð6; 0Þ, ð0; 6Þ,
ð4; 2Þ, and ð2; 4Þ ([9]). On the other hand, for a 6-dimensional nilpotent Lie

algebra Rðhð1ÞCÞ, where Rðhð1ÞCÞ is the scalar restriction of 3-dimensional

complex Heisenberg algebra hð1ÞC, there exist distinct 4 connected components

of the modular space CðRðhð1ÞCÞÞ (see [8] for details). Let T C
o M be the

complexification of tangent space of the point o ¼ eT 2, and T 1;0M the com-

plex eigendistribution of the complex structure J with an eigenvalue
ffiffiffiffiffiffiffi
�1

p
.

Then, T 1;0
o M can be identified with a complex nilpotent Lie algebra hð1ÞC ¼

ðRðhð1ÞCÞ; JÞ.
In previous papers, we considered signatures of pseudo-Kähler metrics on

a flag manifold and complex structures on a nilpotent Lie algebra, separately.

Let g be a real Lie algebra, and g ¼ aþ b a direct sum decomposition such

that a and b are Lie subalgebras of g. Then, we can construct an integrable

complex structure ~JJ on RðgCÞ from the decomposition. Then, we studied rela-

tions between the decomposition and dim H
s; t

q ~JJ

ðRðgCÞÞ for investigating the

complex structure ~JJ (see e.g. [10, Theorems 3.2, 3.3]). On the other hand, in
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the paper [9], we considered the signatures of pseudo-Kähler metrics on the full

flag manifolds.

More precisely, we now consider the case of root system A2. Let fa1; a2g
be a basis of A2 with natural manner ([4]). By using results of previous papers

([11, Section 4], [9]), we have the following relations among Weyl chambers

of the root system A2, left-invariant complex structures on Rðhð1ÞCÞ, and sig-

natures of pseudo-Kähler metrics on M ¼ SUð3Þ=T 2.

Weyl chamber complex structure of nilpotent Lie group signature

C0 ¼ fa1 > 0; a2 > 0g N0 ¼
1 z1 z3

0 1 z2

0 0 1

0
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1
CA
������� zi A C

8><
>:

9>=
>; ð6; 0Þ

C1 ¼ f�a1 > 0; a1 þ a2 > 0g N1 ¼
1 z1 z3

0 1 z2

0 0 1

0
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>:

9>=
>; ð4; 2Þ

C2 ¼ f�a2 > 0; a1 þ a2 > 0g N2 ¼
1 w1 w3 þ w1w2

0 1 w2

0 0 1

0
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1
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�������wi A C
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>; ð4; 2Þ

C3 ¼ fa1 > 0;�a1 � a2 > 0g N3 ¼
1 z1 z3

0 1 z2

0 0 1

0
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CA
������� zi A C

8><
>:

9>=
>; ð2; 4Þ

C4 ¼ fa2 > 0;�a1 � a2 > 0g N4 ¼
1 w1 w3 þ w1w2

0 1 w2

0 0 1

0
B@

1
CA
�������wi A C

8><
>:

9>=
>; ð2; 4Þ

C5 ¼ f�a1 > 0;�a2 > 0g N5 ¼
1 z1 z3

0 1 z2

0 0 1

0
B@

1
CA
������� zi A C

8><
>:

9>=
>; ð0; 6Þ

There exist holomorphic isomorphisms f12 : N1 ! N2, f34 : N3 ! N4, and

antiholomorphic isomorphisms f05 : N0 ! N5, f13 : N1 ! N3, f24 : N2 ! N4.

Thus, N0;N1 GN2;N3 GN4 and N5 are not holomorphically isomorphic each

other. On the other hand, we have a symmetry of the signatures of invariant

pseudo-Kähler metrics. In this paper we generalize those relations.

On a real nilpotent Lie algebra given by the scalar restriction of a complex

nilpotent Lie algebra T 1;0
o M of a flag manifold M, we also consider complex

structures ~JJ which do not correspond to invariant complex structures on the

flag manifold M. However, we use Weyl chambers for constructing com-

plex structures on the real nilpotent Lie algebra (See Sections 5 and 6). For
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example, the nilpotent Lie group with a left-invariant complex structure defined

by

1 x1 x2 z

0 1 0 y1

0 0 1 y2

0 0 0 1

0
BBB@

1
CCCA
���������
x1; x2; y1; y2; z A C

8>>><
>>>:

9>>>=
>>>;

does not correspond to an invariant complex structure on the flag manifold

SUð4Þ=T 2 � SUð2Þ.
Let RðnCÞ be a nilpotent Lie algebra constructed from a root system Al .

Then, we can construct complex structures ~JJ1;k and ~JJ2;k on RðnCÞ (for the

details of RðnCÞ, ~JJ1;k and ~JJ2;k, see Sections 4 and 5). We denote

dim H
s; t

qJ
ðRðnCÞÞ by hs; tðnJÞ. Then, we show the following result:

Theorem 8. Let ~JJ1;k, ~JJ2;k be complex structures on RðnCÞ corresponding to

decompositions of roots induced by subsets P1;k, P2;k of a basis of a root system

Al, respectively. Then,

X
sþt¼r

hs; tðn ~JJ1; k�1
Þ ¼

X
sþt¼r

hs; tðn ~JJ2; kþ1
Þ

for each k and r.

2. Preliminaries

In this section, we recall an integrability condition of an almost left-

invariant complex structure on a Lie group, and relations between Dolbeault

cohomology groups of a nilmanifold with a complex structure and cohomology

groups of a nilpotent Lie algebra.

