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Consider M independent and identically distributed renewal-reward processes with heavy-tailed
renewals and rewards that have either finite variance or heavy tails. Let W™*(Ty, M), y € [0, 1], denote
the total reward process computed as the sum of all rewards in M renewal—-reward processes over the
time interval [0, 7]. If 7 — oo and then M — oo, Taqqu and Levy have shown that the properly
normalized total reward process W*(T-, M) converges to the stable Lévy motion, but, if M — oo
followed by T" — oo, the limit depends on whether the tails of the rewards are lighter or heavier than
those of renewals. If they are lighter, then the limit is a self-similar process with stationary and
dependent increments. If the rewards have finite variance, this self-similar process is fractional
Brownian motion, and if they are heavy-tailed rewards, it is a stable non-Gaussian process with
infinite variance. We consider asymmetric rewards and investigate what happens when M and T go to
infinity jointly, that is, when M is a function of 7 and M = M(T) — oo as T — oo. We provide
conditions on the growth of M for the total reward process W*(T-, M(T)) to converge to any of the
limits stated above, as 7' — oo. We also show that when the tails of the rewards are heavier than the
tails of the renewals, the limit is stable Lévy motion as M = M(T) — oo, irrespective of the function
M(T).

Keywords: fractional Brownian motion; heavy tails; renewal-reward processes; self-similar processes;
stable processes

1. Introduction

A renewal-reward process can be described by two sequences of random variables. The
sequence of renewals {S,},=9 marks the consecutive renewal times and defines
corresponding inter-renewal intervals. The sequence of rewards {W,},=; attaches a
(random) number to each inter-renewal interval. We focus here on renewal-reward
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processes with heavy-tailed inter-renewal intervals and with either finite variance or heavy-
tailed rewards.

Consider a stochastic process, denoted by W™* = W*(Ty, M), y € [0, 1], which is the
aggregate reward process of M independent and identically distributed (i.i.d.) renewal-—
reward processes over a time interval [0, 7]. By a central limit theorem type argument, one
expects the properly normalized processes W*(T-, M) to have a limit as M and T grow to
infinity. Suppose that M tends to infinity first and then 7" tends to infinity (we write 7 — oo
(second), M — oo (first)). It is well known that if the rewards have finite variance, then the
limit of properly normalized processes W*(T-, M) is fractional Brownian motion (see
Taqqu and Levy 1986). The limit process is stable in the case of heavy-tailed, that is,
infinite-variance rewards. This stable process can have independent or dependent increments.
It has independent increments (and hence is the stable Lévy motion) if the tails of the
rewards are heavier than the tails of the renewals, but it has dependent increments if the
tails of the rewards are lighter than the tails of the renewals (Levy and Taqqu 1987; 2000).
On the other hand, if the limit in M and T is taken in the reverse order, that is, M — oo
(second), 7' — oo (first), then the limit is always stable Lévy motion.

In this paper we study what happens as M and T tend to infinity simultaneously, that is,
we assume that M is a function of 7' such that M(T) — oo as T — oo. This perspective
has relevance in the context of the modelling of computer networks where M represents the
number of computer workstations sending packets to the network and where the renewals
represent changes of regime (see Leland ef al. 1994; Willinger et al. 1997). When the limit
is the stable Lévy motion irrespective of the order in which the limits in M and T are
taken, one expects to obtain that limit irrespective of the nature of the function M(7) — oc.
The proof of this fact turns out to be quite delicate. When the limit of W*(T-, M) depends
on the order of the limits in M and 7, we expect to obtain one or the other limit depending
on the rate at which M(7T) goes to infinity as 7 — oco. We will indicate below what these
rates are. As we will show, there are two regimes governing the growth of M(T) as
T — oo, one regime yielding one limit, the second regime yielding the other limit.

This significantly extends the work of Mikosch et al. (2002) who considered the on—off
version of the model, where the rewards are bounded and alternate between 1 and 0.

We begin by introducing our assumptions and notation in Section 1.1, and by providing
an overview of related work in Section 1.2. In Section 2 we state our results. These results
are proved in Sections 3 and 4.

1.1. Assumptions and other preliminaries

We begin with some assumptions on renewal times. Let {U;};=1 be a sequence of i.i.d.
random variables with range the positive integers, having a common distribution U such
that either

PU=u)=u "Ly, u=12,..., a€c(l,?2), U1

or
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PU=u)=au "Iy, u=12 ...,ae(l,?2), (U2)

where Ly, Iy are slowly varying functions at infinity. Let 4 = EU. The random variable Uy
will be the first arrival time, independent of the sequence {U;};= and having the distribution

1
P(UO:u):;P(UBMJrl), u=20,1,2,.... (1.1)

The random variables U; will be called inter-renewal times. The sequence of renewal times
{Su}n=0 is then defined by S, = >_;_, Ui The term renewal will be used generically to refer
to the inter-renewal times U, or the renewal times S,. The special choice of U, allows the
counting process »_, ls <z, £ =0, to have stationary increments. It is well known that
condition (U2) implies (U1) with

m Ly(w) _
u—oco [y(u)

1, (1.2)

while, for (U1) to imply (U2), the function Ly has to satisfy additional assumptions (see, for
example, Bingham et al. 1987).

Turning now to our assumptions on the rewards, let {,},=0 be a sequence of i.i.d.
random variables, referred to as rewards, independent of the inter-renewal times sequence
{U,}+=0 and having a common distribution W such that either

0?=EW? <o (FVR)
or
P(W <= —w)~ cfwfﬁLW(w), P(W =w) ~ c+w7ﬂLW(w), asw— oo, (IVRL)
where ¢, ¢t =0, ¢t +¢ >0 and Ly is a slowly varying function at infinity, and either
a<B<2 (IVR)
(the tail of the reward is lighter than the tail of the renewal) or
0<pf<a (IVRH)

(the tail of the reward is heavier than the tail of the renewal). If, for example, ¢~ = 0 but
¢t >0, then the first condition in (IVR) should be interpreted as P(W < —w)/
(W PLy(w)) — 0 as w— co. When B =1, we suppose that rewards are symmetric and,
for centring purposes, we also assume that

EW =0

either when 1 < 8 <2 or when EW? < co. Observe also that condition (IVR) implies that
W has infinite variance EW? = co.

Let us explain some of our assumptions. When [ =1, we suppose that rewards are
symmetric because our proofs rely on the characteristic function representation of W and
this representation is quite involved in general when =1 (see Aaronson and Denker
1998). We exclude the case = a from the assumptions on rewards for the following
reason. The aggregated reward process which we will consider, involves a sum of rewards
W; over renewal intervals of length U;, that is, products W;U;. Since we wish to apply the
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central limit theorem for these sums, we need to know the tail behaviour of the product
random variable WU. When W and U satisfy the assumptions above and a # f or
EW? < 0o, we will apply the following well-known result attributed to Breiman (1965).

Lemma 1.1. Let X and Y be two independent random variables such that
P(X < —x) ~ c1x 7 L(x), P(X = x) ~ cx 7 L(x),

as x — 0o, where v >0, ¢, c; =0, ¢ +c3 >0 and L is a slowly varying function at
infinity, and E|Y|° < oo for some & > y. Then, as z — oo,

P(XY < —z) ~ (lEY” + aEY? )z 77 L(2), P(XY = z) ~ (cEY” + EY)z 77 L(2),

where Y. = Yliy=g, and Y_ = (=Y)ly<qy.

When W and U satisfy the assumptions above and a = f5, the variable WU still has a
regularly varying tail with exponent a but there is no such explicit and simple formula as in
Lemma 1.1 to describe the tail behaviour of WU. See Cline (1986) for additional
information.

To help the reader, we use special labels to distinguish between the various assumptions
on the rewards (finite variance versus infinite variance) and on the heaviness of the tails.
The labels (FVR) and (IVR) stand for ‘finite-variance rewards’ and ‘infinite-variance
rewards’, respectively, and the labels (IVRL) and (IVRH) indicate that, in addition, the tails
of rewards are lighter or heavier than those of the inter-renewal times, respectively. Because
the exponents appear with a negative sign in (IVR) and (U1), (U2), the tails of the rewards
are lighter if their index f is greater than the index a of the inter-renewal times. The labels
(Ul) and (U2) refer to assumptions on the inter-renewal times U.

The renewal—reward process associated with the sequence of renewal times {S,},=0 and
the sequence of rewards {W,},=o is then defined as

[o.¢]
W) = Wolosg()+ > Wals,sa(,  t=0,1,.... (1.3)
n=1
The cumulative reward process W*(T ), T=1,2,..., is defined as
T
W) =D W(). (1.4)
=1

If L: (0, 00)+— (0, 0o0) is a slowly varying function at infinity and y > 0, we also denote by
L;k a slowly varying function such that, for all x > 0,

L3 (uy ™ L7 L (u)x) — 1, (1.5)

as u — oo. We will write L} = Lj; when y = a and L = Ly, and L} = Lj, when y = f§ and
L = Ly in (1.5). It is well known that the functions L}'_‘, and Lf,, appear in the normalization term
for the partial sums >_;_, Uy and Y_}_, Wy to converge to a stable random variable as n — oo.

Consider now a sequence of renewal-reward processes {W,(7),t=0,1,...}, m=
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1,2, ..., which are i.i.d. copies of W(¢), and a sequence of their cumulative reward
processes {W*(T), T=1,2,...}, m=1,2,..., which are i.i.d. copies of W*(T). Let
M M M [Ty]
Ty, M) := > Wh(Ty) = > WhITD =D > Wa(d)
m=1 m=1 m=1 t=1

m=1 t=1

M [Iy] (o
= Z{Z Wfl(sz'l,sz;’](f)} (1.6)
n=0

be the total reward process ([-] denotes the integer-part function). Here, 7 =
1,2,...,0sy=<1, M=1,2,... (and ", =0) and W' denotes the reward of index n
in the mth copy.

Remark. The total reward process is often defined in the probability literature as an integral
of the reward processes which are themselves defined in continuous time. There is no
essential difference between working in continuous time and discrete time. We work in
discrete time because our framework nicely illustrates how continuous-time processes arise as
limits of discrete-time ones and because the following results on which we rely were stated in
discrete time.

1.2. Overview of related work

The following known results describe asymptotics of the total reward process W*(T-, M),
as M and T grow to infinity. They can be briefly summarized as follows. Suppose 7" — oo
(second), M — oo (first). If the rewards have a lighter tail than the inter-renewal times, one
obtains in the limit fractional Brownian motion if EW? < oo and a dependent stable
process if EW? = oo (these processes are defined below). If the rewards have a heavier tail
than the inter-renewal times, one obtains the stable Lévy motion in the limit. If M — oo
(second), T — oo (first), then the limit is always the stable Lévy motion. Here is a precise
statement of these results.

The first theorem considers 7' — oo (second) and deals with finite-variance rewards
(0> =EW? < o).

