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Abstract

In this paper, we first introduce the notion of an (m, n)-quasi-hyperideal in an ordered semi-
hypergroup and, then, study some properties of (m,n)-quasi-hyperideals for any positive in-
tegers m and n. Thereafter, we characterize the minimality of an (m,n)-quasi-hyperideal in
terms of (m, 0)-hyperideals and (0, n)-hyperideals respectively. The relation Qy, on an ordered
semihypergroup is, then, introduced for any positive integers m and n and proved that the
relation Q7, is contained in the relation Q@ = Q}. We also show that, in an (m,n)-regular
ordered semihypergroup, the relation Q;, coincides with the relation Q. Finally, the notion
of an (m,n)-quasi-hypersimple ordered semihypergroup is introduced and some properties of
(m, n)-quasi-hypersimple ordered semihypergroups are studied. We further show that, on any
(m,n)-quasi-hypersimple ordered semihypergroup, the relations Q;, and Q are equal and are
universal relations.

2010 Mathematics Subject Classification. 20N20
Keywords. Ordered semihypergroup, (m, 0)-hyperideal, (0, n)-hyperideal, (m, n)-quasi-hyperideal.

1 Introduction and preliminaries

In 1934, Marty [13] introduced the concept of a hyperstructure and defined a hypergroup which
had been also studied by several authors. In classical algebraic structures, the multiplication of
two elements is an element while in an algebraic hyperstructure the multiplication of two elements
is a set. In [8], Heidari and Davvaz introduced the notion of an ordered semihypergroup as a
generalization of the notion of an ordered semigroup. Many classical notion such as of an ideal, a
quasi-ideal and a bi-ideal defined for an ordered semigroup as well as for a regular ordered semigroup
had been generalized to an ordered semihypergroup.

It is worth noting that the notion of a quasi-ideal is a generalization of the notion of a one sided
ideal. In 1953, Steinfeld introduced quasi-ideals for rings [19] and, in 1956, for semigroups [20].
These notions have been widely studied by several authors in different algebraic structures. The
notion of an (m,n)-ideal for a semigroup was introduced by Lajos [9] (see [10, 11, 12] for related
notions and results on (m,n)-ideals of semigroups). In [7], the notion of an (m, n)-quasi-hyperideal
have been introduced and different characterizations and properties of an (m,n)-quasi-hyperideal
and a minimal (m, n)-quasi-hyperideal have been obtained.

A hyperoperation on a non-empty set H isamap o : HxH — P*(H) where P*(H) = P(H)\{2}
(the set of all non-empty subsets of H). In such a case, H is called a hypergroupoid. Let H be a
hypergroupoid and A, B be any non-empty subsets of H. Then A o B is defined as follows:

AoB= | aob
acA, beB
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We shall write, in whatever follows, Aox instead of Ao{z} and xoA instead of {z}oA for any = € H.
Also, for simplicity, throughout the paper, we shall write A™ for Ao Ao---0 A (n — copies of A)
for any n € Z™. Moreover, the hypergroupoid H is called a semihypergroup if, for all z,y,2 € H,

(xoy)oz==zo0(yoz)

ie.,

U uoz= | zow.

ueETroy vEYoz

A non-empty subset T' of semihypergroup H is called a subsemihypergroup of H if ToT CT.
Let H be a non-empty set. Then the triplet (H,o, <) is called an ordered semihypergroup if
(H, o) is a semihypergroup and (H, <) is a partially ordered set such that

r<y=zoz<yozandzox<zoy

for all x,y,z € H. Here, if A and B are non-empty subsets of H, then we say that A < B if for
every a € A there exists b € B such that a < b. For more details of ordered semihypergroups, the
reader is referred to [1, 2, 3, 4, 5, 6, 7, 8, 14, 15, 17, 18].

Let H be an ordered semihypergroup and A be a non-empty subset of H. Then A is called a
left(right)-hyperideal [2] of H if

(1) Ho AC A(Ao H C A); and
(2) (A C A

A is called a hyperideal of H if A is both a left-hyperideal and a right-hyperideal of H.

Let H be an ordered semihypergroup and let (A] = {z € H | x < a for some a € A} for any
non-empty subset A of H. Then H is called a regular (a left-regular, a right-regular) [2] if for each
re€H ze€(xoHoz|(xe(Hozox],xz € (xoxoH).

Lemma 1.1. [2] Let H be an ordered semihypergroup and A, B be any non-empty subsets of H.
Then

1

| ﬂ

(1) Ac(A];

(2) AC B= (4] C (B];
(3) (Ao (B] C (Ao BJ;
(4) (Ao (B]] = (A0 BJ;
(5)

5) (AJU(B] = (AU B].

2 (m,n)-quasi-hyperideals

Definition 2.1. Let H be an ordered semihypergroup and @ be a non-empty subset of H. Then
Q is called a quasi-hyperideal of H if

(1) (Qe H]N(H Q] CQ; and
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(2) (@Ice.
Example 2.2. Let H = {a,b, ¢, d}. Define hyperoperation o and order < on H as follows:

o ‘ a b c d

a | {a,b} {a,b} {a,b} {a,b}
b | {a,0t {a,b} {a,b} {a,b}
d

{a,0} {a,0} {a,b} {0}
{a,b} {a,b} {b}  {c}
<= {(aa a)v (ba b)v (Cv C)’ (d7 d)7 (a7 b)}

The covering relation < and the figure of H are as follows;
<={(a,0)}
b

ceo ( 27)

a

Then H is an ordered semihypergroup. It is easy to verify that @ = {a, b} is a quasi-hyperideal of
H.