On the integrability condition, we have

Theorem 1 (Andrada-Salamon [2]). Let g be a Lie algebra with a complex

structure J which satisfies J½X ;Y � ¼ ½JX ;Y � for all X ;Y A g. Suppose there

exists a splitting g ¼ u1 þ u2 with complex subalgebras u1, u2 of g. Then the

linear endomorphism ~JJ defined by

~JJju1 ¼ �J; ~JJju2 ¼ J

is a complex structure on g.

Let N be a simply connected real nilpotent Lie group. It is well known

that there exists a lattice in N if and only if there exists a rational Lie

subalgebra nQ such that nG nQ nR (cf. [6]). Then, a complex structure J
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on n is said to be rational if JðnQÞ � nQ ([5]). Then, we have the following

results.

Theorem 2 (Console-Fino [5]). Let N be a simply connected nilpotent Lie

group, and G a lattice in N. If J is a G-rational complex structure on n, then

H
s; t

q
ðGnNÞGH

s; t

q
ðnCÞ

for each s, t.

Theorem 3 (Console-Fino [5]). For any small deformation of a G-rational

complex structure, the isomorphism

H
s; t

q
ðGnNÞGH

s; t

q
ðnCÞ

holds for each s, t.

Theorem 4 (Sakane [7]). Let N be a simply connected complex nilpotent

Lie group, and G a lattice in N. Then,

H s; t

q
ðGnNÞGH 0; t

q
ðn�Þn5

s

ðnþÞ� GHtðn�Þn5
s

ðnþÞ�

for each s, t.

Thus, results on H
s; t

q
ðnCÞ of a nilpotent Lie algebra with good complex

structures yield results on Hs; t

q
ðGnNÞ of a compact nilmanifold with invariant

complex structures.

3. Flag manifolds and Nilpotent Lie algebras

In this section, we first consider relations between signatures of pseudo-

Kähler metrics on a flag manifold and complex structures on a nilpotent Lie

algebra corresponding to the flag manifold. For details of notions of T-root

systems, see [1], [3].

Let G be a compact semi-simple Lie group, g the Lie algebra of G, and h

a maximal abelian subalgebra. We identify an element of the root system R

of gC relative to the Cartan subalgebra hC with an element of h0 ¼
ffiffiffiffiffiffiffi
�1

p
h by

the duality defined by the Killing form of gC. We consider the following root

system decomposition relative to hC:

gC ¼ hC þ
X
a AR

gC
a :

Definition 1. (1) A subset Q � R is said to be closed if for each a; b A Q

with aþ b A R, it holds aþ b A Q.

(2) A subset Q � R is said to be asymmetric if Q \ ð�QÞ ¼ q.
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Let P ¼ fa1; . . . ; alg be a basis of the root system R. We denote by

Rþ the set of all positive roots relative to P. Let P0 be a subset of P

and P �P0 ¼ fai1 ; . . . ; airg, where 1a i1 < � � � < ir a l. We put t ¼ fH A h0 j
ðH;P0Þ ¼ 0g. Then,

nC ¼
X

a ARþ�½P0�
gC
a

is a nilpotent Lie algebra, where ½P0� ¼ R \ fP0gZ. We put Rm ¼ R� ½P0�
and Rþ

m ¼ Rm \ Rþ. Take a Weyl basis Ea A gC
a ða A RÞ. Then, the struc-

ture constants Na;b satisfy Na;b ¼ N�a;�b A R, where ½Ea;Eb� ¼ Na;bEaþb if

a; b; aþ b A R. Let ga ¼ REa, and n ¼
P

a ARþ
m
ga.

We consider the restriction map

k : h0 ! t� a 7! ajt
and set RT ¼ kðRÞ. The elements of RT are called T-roots. The collection of

hyperplanes fkðaÞ ¼ 0g corresponding to T-roots decomposes the space t into

a finite number of cones, which are called T-chambers. We denote by BðCÞ
a basis of t� corresponding to a T-chamber C. We denote by C0 a chamber

fkðai1Þ > 0; . . . ; kðairÞ > 0g. We also denote by Rþ
T ðCÞ the set of the positive

T-roots corresponding to a T-chamber C.

Let GC be a simply connected complex semi-simple Lie group and U the

parabolic subgroup of GC. Then the homogeneous complex manifold GC=U

is compact and simply connected, and G acts transitively on GC=U . Note that

K ¼ G \U is a connected closed subgroup of G, and GC=U ¼ G=K ¼ M as

Cy-manifolds. Let m be the orthogonal complement of the Lie algebra k of

K with respect to the negative of the Killing form of g.

There exists a one-to-one correspondence between T-roots x and irreduc-

ible submodules mx of the AdGðKÞ-module mC given by

RT C x 7! mx ¼
X

kðaÞ¼x

gC
a :

Thus, we have a decomposition of the AdGðKÞ-module mC:

mC ¼
X
x ART

mx:

We will identify mC with the complexification T C
o M of tangent space ToM at

the point o ¼ eK .

Theorem 5 (cf. [1]). There exist natural one-to-one correspondences be-

tween
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(1) T-bases PT ¼ fx1; . . . ; xrg;
(2) T-chambers C ¼ fx1 > 0; . . . ; xr > 0g;
(3) systems P ¼ fðx1Þ�; . . . ; ðxrÞ�g [P0 of simple roots of R which con-

tain fixed system P0, where ðxiÞ� is the lowest weight of irreducible

AdGðKÞ-module mxi for each i;

(4) decomposition Rm ¼ Rþ [ R� into disjoint union asymmetric closed

subsets Rþ and R� ¼ �Rþ;

(5) invariant complex structures on the flag manifold G=K (up to a

sign).