Theorem 1.1. (Tagqqu and Levy 1986, Theorem 6, (ii)). Under assumptions (Ul) on the
renewals and (FVR) on the rewards,

*
£— lim lim w1y, M)

d
M TE Ly e T0BHO): (1.7)

where y € [0, 1], By is a standard fractional Brownian motion with parameter H =
(3 —a)/2 and 0} =20%(u(a — 1)2 — )3 —a))~".

Here, £— and < refer, respectively, to convergence and equality of the finite-
dimensional distributions. Recall that a stochastic process {By(#)},cgr with H € (0, 1) is
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called a fractional Brownian motion if it is a Gaussian zero-mean process with covariance
function

2
EBy(w)By(v) = 22

{ul” + 0" —lu—vP"},  wveR. (1.8)

It is called standard if EBZH(I) = 1. The fractional Brownian motion By has stationary
dependent (unless H = %) increments and is self-similar with exponent H, that is, the
processes By(at) and a’ By(t) have the same finite-dimensional distributions for any a > 0.

The next two theorems characterize the limit when the rewards in Theorem 1.1 have
infinite variance instead.

Theorem 1.2. (Levy and Taqqu 2000, Theorem 2.1; Pipiras and Taqqu 2000, Proposition
2.1). Under assumptions (U2) on the renewals and (IVRL) on the rewards with symmetric
rewards,

W (Ty, M) d

L= 711—I>Iolo A}l—rgo T(ﬁfaﬂ)/ﬂ(lU(T))l/ﬁMl/ﬂL?jV(M) = 20, (1.9)

where y € [0, 1] and Zg is a symmetric B-stable process described below.

The limit process Zg in Theorem 1.2 is a symmetric f-stable process characterized by
d
Eexpqi) 0;Z5(y) o = exp{~a"(0, y)},
Jj=1

where @ = (0, ..., 0,) € RY, y=(y1, ..., ya) €0, 119, d € N, and

d B
> 0y Av—u). = O AV —u),)| a—w);“ dudv
j=1

o0, ) = (uCp)'2e] |

(1.10)
with
_1_ T2 = p)cos (Br/2)

and ¢ = ¢" = ¢~. (For more information on stable processes, see Samorodnitsky and Taqqu
1994). As shown in Levy and Taqqu (2000), the process Zg has stationary dependent
increments and is self-similar with exponent

p—a+1
5

Note that, if one sets 8 =2 (the case of finite variance), one recovers the self-similarity
exponent H given in Theorem 1.1. In fact, supposing that all slowly varying functions
asymptotically equal 1, by setting 8 = 2 in the normalization T/A~«*D/Bpf1/B of Theorem

H =
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1.2, one recovers the normalization 7G~®/2)1'/2 ysed in Theorem 1.1. One may thus view
Theorem 1.1 as the boundary case 5 = 2 of Theorem 1.2.

Theorem 1.3. (Levy and Taqqu 2000, Theorem 2.1). Under assumptions (U2) on the
renewals and (IVRH) on the rewards with symmetric rewards,

*
£— lim lim — D M) 4

0 M TUBMUBLE (M) Ap(»), (1.11)

where y € [0, 1] and Ag is a f-stable Lévy motion satisfying
P(As(1) < —x) ~ cu '"EUPx P, P(Ag(1) = x) ~ cu 'EUPx P, as x — oo, (1.12)

with c =c¢" =c".

A B-stable Lévy motion with § € (0, 2) is a [(3-stable stochastic process with independent
and stationary increments. It is self-similar with exponent 1/5. While Theorems 1.2 and 1.3
concern symmetric rewards only, in this work we will consider asymmetric rewards as well.

Finally, the fourth result characterizes the asymptotics of W*(T-, M) when the limit in
Theorems 1.1, 1.2 and 1.3 is reversed, that is, M — oo (second), 7" — oo (first). In this
case, the rewards have either finite variance or heavy tails.

Theorem 1.4. (Taqqu and Levy 1986, Theorem 6, (i); and Levy and Taqqu 1987, Theorem
1). Under assumptions (U1) on the renewals and either (FVR) or (IVR) on the rewards, one
has

w*(Ty, M
im lim (T, M) 4

L1 Ay M) a4
M—o00 T—o0 Ml/aTl/aLTJ(T)

Aa(y), (1.13)
if EW? < oo (assumption (FVR)) or 1 < a < f8 <2 (assumption (IVRL)), where A, is an
a-stable Lévy motion satisfying

P(Au(1) < —x) ~  'EW“x™%,  P(Ay(1) =x) ~ u 'EW9x, as x — oo; (1.14)
and also

*
£— lim lim — M) g

W T MR T e LE(Ty Ap(y), (1.15)

if 0 <pB <a<2 (assumption IVRH)), where Ag is a f-stable Lévy motion satisfying
P(As(1) < —x)~ c u 'EUPX P, P(Ag(1) = x) ~ ¢ u 'EUPx P, as x — 0.

(1.16)

Remark. When 0 < 8 < a (assumption (IVRH)) and the rewards are symmetric, the limits in
Theorems 1.3 and 1.4 have the same finite-dimensional distributions. That is, one obtains in
the limit the stable Lévy motion with index [ whether T — oo, M — 0o or M — oo,
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T — oo. This (-stable Lévy motion is described by its tail behaviour in (1.12) and (1.16).
Alternatively, it can be characterized by its characteristic function

d
Eexp{i 3 ejAﬁ(y,)} = exp{—0(8, y)(1 — i, pranfr/2)},
=1
where

d
o?(0, y) = (uCp) (" + HEUP > | P (v — v, (1.17)

=1

d
Z ¢V (v = v

d
Z 19,17 = vi-1)

with0:(01,...,Gd)e[R{d,y:(yl,...,yd)e(o, l]d,0<y1<...<yd$1,d>l,
¢j:0j+0j+1 + ...+ 6y

(c

&, y) = , (1.18)

—Cc )
)

and
a? = sign(a)|al’, aeR.

The a-stable Lévy motion A, which appears in (1.14) can be described through its
characteristic function in a similar way.

Suppose now that M is a function of 7 and that M = M(T) — oo as T — oco. We want
to know when the total reward process W*(T-, M(T)) converges to any of the above limits
as T — oo. As previously mentioned, we have to distinguish between two cases. Since the
limit process in Theorems 1.3 and 1.4 is the same under the assumption (IVRH), we may
expect W*(T-, M(T)) to always converge to this limit as 7 — co. We will show below that
this is indeed the case. Under the assumptions (FVR) and (IVRL), however, the limit
processes in Theorems 1.1 or 1.2 and in Theorem 1.4 are different. In this case, we will
find conditions on M(T) for the normalized total reward process W*(T-, M(T)) to converge
to any of the three limits obtained in the above theorems.

This result extends that of Mikosch er al. (2002) who considered the so-called on—off
version of the model. In the on—off model, rewards are constant (say, 1) but renewals,
which have heavy tails as in our model, alternate between busy (or ‘on’) periods, when
there is a reward, and idle (or ‘off’) periods, when there is no reward. One is then
interested in the fluctuations of the total reward process W*(T-, M) around the mean
which, contrary to the case considered here, is no longer zero. One can show (see, for
example, Taqqu et al. 1997) that the asymptotics of W™*(T-, M) are similar in this case to
those described in Theorems 1.1 and 1.4, namely, if 7 — oo (second), M — oo (first), the
properly normalized and centred W*(T-, M) converges to fractional Brownian motion,
whereas, if M — oo (second), 7' — oo (first), the limit is stable Lévy motion. Mikosch
et al. (2002) assumed that M = M(T) — oo as T — oo, and found conditions on the
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growth of M(T) which distinguish between fractional Brownian motion and stable Lévy
motion in the limit as 7" — oco. We should also mention here a recent paper by Gaigalas
and Kaj (2003). These authors consider a growth regime of M = M(T) which is
intermediate to those of Mikosch ef al. (2002), and find a new process in the limit as
T — oo which is neither fractional Brownian motion nor stable Lévy motion.

A number of models with random heavy-tailed rewards have already appeared in the
telecommunications literature. See, for example, Maulik ef al. (2002) and Guerin et al.
(2003) where a reward, called a random transmission time, is defined as a ratio of the size
of a transferred file and the transfer time. Although the model considered by these authors
is the so-called infinite-source Poisson, all these models — the infinite-source Poisson model,
the renewal-reward model and the so-called on—off model — will have the same
asymptotics and the results of our paper show what can happen.

2. Main results

We first consider the convergence of the total reward process under the assumptions (FVR)
and (IVRL). To get an idea about conditions on M(7) needed for the convergence of
W*(T-, M(T)), suppose for simplicity that all slowly varying functions asymptotically equal
1. In view of Theorem 1.4, when 7 is large compared to M, we still expect
W*(T-, M(T))/M"/*T'/* to converge to stable Lévy motion. The question is how fast
the parameter M(T) should grow with T. Observe that, for finite 7', the process W*(T-, M)
involves only inter-renewal times that cannot be greater than 7, and, in addition,
E|W|* < oo for a < B. Therefore the process W*(T, M) has always finite ath moment and
the convergence (1.9) suggests that

(E|W*(T, M)|“)"/“~ € TF-DIB NP

for large 7 and M. Therefore, if we set

M = M(T)
and expect W*(T-, M(T))/M'*T"'/* to converge, as T — oo, to a-stable Lévy motion
which has an infinite ath moment, then the moment of order a of W*(T-, M)/ M Vegl/a
should diverge. In other words,

(E|W*(T, M)‘a)l/a T(B=a+D/B pg1/B
Ml/eT!/a ~ Ml/aeT!l/a

or TWB=atD/BpfV/B s TV pl/e Tt is easy to see that this last condition reduces to

T(l*l >> M

> 1

which, interestingly, does not depend on . When M > T%!, we expect the normalization of
W*(T-, M(T)) to be T#H=*tD/BM(T)!/F and the limiting process to be Zg (or fractional
Brownian motion in the case 8 = 2). While this heuristic argument is suggestive, it provides
neither the limits nor the exact conditions under which convergence holds. To formulate the
results, we introduce the following two regimes: a fast-growth one,
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.M .
Jim W(LT/(MT)) = 00} (2.1)
and a slow-growth one,
M
lim. W(L*{/(MT))“ =0. (2.2)

The following theorems are our main results under the assumptions (FVR) and (IVRL).

Theorem 2.1. Under the fast-growth condition (2.1) and assumptions (Ul) on the renewals
and (FVR) on the rewards,

*
£ — lim W1y, M)

d
T—o0 T(3—(1)/2M1/2(LU(T))1/2 = OOBH(y)a (23)

where y € [0, 1] and By is a standard fractional Brownian motion as in Theorem 1.1.

In the following result, it is assumed that the rewards are heavy-tailed and possibly
asymmetric.

