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Abstract

In this present paper, we have generalized a main theorem dealing with | N, p,, |, summability of
non-decreasing sequences to | A, p, |x summability method by using almost increasing sequences
and taking normal matrices in place of weighted mean matrices
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1 Introduction

Let )" a, be a given infinite series with partial sums (s,,). We denote by ug the nth Cesaro mean
of order o, with o > —1, of the sequence (s,,), that is (see [5])

I & o
Uy, = EZA%JSU (1.1)
n v=0
where
qo = ot D@t 2)eladn) ooy go g for s, (1.2)

n!

A series ) a,, is said to be summable | C, « |, k > 1, if (see [6])
an_l | u® —u® | |F< oo, (1.3)
n=1

If we set a=1, then we have | C,1 |, summability. Let (p,,) be a sequence of positive number such
that

Pn:va—M)o as n—oo, (P_,=p_;=0,i>1). (1.4)
v=0
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The sequence-to-sequence transformation

1 n
Wy = P—n vasv (1.5)
v=0

defines the sequence (w,) of the Riesz mean or simply the (V, p,) mean of the sequence (sn), generated by
the sequence of coefficients (p,) (see [7]). The series > a, is said to be summable |N, p|r, k > 1, if (see [2])

0 Pn k—1
Z (—) |wn, — wn,1|lc < 00. (1.6)

n=1 Pn
In the special case when p, = 1 for all values of n (respect. k& = 1), then [N, pnlx summability is the same as
|C, 1| (respect. [N, pn|) summability.

Let A = (an.) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines
the sequence-to-sequence transformation, mapping the sequence s = (s, ) to As = (A (s)), where

An(s) :Zamsv, n=0,1,.. (1.7)
v=0

The series ) a, is said to be summable |A, p,|,, k > 1, if (see [11]])

0 P k—1 B
> (pl) |AAL(s)|" < 0. (1.8)
n=1 "
where
AAL(s) = Ap(s) — An—1(s). (1.9)

Note that in the special case if we take p, = 1 for all n, | A, p,|, summability is the same as |A|, summability
(see [12]). Also, if we take an, = 1‘;—'7”1, then |A, p,|, summability reduces to ‘N , pn| , summability. Further-
more, if we take an, = $* and pn, = 1 for all values of n, then |4, pn|, summability is the same as |C, 1|,
summability.

2 The Known Results

A positive sequence (by) is said to be almost increasing if there exists a positive increasing sequence (z»)
and two positive constants A and B such that Az, < b, < Bz, (see [1]). It is known that every increasing
sequences is an almost increasing sequence but the converse need not be true. Quite recently, Bor has proved
the following theorems concerning on summability factors of the absolute weighted mean.

Theorem 2.1 [3] Let (X,,) be a positive non-decreasing sequence and suppose that there exists sequences
(Bn) and () such that

AN | < B, (1.10)
Bn—0 as n— oo (1.11)
n=1

Aal X = O(1). (1.13)
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If
Zm: |S:L|k =O(X,m) as m— oo, (1.14)
n=1
and (pn) is a sequence that
P = O(npy), (1.15)
P, Apn = O(papn+1), (1.16)
then the series 3 a, £222 is summable |N, p,|x, k > 1.

nPn
Later on, Bor has recently proved the following theorem using under weaker conditions.

Theorem 2.2 [4] Let (X, ) be a positive non-decreasing sequence. If the sequences (Xr) , (8r), (An), and (pn)
satisfy the conditions (1.10-1.13), (1.15-1.16), and

m

k
S |;"k|_1 =O0(Xn) as m — oo, 1.17)
NnNAn

n=1

Fndn is summable | N, pnlx, k > 1.

then the series ) an

3 The Main Results

The aim of this paper is to generalize Theorem 2.2 for |A, p,|x summability factors using almost increasing
sequences in place of positive non-decreasing sequence. So, we have generalized Theorem 2.2 under weaker
hypothesis by using normal matrices.

Given a normal matrix A = (an,), we associate two lower semimatrices A = (@n,) and A = (dn.,) as follows:

Uny = Zam, n,v=0,1,... AGny=0nw —An_14, G_10=0 (1.18)

i=v

and
apo = Goo = Goo, dny = Aﬁmj, n=12.. (1.19)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series transfor-
mations, respectively. Then, we have

An(s) = Z AnopSy = Z Ao Oy (1.20)
v=0 v=0
and
AAn(s) = ot (1.21)
v=0

With this notation we have the following theorem.
Theorem 3.1 Let A = (an.) be a positive normal matrix such that

Gno=1,1=0,1,.., 1.22)

An—1,v > Anv, for n > v+ 17 (123)
Pn

ann = O(52) (124

n—1
Z avv&n,erl = O(ann) (125)
v=1
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and let (X,,) be an almost increasing sequence. If the sequences (X»), (8n), (An), and (p») satisfy the condi-
tions of Theorem 2.2, then the series 3_ a, £222 js summable |A, pa|,, k > 1.