In particular, for a decomposition Rm ¼ Rþ [ R�, we define a decom-

position of the complexified tangent space T C
o M ¼ mC ¼ m1;0 þm0;1, where

m1;0 ¼
P

a ARþ
gC
a , m0;1 ¼

P
a AR�

gC
a . Since the subspaces m1;0, m0;1 are

AdGðKÞ-invariant, they can be extended to two complex invariant distributions

T 1;0M and T 0;1M. We define an invariant complex structure J on M such

that T 1;0M and T 0;1M are eigendistributions of J with eigenvalues þ
ffiffiffiffiffiffiffi
�1

p
and

�
ffiffiffiffiffiffiffi
�1

p
, respectively. Since kC þm1;0 is a subalgebra of gC, we have J is

integrable, where kC ¼ hC þ
P

a A ½P0� g
C
a .

Conversely, any invariant complex structure J of M ¼ G=K defines a

decomposition

mC ¼ m1;0 þm0;1; tm1;0 ¼ m0;1;

where t is the complex conjugation of gC with respect to g. We denote by JC
the complex structure on mC corresponding to a T-chamber C. Note that

JC ¼ þ
ffiffiffiffiffiffiffi
�1

p
id on m1;0, and JC ¼ �

ffiffiffiffiffiffiffi
�1

p
id on m0;1.

Let C be a T-chamber. Put

RA
m ¼ fa A Rþ

m j kðaÞ A R�
T ðCÞg; RB

m ¼ fa A Rþ
m j kðaÞ A Rþ

T ðCÞg:

Then, RA
m and RB

m are closed because kðaÞ þ kðbÞ ¼ kðaþ bÞ for a; b A Rþ
m.

Thus we have a direct sum decomposition nC ¼ aC þ bC, where aC and bC are

complex Lie subalgebras defined by

aC ¼
X
a ARA

m

gC
a ; bC ¼

X
a ARB

m

gC
a :

Thus, we can consider a complex structure ~JJ on RðnCÞ defined by

~JJ ¼ �J on RðaCÞ
J on RðbCÞ:

�

Because aC ¼ nC \m0;1, and bC ¼ nC \m1;0, where mC ¼ m1;0 þm0;1 is the

decomposition corresponding to JC , we have the following.
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Theorem 6. Let C be a T-chamber. Then,

~JJ ¼ JC jnC :

Proof. This follows from the fact that, if Z is an eigenvector of J with

the eigenvalue þ
ffiffiffiffiffiffiffi
�1

p
, then Z is an eigenvector of �J with the eigenvalue

�
ffiffiffiffiffiffiffi
�1

p
. r

Therefore, we can use classifications of invariant complex structures of a

flag manifold for classifications of left-invariant complex structures of a nilpo-

tent Lie group corresponding to the flag manifold.

Proposition 1. There exists a Weyl chamber C 0 such that

aC ¼
X
a ARA

m

gC
a ¼

X
a ARþ

m\R�ðC 0Þ
gC
a ; bC ¼

X
a ARB

m

gC
a ¼

X
a ARþ

m\RþðC 0Þ
gC
a :

Proof. Put

Rþ ¼ RB
m [ ½P0�þ [ ð�RA

mÞ; R� ¼ �Rþ;

where ½P0�þ ¼ ½P0� \ Rþ. Then, we see R ¼ Rþ [ R�, Rþ \ R� ¼ q. Let

b A RB
m, �a A �RA

m, and suppose that b þ ð�aÞ A R. Since kðb � aÞ A Rþ
T ðCÞ

and R ¼ Rþ [ R�, we have b � a A RB
m or b � a A �RA

m. The other cases are

trivial. Thus, Rþ is closed. Since Rþ is closed, there exists a Weyl chamber

C 0 which satisfies Rþ ¼ RþðC 0Þ and R� ¼ R�ðC 0Þ ([4]; Chapter 6, Corollary 1

of Proposition 20). Then,

RA
m ¼ Rþ

m \ R� ¼ Rþ
m \ R�ðC 0Þ; RB

m ¼ Rþ
m \ Rþ ¼ Rþ

m \ RþðC 0Þ: r

For integers j1; . . . ; jr with ð j1; . . . ; jrÞ0 ð0; . . . ; 0Þ, we put

Rð j1; . . . ; jrÞ ¼
Xl

j¼1

mjaj A Rþ

�����mi1 ¼ j1; . . . ;mir ¼ jr

( )
:

Note that

Rþ
m ¼ Rþ � ½P0� ¼

[
j1;...; jr

Rð j1; . . . ; jrÞ:

We denote mð j1; . . . ; jrÞ ¼ ]Rð j1; . . . ; jrÞ, where ]Rð j1; . . . ; jrÞ means the number

of elements of Rð j1; . . . ; jrÞ.
We denote by oa ða A RÞ the complex linear forms on gC dual to the basis

vectors Ea:

oaðEbÞ ¼ dab; oaðhCÞ ¼ f0g:
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There exists a natural isomorphism t� ! H 2ðG=K ;RÞ given by the

formula

t� C l ! hðlÞ ¼ � 1

2p
ffiffiffiffiffiffiffi
�1

p dl ¼ �
ffiffiffiffiffiffiffi
�1

p

2p

X
a ARþ

m

ðl; aÞo�a5o�a;

where we consider l as a complex linear form on g by extending.