Theorem 2.2. Under the fast-growth condition (2.1) above and assumptions (U2) on the
renewals and (IVRL) on the rewards,

*(Ty, M
£— lim W1y, M)

d
= Zs(y), 2.4
T—00 T(ﬁ—a+1)/ﬁMl/ﬁ(1U(T))l/ﬂLjV(T—a+1MJU(T)) $(2) 24)

where y € [0, 1] and Zg is the f-stable process characterized by

d
Eexp{iZGjZﬁ(yj)} = exp{oﬂ(G, y)<1 —1i8(6, y)tan %T) }, (2.5)
=1

where 0 = (0, ..., 0) €RY y=(y1, ..., ya) €10, 119, d €N,

B

b, y) = (;LCﬁ)_l(cJr + c_)J J a(v — u);a_ldu dv
RJR

d
D 0 Av—u) — (O AV —u))
j=1

(2.6)

and skewness term (with the notation a‘¥) = |a|f sign(a))

d (B)
J J (v Av—u)s —(OAV—u)) | a—u," 'dudo
(¢t =) IRIR\ 3

(et 4c) JJ -
rRJR

&, y) 5

d
D 0y Av—we — (O AL —w)L)| a—uw);* dudy

Jj=1

@2.7)
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Theorem 2.3. Under the slow-growth condition (2.2) and assumptions (Ul) on the renewals
and either (FVR) or (IVRL) on the rewards,

*
£ tim DM 4
T—oo TV/apMV/a L% (TM)

Aa(y), (2.8)
where y € [0, 1] and A, is a a-stable Lévy motion satisfying (1.14).

Theorems 2.1, 2.2 and 2.3 are proved in Section 3. Observe also that the normalizations
in (2.4) and (2.8) have slightly changed from those in (1.9) and (1.13). We will now provide
a number of equivalent ways to express the slow- and fast-growth conditions stated above.
Let

Fy(s) = P(U = s) = s “Ly(s), s >0,
and let
b(t) = (1/Fy)~(1)

be the generalized inverse of 1/Fy (the generalized inverse f~ of a function f is given by
f(t)=inf{s >0 : f(s) > t}). Then one has

MYerVe ¥ (MT MT
(2.1) < lim oM7) _ o0 & lim bMD) _ 0o & lim MT'"*Ly(T) = o0, (2.9)
T T T T T
MYVertep® gt b(MT
(22) « lim 7 oMT) _ 0 < lim ¥ =0 lim MT " *Ly(T)=0. (2.10)

The first equivalence relations in (2.9) and (2.10) follow by taking the power 1/a. The second
conditions follow from the fact that

n“L¥ (n) ~ b(n), (2.11)
as n — oo. Indeed, by Theorem 1.5.12 in Bingham et al. (1987),

Fuy(nV“Ly(n) = (0" * L (n) ™ “Lu(n'/* L (n)) = n~ ' L (n)"*Lu(n"/* L (n))

-1
~n i~ <FLU (FLUH(n)>) = Fy(b(n)).

Now (2.11) follows by taking F Z of both sides and again using Theorem 1.5.12 in Bingham
et al. (1987). As for the third equivalence conditions in (2.9) and (2.10), they are proved in
Mikosch et al. (2002, Lemma 1).

Finally, we consider the (IVRH) assumption, namely 0 < § < ¢, and state a result which
requires no assumptions on the growth of the function M = M(T).

Theorem 2.4. Suppose that M = M(T) — oo as T — oo. Then, under the assumptions (U2)
on the renewals and (IVRH) on the rewards,
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*
L lim — IR M 4
T—oo TVEMVELY,(TM)

Ap(y), (2.12)

where y € [0, 1] and Ag is a fB-stable Lévy motion satisfying (1.16).

This theorem is proved in Section 4 (the cases 0 < <1 <a and 1 <f < a are treated
separately).

Remark. In some cases one may need a stronger convergence result than convergence in the
sense of the finite-dimensional distributions. We show in Appendix B that (2.3) and (2.4) can
be extended to weak convergence in the space D[0, 1] equipped with the usual Skorokhod J;
topology. (Recall that D[0, 1] is the space of right-continuous functions on [0, 1] which have
left limits.) We can make this extension quite easily because the limit processes By and Zg
are smooth enough, and their path regularity is easy to establish. For example, since
H=3—-a)/2>1/2, fractional Brownian motion By is long-range dependent with
smoother paths as H increases and the well-known Kolmogorov criterion applies to
E|By(t) — Bu(s)|* (there is no need to consider a power higher than 2). It is more difficult to
extend (2.8) and (2.12) where the limit is Lévy motion. This could perhaps be done, as
indicated in Mikosch et al. (2002), in the space D[0, 1] equipped with the M, topology by
following the arguments of Resnick and van der Berg (2000).

3. Proofs under the fast and slow growth conditions

In this section we prove Theorems 2.1, 2.2 and 2.3. The proof of Theorem 2.1 (fast-growth,
(FVR), convergence to fractional Brownian motion) is the simplest of the three and uses
ideas of Mikosch et al. (2002). That of Theorem 2.3 (slow-growth, (FVR) or (IVRL),
convergence to stable Lévy motion) also uses ideas and results of Mikosch et al. (2002).
Finally, the proof of Theorem 2.2 (fast-growth, (IVRL), convergence to the stable process
with dependent increments) deals with a totally novel situation.

3.1. Proof of Theorem 2.1

Recall from (1.6) that the total reward process associated with the rewards W' and
renewals S is

M M [Ty] 00
Ty, M)y =Y Wi(Ty)=> > (Wé"l(o,sm(t) +y Wn”‘l(S:’l,Sz’](t)).
m=1 m=1 t=1 n=1
Denote the normalization used in Theorem 2.1 by
N(T) — T(3—(1)/2Ml/2(LU(T))1/2

and let 0 < y; < ... < y; =< 1. We have to show that, as 7" — oo,
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(N(D)" W (T, M), ..., N(T) W (Tva, M)) % 06(Bun), -, Bu(va)), (3.1

where % denotes convergence in distribution. We will show the convergence (3.1) only when
W has a continuous distribution function, that is, /¥ is atomless. A general case can be
proved similarly by using the usual ‘perturbation’ trick: take a sequence X', m =1, n =0,
of ii.d. NV(0, 1) random variables, independent of W and S”', m =1, n = 0, consider the
total reward process with new rewards W' = W'+ ¢X]' which now have a continuous
distribution function, apply the already establlshed result and then show that the variance of
the total reward from variables €X' is negligible as ¢ — 0. Now, since EW =0 and W is
atomless, one can choose a; — —oo and b, — +o0o such that EWliy<w<p,y = 0. Observe
that the random variables W 7" F— = W l{a,<wr<p,) are bounded. Define

(7]

Wi l(Ty) = (W'” Lio.sm(1) + Z Wkl gn Srn(f))

t=1

and W’,';(Ty, M) = an/]:l W;';’k(Ty). The proof of the convergence is in three parts.
(a) Convergence for d =1 at y = y;. By Theorem 4.2 in Billingsley (1968), it is enough
to show the following three steps:
(1) (N(T) ' Wi (Ty, M) =4 00, Bu(y), where 0 = 2EW?1 4 cpepy(ula — D2 — a)
G-ap .
(2) 00kBr(y) —a 00Bu(y), as k — o0
(3) limsupy_oolimsupr_.o P(|W*(Ty, M) — W (Ty, M)| = N(T)c) = 0, for all ¢ > 0.

For step (1), we adapt Mikosch et al. (2002, Lemma 13). We need to show that

G MP(W; k(Ty)| N(T)e) — 0, for all ¢ > 0;
(i1) M(N(T)) 2var(Wy w(T)1 1w, (Ty)|<N(T)T}) — 0y, ky3 ¢, for some 7 > 0; and
(iii) M(N(T)) 'E(W} k(Ty)l{‘W k(Ty)‘<N(T)T}) — 0, for some 7 > 0.

To show (i), use the fact that | W] (Ty)| < max{|a|, |bi|}[7y] and that, by the fast-growth
condition, T~'N(T) = (MT'~“Ly(T))'/* — oo. Then P(|W{ (Ty)| = N(T)e) = 0, for large
enough 7. To verify (ii), observe that, for large enough 7, as in Taqqu and Levy (1986,
p. 87),

M(N(T) > varOF Y (T s ipj=ncye))
= M(N(T))"? var(W{ ()

~ M(N(T)22EW 1y cpepy (e — D2 — a)(3 — @) [P L (Ty)

M

= e 2 Haewn (e = D2 = )6 = ) 1L (1)

~ 2EW 2 1 gy (@ = D2 = a)3 —a) 'y = 05,07

As for condition (iii), we have, for large enough 7,
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MONCD)Y BOVE (Tt =) = MON(D) B ((T) = 0,

since EW1(,,<p<p,; = 0. Step (2) follows since 0§, — 0§, as k — co. For step (3), we

have
P(IW*(Ty, M) — W (Iy, M)| = N(T)c)
< (N(T)e) *E|W*(Ty, M) — Wi (Ty, M)|*

0 2
> Wl w,=b, ot wo<ay s, 50| -

t=1 n=0

[Ty]
= ¢ 2M(N(T))’E

Then, as in the proof of (ii) in step (1), we obtain
lim sup P(| W™ (T, M) — Wi (Ty, M)| = N(T)e)

T—oo
< 2B Loy o way (W — D2 — )3 = a)) 'y
The conclusion follows since EWzl{W>bk or w<a;} — 0 as k — oc.
(b) Convergence for d =2 at 0 < y; < y, < 1. One needs to verify that, as 7 — oo,

M
5 OO + 6 T3) > ouO1Burn) + 3B
m=1

for all 8, 6, € R. Without loss of generality we may assume that the rewards are bounded
(otherwise carry out the three steps in (a)). We then have to show conditions (i)—(iii) of step
(1) in (a), where Wik,k(TJ’) is replaced by 6, WT(Tyl) + 6, WT(Tyz). Conditions (i) and (iii) are
obvious for the same reasons as in (a). To verify (ii), note that, for large enough 7,

M(N(T)) 2 var((6, W (Ty) + 6, WT(Tyz))l{wl WE (T + 6, W (Ti)| < N(D)e))

= M(N(T)2E(@ W7 (T) + 6 W (T2))°

= M(N(T) 2 (0TEW T (In)* + 200,EW S (Ty )W (Ty2) + O3EW T (T32)?).
Since, by using stationarity,

2EW T (Ty) W (Ty2) = EWY(Tn)? + EW{(Tn)* — E(W(Tys) — Wi (Tn))?
= EW{(In)* + EW{(Iv2)* — EOV{(Ty2 = Tn))%,
it follows as in (a) that
M(N(T)) > var((6, WY (Ty1) + 6, WT(Tyz))l{w] W (T + 6, W (Ty)| < N(T)e))
= 0g(TA T 20100307 + 33— 2 = )T 03357,

Finally, observe that, by (1.8), the last expression is equal to O(Z)E(OIB@,Q)/z(yl)—i-
02 B3y 2(12))
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(¢) The convergence (3.1) for any d at 0 < y; < ... < y; <1 can be established as in
(b).