We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.1 [8] Under the conditions on (X»), (8»), and (An) as expressed in the statement of Theorem 2.2,
we have the following;:

nXnBn = O(1), (1.26)
i BnXn < 00. 1.27)
n=1

Lemma 3.2 [10] If the conditions (1.15) and (1.16) of Theorem 2.1 are satisfied, then A (%) =0(%).

n

Remark Under the conditions on the sequence (\,,) of Theorem 2.1, we have that () is bounded and A\, =

O(1/n) (see [3])-

4 Proof of Theorem 3.1
Let (V;,) denotes the A-transform of the series > an, P; Zi” . Then, by the definition, we have that

n
X ~ P,y
A‘/n = § Anov Ay
(¥
v=1

Pv

Applying Abel’s transformation to this sum, we have that

n—1
AVn _ ZA (an:)i )\1J> Z 4 GonlnAn annP An Z

v=1 r=1

A‘/n _ ZA (anvl:)v)\v> Sy + GnnPrn S,

Npn

by the formula for the difference of products of sequences (see [7]) we have

n—1
A AnnPrnn Py,
AVnZT n+Z oDy ( 5v+zanv+l>\ A(

v=1 =

A‘/n - Vn,l + Vn,Q + Vn,3 + Vn,4-

) ﬁzamﬂ S,

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to show that

o] P k—1
- Vo |F< 00, for r=1,2,3,4. (1.28)
p
1 n
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Firstly, by applying Abel’s transformation and in view of the hypotheses of Theorem 3.1 we have

P\ P, Sn
( | Vo [F<> (fp ) ann (—p ) An” ¢l |
. n:1 n n

P, k=1 snlF T opkt _
L W R TE0) DR P T P
Pn n n

k—1

M

\_/

= 0(1)

n=1

MS ||M3

=0(1)

! o * o _lsnl"
EX,C Pllsn] = ZAIA |Z 1 T Ol X

m—1
=0(1) > [AN] Xy 4+ O()| A | X = O(1 ZBnX + O Am|Xm =0(1) as m — oco.
n=1 n=1

By applying Holder’s inequality with indices k and k', where k > 1 and % + % = land asin V,,,1, we have

that
m—+1 k—1 m—+1 k—1 |n—1 k
P, Py N
(J) Vo = 3 (7) S P A (s,
s \Pn —s \Pn o1 UPv

si:(fj:)k {ZA Dol sl = (;D)k} x {jzimv(anv)l}“

_0(1)%@) ann ZIA o]0 = (P)k

n=2 b
m . 1 k. m-+1
k—1
—0(1) S Ml ol L ( ) Auans)]
v=1 n= 'u+1

Do
1
Zaw sl Il (2 )

" 1 (P\*!
0. gl v ()
v=1 v

Dv

m m

1 1 4. 1 1
20(1)ZF|SU|’“|AU|07M 1:0(1)ZF|SU|’“|)\U|;:O(1) as m — oo,
v=1 v v=1 v
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by virtue of the hypotheses of Theorem 3.1. Also, since A ( £ ) = O (1), by Lemma 3.2, we have
y yp Dy v)r Py

m—+1 P k—1 m—+1 P k—1 |n—1 k
3 (J) Vs [F= Z <pi> Z“n UHA( )/\ 50

n=2 Pn
m+41 P k—1 n—1

= O(l) Z (f) {Zavv an v+l|/\ | ‘Sv‘ } X {Z avvdn,v+l}
n=2 n v=1

m+1 k—1 n—1 k—1
P, . P, . 1
=0(1) Z (p—") a,’znl (p—) D e
m—+1

Zl)\ |k 1|)\ H ’U‘ - Z anv+1

n=v+1

DY P sl
v=1

UL | 1
=0} GrmrMllsel = 0(1) as m o,

k—1

by virtue of the hypotheses of Theorem 3.1. Finally, by virtue of the hypotheses of Theorem 3.1, by Lemma
3.1, we have vf, = O(5+ —), then

m—+1 P k—1 m—41 P k—1 |n—1 T
- Vn, k— (l) an,v Lid AA’USU
L) =5 () G
m—+1 P k—1 (n—1 n—1 k—1
= 0(1) Z (f) {Z CLUU an u+1|A)\u|kSU|k} X {Zavvdn,v+1}
n=2 " v=1
m+1 P
—om > (&) e Zaw e 1| A s
n=2 n
m P k—1 m+1
:0(1)2(*”) E 7AW L N
v=1 Do n=v+1
m B m 1
=0 Iso* (WB)* 1By = 0(1) > vBulsul* ——
o1 oy v X5
—om' S aws) S L L oyms, 30 L)
= o G "y xE!
m—1 m—1
(1) Y 1AW@B) Xy + O(W)mBm X = O(1) > [(v+ 1)ABy — Bo| Xy + O(1)mBn X
v=1 v=1
m—1
=0(1 )ZU|A/3v|X +0(1 ZXUﬁquO( YMmBmXm = O(1) as m — oo,
v=1 v=1

This completes the proof of Theorem 3.1 .



A matrix application on absolute weighted arithmetic mean summability factors of infinite series 65

5 Conclusions

1. If we take (Xn) as a positive non-decreasing sequence and an, = 5* in Theorem 3.1, then we obtain
Theorem 2.2 and if we put k = 1 in Theorem 2.2, we have a known result of Mishra and Srivastava dealing
with | N, p, | summability factors of infinite series (see [10]).

2. If we take p,, = 1 for all values of n in Theorem 3.1, then we get a new result dealing with the |A|; summa-
bility method.

3. If we take any = %> and p,, = 1 for all values of n in Theorem 3.1, then we obtain a known result of Mishra
and Srivastava concernmg the | C, 1 |x summability factors of infinite series (see [9]).
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