Let l A t�, and C the T-chamber corresponding to l. Then,

hðlÞ ¼ �
ffiffiffiffiffiffiffi
�1

p

2p

X
a ARþ

m

ðl; aÞo�a5o�a

¼ �
ffiffiffiffiffiffiffi
�1

p

2p

X
a ARþ

m

kðaÞ ARþ
T
ðCÞ

ðl; aÞo�a5o�a þ
X
a ARþ

m

kðaÞ AR�
T
ðCÞ

ðl; aÞo�a5o�a

0
BBB@

1
CCCA:

Note that ðl; �Þ is constant on Rð j1; . . . ; jrÞ. Thus, the signature of hðlÞ can be

written as

2ð]fa A Rþ
m j kðaÞ A Rþ

T ðCÞg; ]fa A Rþ
m j kðaÞ A R�

T ðCÞgÞ

¼ 2
X

x ARþ
T
ðC0Þ\Rþ

T
ðCÞ

dimC mx;
X

x ARþ
T
ðC0Þ\R�

T
ðCÞ

dimC mx

0
@

1
A:

We have the following:

Proposition 2. Let C be a T-chamber, and l A C. Then, the signature of

hðlÞ can be written as

2
X

x ARþ
T
ðC0Þ\Rþ

T
ðCÞ

dimC mx;
X

x ARþ
T
ðC0Þ\R�

T
ðCÞ

dimC mx

0
@

1
A¼ 2ðdimC bC; dimC aCÞ:

Corollary 1. Let C1, C2 be T-chambers, and l1 A C1, l2 A C2. Let

nC ¼ aC
1 þ bC

1 , nC ¼ aC
2 þ bC

2 be decompositions corresponding to T-chambers

C1 and C2, respectively. If signatures of hðl1Þ and hðl2Þ are di¤erent, then

there exist no linear mapping f� : n
C ! nC such that f�ðaC

1 Þ ¼ aC
2 and f�ðbC

1 Þ ¼
bC
2 .

We consider the case where R is of Al-type. Note that kðRÞ is also a root

system Ar. Let e be the automorphism of R ¼ Al that transforms ai to alþ1�i.
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Assume that eðP0Þ ¼ P0. Then,

eðRð j1; . . . ; jrÞÞ ¼ Rð jr; . . . ; j1Þ;

which implies mð j1; . . . ; jrÞ ¼ mð jr; . . . ; j1Þ. Thus, we have the following:

Proposition 3. Suppose that R is of Al-type. Assume that eðP0Þ ¼ P0.

Let C1, C2 be T-chambers, and l1 A C1, l2 A C2. If eðC1Þ ¼ C2, then the sig-

natures of hðl1Þ and hðl2Þ are equal.

Proof. By assumption, we have ]Rþ
T ðC0Þ \ RG

T ðC1Þ ¼ ]Rþ
T ðC0Þ \ RG

T ðC2Þ.
Since dimC mx ¼ dimC meðxÞ, we have our proposition. r

4. The case of root systems Al , Dl , and E6

In this section, we consider complex structures on a nilpotent Lie algebra

given by the scalar restriction of T 1;0
0 M of a flag manifold M. We mainly

consider cases of root systems Al , Dl , and E6. From now on, we take a

Chevalley basis Ea A gC
a ða A RÞ. Then, structure constants Na;b satisfy Na;b ¼

�N�a;�b, and Na;b A Z, where ½Ea;Eb� ¼ Na;bEaþb if a; b; aþ b A R.

Let P ¼ fa1; . . . ; alg be a basis of a root system R. Let P0 be a subset

of P. Put n0 ¼
P

a ARþ ga. Let C be the Weyl chamber corresponding to

fa1; . . . ; alg. Let C 0 be a Weyl chamber. Then, we have a decomposition

R ¼ RþðC 0Þ [ R�ðC 0Þ. Put RA ¼ RþðCÞ \ R�ðC 0Þ, RB ¼ RþðCÞ \ RþðC 0Þ.
Let

a ¼
X
a ARA

ga; b ¼
X
a ARB

ga:

Then, we have

Proposition 4. The sets a and b are subalgebras of n which satisfy

n ¼ aþ b and a \ b ¼ f0g.

Proof. We have that RA and RB are closed because RþðCÞ, RþðC 0Þ and

R�ðC 0Þ are closed. r

Thus, we can consider a complex structure ~JJ on RðnCÞ corresponding to

the decomposition n ¼ aþ b.

Put aðgCÞ ¼ fs A AutðgCÞ j sðhCÞ ¼ hCg, and AðRÞ ¼ fŝs A Autðh�Þ j ŝsðRÞ ¼
Rg. Let iðgCÞ � aðgCÞ be the set of the inner automorphisms, and WðRÞ the

Weyl group of R. Then, the following isomorphism are well-known:

aðgCÞ=iðgCÞGAðRÞ=WðRÞG fj A AðRÞ j jðPÞ ¼ Pg:
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For root systems Al , Dl , and E6, there exists a non-indentity map e A
fj A AðRÞ j jðPÞ ¼ Pg. Let s be an element of aðgCÞ which induces e by

the above isomorphisms. Then, s induces an isomorphism f� ¼ sjnC
0
: nC

0 !
nC
0 because eðPÞ ¼ P implies eðRþÞ ¼ Rþ.

Lemma 1. Let C1 and C2 be Weyl chambers. If eðRþðC1ÞÞ ¼ RþðC2Þ,
then eðR�ðC1ÞÞ ¼ R�ðC2Þ.