3.2. Proof of Theorem 2.2

We will first consider the case of symmetric rewards (Section 3.2.1) and we will assume
without loss of generality that ¢™ =c¢ = % In this case, the skewness parameters
8(0, y) = 0 and the limit process Zg is characterized by the scale parameters o (0, y) alone,
which can also be expressed as in (1.10). The case of asymmetric rewards is dealt with in

Section 3.2.2.

3.2.1. Symmetric rewards

Observe first that

00

WHT) = (T ASk = Sk-1)+ Wi (3-2)
k=0
In order to express the finite-dimensional characteristic function, introduce 6 =
1, ...,00)€ERY, y=, ..., y)) €0, 119 with 0<y; <...<y;<1, d=1, and
T;=[Ty;], j=1,...,d. As in Levy and Taqqu (2000), let
of == al(0, y) = C;' (1B, y)+ (O, y) = C5' (I + ), (33)
where o# = 0#(0, y) and Cp are defined after Theorem 1.2, and
co| d B
*IJ ) (3.4)
0 =1
oo poo| _d B
J= ,A—lj J > 0y Av—u)y| a—uw);“ dudo. (3.5)
0 Jo j=1
In the proof below we will use the following facts from Levy and Taqqu (2000):
B
P(U > x)
—_— — 1 3.6
Tﬁ a+ll (T) Tﬂ atl] (T) P ( )
as T — oo (see Proposition 5.1 in Levy and Taqqu 2000), and
=S| T
— U+ Th~a+1](T)
2 | & PPU=y-
_ -1 =y—X)
=u ZZ ZQ/(T.//\)’—X% W—Nﬁ (3.7)
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as T — oo (see Propositions 5.2—5.4 in Levy and Taqqu 2000; the equality in (3.7) is shown
on p. 32 of that paper). Let also

N(T) = TE VMV (TYE Ly (T~ MIy(T)) = T(Q(T) P L, (O(T)),  (3.8)
where
O(T) = T~“"'M1y(T) — oo, (3.9)

by the fast-growth condition (see (2.9) and (1.2)).
To prove Theorem 2, it is enough to show the following result.

Lemma 3.1. A4s T — o0,

d d
D:= Eexp{iZGjW*(Tyj, M)/N(T)} Eexp{iZ(ajzﬁ(yj)H —0. (3.10)
j=1 J=1

Proof. Using (3.2), independence of the M renewal—reward processes and also the fact that

they are identically distributed, we have
M o d d

D= Eexp{i DD O0(T A Sk — Sk Wk/N(T)} — Eexp{iz ojzﬁ(yi)} ‘
1 k= j=1

m= 0 j=1

Using independence of the sequences { Wy} =0 and {Sj}r=o and also that of the W}, we
obtain

M oo d
D= HE Eexp{izzej(Tj/\Sk—Sk1)+Wk/N(T)} — exp{—0”}
m=1 k=0 j=1 (s6)=(Sk)
M 00 d
= HE <HEexp{iZGj(Tj/\Sk—Sk1)+Wk/N(T)}> - exp{—oﬁ} .
m=1 k=0 Jj=1 (sk)=(Sx)

By Theorem 2.6.5 in Ibragimov and Linnik (1971) (see also Aaronson and Denker 1998,
Theorem 1), for the random variable W in the domain of attraction of a symmetric (3-stable
random variable,

Eexp{iulW} = exp{—C/gl|u|ﬁLW(|u|71)h(u)}, ueR, (3.11)

where lim,_oA(u) = 1. Then, by applying (3.11), we express the identity above as

D= , (3.12)

M o)
11 Eexp{—cﬁ‘ > |19k|ﬁLW(|19k|1)h(t9k)} — exp{—0’}
m=1 k=0

where



Growth conditions for renewal—reward processes 137

1

=N

d
> 0T A Sk — Si1)+- (3.13)
j=1
Now, using the inequality | [T, am — [T%_, bl < 0 am — by, valid for |a,|, || <1
(it is enough to prove the inequality when M = 2, and this is done by a simple application of
the triangle inequality to |(aja; — ayby) + (azby — b1by)|), we have

S B
Eexp{—Cgl Z |9k|ﬁLW(|9k|_l)h(9k)} - exp{—aﬁ}

k=0

DsM

<M . (3.14)

ol e
Eexp{ﬁ -y |9k|ﬁLW(|9k|1>h(9k>} ~1
k=0

Since, by Taylor’s formula, [e¥ — 1 — x| < e®x?/2 < ellx?/2 for some |xo| < |x|, we have
|[Ee¥ — 1| < |[EX| + Eel¥IX?/2 and hence

D < ‘MECI;‘ Z 191P L (194~ (%) — o
k=0

M of S
+7Eexp{ﬁ+ ;! ; |9k|ﬂLW(|9k|l)|h(9k)|}

2
e _ of
X (Cﬁlkz;|‘9k|ﬁLW(|9k| l)h(lgk)_ﬁ> - (3.15)

Focus now on the second term in the bound above. Observe first that, by the fast-growth
condition (2.9),

1

cT C
|9k|—WT)

< = — 0
N(T)  (Q(T)L(Q(T))P)'/F

d
Zej(Tj NSk —Sk-1)+
=

(use (3.8), (3.9) and the fact that L?fV is a slowly varying function). Consequently,
n(3y) — 1, (3.16)

as T — oo, uniformly in k. Using Lemma 3.2 below, we have

0 C
Fo=> [%PLp(8:] )<= —0, (3.17)
; e Lin(|9% oD

as T — oo. Using (3.16) and (3.17), we can now bound the exponential in (3.15) by a
constant to obtain
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D $‘MEC§] Z |9k|ﬂLw(|9k|_l)h(‘9k) - Oﬂ
k=0

k=0

/3 2
+CME<C[§ > 19 L (19| ‘)h(9k)——> :

By the triangle inequality, the relation (a + b)?> < 2(a® + b?) and (3.17), we bound D further
as

+ suplh(8) — I|MEC' Z 19/ L (1971

D < ‘MECﬁl Z 194P Lip (1941 — o
k=0

k=0

C C
— MECy' sk PLw (9% 1)+M—
Since by (3.9), O(T) — oo and by (3.16), supy|A(3;) — 1| — 0, as T — oo, to prove D — 0,
it is enough to show that MECEIZf:0|9k|ﬁLW(|9k|*1) — oF. By separating the terms k = 0
and k£ =1 and using (3.3), it is enough to show that, as 7 — oo,

Ry = | ME|9| L (18] ) - 1‘ ~0 (3.18)
and
Ry = MEi 9% L (|91 — J‘ — 0. (3.19)
k=1
This is established in Lemmas 3.3 and 3.4 below. |

Remark. 1f Iy(u) ~ 1 and Ly(u) ~ 1, as u — oo, then the conditions (3.18) and (3.19) to
prove become

d B 1
ZO'(Ti/\Sk = Sk-1)+ Tha+1 o’

Jj=1

EC;' )

k=0

as T — oo, which follows immediately from (3.6) and (3.7). We thus need to show that the
slowly varying functions have the correct expression in (2.4).

We next establish three lemmas used in the proof above.
Lemma 3.2. F < C(Q(T))"', where Q(T) and F are defined in (3.9) and (3.17), respectively.

Proof. Set

ni = QD) PLy(Q(T)Y = — Sk /D))y,
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where 3; is defined in (3.13). Then
Q(T)Z el L QT P L (Inel~ QD) P L 0(T)) = Q(T)Z; nelPFH(D)FY(D),
where
F(T) = L) P { L) Lo |
and

1) = { L@ P L))} L (el oy P L0y,

By (1.5), F{(T) — 1 as T — oo. Moreover, by fixing 6 > 0 and using Potter’s bounds
(Bingham et al. 1987, Theorem 1.5.6), we obtain, for large enough 7, F2 (T) =
2max{|n¢| =, 74|}, since by (3.9), Q(T)/PLE(O(T)) — oo and [n7;|~" is bounded from
below. Therefore for large enough 7,

F=comy 'S
k=0

(the term with +0 is bounded by that with —d because |1%| is bounded from above). Now
choosing 0 such that f — 0 > 1, observe that

Si 1 \F° > Sy S
§ “<c§ 1/\——k1 <scy (1asE-2t
\ﬂk| ( . T T +,

because f—0 > 1 and 0 < (1 A(Sx/T) — (Si—1/T))+ < 1. Since Sy_; < Sy for all k=1
and S; — oo almost surely, the last sum equals 1, and therefore the proof is complete. [J

Lemma 3.3. The convergence (3.18) holds as T — oc.

Proof. Since by (3.13), 9= Z] 19 (T; NSo)/N(T) and, by (1.1), P(Sp=x)=
P(Uy=x)=u"'P(U>x), x=0,1,..., we obtain

00 d

B
ME| %" L (19| 1>*MZ > 04T Ax)| NP Ly
=07 =1 ‘Z@,(T,m)‘
j=1

M) u ' P(U > x).




140 V. Pipiras, M.S. Taqqu and J.B. Levy

To simplify notation, we set

d
Ae=>_0,(T;/T) A (x/T)), x=0,1,...,
j=1

G'(T) = L) { L@ P Ly (o) }, (3.20)

@) = {Lw@y Py} Ly (14 a0 P Liom). G2

Observe that

N(T) = |4 fory {Lh o)) .

Then, by the triangle inequality, we obtain, for ¢ > 0,

R, Z?T_)l 2 14, PGY(T)GA(T)P(U > x) — 1‘
My~ B 2 Mu~ 5 )

s— A, PG (T)GX(T)P(U A,P|GN(T)GA(T) — 1|P(U
o) ‘;J S G DGUDIP( >x)+Q() ‘AZ\»' PIGHTYGT) — 11PU > »)
Mu™!

+ o) ;(CM JPP(U >x)—|—‘ o) Z|A |ﬁP(U >x)—]‘ (3.22)

Denote the four terms in the above bound by R, Ri», R;3 and R;4. We will show that, for
small enough ¢ > 0 and large enough 7, R;; and R, 3 are arbitrary small, and that, for fixed
€>0, R, and R;4 converge to 0. This will prove the convergence of R;.