Definition 2.3. Let H be an ordered semihypergroup and m,n be any positive integers. Then a
subsemihypergroup @ of H is called an (m, n)-quasi-hyperideal of H if

(1) (Qm™o HIN(HoQ"] CQ; and
(2) (@ cQ.

Clearly, every quasi-hyperideal of an ordered semihypergroup H is a (1, 1)-quasi-hyperideal of
H. It may also be easily verified that every quasi-hyperideal of an ordered semihypergroup H is
an (m,n)-quasi-hyperideal of H for each positive integers m and n provided (Q™ o H| N (H o Q"]
is non-empty, but the converse is not true in general as illustrated by the following examples.

Example 2.4. Let H = {a,b, ¢, d}. Define hyperoperation o and order < on H as follows:

‘ a b c d
{at {a}  A{a}  {a}
{a} A{a} {a}  {a}
¢ |{a} {a} {a,b} {a,b}
d|{a} {a} A{a,b} {a}
<= {(av a)7 (bv b)7 (C, C>7 (d, d)7 (a7 b)? (a7 C)}

The covering relation < and the figure of H are as follows;

== {(av b)v (av C)}

QO
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a

Then H is an ordered semihypergroup. It is easy to verify that the subset A = {a,d} of H is an
(m, n)-quasi-hyperideal of H for all integers m,n > 2, but not a quasi-hyperideal of H.

Every ordered semigroup can be regarded as an ordered semihypergroup [17]. In fact, if (5, -, <)
is an ordered semigroup and we define x oy = {zy} for all a,b € S, then obviously (5, -, <) is an
ordered semihypergroup.

Example 2.5. Let H be the set of all strictly upper triangular matrices over the set of all non-
negative real numbers. Define operation o and order relation < on H by the usual matrix multi-
plication and

(aij)4><4 < (bij)4><4 & Qg4 < bij for all i,j,

with (aij)axa, (bij)axa € H. Clearly, H is an ordered semihypergroup (ordered semigroup) with
operation o and order relation <. Let subset

0 0 a O
_ 0 0 0 b I
Q—{ 00 0 0 |a,beR U{O}}.
0 0 0 0
Then @ is a non-empty subset of H. Clearly (Q] C Q an
[0 0 0 0]
0 0 0 O
L0 0 0 0|
[0 0 0 0]
m n 0 00O
L0 0 0 0|
but
0 0 0 ¢
_ 0 0 0O 4
@emnre@={ |0 0 0 0| lecrumga
0 0 0O

Thus @ is an (m, n)-quasi-hyperideal of H for each positive integers m,n > 2, but is not a quasi-
hyperideal of H.
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Theorem 2.6. Let H be an ordered semihypergroup and {Q;,: € I} be a family of (m,n)-quasi-
hyperideals of H. If (] Q; # &, then [ Q; is an (m, n)-quasi-hyperideal of H.

iel iel
Proof. Assume that ﬂ Q: # @. Let z,y € ﬂ Q;. Then, z,y € Q; for each i € I. As, for
each i € I, Q; is (m,l%—quasi—hyperideaL T o ylegl Q;. Therefore x oy C ﬂ Q@;. Thus ﬂ Q; is a
subsemihypergroup of H. Next we show that (( ﬂI Q)" o H|N(Ho (ﬂl QZ)GJ] - ﬂI Q;. leli)w
ie ic ic
(@)™ o H] N (Ho ((Q:)"]
icl il
C((Q)™ o H] N (H o (Q:)"] (as [ Qi CQiVie )

i€l
CQR: (as Q;’s are (m,n)-quasi-hyperideals).

Thus, ((N;er Q)" oH|N (Ho (Nier Q:)"] € N Q. Finally to show that () Q:] € ) Q;, take
i€l

i€l i€l
any h € ([ Q;]. Then h < x for some x € () Q;. As z € Q; for each i € I and Q,’s are
iel iel
(m, n)-quasi-hyperideals, h € Q; for each i € I. Therefore h € (| @;. Thus () Q:] € N Qi, as
iel iel iel
required. Q.E.D.

Example 2.7. Let H = [0,1]. Then H, with hyperoperation defined by x o y = zy and under the
usual order relation, is an ordered semihypergroup (is also an ordered semigroup). Let @,, = [0,1/n],

where n € N. Clearly @, is an (m, n)-quasi-hyperideal of H for each n € N and () Q, # @. Also
neN
it is easy to check that () @, is an (m,n)-quasi-hyperideal.
neN

In the following example, the statement of the Theorem 2.6 has been verified for an ordered
semihypergroup which is not an ordered semigroup.

Example 2.8. Let H be an ordered semihypergroup of Example 2.2. It is easy to check that all
Q1 = {a,b},Q2 = {a,b,c},Qs = {a,b,d} and Q4 = {a,b,c,d} are (m,n)-quasi-hyperideals of H
for each positive integers m and n. Let F = {Q; | ¢ € {1,2,3,4}}. Then F is a family of (m,n)-

quasi-hyperideals of H. Clearly N Q; # . Also it is easy to check that N Q; is an
ne{1,2,3,4} ne{1,2,3,4}
(m, n)-quasi-hyperideal of H.