Proof. Since eðRÞ ¼ R, we have eðRþðC1ÞÞ [ eðR�ðC1ÞÞ ¼ RþðC2Þ [
R�ðC2Þ. r

Let C1 and C2 be Weyl chambers. Put

aC
i ¼

X
a ARþ

m\R�ðCiÞ
gC
a ; bC

i ¼
X

a ARþ
m\RþðCiÞ

gC
a

for i ¼ 1; 2. Then, by the above lemma, we have

Corollary 2. Assume that P0 ¼ q. Let C1, C2 be Weyl chambers, and

l1 A C1, l2 A C2. If eðC1Þ ¼ C2, then the signatures of hðl1Þ and hðl2Þ are

equal.

Lemma 2. Assume that eðP0Þ ¼ P0, and eðC1Þ ¼ C2. Then, f�ðaC
1 Þ ¼ aC

2 ,

and f�ðbC
1 Þ ¼ bC

2 .

Note that f� : n
C ! nC induces f� : RðnCÞ ! RðnCÞ. Let ~JJCi

be a com-

plex structure on RðnCÞ corresponding to a decomposition nC ¼ aC
i þ bC

i for

each i ¼ 1; 2. Then, we have the following:

Proposition 5. Assume that eðP0Þ ¼ P0, and eðC1Þ ¼ C2. Then,

f� : ðRðnCÞ; ~JJC1
Þ ! ðRðnCÞ; ~JJC2

Þ satisfies f� � ~JJC1
¼ ~JJC2

� f�.

Proof. Since ~JJCi
¼ �J on RðaC

i Þ, and ~JJCi
¼ J on RðbC

i Þ for i ¼ 1; 2, we

have our proposition by Lemma 2. r

Now, we consider the case of a root system Al . Let P ¼ fa1; . . . ; alg be

a basis of R ¼ Al with natural manner. Let us consider a map f� : n0 ! n0

defined by

Eaiþ���þaj 7! ð�1Þ j�i
Eeðaiþ���þajÞ

for each 1a i < ja l, where e A AðRÞ satisfies eðaiÞ ¼ al�iþ1 for i ¼ 1; . . . ; l.

Lemma 3. The map f� is an isomorphism of n0.
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Proof. It is obvious that f� is bijective by definition. Recall that

Naiþ���þaj ;akþ���þah ¼
1 k ¼ j þ 1

0 otherwise;

�

where ia j, ka h, and ia k. Thus, we consider indices of top terms and last

terms of roots for investigating Neðaiþ���þajÞ; eðajþ1þ���þakÞ. Note that eðaiÞ ¼ al�iþ1.

Then, for ia j, j þ 1a ka l, we have

l � k þ 1a l � ð j þ 1Þ þ 1 ¼ l � j < l � j þ 1a l � i þ 1:

Thus, we have

Neðaiþ���þajÞ; eðajþ1þ���þakÞ ¼ �Naiþ���þaj ;ajþ1þ���þak :

Moreover,

½ð�1Þ j�i
Eeðaiþ���þajÞ; ð�1Þk�j�1

Eeðajþ1þ���þakÞ�

¼ ð�1Þk�i�1
Neðaiþ���þajÞ; eðajþ1þ���þakÞEeðaiþ���þakÞ

¼ ð�1Þk�i�1ð�Naiþ���þaj ;ajþ1þ���þak ÞEeðaiþ���þakÞ

¼ ð�1Þk�i
Naiþ���þaj ;ajþ1þ���þakEeðaiþ���þakÞ:

The other cases are trivial. Thus, f� is an isomorphism. r

Example 1. Let l ¼ 2, i.e., P ¼ fa1; a2g, and P0 ¼ q. Let C1 ¼
f�a1 > 0; a1 þ a2 > 0g, and C2 ¼ f�a2 > 0; a1 þ a2 > 0g. Then, we see

f�ðEa1Þ ¼ Ea2 ; f�ðEa2Þ ¼ Ea1 ; f�ðEa1þa2Þ ¼ �Ea1þa2 :

Then, nilpotent Lie groups with complex structures ~JJC1
and ~JJC2

corresponding to

C1 and C2 are

N1 ¼
1 z1 z3

0 1 z2

0 0 1

0
B@

1
CA
������� zi A C

8><
>:

9>=
>;; N2 ¼

1 w1 w3 þ w1w2

0 1 w2

0 0 1

0
B@

1
CA
�������wi A C

8><
>:

9>=
>;;

respectively. We have that a holomorphic and homomorphic map f : N1 ! N2

is given by

w1ðz1; z2; z3Þ ¼ z2; w2ðz1; z2; z3Þ ¼ z1; w3ðz1; z2; z3Þ ¼ �z3:

Indeed,
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1 z1 z3

0 1 z2

0 0 1

0
B@

1
CA¼ expðz2Ea2 þ z3Ea1þa2Þ expðz1Ea1Þ

!f expðz2Ea1 � z3Ea1þa2Þ expðz1Ea2Þ ¼
1 z2 �z3 þ z1z2

0 1 z1

0 0 1

0
B@

1
CA:

Remark 1. Except for Al, Dl and E6, if s A aðgCÞ induces a homo-

morphism s : nC ! nC, then sðgC
a Þ ¼ gC

a for each a A R because ŝsðRþÞ ¼ Rþ,

where ŝsðaÞðHÞ ¼ aðs�1ðHÞÞ. Conversely, except for Al, Dl and E6, if j A
fj A Autðh�Þ j jðRÞ ¼ Rg satisfies jðRþÞ ¼ Rþ, then s A aðgCÞ such that ŝs ¼ j

satisfies sðgC
a Þ ¼ gC

a for each a A R.