Observe that G'(T) — 1 as T — oo, since Q(T) — oo and (1.5) holds. Using Potter’s
bounds (see Bingham et al. 1987, Theorem 1.5.6, (i)), we obtain, for sufficiently large T
and fixed & > 0, that G2(T) < C'max{|4,|™°, |4,|°} (this result applies since Q(T) — oo as
T — oo, and |4,| < ¢ < oo, so that |4,|7! = ¢~! > 0). Then, for such T and 6,

M
C—— AP max{|4,| 70, |4,]°}P(U > x)
Q(T)x;uzx\:g(‘ | {147, |4.1°}

_ P(U > x)

p—o p+o0

<C \§| (|40 + | 44| )7T—“+‘ZU(T)' (3.23)
x:| Ay |=<e

Suppose now that 6 > 0 is such that « < — 6 < f+ 0 < 2. Let us show that (3.6) implies

BFo
Zﬁ(y]/\u) u,%du, (3.24)

P(U > x
St Y e AL
x:|Ay|=e u(T) “3‘2 Bi(vinw|<el

as T — oo. Observe first that Sz, = ¥ f7.(u)du, where
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‘ﬁIéP(U [Tu])

fT,é(u) | aj (T) 1{”3|A[Tu]|s5}(u)’

By (1.2), we obtain

P(U > [Tu)) _ (@) CLo(TTW/T) Lu(T) |,
TIy(T) T Lo(T)  1u(T) ’

as T'— oo, for u > 0 (using Theorem 1.2.1 in Bingham et al. 1987). Since also Ajz) —
Z, 10;(y; A u), we see that

d BFO
Srew = | Y0y Al u e (3.25)
j=1
Observe now that
P(U > [Tu
0<fr.(u) < fr(u) = |4, Wé(T[(T)D (3.26)
and that, by (3.6) and (3.4) (where 3 is replaced by S F 0),
0 e P(U > x) ©| & S
— pro_“\Y T M) (v a
L Fr(uydu ; 477 = o " L ;01(% Au)|  u%du. (3.27)

In view of (3.25), (3.26) and (3.27), the convergence (3.24) is a consequence of the following
result: if f, g, fu, gu, n =1, are measurable functions on (£, u) such that 0 < f, < g,
fo—f, gn— g (in the almost everywhere sense) and [g,du — [gdu < oo, then
| fudu — [ fdu (see Proposition 18 in Royden 1988, p. 270). By choosing € > 0 small
enough, the limit in (3.24) can be made arbitrarily small, and hence (3.23) and (3.24) imply
that R, is arbitrarily small for large 7.

For Ry, since 0 < C < |4,|7! < ¢! is bounded, its presence in the argument of Ly can
be ignored, and in view of (1.5) and (3.6), we obtain R;, — 0 as T — oco. For R, 3, one can
show as in the case of R that, by choosing small enough ¢ > 0, R is arbitrarily small
for large 7. For R;4 we have, by (3.6),

e PU D) LU > x)

Riis=
14 = T—a+1](T)

— 1| — 0.

Lemma 3.4. The convergence (3.19) holds as T — oc.

Proof. Note first that, by stationarity,

S PGS =x)=) P(Si1=0)=PSy=0)=u"
k=1 k=1
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Since Sy = Si—1 + Uy, we obtain

0 0o 00 00 d B
EN 19 Lw(907 ) =D 33 1Y 0 A+ 2 - )
k=1 k=1 x=0 z=0 | j=1
“N(T)PLy N P(Si_1 = x)P(U = z)

‘Zjlej(Tj AG+2)—x),

b N(T)

d
‘Zj_lej(Tj Ay =Xt

d
Z O(T; Ay —x)¢| N(T)PLy P(U = y — x).

We will proceed as in the case of R considered in Lemma 3.3. For ease of notation, we set
y = ijlej((Tj/T) A(y/T)— (x/T)):, and also define H'(T) and Hiy(T) as in (3.20)
and (3.21), by changing 4, in (3.21) to By ,. Then, for some € > 0,

7100

Q( 7) ZZ Byl H'(T)H?, (T)P(U = y — x) — J‘ S R+ Rop+ Ros + R,
y=0 x=0

where the first term Ry is

Mu™!
o0 ‘Z BV H D AU =y =
(x5, 3):| Be.y| <€

and the other terms are defined in a corresponding fashion as in (3.22). For R,; we have, as
in the case of R;; in Lemma 3.3, that

s P(U=y—x)
Ry sC Z (|Bx,y|ﬁ o+ |Bx,y‘ﬁ+é) e E—
(6| B = r=u(T)
d p—0 p+0
HCJ AU — )y AU — )y
oS 0rrv-ul=e \ | 5=

X a(v — u); " dudo,

where 0 >0 is such that a < —0 <[+ 0 <2. (To show the convergence, use (3.7)
instead of (3.6).) Then, by choosing small enough ¢ > 0, we obtain that R,; is arbitrarily
small. For the terms R,», Ry 3 and R, 4, one argues in the same way as for R, R;3 and R4
in Lemma 3.3. O
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3.2.2. Asymmetric rewards

As in the case of symmetric rewards, by using the expression for a characteristic function
of a random variable W in the domain of attraction of a [-stable random variable,

: B e 1B _ ct—c pr 5
Eexp{iul'} = expy —C' (¢ + ¢ )ul’ L (Ju|™") l_lc++c* 51gn(u)tan7 (u) p,

u € R, where lim,_o/4(u) = 1 (see Theorem 2.6.5 in Ibragimov and Linnik 1971; or Theorem
1 in Aaronson and Denker 1998), we can write the difference between the characteristic
functions of Z;l:l@jW*(Tyj, M)/N(T) and ZjZIOjZﬁ(yj) as (see (3.12) and (3.14))

D=

M . L
,,1;[1 Eexp{—CE'(ch + c_)z |‘9kﬁLW(|v9k_l)(1 —i ; T Z* sign(9;)tan ﬁ;) h(gk)}

k=0

— exp{aﬁ(l —i{tan ﬁ;)}‘ =M

where o/ = 040, y), £ = (0, y) and

Eezl',

af pr 1 N
_ - _ HEY [l -
Z—M(l —ICtan 7) — Cﬂ (C++C )E k:0‘9k| LW(|9k| )

ct—c . Br
X (1 —iz = sign(J)tan 7) ().

We now use the inequality [Ee? — 1| < |EZ| + Eel?l|Z|?/2, where Z is a complex random
variable, and proceed as in the case of symmetric rewards. Since the term MEel#l|Z|?/2
tends to zero as T — oo, as in the case of symmetric rewards, we are left with M|EZ|. Thus
we have D — 0 as long as MEZ — 0 or

Cpl(c" + cHMEY |94 Lw(194™") — o’ (3.28)
k=0
and
Cpl(c™ = cHIMED 3P Ly (197" — o’C. (3.29)

k=0
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The convergence (3.28) has been established in the case of symmetric rewards. The
convergence (3.29) can be proved in a similar way by writing

MED 30 L1947
k=0

)
Tﬂ at+l] (T)EZ<ZQ(T ASk— Sk 1)+>

(T~ My (TP LY (T~ Ml y(T))

(LT MI(T)) P Ly p
‘TIZ./—lef(Tf A Sk = Sk-1)+

by arguing that the last two multiplicative terms in the above sum can be disregarded and by
showing that

00 8)
TB- (L+1[U(T)EZ (Z ey (T ASk— Sk 1)+>

k=0

d B)
— ﬂ—ljRjR (Z ej((yj AU — U)Jr - (O AU — u)+)> a(u _ u);“*l du dv.
J=1

3.3. Proof of Theorem 2.3

We will adapt the proof of Theorem 1 in Mikosch ef al. (2002) to our context. Consider,
first, a single time y =1 and let §7 = >~ (1j0.77(S") be the total number of renewals in
[0, 7] in the mth sample. Since Sj' is the first renewal, ng | is the last renewal before
or at time 7 and S z::” is the first renewal after 7. To show the convergence, we will use the
following decomposmon of (1.6):

AT, M) = Z i min(T, 5§ + ZZ WL =S (s 4 U5 T g W

m=1 k= m=1

=: A1(T) + Ax(T) — A5(T). (3.30)

The term Sgn | + Uy — T is the time between T and the first renewal after 7. Let
N(T) = Tl/“Ml/“L*(TM)(mJ b(MT)). We will show that

1. (N(T))"'4,(T) — 0 in probability,
2. (N(T))"'4x(T) — aAAy(1), and
3. (N(T))~'45(T) — 0 in probability,
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so that, by Theorem 4.1 in Billingsley (1968), (N(T))~'W*(T, M) — 4A.(1) as T — occ.
1. This step follows from

T
E|§E;€)| < A/][VFE|TV;/| Emin(7, Sy) = Afv]:lep;q (; uP(So = u) + TP(Sy > T))

_ ME[W| . )
=N (Z u(l +u)y “Ly(1 +u)+ Tu;I(l +u) “Ly(l + u)>
= o M Lu(T) o)

N(T)

where we have used Karamata’s theorem (see Bingham et al. 1987), and

MT2“L(T)
MVeTVa LT (MT)
_ M(a—l)/uT((Z—a)a—l)/a {;U(T) _ M(a—l)/aT—(a—l)z/a I;U(T)
LE(MT) L3,(MT)

Ly(T)

MY e Ve g e LR (MTY LMY TV e LR (MT .
= ( o (MT)“ " Ly,(MT)™“Ly( o ))LU(MI/QTI/QLE(MT))

Using Potter’s bounds, the slow-growth condition and (1.5), we obtain

MT*>*Ly(T)

WCLL*(T) < (Ml/(lTl/(l—lLT/(MT))C(—ILT/(MT)—(XLU(MI/(ITI/QLT/(MT))
U

2 max{(MYeTVe LE M), (MYeTV e L (MT)) ) — 0,

where O is such that « — 1 — 0 > 0. (To prove this step, one may also use Lemma 3 in
Mikosch et al. 2002.)
2. We start by introducing the notation

M &7 M
AAT)ZMXT;W’: - Z‘lkzw Zsmm

We want to show that b(MT) "' 4(T) — 4A4(1). The necessary and sufficient conditions for
this convergence are (see Petrov 1975, Theorem 8§, p. 81):

(i) MP(S\(T) > xb(MT)) — /flEWix’“, for all x>0, as T — o0;
(i) MP(S|(T) < —xb(MT)) — u'"EW*x~%, for all x >0, as T — oo;
(ifi) lim, jolim supy .o M(B(MT))">var(S1(T)1 s, (rj<esmry) = O

The proof of (i) is similar to that of Lemma 10 in Mikosch et al. (2002). The idea is to
replace &7 by its mean, which is, by stationarity, E§; = (T + 1)/u =: ur. Consider
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S(Er) =37, Yy and S([ur]) = W)y, where (&7, (Yi)i=1) = a(Ey, (Y1)s=1). Then, for
some ¢y > 0,

MP(S(&7) > xb(MT)) = MP(S(&7) > xb(MT), |Er — ur| < e€rur)

+ MP(S(§r) > xb(MT), |Er — ur| > erur).

Following Mikosch et al. (2002), by virtue of the slow-growth condition, we can take ¢z — 0
such that

b(MT) = o(erT), 10; 7= o(er), (3.32)

as 7T — oo. By Lemma 4 in Mikosch er al. (2002), for ¢y satisfying (3.32), we have
MP(|&r — ur| > erur) — 0 as T — oo. Therefore, it is enough to show that

MP(S(&r) > xb(MT), |Er — pur| < erpr) — u 'EWGx“ (3.33)

This convergence will follow by finding proper bounds. For the upper bound, observe that, for
0€(0,1),
MP(S(§1) > xb(MT), |E7 — ur| < erpr)
< MP(S(&r) — S([ur]) > Oxb(MT), |Er — ur| < expr) + MP(S(Lur]) > (1 — O)xb(MT)).