Let H be an ordered semihypergroup and () be any non-empty subset of H.  Let
P = {J|J is an (m,n)-quasi-hyperideal of H containing Q}. As H € P, P # . Let [Qlyim,n) =

N J. AsQ C J foreach J € P, | J(= [Qlgm,n)) # 2. By Theorem 2.6, [Q]gm,n)(= () J) is
JeP JeP JeP
an (m, n)-quasi-hyperideal of H containing Q. This (m, n)-quasi-hyperideal [Q]q(y,n) of H is called

the (m,n)-quasi-hyperideal of H generated by Q.

Theorem 2.9. Let H be an ordered semihypergroup and () be a non-empty subset of H. Then
for each positive integers m and n
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max{m,n}
Qlymm =( U  QU(@Q™oH]N(HoQ").

i=1

max{m,n}

Proof. Clearly ( -L,Jl QU ((Q™o H]N (HoQm")) # @. Also

max{m,n} max{m,n}

(U @@ emnmoen)e(t U @luwerem

n(eQ)
max{m,n} max{m,n} max{m,n}

= |J @l |J @lut U @QTeo1@moHN(HQ)
=1 =1 =1

max{m,n}

(@M e HIN(HeoQo( | QIu(@QmeH]IN(HoQ)o(Q™ o H]
i=1

(o Q")
max{m,n} 4 max{m,n} ' max{m,n} 4
o U @le U @lul U @lo@emumee
i=1 i=1 i=1

max{m,n}

o U Qlu@meHo(HoQ"]

max{m,n} max{m,n}

< U @l J @QIu@moHIN(HoQ)
1=1 i=1

max{m,n} max{m,n}
< U @ U @Nui@meHn(HQ). (1)
i=1 =1
max{m,n} max{m,n} max{m,n}

Let z € ( U Q)o( U Q). Then, x € 23 0z for some 21,20 € |J Q. As
i=1 i=1 i=1

max{m,n}

21,20 € Q% 21 € QP,zy € Q7 for some 1 < p,qg < max{m,n}. If p+ q < max{m,n},
i=1
max{m,n}

then z1 0 29 C U Q*; otherwise 21 029 C Q™o H and 2102 C HoQ". Thus 2z, 0 25 C

i=1
max{m,n} max{m,n}
U QU@Q@moHNHOQ". Asz € zi0oz:,z€ |J QUQ™oHNHOQ"). So,
i=1 i=1
max{m,n} max{m,n} max{m,n} max{m,n}

( !1 Q) o ( _gl Q') < «!1 Q'U(Q™o HNHoQ"). Therefore (( 4!1 Q) o
max{m,n} max{m,n} max{m,n}

( _L:Jl Ql)] C ( 'L:Jl Q' U Q"o HNHoQ")] = ( -L:Jl Qz] U(Q™oHNHoQm)] C
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max{m,n} max{m,n}
(€ U QTul@™eH]N (Ho Q). Now, from (1), (U QTU((Q™ e H]N (H 0 Q") o

max{m,n} max{m,n max{m,n}

, yo .
( _!1 QU((Q@mMeH]N(HoQ"]) C ( U Q'U((@™eH]N(H oQ"]). Hence ( ‘!1 Q'|U
((QWTO HIN(HoQ"])isa subsemihypergrc;up of H containing (). Now -

max{m,n}

U Qlu@remn)en
i=1

m—1 max{m,n}

o(( 91 QioH]U(QmoHoHO

°(Qo H]

max{m,n}

~(c U @w@rem) o(C U Qu@re)o@eo

max{m,n}

c(c U @werem) oC U @o@oru@ronoqon)

0 (Q*o H]

—(Q" o H]

max{m,n}

Similarly H o <( U Qlu((Q™oH]|N(Ho Q”]))n C (H o Q™]. Therefore
i=1

(P™ o H]N (Ho P"] € (Q™ o H] N (Ho Q"] C P,
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max{m,n}

where P=( U Qu((Q™oH]N(HoQ"). Also

max{m,n}
(U @lut@remnuee)

= ((mg} Qi]] u (((Qm o H|N(H o Q”])]
max{m,n}

c( U QU (((Q™ o HJI N ((H o Q"))

max{m,n}

= U @lu(@meHn(oQ).

max{m,n}

Therefore, (U QU ((Q™ o H] N (H o Q"]) is an (m,n)-quasi-hyperideal of H containing
i=1

max{m,n}

Q. So [Qlgim,n) C ( U Qju ((Qm oH|N (H o Q"D For the reverse inclusion, take any
i=1

max{m,n} max{m,n}
T € ( ‘L_Jl QZ]U((QmOH]ﬂ(HoQ"]) ie., € ( 91 Q' orx € ((QmoH}ﬂ(HoQ”]).

max{m,n} max{m,n} max{m,n}

Ifze( U QY then there exists 2z, € U @ suchthat x < z.Asz e |J Q)
i=1 i=1 i=1

z1 € QP for some 1 < p < max{m,n}. Therefore, 2 € [Q]4(m,n). In the other case when = €

(QmoHIN(HoQ"]) ie.,, z € (Qmo H] and z € (H o Q"]. Thus there exist zo € Q™ o H and
z3 € H o Q™ such that x < z5 and =z < z3. Now

Qm oH C ([Q]m,n)m oH C [Q]m,n

and

max{m,n}

Therefore 2o € [Q]g(m,n) and 23 € [Qlg(m,n)- Thus € [Q]g(m,n)- Hence, [@Qlgmny = ( U QU
i=1
((Q™ o HIN (H o Q™]), as required. Q.E.D.