5. Construction of nilpotent Lie algebras with a decomposition

In this section, we construct nilpotent Lie algebras n with a decomposition

n ¼ aþ b by root systems, and see a relation between Weyl chambers and

decompositions.

Let P ¼ fa1; . . . ; alg be a basis of root system R. Let P0, P1 be subsets

of P. Put n ¼
P

a ARþ
m
ga. Then we have the following results:

Proposition 6. Let Q be a subset of Rþ such that Q and RþnQ are

closed. Put

a ¼
X

a ARþ
m\Q

ga; b ¼
X

a ARþ
m�Q

ga:

Then, a and b are subalgebras of n which satisfy n ¼ aþ b and a \ b ¼ f0g.
Moreover, there exists a Weyl chamber C 0 such that a ¼

P
a ARA

ga, b ¼P
a ARB

ga, where RA ¼ RþðCÞ \ R�ðC 0Þ, RB ¼ RþðCÞ \ RþðC 0Þ. Conversely,

let C 0 be a Weyl chamber. Then, Q ¼ Rþ \ R�ðC 0Þ is a subset of Rþ such that

Q and RþnQ are closed.

Proof. Because Q and RþnQ are closed, a and b are subalgebras of

n which satisfy n ¼ aþ b and a \ b ¼ f0g. Put Q1 ¼ Q and Q2 ¼ RþnQ.

Moreover, put Rþ ¼ Q1 [ ð�Q2Þ and R� ¼ Q2 [ ð�Q1Þ. Since R ¼ Rþ [ R�
and Rþ \ R� ¼ q, we only have to prove that Rþ is closed to prove an

existence of a corresponding Weyl chamber ([4]; Chapter 6, Corollary 1 of

Proposition 20).

Suppose that a; b A Rþ, and aþ b A R. If a; b A Q1, or a; b A Q2, because

Q1, Q2 are closed, then aþ b A Q1, or aþ b A Q2. Thus, suppose that a A Q1,

b A �Q2. Since R ¼ Rþ [ R�, we see that aþ b A Rþ or aþ b A R�. We
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shall prove aþ b B R� by contradiction. Suppose that aþ b A R�. Then,

since R� ¼ Q2 [ ð�Q1Þ, we see that aþ b A Q2 or aþ b A �Q1. If aþ b A
�Q1, then

�Q1 C �aþ ðaþ bÞ ¼ b A �Q2;

which is contrary to ð�Q1Þ \ ð�Q2Þ ¼ q. So, aþ b A Q2. However, then,

�Q1 C �a ¼ �ðaþ bÞ þ b A �Q2;

which is contrary to ð�Q1Þ \ ð�Q2Þ ¼ q. Hence, we have aþ b B R�. r

Similarly, we have the following:

Proposition 7. Let QT be a subset of Rþ
T � RT ¼ kðRÞ such that QT and

Rþ
T nQT are closed. Put

a ¼
X

a ARþ
m;kðaÞ AQT

ga; b ¼
X

a ARþ
m;kðaÞ ARþ

T
nQT

ga:

Then, a and b are subalgebras of n which satisfy n ¼ aþ b and a \ b ¼ f0g.

Let

QðatÞ ¼
Xt

k¼1

akak A Rþ

����� at 0 0

( )
;

and

Qðt1; . . . ; tkÞ ¼
[

t A ft1;...; tkg
QðatÞ

for 1a t1 < � � � < tk a l.

Corollary 3. Let Q ¼ Qðt1; . . . ; tkÞ ¼
S

t A ft1;...; tkg QðatÞ for 1a t1 < � � � <
tk a l. Then, a ¼

P
a ARþ

m\Q ga and b ¼
P

a ARþ
m�Q ga are subalgebras of n which

satisfy n ¼ aþ b and a \ b ¼ f0g.

Proof. For x ¼
P t

k¼1 akak A Rþ such that at 0 0, we say that atat is the

last term of x. Let x A Qðt1Þ, h A Qðt2Þ, where t1 a t2. If xþ h A R, then by

considering the last term of xþ h we have xþ h A Qðt2Þ. Thus, Q is closed.

Similarly, we have that RþnQ is closed. r

Corollary 4 ([11]). Put

aðP0;P1Þ ¼
X

Rþ
m\½P1�

ga; bðP0;P1Þ ¼
X

Rþ
m�½P1�

ga:

Then, a is a subalgebra of n, and b is an ideal of n.
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Example 2. We consider the case where R is of A7-type, and P0 ¼ fa1; a3;
a5; a7g. Then, RT is of A3-type. Thus, Rþ

T ¼ f
P j

h¼i xh j 1a ia ja 3g: Let

QT ¼ fx2; x1 þ x2g � Rþ
T . Then, we have the following nilpotent Lie group with

a complex structure:

1 0 z13 z14 z15 z16 z17 z18

0 1 z23 z24 z25 z26 z27 z28

0 0 1 0 z35 z36 z37 z38

0 0 0 1 z45 z46 z47 z48

0 0 0 0 1 0 z57 z58

0 0 0 0 0 1 z67 z68

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

�������������������

zij A C

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

:

Example 3. Let fa1; . . . ; alg be a basis of the root system R of Al-type.