By Lemma 8 in Mikosch et al. (2002), MP(S(Er) — S([ur]) > Oxb(MT), |Er — ur| <
erur) — 0 as T — oo. As for the second term,

[ur]
MP(S([ur]) > (1 — 0)xb(MT)) = MP(ﬂz Yi>(1-— (S)Xb(MT)) R

k=1

observe that both uy and b(MT) tend to infinity as 7 — oo, and that, by Lemma 1.1,
P(Yp = x) ~EWSLy(x)x~ as x — oo. Applying Corollary A.1 in Appendix A, we obtain

[ur]
MP (Z Yi> (- (5)xb(MT)> ~ M[urlE Wiﬁy(b(MT))(l —0) *x™*% (3.34)
k=1

(To apply the corollary, suppose first that EW< # 0. Then set ar = b(urEWY), so that
[urlFy(ar) ~ [urJEWSFy(b(urEW®)) ~ 1, and observe that A(T)= (1 — O0)xb(MT)/
b(urEW<) — oo. This last condition follows from the fact that 5(MT)/b(T) — oo, which
is a consequence of (2.11). The case EW = 0 can be considered in a similar way.) Finally,
since

—1
MTFy(b(MT)) = MT (L (L‘_(MT)>) ~MT(MT)™' =1,
Fy \Fy

one obtains

MP(S([ur]) > (1 — Oxb(MT)) ~ u ' EW(1 = 8) "%, as T — oo,
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To obtain the lower bound of (3.33), observe that
MP(S(Er) > xb(MT), |7 — ur| < erur)

= MP(S(&r) — S(Lur]) > —0xb(MT), S(Lur]) > (1 + O)xb(MT), |Er — ur| < erpr)
= MP(S(Lur]) > (1 4 0)xb(MT)) — MP(S(E7r) — S(Lur]) < —0xb(MT), |Er — ur| < erur)

— MP(|&r — ur| > erur).

Again, Lemmas 4 and 8 in Mikosch et al. (2002) imply that MP(|Er — ur| > erur) — 0,

MP(S(E7) — S([ur]) < —O0xb(MT), |Er — ur| < erur) — 0. Moreover, as for the upper

bound, we have that MP(S([ur]) > (14 0)xb(MT)) ~ u 'EWL(1 +0) *x * as T — oo.

Finally, by letting 0 — 0 in the upper and the lower bounds, we obtain (i).

The proof of (ii) is similar to that of (i). To prove (iii), we will proceed as in the proof of
Lemma 10 in Mikosch et al. (2002). Observe that

Eb(MTY?

var(S(Er) s <enmmy) < ES(ET)Z1{\S(§T)\2<(eb(MT))2} = L P(|S(Er))> > x)dx

e b(MT)?

P(S(Er) > Va)dx +J P(S(Er) < —v/)dr.

0

Jel b(MT)?

We will deal with the first term only, since the arguments for the second are analogous. We
have

M CH(MT)?
AT jo P(S(Er) > Vi)
M EH(MTY /M M CH(MT)?
= — P(S dx + —— P(S dx.
GOMT))? L (SEn > vods+ oy LMW/M (SEn) > V)

Since the first term is bounded by ¢?, it is enough to consider the second term, for which

M €2 b(MT)? M €2 b(MT)?
el P(S(Ep) > Vs = |

26(MTR /M (b(MT))? P(|&r — ur| > erur)dx

Eb(MT? /M

M & b(MT)?
+(b(MT))2 Jezb(MT)Z/M (S(Er) \/)_C’ |'§T /’£T| €ritr)
The first term equals € M(1 — M~")P(|&r — ur| > erur) — 0 as T — oo, by Mikosch er al.

(2002). Therefore, we need to deal with the second term only. We have
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M €2 b(MT)?
J P(S(é7) > V/x, |Er — ur| < erpur)dx

(B(MT)Y* J 2 prary jma

M > b(MT)?
J P(SEr) — STurD) > VE/2 [Er — prl = crur)d

S
(BIMT))? ) o pmry /m

> b(MT)?
i | PS(ur)) > v/ 2)dx.

_|_ -
(D(MT))> 2b(MTY /M

Now use

P(S(Er) — S(Lur)) > Vx/2, [&r — pr| < expr) < P( max  [S(j) — S([ur])| > \/)_5/2>

li—nrlserur

= ( max Is00] > VF/2) = CP(S(Eerurd| > VE/2)

Iskscpur

(see Petrov 1995, Theorem 2.2 or 2.3, in the asymmetric case) and conclude the proof of (ii)
as at the end of the proof of Lemma 10 in Mikosch et al. (2002).
3. By decomposing A43(7) into

M
A3(T) = Z(Sg%_l + Ugn — T) Lign=1y Wé’;"l{\ug% W2 > BT

m=1
M
+>(sm, + U - )ugwwgml{wé,,, Wi i<somy) = Asi(T) + A3(T), (3.35)

m=1

it is enough to show that (A(MT)) 'E|431(T) — 0 and (b(MT))2E|432(T)]*> — 0, as
T — oc. For A3,(T) observe that, since Sg gy T+ Ugn — T measures the time between the
terminal time 7 and the renewal time which 1mmed1ate1y follows it, one has

(b(MT))™"E|43.1(T)| < M(D(MT) "E|Us, We, |10, we, osoury Ler=ry (3:36)

Since, by Lemma 1.1, the random variables |U;Wy|, k = 1, are independent and have heavy
tails, one obtains, as in Lemma 5 in Mikosch et al. (2002), that

M(b(MT))*lE| Ug, Wérll{\UgT W5T|>b(MT)}1{Er>1} — 0,
and hence (b(MT))'E|43,(T)| — 0, as T — oc. The term 1z,=;; must be included in the

preceding relation because if £7 = 0, the ‘first’ renewal time has infinite mean (see (1.1)). As
for As,(T), we have
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(b(MT)) E| 43(T)|*

< M(b(MT))*E|Usg, We, 1 ue, we, |<biury} Ler=1)

b(MT)?
= M(b(MT))’2J0 P(|Ug, We,| > Vx, Er = 1)dx

b(MT)?
< MP(|&r — ur| > urer) + M(b(MT))_ZJ P(|Ug, We,| > V/x, |&r — ur| < urer)dx.
0

The first term in the bound tends to 0 by Lemma 4 in Mikosch ef al. (2002). For the second
term, bound the probability by

P( max |Uka|>\/)_C>$ Z P(|Uka|>\/)_C):[2‘L£T6T]P(‘UW|>\/)_C),

|k—np|=upe
re lk—pr|<urer

so that, by Karamata’s theorem and Lemma 1.1,

b(MT)?

M(b(MT))*ZJ0 P(Us, Wey| > V5, |Er — szl < urer)dx

< C[2urer]) M(b(MT))>b(MT)* P(|UW| > b(MT))
~ CerMTFy(b(MT)) ~ Cer — 0.

The convergence of the finite-dimensional distributions in Theorem 2 can be shown as in
Lemmas 11 and 12 in Mikosch et al. (2002). More specifically, consider for example the
case of convergence of two-dimensional distributions. It is then enough to show that
bi(N(T))"" Aa(Tty) + ba(N(T)) ' (Ax(Tta) — Ax(Tt1)) — abrAu(tr) + ba(Au(t2) — Ag(t1)) as
T — oo, for by, by € R, t, > t; = 0, where A,(-) is defined in (3.30). Expressing the latter
sequence as a normalized partial sum of i.i.d. random variables

Sm(T: 1, t2) = blsm(Ttl) + bZ(Sm(TtZ) - Sm(Ttl))a

we need to prove the three conditions (i), (ii) and (iii) analogous to those in step 2.3 above.
For example, in condition (i), we need to show that the sequence
MP(S|(T, t1, t,) > xb(MT)) converges to
W EW im0y + EWE L <o) b1 “x ™11+ u {EW L 50y + EW 1, <0))|ba| “x (12 — 1),
(3.37)
for all x>0, as T — oco. By introducing the set ® = {[&7, — un, | < erpr,, j =1, 2},
where ey — 0 satisfies (3.32), and using Lemma 4 in Mikosch et al. (2002), we have
MP(S\(T, t1, t;) > xb(MT)) ~ MP(S\(T, t,, t;) > xb(MT), ©), as T — oo. Following the
idea and the notation of step 2 above, we can then show that

MP(S((T, 11, t2) > xb(MT), ©) ~ MP(byS([ 1, 1) + b2(S([71,]) = S(L 7, 1)) > xb(MT)),

as T — oo. Arguing as in Lemma 12 of Mikosch et al. (2002), the last expression is
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asymptotically ~equal to  MP(biS([ur,]) > xb(MT)) + MP(by(S([pe11,]) — S 17, 1)) >
xb(MT)) = MP(byS[pr1) > xb(MT)) + MP(b,S( e, ] — [, 1) > xb(MT)). The limit
(3.37) follows by arguing as in step 2. Condition (ii) concerning the left tail can be proved
in a similar way, and condition (iii) follows as in step 2.

4. Proof under arbitrary growth condition

The proof of Theorem 2.4 is given separately for the cases 0 < f <1 <a and 1 < <a.
The case 0 <f <1< a is proved by using the ideas of Section 3.2. In the case
1 < f < a, by using in addition the arguments of Section 3.3, we prove the convergence
(2.12) under two complementary regimes.

4.1. The case 0 < p<1<a

The proof in this case is structured like that of Theorem 2.2. Consider, first, symmetric
rewards with ¢™ = ¢~ = % Let

N(T) = TYEMVP LY, (MT) 4.1

be the normalization used in Theorem 2.4. Then we need to show (3.10), where Zg is
replaced by Aﬁ, that is, the f-stable Lévy motlon satisfying (1.16) with ¢t = ¢~ =31, Such
Lévy motion is characterized by Eexp{i> ¢ _0:As(v))} = exp{—0c”(8, y)}, where 0=
O, ....,00 R, y=0, ..., v0) €0, 117 with 0<y <...<ys<1, d=1, and
ahe, y) = o/ is given by (1.17). In the notation of Section 3.2 (see, in particular, (3.13)),
observe first that, as 7 — oo,

CT C
= —
TUBMYBLY,(MT)  TYB-1MVIBL},(MT)

19| = 0, (4.2)

since 1/8—1>0 and hence supy|h(3;) — 1| — 0 (see (3.11)). We will show next that
F — 0 as T — oo, where F is defined in (3.17). Then, as in Section 3.2.1, we will only need
to prove that, as 7 — oo,

MECE" > 1%l L (197" — o, (43)
k=0
where o? is now defined by (1.17). Using (3.13), we can express F in (3.17) as

00 B
_Tl Z ZH(T ANSk—Sk-1)+ F(T)F (D),
k=

0

where
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FNT) = Ly (TM) P Ly (TP M'P Ly (TM)),

TVEMVB LY. (TM)
d
‘Zjlej(Tj A Sk = Sk-1)+

FT) = {Lw(TP M L, (TM))} " Ly

By (1 5), F(T)—1 as T — oo, and by Potter’s bounds, for ¢ >0, FZ(T)
2|ZJ V0T A Sk — Si—1)4|*° for large enough T, where a*° = max{a’, a ‘3} for a > 0.
Then, for large enough 7,

C o0 ﬁié

M

— Sk-1)+

00
< — N (TAS =S . (44
W TS S @)

Fix 0 > 0 such that ﬁ + 6 € (0, 1). Then, since (T A Sy — S;_1), is a positive integer, we
have (T A Sy — Sj— 1)+ 0 < (T NSy — Sk_1)+ and hence

C & C C
F=— T — _ =— 7T =—.
MTZH( NSk =Sk-0r =7 M

Since M = M(T) — oo as T — oo, we obtain the convergence F — 0.