Theorem 2.10. Let H be an ordered semihypergroup and ) be a non-empty subset of H. Then
(1) (([Qlgm,n))™ o H] = (Q™ o H] for any positive integer m.
(2) (H o ([Qlg(m,n))"] = (H o Q"] for any positive integer n.
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Proof. (1). We have

([Q]q(m,n)>m oH

(U Qi]u((QmoHWHoQ"]))moH

m—1 max{mn}
o(( U Ql]u(@moHQoH
i=1

=1
max{m,n} m—1 max{m,n} A
(U QloH]U(Q’”oHoHO
=1 =1
<l U @lu@mon] o (Qo H]

m—2 max{m,n}
o(C U @lu@rom)e@e
=1
m—2 max{m,n} _
o (( U QioQoH]u(QmoHoQoHO
=1

0 (Q*o H]

~(Q" o .

Therefore (([Qlq(m,n))™ o H] € (Q™ o H]. Reverse inclusion is obvious. Hence (([Q]q(m,n))™ o H] =
(Q™ o HJ.
On the lines similar to the proof of (1), we may prove (2). Q.E.D.

Lemma 2.11. Let H be an ordered semihypergroup and m,n be positive integers. Then

[[a]Q(m>n)]q(m’n) = [a]q(mvn)
for each a € H.
Proof. For any a € H, we have

max{m,n}

alatmn gy = (U @] U ([alygonn)™ o H O © ([alggmm)")-
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Now, by Theorem 2.10, (([a]g(m,n))™ o H] = (a™ o H] and (H o ([a]g(mn))"] = (H oa"]. So
((([alg(m,n))™ o HI N (H o ([a]g(m,n))™]) = (a™ o H] N (H o a™]. Therefore

max{m,n}
[[a]q(m,n)]q(mm) = ( U [a];(nL,n)] U ((([a]q(m,n))m © H] N (H © ([a]q(m,n))n])
=1
max{m,n} ,
=1
As [a]g(m,n) is an (m, n)-quasi-hyperideal, [a]q(m,n) © [a]g(m,n) € [@lg(m,n)- Therefore ([a]q(m’n))i -
max{m,n}

[a]g(m,n for each i € {1,2,...,max{m,n}}. Thus | [a]z(mm) C [alg(m,n)- Now, from (2), we

have =
max{m,n} _
[[algtm,m)] gy = ( U (]l (] U (@™ 0 H] O (H 0 a™)
= ([a]q(m,n)] U ((am oH|N(Ho a"])
= [a]q(m,n) U ((am © H] N (H © an])
max{m,n}
=( U a'lu((@™oH]N(Hoa")U((a™oH]N(Hoa")
i=1
max{m,n} A
=( U a'l U (@™o H]N (H oa™))
i=1
= lalg(m.m)-
Hence [[G]Q(m’n)}q(m,n) = [a]g(m,n), as required. Q.E.D.

Let H be an ordered semihypergroup and L be any subsemihypergroup of H. Then L is called
an (m,0)-hyperideal of H if L™ o H C L and (L] C L for any positive integer m. Dually, if
HoR™ C R and (R] C R, then R is called a (0, n)-hyperideal of H, where n is any positive integer.

Theorem 2.12. Let H be an ordered semihypergroup. Then following conditions hold:
(1) Let {L;,i € I} be a set of (m,0)-hyperideals of H. If ﬂ L; # @, then ﬂ L; is an (m,0)-
hyperideal of H. ! !
(2) Let {R;,i € I} be a set of (0,n)-hyperideals of H. If (1 R; # @, then (| R; is a (0,n)-
hyperideal of H. ! !
Proof. (1). Assume that ﬂz L; # @. Let z,y € ﬂ] L;. Then, z,y € L; for each i € I. As, each
ic ic

L; (i € I) is an (m, 0)-hyperideal, x oy C L; for each i € I. Therefore x oy C () L;. Thus () L; is
iel iel
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a subsemihypergroup of H. Also

iel
C(L)™oH (as (Li C Ly,Vi€ I)
iel

CL; (as L;’s are (m,0)-hyperideals).

Finally to show that ([ L;] € () L;, take any h € (() L;]. Then h < z for some z € (| L;. As
iel iel iel iel
x € L; and each L; is an (m,0)-hyperideal of H for each ¢ € I , h € L; for each i € I. Therefore
he N L;. Thus (N L;] € () L;, as required.
iel i€l el

(2). It may be proved similar to the proof of part (1). Q.E.D.

Let H be an ordered semihypergroup, A be any non-empty subset of H and let

P = {L|L is an (m, 0)-hyperideal of H containing A}. As H € P, P # @. Let [A]¢mo) = (1 J.
JeP

As A C J for each L € P, (| L(= [A]mo) # @. By Theorem 2.12, [A],,0)(= () L) is an

LeP LeP
(m, 0)-hyperideal of H containing A.

The above (m, 0)-hyperideal [A],, o) of H will be called, in the sequel, as the (m, 0)-hyperideal
of H generated by A. Analogously the (0,n)-hyperideal [A] () of H generated by the subset A of
H may be defined.

Theorem 2.13. Let H be an ordered semihypergroup and let A be any non-empty subset of H.
Then following conditions hold:

(1) [Almo = ( LZJ ATUA™ o H);

2) [Alon = ( _Q AU H o A7),

Proof. The proof follows on the lines similar to the proof of Theorem 2.9. Q.E.D.
Theorem 2.14. Let H be an ordered semihypergroup and A be a non-empty subset of H. Then
(1) (([A]m,0)™ o H] = (A™ o H] for any positive integer m.
(2) (H o ([Al(o,n))"] = (H o A™] for any positive integer n.
Proof. The proof follows on the lines similar to the proof of Theorem 2.10. Q.E.D.