Then,

Qðt1; . . . ; tkÞ ¼
Xtj
h¼i

ah

����� 1a ia tj; j ¼ 1; . . . ; k

( )
;

for 1a t1 < � � � < tk a l.

We now consider the case where R is of A3-type. Let ðN; J0Þ be the com-

plex nilpotent Lie group defined by

ðN; J0Þ ¼

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA
���������
zij A C

8>>><
>>>:

9>>>=
>>>;

and

G ¼

1 m12 m13 m14
0 1 m23 m24
0 0 1 m34
0 0 0 1

0
BBB@

1
CCCA
���������
mij A Z½

ffiffiffiffiffiffiffi
�1

p
�

8>>><
>>>:

9>>>=
>>>;
:

Then, GnN is a compact complex nilmanifold. We define inductively CkðNÞ
by C0ðNÞ ¼ N, CkðNÞ ¼ ½N;Ck�1ðNÞ�. Then, the complex nilmanifold GnN
is the top of a tower of holomorphic bundles with complex torus fibers GnN !
C2ðNÞGnN ! C1ðNÞGnN ¼ T 3

C, where the fibers of GnN ! C 2ðNÞGnN and

C2ðNÞGnN ! C1ðNÞGnN are complex tori T 1
C and T 2

C, respectively.

We now consider N as a real Lie group. Let CðnÞ be the set of all

integrable complex structures on the Lie algebra n of N, i.e.,

CðnÞ ¼ fJ : n ! n j J 2 ¼ �1; ½JX ; JY � ¼ ½X ;Y � þ J½JX ;Y � þ J½X ; JY �g:
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By the above argument, we can consider the following left-invariant complex

structures on the real Lie group N which lie in distinct connected components

of the set CðnÞ:

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA
���������
zij A C

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
;

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

8>>><
>>>:

9>>>=
>>>;
:

Indeed, consider T 1
C and T 2

C and the base space T 3
C as real manifolds. Let us

consider the orientations induced on real tori T 1
C, T

2
C and T 3

C of the tower by

the above invariant complex structures on GnN. Note that GCkðNÞ ¼ CkðNÞG .

Moreover, note that elements of N and C1ðNÞ can be written by elements of

C1ðNÞ, C2ðNÞ, and elements of special-type as follows:

N C

1 z12 z13 z14

0 1 z23 z24

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA¼

1 0 z13 z14 � z13z34

0 1 0 z24

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA

1 z12 0 0

0 1 z23 0

0 0 1 z34

0 0 0 1

0
BBB@

1
CCCA

and

C1ðNÞ C

1 0 z13 z14

0 1 0 z24

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA¼

1 0 0 z14

0 1 0 0

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA

1 0 z13 0

0 1 0 z24

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA:

Thus, we have that the above invariant complex structures lie in distinct con-

nected components of the set CðnÞ.
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6. Hodge numbers

In this section, we recall relations between the decomposition g ¼ aþ b

and hs; tðg ~JJÞ ¼ dim Hs; t

q
ðg ~JJÞ in the previous paper [12].

Let g be a real Lie algebra with a direct decomposition

g ¼ aþ b;

where a and b are Lie subalgebras of g. Take bases of the Lie subalgebras

a and b:

a ¼ spanRfU1; . . . ;Upg;

b ¼ spanRfV1; . . . ;Vqg:

Let fa1; . . . ; ap; b1; . . . ; bqg be the dual basis of fU1; . . . ;Up;V1; . . . ;Vqg. We

can assume that

dai ¼ �
X
k;h

C i
khak5ah �

X
k; s

Di
ksak5bs; dbj ¼ �

X
s; t

E
j
stbs5bt �

X
k; s

F
j
ksak5bs

for each i, j, where Ci
kh;D

i
ks;E

j
st;F

j
ks A R.

Let ga, gb be real Lie algebras such that g�
a ¼ spanfm0

1 ; . . . ; m
0
p ; n

0
1 ; . . . ; n

0
qg

and g�
b ¼ spanfm1

1 ; . . . ; m
1
p ; n

1
1 ; . . . ; n

1
qg have the structure equations

dm0
i ¼ �

X
k; s

Di
ksm

0
k5n0s ; dn0j ¼ �

X
s; t

E
j
stn

0
s5n0t ; ð1Þ

dm1
i ¼ �

X
k;h

C i
khm

1
k5m1

h ; dn1j ¼ �
X
k; s

F
j
ksm

1
k5n1s ; ð2Þ

respectively. Since q2 ¼ 0 on 5�;�
~JJ
ðgCÞ�, we have that d 2 ¼ 0 on 51

g�
a and

51
g�
b , which implies that ga, gb are Lie algebras (cf. [12]). Then we have

Theorem 7 ([12]). For each r,

X
sþt¼r

hs; tðg ~JJÞ ¼ dim Hrðga � gbÞ:

7. Symmetry of summations

In this section, we prove a property of
P

sþt¼r h
s; tðn ~JJÞ for the case of a

root system Al .