To show the convergence (4.3), we study the sum over £ =0 and k = 1 separately. We
first show that as 7 — oo, ME|90|/3LW(|90\‘1) — 0, which is the term with & = 0. Arguing
as above, we can bound it by

B0

c < CTﬁJr()fl’

d
—E| > 0/T; A So)
j=1

for large enough 7. The last bound then tends to 0 if we take 6 > 0 such that §+ 0 < 1. We
now turn to the sum over & = 1. As in Section 3.2 (see (3.6) and (3.7)), this sum equals
N(T)

B
N(T) Ly y

d
ZQ(T ANy —Xx)y P(U=y—x).

(4.5)

The idea now, following Levy and Taqqu (2000), is to introduce four sets of indices and show
that the sum over only one of them contributes to the limit as 7' — oo. Let

Al:{(i],i]):il:izzi’lgigd_i_l}’
AZ:{(il>i2)3i1<12—1_1] l\d}

As={(i, ) i1=h—-1=i1<i<d}
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and split the sum (4.5) into four terms summing over

Ti

>

A y:T[2—1+1 )C:T[I,r‘rl

T;,

with /=1, 2, 3, and Z;C:OI{X:O}’ denoted by J;, [=1,2,3,4 (we let 7o =0 and Ty
= 00). In view of the identity (3.7), the indices x and y correspond to variables S;_; and Sy,
respectively. Hence, the terms Jy, J, and J3 concern the cases when S;_; and S} belong to
the same interval (T;_;, T;], two non-adjacent intervals (7;_i, 7;] and (T;—;, 7}], and two
consecutive intervals (7;_y, T;] and (7;, T;y,], respectively. Since, as T; increases with T,
Sr—1 and S; are more likely to fall in the same interval (7,_,, T;], we expect that only the
term J, contributes to the limit.

Consider, first, J; with /=2,3. As in the case k=0, for f+06 € (0, 1) and large
enough T,

BT 5> ol

.A/ y=Tp+1x=T;_1+1

p+6
ZO(T ANy—x)s| PU=y—x).

j=1

The convergence of the bound to 0 follows from Propositions 5.3 and 5.4 in Levy and Taqqu
(2000). For J4, we similarly have that

B0

d
Za (T, Ap)|  PU =y =<crfot o,

as T — oo, as long as S+ 0 < 1.
To conclude the proof, we still need to show that the difference between J; and C/gO"B
tends to 0. By the definition of A;, J; equals

d T T
Mu 'y Ze(r Ay —x)s N(T)'B
i=1 y=Ti1+1 x=T;_1+1 =1
N(T
X Ly " () P(U =y —x).
.Zj_lgj(ff/\y—x)+
Observe now that, for 7, 1+ 1 <x, y<T;,i=1,...,d,

d d d
DS OTiAy=x) =D 0T Ay—x)p = 0,(y—x).=¢i(y— ),
=1 =i J=i

and hence J; becomes
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d
Mﬂlz

i=1 y=Ti1+1 x=T;_1+1

T; T;

N(T)

Py — BN P L <7
A VO

)HU—y—n

or, by making a simple change of variables,

d Ti—Ti-1—1 x
Mu" S Z Z|¢ PuP N(TY P Ly (¢(|)>P(U:u).

i=1

By fixing uy > 0, we can then bound |J; — Cso| by the sum

1 T—Ti—1 x

Edlel >0 S W FudDPU = )l

i=1 x=1 u=1

d —Ti x

”TZl Z Z | Fy(T) = 1|P(U = )] (=)

i=1

Ti—=Tii—1 x

d
,u
TZ il 2 WU = 0 i)

i=1 x=1 u=1

’ Ti—Ti1—1 x

Z|¢|ﬁ Z: ZuﬁP(U—u) Cgo?|,

where

Ml/ﬂTl/ﬂLtV(MT))
|pi|u

Denote the four terms in the bound by Ji 1, J12, J13 and Ji 4, respectively. Then, using (1.5)
and Potter’s bounds as before,

Fi(T) = (Lyy(MT))~ Lw<

Ti—Ti1—1 oo

T SUTEED SR S CR R T

x=1 u=up+1

By taking 6 > 0 such that §+ 06 < a, J;,; can be made arbitrarily small for big enough uy.
The same conclusion is true for J; 3. As for J,, its convergence to 0 will follow from that of
J14 because, assuming a fixed ug, F;,(I') — 1 uniformly for u < up and i=1, ..., d (see
(1.5)). Finally, the convergence J;4 — 0 is established in Levy and Taqqu (2000) or can be
obtained directly.

Turning to the case of asymmetric rewards, observe first that the (-stable Lévy motion
Ag in (1.16) is now characterized by its characteristic function with (1.17) and (1.18).
Using the ideas of the proof of Theorem 2.2 in the case of asymmetric rewards and also the
proof in the case of symmetric rewards above, it is enough to show (3.28) and (3.29),
where o = 0#(0, y) and = (0, y) are now defined by (1.17) and (1.18), respectively.
The convergence (3.28) has been established in the case of symmetric rewards above. The
proof of (3.29) is similar to that of (3.28).
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4.2. The case 1 < <a

We cannot take advantage here of the relation (4.2) since 1 <pf3. We will prove the
convergence (2.12) by considering two cases: for large enough 7,

MYBTYVB=LLE (MT) = T° (4.6)
and
MVBTVEY LR (MT) < 17, 4.7

where p > 0 is small and will be chosen below. This will establish the convergence (2.12) in
general as 7 — oo.

Suppose that p >0 in (4.6) is fixed. Then the proof is analogous to the case
0 < p <1 < a. Suppose, for simplicity, that the rewards are symmetric. Observe that, with
9 defined in (3.13), we still have, by (4.6),

|9 < C(MYBTYVE=L L% (MT) ™ < CT~ — 0,

as T — oo. Moreover, with F defined in (3.17), we have, by (4.4),
F= ii(T ASp— S
MT & o

where 0 >0 can be taken arbitrarily small, and by writing (T A Sy — S k,l)/jfé S
(TASp—Si_1)+ TP and using YD (T ANSk—Sk-1)+ =T we conclude that
F < CM'TP-1 Tt follows from (4.6) that, for any ¢ >0 and large enough T,
MYVBTVEY(MT) = MYVBTYB-YLX(MT) = T? or, after elementary calculations,
MT'F = 7Pe=B/0+h)  Then F < CTOPe-P/0+P) and, by taking small enough
0, ¢>0, we obtain F — 0 as T — oo. Therefore it is enough to show the convergence
(4.3). This can be done as in the case 0 < 3 < 1 < a by using results of Levy and Taqqu
(2000).

We turn now to the situation in which (4.7) holds; p > 0 will be chosen below. The proof
uses ideas from Section 3.3. Set N(T)= T'YPMYPLY,(MT) as in (4.1). Let a(t) =
(1/Gw) (1), where Gy(w) = wPLy(w). Then, as in (2.11),

a(MT) ~ TYEMVP LY, (MT), (4.8)

as T — oco. The function a should not be confused with the function » defined in Section 2,
which satisfies b(MT) ~ T'/“M"/*L¥ (MT).

We first prove the convergence (2.12) at time y = 1. Using (3.30), we need to show the
three steps of Section 3.3, where A, (1) is replaced by Ag(1).

1. To show N(T)~'4;(T) — 0 in probability, it is enough to prove that, for some
p€(0,1), N(T) PE|A(T)|? — 0. Using the inequality (>, cm)? <>,ck wvalid for

m-m

p<(0,1), c,, >0, and Emin(T, Sp)? < CT?~“*'L(T) (argue as in (3.31)), we have
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p M

ElAl(T)|p 1 G M| ans m 1 mip . : myp

N(T)? =< N(T)PE ;|Wo Imin(7, Sg') | < WE; [W§'|” min(T, Sg)

_ MEmin(T, S)PE[W|? _ . MTP“Ly(T) o ppes, poaci-p/pio,
MP/IBTPIBLY,(MT)P MPIBT PIBLY,(MT)? ’

where 01, 6 > 0 can be taken arbitrarily small. (One cannot take p = 1 above because,
when 8 = 1, it may happen that E|W| = co.) By assumption (4.7), there exists ¢ > 0 such
that M < T¢ for large enough 7. Then N(T7) PE|4;(T)|? —0 as long as
«l=p/f+0)+(p—a+1—p/f+0,)<0. This last condition is clearly satisfied by
taking small enough J;, 6, > 0 and p close to 1.