Lemma 2.15. Let H be an ordered semihypergroup and let R, L be an (m,0)-hyperideal and a
(0,n)-hyperideal of H respectively. Then L N R is an (m,n)-quasi-hyperideal of H.

Proof. Let R, L be an (m, 0)-hyperideal and a (0, n)-hyperideal of H respectively. Then LN R # &
because (R™ o L™ C (R™ o H|N(H o L™ C (R]N (L] = RN L. Now we have

(LNR)o(LNR)CL*NR*CLNR
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nd
: (LNR)M"oHIN(Ho(LNR)"|C(R"oH|N(HoL"] CRNL.

Hence RN L is an (m, n)-quasi-hyperideal. Q.E.D.
The following lemma easily follows.

Lemma 2.16. Let H be an ordered semihypergroup, a € H and m,n be positive integers. Then
the following conditions hold:

(1) (a™ o H] is an (m,0)-hyperideal of H;
(2) (Hoa"]is a (0,n)-hyperideal of H;
(3) (@™o H|N(H o a"] is an (m, n)-quasi-hyperideal of H.

Theorem 2.17. Let H be an ordered semihypergroup and Q be an (m,n)-quasi-hyperideal of H.
Then

(1) For each a € H, [a]q(m.n) = [a]m,0 N [a]on; and

(2) Q = [Q]mp N [Q]O,n-

Proof. (1). Let a € H. As a € [a]m,0N[a]o,n and, by Lemma 2.15, [a]m,0 N [alo,x is an (m, n)-quasi-
hyperideal of H, [a]g(m,n) € [@]m,0 N [a]o,n. On the other hand, we have

m

[almo O [alom = ((J a'Ua™ o H] A (| ) a' U H 0 "]
=1 i=1

< (U algmm)* U a™ o H A ([l gn,m) U H 0 a"]

=1 i=1
[a]q(m n) U a™o HIN ([a}q(mm) U H oa"]
[

a]q(mn] (( OH]O(HOanD
]q(mn (( mOH} ﬂ(Hoan])
]

algq(m,n)
Therefore [a]g(m,n) = [a]m,0 N [a]o,n, as required.

(2) AsQ C (U @Q'UQ™ o H] = [Qlmo and @ C (_Q Q'UH Q"] = [Qlon, Q € [QlmoN[Qlon:

To prove the reverse inclusion, take any z € [Q]m,0 N [Qlo,n C ( Lnj QU™ o H|N( Lnj Q'UHoQ"].
As @ is an (m,n)- qua51—hyper1deal of H Q? C @ which 1mphes that Q* C @ for each positive
integers k. Therefore U Q' C @ and U Q' C Q. Thusz € (QUQR™oHIN(QUHoQ"] =
QU (@™ o H]N (H 0 Q")) = Q. Hence Q = [Qlmo N [Qlon, as required. 0.

Remark 2.18. By the above Theorem, every (m, n)-quasi-hyperideal of H can be expressed as the
intersection of an (m, 0)-hyperideal and a (0, n)-hyperideal of H.
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3 Minimality of (m,n)-quasi-hyperideals
Let H be an ordered semihypergroup, m,n be any positive integers and @ be an (m,n)-quasi-
hyperideal of H. Then, @ is said to be a minimal (m, n)-quasi-hyperideal of H if for every (m,n)-
quasi-hyperideal Q' of H, Q' C @ implies Q' = Q.

Similarly a minimal (m, 0)-hyperideal and a minimal (0, n)-hyperideal of H are defined.

Theorem 3.1. Let H be an ordered semihypergroup. Then

(1) An (m,0)-hyperideal R is minimal if and only if (™ o H] = R (Ya € R), where m is any
positive integer;

(2) An (0,n)-hyperideal L is minimal if and only if (Hoa"] = L (Va € L), where n is any positive
integer;

(3) An (m,n)-quasi-hyperideal @ is minimal if and only if (a™ o H] N (H o a"] = Q (Va € Q),
where m,n are any positive integers.

Proof. Let R be a minimal (m, 0)-hyperideal of H and a € R. Then (a"oH] C (R™oH] C (R] = R.
As (a™ o H] is an (m,0)-hyperideal of H, so, by minimality of R, (a™ o H] = R.

Conversely assume that (a™ o H| = R for each element a € R. Let R’ be any (m, 0)-hyperideal
of H such that R' C R. Take any « € R'. Then x € R. By hypothesis, R = (2™ o H] C (R o H] C
(R'] = R'. Thus R’ = R. Hence R is a minimal (m, 0)-hyperideal.

Similarly we may prove (2) and (3). Q.E.D.

Theorem 3.2. Let H be an ordered semihypergroup and Q be an (m,n)-quasi-hyperideal of H.
Then @ is a minimal (m, n)-quasi-hyperideal of H if and only if @ is the intersection of a minimal
(m, 0)-hyperideal and a minimal (0, n)-hyperideal of H.