Let P ¼ fa1; . . . ; alg be a basis of the root system R of Al-type, and P0

a subset of P. Let

P1;k ¼ fa1; . . . ; akg; P2;k ¼ fak; . . . ; alg:
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Then, by the equations (1), (2), we have

gaðP0;P1; k�1Þ ¼
X

a ARþ
m�½P1; k�1�

ga �R]ðRm\½P1; k�1�Þ;

gbðP0;P1; k�1Þ ¼
X

a ARþ
m�½P2; kþ1�

ga �R]ðRm\½P2; kþ1�Þ;

gaðP0;P2; kþ1Þ ¼
X

a ARþ
m�½P2; kþ1�

ga �R]ðRm\½P2; kþ1�Þ;

gbðP0;P2; kþ1Þ ¼
X

a ARþ
m�½P1; k�1�

ga �R]ðRm\½P1; k�1�Þ:

Indeed, let us consider second equations dn1j ¼ �
P

k; s F
j
ksm

1
k5n1s of (2). Let

ia ka j. Then, we see

Xj

s¼i

as A ðRþn½P1;k�1�Þ \ ðRþn½P2;kþ1�Þ:

Consider elements

Xi�1

s¼m

as A ½P1;k�1� \ ðRþn½P2;kþ1�Þ;

where ma i � 1. Then, we have

Xi�1

s¼m

as þ
Xj

s¼i

as ¼
Xj

s¼m

as A ðRþn½P1;k�1�Þ \ ðRþn½P2;kþ1�Þ:

Then, by the equation (2), we have

gbðP0;P1; k�1Þ ¼
X

a ARþ
m�½P2; kþ1�

ga:

Similarly, we have

gbðP0;P2; kþ1Þ ¼
X

a ARþ
m�½P1; k�1�

ga �R]ðRm\½P1; k�1�Þ:

Thus, we have

gaðP0;P1; k�1Þ ¼ gbðP0;P2; kþ1Þ; gbðP0;P1; k�1Þ ¼ gaðP0;P2; kþ1Þ:
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Hence, we have

gaðP0;P1; k�1Þ � gbðP0;P1; k�1Þ G gaðP0;P2; kþ1Þ � gbðP0;P2; kþ1Þ:

Thus, we have

Theorem 8. Let ~JJ1;k, ~JJ2;k be complex structures on RðnCÞ corresponding to

decompositions induced by P1;k, P2;k, respectively. Then,

X
sþt¼r

hs; tðn ~JJ1; k�1
Þ ¼

X
sþt¼r

hs; tðn ~JJ2; kþ1
Þ

for each k and r.

As an application, we have the following:

Proposition 8 ([11]). Let P0 be a subset of P such that eðP0Þ ¼ P0.

Let ~JJk be complex structures on RðnCÞ corresponding to decompositions induced

by P1;k for each k ¼ 0; . . . ; l. Then,

X
sþt¼r

hs; tðn ~JJk
Þ ¼

X
sþt¼r

hs; tðn ~JJl�k�1
Þ

for each k and r.

Proof. Since eðP0Þ ¼ P0, we haveX
sþt¼r

hs; tðn ~JJk
Þ ¼

X
sþt¼r

hs; tðn ~JJ1; k
Þ ¼

X
sþt¼r

hs; tðn ~JJ2; kþ2
Þ

¼
X
sþt¼r

hs; tðn ~JJ1; l�k�1
Þ ¼

X
sþt¼r

hs; tðn ~JJl�k�1
Þ

by considering a holomorphic isomorphism f� : ðRðnCÞ; ~JJ2;kþ2Þ ! ðRðnCÞ;
~JJ1; l�k�1Þ (see Proposition 5; note that eðakþ2Þ ¼ al�k�1 and eðalÞ ¼ a1). r

Example 4. Let P ¼ fa1; . . . ; a6g, and P0 ¼ fa4g. Then, RðnCÞ ¼
spanfEa;Faga ARþ

m
is a real 40-dimensional nilpotent Lie algebra with the struc-

ture equations ½Ea;Eb� ¼ Eaþb, ½Ea;Fb� ¼ ½Fa;Eb� ¼ Faþb, ½Fa;Fb� ¼ �Eaþb for

a; b; aþ b A Rþ
m, where a ¼

P ja
h¼ia

ah and b ¼
P jb

h¼ib
ah with ia < ib. Then, in

the case of k ¼ 4, ~JJ1;3 satisfies ~JJ1;3Ea ¼ �Fa ð ~JJ1;3Fa ¼ EaÞ for a A fa1; a2; a3;
a1 þ a2; a2 þ a3; a1 þ a2 þ a3g and otherwise ~JJ1;3Ea ¼ Fa ð ~JJ1;3Fa ¼ �EaÞ. On

the other hand, ~JJ2;5 satisfies ~JJ2;5Ea ¼ �Fa for a A fa5; a6; a5 þ a6g and otherwise
~JJ2;5Ea ¼ Fa. Then,

X
sþt¼r

hs; tðn ~JJ1; 3
Þ ¼

X
sþt¼r

hs; tðn ~JJ2; 5
Þ:
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Remark 2. In general, ga and gb have di¤erent type. For example, let

us consider the case of B3. Let fa1; a2; a3g be a basis of the root system R

of B3-type with natural manner. Let P0 ¼ q, and P1 ¼ fa1g. Then, we

have

ga ¼
X

a ARþ�½P1�
ga �R1; gb ¼

X
a ARþ

A3
�fa3g

ga �R4;

where Rþ
A3

¼ fa1; a2; a3; a1 þ a2; a2 þ a3; a1 þ a2 þ a3g, and we define ½Ea;Eb� ¼ 0

for a; b A Rþ
A3

such that aþ b B Rþ
A3
.

Example 5. Let P0 ¼ fa2; . . . ; al�1g. Then, eðP0Þ ¼ P0, and nC is a

complex ð2l � 1Þ-dimensional Heisenberg algebra. Then,
P

sþt¼r h
s; tðn ~JJk

Þ ¼P
sþt¼r h

s; tðn ~JJl�k�1
Þ for each k and r.
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