Proof. Let @ be any minimal (m,n)-quasi-hyperideal of H and z € Q. As (2™ o H| and (H o z"]
are (m, 0)-hyperideal and (0, n)-hyperideal of H respectively, by Lemma 2.16, (™ o H] N (H o z"]
is an (m, n)-quasi-hyperideal of H. Since (z™ o H|N(H oz™] C (@™o H| N (H o Q"] C Q, so, by
minimality of Q, (z™ o H) N (H o z™] = Q. Now to complete the proof, it is sufficient to show that
(z™oH] and (H oz™] are minimal (m, 0)-hyperideal and minimal (0, n)-hyperideal of H respectively.
To show that (z™ o H] is a minimal (m, 0)-hyperideal of H, take any (m,0)-hyperideal R of H such
that R C (™ o H]. Then RN (H oz™] C (z™o H]N(H ox"] = Q. Since RN (H o z™] is an
(m, n)-quasi-hyperideal of H and @ is a minimal (m, 0)-quasi-hyperideal of H, RN (H o 2"| = Q.
Therefore @ C R. Now (z™oH| C (Q™oH] C (R™oH] C R. Thus (z™oH] = R;ie., (z™oH]isa
minimal (m, 0)-hyperideal of H. Similarly we may show that (H oz™] is a minimal (0, n)-hyperideal
of H.

Conversely assume that @ = L N R for some minimal (0, n)-hyperideal L and minimal (m, 0)-
hyperideal R of H. Therefore Q C L and @ C R. Let Q" be any (m, n)-quasi-ideal of H such that
Q' C Q. Then (Q"oH] C (QMoH]C (R"oH|]C Rand (HoQ™"] C (HoQ"] C (HoL™ C L. As
(Q"™oH] and (HoQ'™] are (m,0)-hyperideal and (0, n)-hyperideal of H respectively, by minimality
of Land R, (Q"" oH] =R and (HoQ] = L. Therefore Q = RNL = (Q"™" ocH|IN(HoQ"] C Q"
So @' = Q. Hence Q is a minimal (m, n)-quasi-hyperideal of H. Q.E.D.

Corollary 3.3. Let H be an ordered semihypergroup. Then H has at least one minimal (m,n)-
quasi-hyperideal if and only if H has at least one minimal (m, 0)-hyperideal and at least one minimal
(0,n)-hyperideal of H.



158 A. Mahboob, N. M. Khan, B. Davvaz

Lemma 3.4. Let H be an ordered semihypergroup and @ be an (m,n)-quasi-hyperideal of H.
Then @ is a minimal (m,n)-quasi-hyperideal of H if and only if [2];(mn) = [Ylgm.n) for each
T,y €Q.
max{m,n}
Proof. Let @ be a minimal (m, n)-quasi-hyperideal of H and z,y € Q. Now [z]y(mmy =( U  2']U
i=1
max{m,n

Yo
(@™o H|N(Hoxz"]) C( 91 QMU ((Q™o HIN(H o Q™)) = Q. As Q is minimal (m,n)-quasi-

hyperideal and [2]4(y,,,) is an (m, n)-quasi-hyperideal of H, [2]q(y,n) = Q. Similarly [y]ym,n) = Q-
Hence [x]q(m,n) = [y]q(m,n)-

Conversely assume that [2]g(m.n) = [Ylgom,n) for each z,y € Q. Let Q" be any (m,n)-quasi-
hyperideal of H such that Q" C Q. Let € Q'. Then for each y € Q, [Z]gm,n) = [Ylg(m.n)- AS
Y € [Ylgomm) and [2]g(mny) € @', y € Q". Hence Q is a minimal (m, n)-quasi-hyperideal of H. q.5.p.

Let H be an ordered semihypergroup and m,n be positive integers. Define a relation 9}, on H
as follows:

Q:}n = {(x,y) €HXxH | [x]q(m,n) = [y]q(m,n)}

In particular when m =1 =mn,

Q1 = {(z,y) € H x H | Q(z) = Q(y)}.
Clearly Q7 and Q = Q1 are equivalence relations on H.

Theorem 3.5. Let H be an ordered semihypergroup and @ be an (m,n)-quasi-hyperideal of H.
Then @ is a minimal (m, n)-quasi-hyperideal of H if and only if it is a Q7 -class.

Proof. Let @ be a minimal (m,n)-quasi-hyperideal of H and z,y € Q. Then, by Lemma 3.4,
[%]g(m.n) = [W]qem.n)- Thus (z,y) € Qp,. Therefore Q is a Q) -class.

Conversely assume that @ is a Q7 -class. Let Q' be (m,n)-quasi-hyperideal of H such that
Q' C Q. Let v € Q and y € Q. Then, by hypothesis, [2];(m.n) = [Y]gom,n).- AS T € [T]g(m,n) and
Wlgemm) € Qs x € Q. Thus Q" = Q, as required. Q.E.D.

Lemma 3.6. Let H be an order semihypergroup and a,b € H. If a and b are Q) -related, then,
(@ oH]=("oH], (Hoa" = (Hob"] and (a™ o H oa"] = (b™ o H o b"].

Proof. Suppose that (a,b) € Q.. Then, by definition, [a]gm.n) = [blgm.n). Therefore {a} C
[blg(m.ny and {b} C [b]g(m,n)- Thus, by Theorem 2.10, (a™ o H] C (([blg(m,n))™ o H] = (b™ o H].
Similarly, as {b} C [a]q(m,n), we have (0™ o H] C (a™ o H]. Hence, (a™ o H] = (b™ o H]. Similarly,
(Hoa"] = (Hobd"]. So (@™o Hoa" = ((a™oH|oa" = (™o H|]oa" = (b™ o Hoa"] =
(0™ o (Hoa"]]= (b"o(Hob"]] = (b™o H ob"], as required. Q.E.D.

Corollary 3.7. Let H be an order semihypergroup and a,b € H are Q-related. Then (a o H] =
(boH], (Hoal|=(Hobland (a0 Hoa] = (bo Hob].

Definition 3.8. Let H be an ordered semihypergroup and m,n be non-negative integers. An ele-
ment a € H is said to be an (m, n)-regular element if a € (a™oHoa"]. The ordered semihypergroup
H is said to be (m,n)-regular if each element of H is (m,n)-regular or equivalently for each subset
Aof Hi AC (A™o Ho A"]. Here, Ao H=Ho A’ = H.
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Remark 3.9. Let H be an (m,n)-regular ordered semihypergroup, m,n be positive integers and
A be any subset of H. Then

(1) [Alm,o = (A™ o H].
(2) [Alon = (H o A"].
(3) [Algmn) = (A™ o H] N (H o A"].
Theorem 3.10. Let H be an ordered semihypergroup and m,n be positive integers. Then
1) & c Q.
(2) If H is (m,n)-regular, then Q7 = Q.
Proof. (1). Let (x,y) € Qp,. Then [2];(m.n) = [Ylgem.mn)- S0 {2} C [Ylgm.n) and {y} C [T]gim,n)-

max{m,n}

Also {z} C [ylmn = ( ,L:Jl YU ((y™ o HIN(H oy™) € {y}U((yo H| N (Hoy]) and {y} C
max{m,n}
Zlmen=( U =2Ju((z™oH|N(Hoz"]) C{z}U((xoH|N(Hox]). Thus

i=1

(o H]

N

(U ((yo HIN(H oy])) o H]
— (yoHU(((yoH]ﬂ(Hoy])oH)]
C (yoH].

Similarly (y o H| C (z o H|. Therefore (z o H| = (y o H]. Similarly (H o x] = (H o y]. Now

Q(x) = (z]U((woH]N(Hox])
C (yU(lyoHIN(Hoyl)]U ((zo H|N(H ox])
C (WU(((yoHIN(Hoy)]U((xoH]N(H oxl)
C (WU(lyoHIN(Hoy]) ((zoH]=(yoH|,(Hoxa]=(Hoy])
= Q(y).

Similarly we may show that Q(y) C Q(z). Thus Q(x) = Q(y). Hence ( € Q.

(2). Let H be an (m,n)-regular ordered semihypergroup and (z,y) € Q. Then Q(z) = Q(y).
Sozx € (yU(lyoHN(Hoy]) and y € (z] U ((xo HI N (H oz]). As H is (m,n)-regular,
(yo HJN (Hoy] € ((y™ e Hoy o HIN(Ho (y™oHoy"|] C (y™ o H|N(Hoy"| C (yo H]N(Hoy]
and (zoH|N(Hox] C ((z™oHox"|oH|N(Ho(z™oHox"]] C (x™oH|N(Hoz™] C (xoH|N(H ox].
So (yoH|N(Hoy] = (y"oH|N(Hoy"| and (zoH|N(Hox] = (™o H|N(Hox™]. As H is (m,n)-
regular, by Remark 3.9, [2]g(m,n) = (2" o H] N (H o z"] and [y]g(m,n) = (™ o H] N (H o y"]. Thus,
by Corollary 3.7, (xo H] = (yo H], (H oxz] = (H oy]. Therefore (xo H|N(zoH] = (yo H|N (yo HJ.
This implies that [2]o(m.n) = [Ylgm.n)- S0 (2,y) € Q. Therefore @ C Q7 , and, hence, by Part

(1), Qr = Q, as required. Q.E.D.

z,y) €
) €

Lemma 3.11. Let H be an ordered semihypergroup. If the sets of all (m,0)-hyperideals, (0, n)-
hyperideals and (m,n)-hyperideals are denoted by (s 0y, [(0,n) @and I(p, ) respectively, then
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(1) H is (m,0)-regular if and only if R = (R™ o H] (VR € I, )), where m is any positive integer;
(2) H is (0,n)-regular if and only if L = (H o L"] (VL € I(g ), where n is any positive integer.

Proof. (1) Let H is (m,0)-regular ordered semihypergroup and R be any (m,0)-hyperideal of H.
Then, by definition of (m, 0)-regularity, we have R C (R™oH| and by definition of (m, 0)-hyperideal,
we have (R™ o H] C (R] = R. Hence R = (R™ o HJ.

For the converse, assume that R = (R™ o H]| for each R € I(pm,0)- Take any a € H, so
[a]m,0 € I(m,0)- From Theorem 2.14 and by assumption, [a]m,0 = (([a]m,0)™ o H] = (a™ o H]. As
{a} C la]m,0, a € (a™ o H]. Hence H is (m,0)-regular.

(2) On the similar lines to the proof of (1).
Q.E.D.

Theorem 3.12. Let H be an ordered semihypergroup and m, n be non-negative integers. Then
the following are equivalent:

(1) His (m,n)-regular;
(2) Q@ =(Q™ o HoQ"] for each (m,n)-quasi-hyperideal @ of H;

(3) [a]q(m,n) = (([a]q(m,n))m oHo ([a}q(m,n))n] (Va € H)

Proof. (1) = (2). If m = n = 0, then the statement is true because I(g o) = {H}. If m # 0 and
n=0or m =0 and n # 0, then the statement follows by Lemma 3.11. So, let m # 0 and n # 0 be
any @ an (m,n)-quasi-hyperideal of H. Then, by definition of (m,n)-regularity, @ C (Q™ o H oQ"].
Also by definition of an (m, n)-quasi-hyperideal, we have (Q™ o Ho Q"] C (QMoH|N(HoQ"] C Q.
Hence @ = (Q™ o H o Q™], as required.

(2) = (3). Obvious as [a]q(m,n) is an (m,n)-quasi-hyperideal.

(3) = (1). Assume that (3) holds. Take any a € H. By hypothesis, [a]qm,n) = (([a]g(m,n))™ ©
Ho([a]g(m,n))"]- Now, by Theorem 2.10, [a](m.n) = (([@]gm,n))™ 0 H o ([a]q(m.n))"] = (@™o Hoa"].
As {a} C [a]4(m,n), @ € (a™ o H 0 a™]. Hence H is (m,n)-regular. Q.E.D.

4 (m,n)-quasi-hypersimple

An ordered semihypergroup H is said to be (m,n)-quasi-hypersimple ((m,0)-hypersimple, (0, n)-
hypersimple) if H does not contain any proper (m, n)-quasi-hyperideal ((m,0)-hyperideal, (0,n)-
hyperideal).

Theorem 4.1. Let H be an ordered semihypergroup. Then
(1) His (m,0)-hypersimple if and only if (a™o H] = H (Va € H), where m is any positive integer.
(2) His (0,n)-hypersimple if and only if (H oa™] = H (Va € H), where n is any positive integer.

(3) H is (m,n)-quasi-hypersimple if and only if (¢™ o H| N (H o a™] = H (Ya € H), where m,n
are any positive integers.
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Proof. (1). Let H be (m,0)-simple and a € H. By Lemma 2.16, (a™ o H] is (m,0)-hyperideal of
H. As H is (m,0)-simple, (a™ o H] = H.

Conversely assume that (a™ o H|] = H for each element a € H. Let R be any (m,0)-hyperideal
of H. Take an element a € R. Then (™o H| C (R™o H] C (R] = R. By assumption (a™o H| = H.
Thus H = (a™ o H] C R. Hence H is (m,0)-simple.

The proof of (2) and (3) follows on the lines similar to the proof of (1). Q.E.D.

Lemma 4.2. Let H be an ordered semihypergroup and Q be an (m,n)-quasi-hyperideal of H. If
Q is (m,n)-quasi-hypersimple semihypergroup, then ) is a minimal (m,n)-quasi-hyperideal of H.

Proof. Let H be an ordered semihypergroup and @ be an (m,n)-quasi-hyperideal of H. Assume
that @ is an (m,n)-quasi-simple semihypergroup. Let Q" be any (m, n)-quasi-hyperideal of H such
that Q" C Q. Now (Q™ o QN (QoQ™] C(Q™ o H|N(HoQ™] C Q. Therefore Q" is (m,n)-
quasi-hyperideal of Q. As @ is (m, n)-quasi-simple semihypergroup, Q' = Q. Hence @ is a minimal
(m, n)-quasi-hyperideal of H. Q.E.D.

Theorem 4.3. Let H be an ordered semihypergroup and m,n be positive integers. Then H is
(m, n)-quasi-hypersimple if and only if H is both (m,0)-hypersimple and (0, n)-hypersimple.

Proof. Assume that H is (m,n)-quasi-hypersimple. If R is an (m,0)-hyperideal of H, then R
is an (m,n)-quasi-hyperideal of H. Hence R = H i.e., H is (m,0)-hypersimple. Similarly H is
(0, n)-hypersimple

Conversely assume that H is both (m,0) and (0,n)-hypersimple. Let @ be an (m,n)-quasi-
hyperideal of H. Since (Q™ o H] and (H o Q"] are (m,0)-hyperideal and (0,n)-hyperideal of H
respectively, by hypothesis, (Q™ o H] = H and (H o Q"] = H. Therefore (Q™o H|N(Ho Q"] = H.
As (Q™ o HIN(H o Q"] C @, it follows that H C Q. So Q = H. Hence H is (m,n)-quasi-
hypersimple. Q.E.D.

Lemma 4.4. Let H be an ordered semihypergroup and m,n be positive integers. If H is (m,n)-
quasi-hypersimple, then H is (m,n)-regular.

Proof. Assume that H is (m,n)-quasi-hypersimple. By Theorem 4.3, H is both (m,0) and (0, n)-
hypersimple. Thus (¢ o H] = H and (H o a"] = H for each a € H. Now (a™ o H o a"] =
((@™oHJoa"| = (Hoa" = H for each a € H. Therefore, for cach a € H, a € (a™ o H oa™]. Hence
H is (m,n)-regular. Q.E.D.

Theorem 4.5. Let H be an ordered semihypergroup and m,n be positive integers. If H is (m, n)-
quasi-hypersimple then Q7 = QO = H x H.

Proof. Assume that H is (m,n)-quasi-hypersimple and a,b € H. Then [a]q(m n) and [b]g(m n) are
(m, n)-quasi-hyperideals of H respectively. As H is (m,n)-quasi-hypersimple, [a]y(m,n) = H and
[blgem,n) = H. So [a]g(m,n) = [blgm,n)- Thus (a,b) € Qp and, hence, Qp, = H x H. As, by Lemma
4.4 and Theorem 3.10, Q5 = Q, we have Q) = Q = H x H, as required. Q.E.D.
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