2. As in step 2 of Section 3.3, we need to verify conditions (i), (ii) and (iii) of Petrov
(1975), where EW} and EW® are now replaced by c¢tEUP and ¢ EUP, respectively. The
key observation in proving (i) is as follows: using (2.11) and (4.7), for large enough 7,

b(MT L (MT
M) MYVeT e omTy = MVETYE LE (MTY(MT) VB —f{( )
T L,(MT)
* *
< TP(MT)"/*"\/P 7L5(MT) < (MT)r*/e 1B 7L$(MT) -0, 4.9)
Ly (MT) Ly (MT)

as long as p < (a — f)/af. This means that the slow-growth condition (2.2) is satisfied.
Consequently, by Lemma 4 in Mikosch et al. (2002), there exists ey — 0 satisfying (3.32)
such that MP(|&r — ur| > erur) = o(1) as T — oo, where &r is the total number of
renewals in [0, 7] and ur = E&7, as in Section 3.3. Then, arguing as in Section 3.3, one can
show that, as 7 — oo,

k=1 k=1

5r [ur]
MP(S(E7) > xa(MT)) = MP (Z Yi > xa(MT)) ~ MP (ﬁ: Yi > xa(MT)) ,

that is, &7 can be replaced by its mean u7 in the limit. Recall that the Y, above are
independent and have the same distribution as ¥ = WU. By Lemma 1.1, we have

Fy(y) = P(Y > y) ~ ¢ 'EUPy P Ly (y) = c'EUP Gy (), (4.10)

and similarly 1 — Fy(—y) = P(Y < —y) ~ ¢ EUPGy(y), as y — oo. Then, by applying
Corollary A.1 in Appendix A, we obtain that, as 7 — oo,

[ur]
MP <Z Y > xa(MT)) ~ M[ur)Fy(xa(MT)) ~ ¢* u "EUPx P MT Gy (a(MT)). (4.11)
k=1

The part (i) then follows because, by Theorem 1.5.12 in Bingham et al. (1987),
MT Gy (a(MT)) ~ 1. (4.12)

The proof of (ii) is similar to that of (i). Part (iii) can be proved similarly to part (iii) in
Section 3.3 by using arguments of type (4.11).
3. We will show that A3;(7) in (3.30) tends to zero in probability. Using (3.35), it is
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enough to show that a(MT)~PE|A45(T)|? — 0 for some p € (0, 1) and a(MT)~2E|43,(T)|?
— 0, as T — oo. It follows from (3.35) that

a(MT)_”E\Ag,l(T)|p Ma(MT)~ pE|Y.§7 |p1{\YéT|>a(MT)} {Er=1}s

where Yz, = Ug, We,. To show that the bound tends to 0, we again modify the arguments of
the proof of Lemma 5 in Mikosch et al. (2002). First, using Karamata’s theorem,

M o0 _
J xPVP(|Ye,| > x, |Er — ur| < erur, &r = Ddx

a(MT)? ) o mry
2M B CMT
a(]\;;p)t;- L(MT)XP P(|Y| > x)dx < (MT)p a(MT)(a(MT))"~" Fiy|(a(MT)),

where F|y|(y) = P(|Y| > y) is a regularly varying function at infinity. Then, using
F‘ y] ~ CGy (see (4.10)) and (4.12), the bound above behaves (up to a constant) like er
and hence tends to 0, as 7 — oo. One then needs to show that

M'MJOO

J = P=lIply: | > — > 1 4.1
a(MT)? a(MT)? X (1Ye,| > x, |&r — ur| > erur, & = 1dx — 0. (4.13)

a(MT)

Since the slow-growth condition (4.9) holds, one may choose (see the proofs of Lemmas 4
and 5 in Mikosch et al. 2002) cr— oo such that b(MT)/c;'ezT — 0 and
MP(|&r — ur| > erpur) = o(c7*). Then there also exists a big enough K >0 such that
TX > cra(MT) for large T. This can be seen from

b(MT) a(MT) . _ a(MT)

T<CWMDT<CT”
e ThMT) ™" =~ b(MT) (MT)

cra(MT) =

for some 0, ; > 0 (the last inequality here follows from MT < T? for some p > 0, which
is a consequence of assumption (4.7)). Then one can bound the integral / in (4.13) as in
Lemma 5 in Mikosch et al. (2002), by

o.¢]

cra(MT)
I$J P(|&r — ur] >eTyT)dx+J xpflP(|Y§T| >x, 1 <& <(1—e¢r)ur)dx
a(MT) cra(MT)

TK
+J P(§T>(1+€T)MT)dX+J xP~ 1P(|Y§T| > X, ET l)d.X— ]1+12+[3+[4.

cra(MT)

The convergence Ma(MT)~?I;, k =1, 3, can be shown as ill Mikosch et al. (2002). For I,
by Karamata’s theorem, the relation MT ~ Gy (a(MT)) ~ CFy(a(MT)) and Potter’s bounds,
we have
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M M o
I, = P=Lp(|Ye, | > <(1- = |)dx
a(MTyr 2 = auty? JCM(MT)X (|Ye, | > x, Er < (I —epur, Er=1)
C MT JOO . C MT
= xPP(Y | > x)dy < ————
a(MT)? ) ¢, acur) 7] a(MT)»

gF‘_y‘(CTa(MT)) < chc;ﬂﬂ -0
Fy|(a(MT))

(cra(MT))? F|y(cra(MT))

g b
for small ¢ > 0, since p < 1 (taking p = 1 would not be enough when 8 = 1). As for /4, we
obtain, for small enough € > 0,

M M J

Iy = PEAP(| Y, [P > X<, Ep = 1)dx
auryr =y ) Pl = G =)

TK

M
<

a(MT)P
where Sy =0, S, = |Y; |ﬁ’6 +...+ |Yn|'8", n = 1, by Markov’s inequality. The last integral
is finite since p < 1. Since {S, — nE|Y,|’~“},=¢ is a martingale and &7 is a stopping time
with respect to the filtration Fy = {QJ, Q}, F, =o{Uy, Uy, Wy, ..., Uy, Wy}, n =1, it
follows from the optional sampling theorem (apply, for example, Theorem 8 and Proposition
10 in Section 24.5 of Fristedt and Gray 1997) that

ES:, = BEE[V, P = (T + D 'E|n .

00 _ M ~ 00
J xPP(Se, > xP)dx < 7ES5TJ xP~1x P dx,
TK a(MT)p TK

Then, for some 0 > 0,

M MT

I4<C 7-K(B-p-9 < C(MT)CST*K(/FP*&) < T ©o+Do—K(B—p—0)
a(MT)P a(MT)P

since, by assumption (4.6), there exists 9 > 0 such that M < T for large enough 7. Since
p <1, by taking K large enough, we obtain Ma(MT) ?I, — 0. The convergence
a(MT) 2E|A432(T)[* — 0 can be proved as in Section 3.3.

Finally, to prove the convergence of the finite-dimensional distributions, proceed as in
Lemmas 11 and 12 in Mikosch et al. (2002) (see also the end of Section 3.3).

Appendix A. Large deviations of heavy-tailed sums

We provide here the result on large deviations of heavy-tailed sums which was used earlier
in this work. The presentation below expands on that of Appendix A in Mikosch et al.
(2002). Consider a sequence of i.i.d. random variables Z, Z,, n = 1, such that, as z — oo,

F(—z2)=P(Z< —z) ~ ci1z “L(2), F(z) = P(Z > z) ~ ¢z “L(2), (A.1)

with ¢j 4+ ¢, >0 (¢, 2 =0), a €(0,2) and a slowly varying (at infinity) function L.
Observe that in (A.1) the left and right tails involve the same value of a. We will treat the
cases ¢; = 0 and ¢; # 0. Set
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Sn221+...+Zn, n?l,

and

12(2) = 2 PEZ% | 7=z = z*zj u® dF (u).
\u\iz
The following large-deviation result is proved in Theorem 2.1 of Cline and Hsing (1989).

Theorem A.1. Let 8, — oo be such that S, /B, — p0. Suppose B, C [, ). If ¢ #0 in
(A.1) and the condition

lim sup |nus(z)In(nF(z))| =0 (A.2)
n—00 e g
holds, then
P(S, >
lim sup g - 1’ =0. (A.3)
n—xccp | nkF(z)

Corollary A.1 below is first used in (3.34).

Corollary A.1. Let o € (0, 2) and Z,, n = 1, be a sequence of i.i.d. random variables with a
common distribution satisfying (A.1). When a =1 assume that Z is symmetric, and when
a € (1, 2) suppose that EZ = 0. Then:

(i) if ca # 0, relation (A.2) holds with 3, = a,h,, where h, — oo and a sequence (a,)
satisfies nF(a,) ~ 1;
(if) if c2 =0,

P >
lim sup PG =2 (A4)

n—00 ;e g, nZﬁaL(Z) B

with B, = a,h,, where h, — oo and the sequence a, satisfies na,“L(a,) ~ 1.

Proof. (i) c; # 0. Since a;lS,, converges to an a-stable random variable and 4, — oo, we
have S,/Bn = (Su/an) h," — p0. Now, by writing u>(z) = 2z% [ uP(|Z| > u)du and using
Karamata’s theorem, we have

(z) < CP(|Z] > 2), z>0.
Moreover, using Potter’s bounds and nF(a,) ~ 1, we have, for small enough € > 0,

L(anhy)

nP(1Z| > ) < Cnf,“L(B,) ~ CnF(a,)h,"
L(a,)

< Ch;*" — 0.

It follows that (A.2) is satisfied because, for z € B,
n@In(nF(2) < CnP(|Z] > Bn(nP(Z] > B.)) — 0.
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(ii) ¢ =0. Since lim, .o F(2)/(z7*L(z)) = 0, there is a sequence of ii.d. random
variables Z, Z,, n = 1, such that

P(Z>z)< P(Z > 2), for all z € R,

and P(Z < —z) ~ c1z “L(z), P(Z > z) ~ é,z “L(z), as z — oo, where & > 0 is arbitrary
small. In the case « € (l,2), we may also choose Z such that EZ =0. Setting
S,=Z1+ ...+ Z,, n=1, and using stochastic domination (see, for example, Corollary
3.1 of Chapter 1 in Thorisson 2000), we obtain P(S, > z) < P(S, > z) forall n e N, z € R,
and hence

P(S,>z) _ P(S,>2) 5 P(S, > z)
nz=“L(z) R nz=“L(z) : nP(Z > z)'

(A.5)

Applying the proof in the case ¢; # 0, we conclude that the right-hand side of (A.5) tends
(uniformly for z € B,) to ¢,. Since ¢, can be taken arbitrarily small, we obtain (A.4). [

Appendix B. Weak convergence

We show here the weak convergence of the total reward process in the space of functions
D[0, 1] when the limit process is either fractional Brownian motion By (Theorem 2.1) or
the stable self-similar process with stationary dependent increments Zg (Theorem 2.2).
Recall that D[0, 1] is the space of right-continuous functions defined on [0, 1] which have
limits from the left. We will suppose that D[0, 1] is equipped with the usual Skorokhod J;
topology. See Billingsley (1968) for more information on this function space and the J;

topology.

Theorem B.1. The convergence (2.3) and (2.4) of the normalized total reward process
W*(T-, M) in Theorems 2.1 and 2.2, respectively, extends to the weak convergence in the
space D[0, 1] equipped with the J; topology.

Remark. Since the limiting processes in Theorem B.1 are almost surely continuous, the
convergence in the Skorokhod J; topology topology can be replaced by convergence in the
uniform topology generated by the uniform metric p(f, g) = sup,co,11lf(») — g(»)| (see
Billingsley 1968, p. 151).

Proof. We first give a proof of the weak convergence in (2.4), which is slightly more
involved.

Weak convergence for (2.4). Let N(T) be the normalization (3.8) used in Theorem 2.2.
Since P(Zp(1) # Zg(1—)) = 0 (the process Zg has continuous paths; see Pipiras and Taqqu
2000) and since one already has the convergence (2.4) of W*(T-, M)/N(T) to Zp in the
sense of the finite-dimensional distributions, by Theorem 15.6 in Billingsley (1968), it is
enough to show that there exist ¢, €,y >0 and 7y = 1 such that
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W*(Ty,, M) W*(Ty,
N(T) N(T)

W*(Ty, M)  W*(Tyi, M) .
N(T) N(T) -

M c
).2/1> $ﬂ|y2_y1|1+69
(B.1)

forall 7= Ty and 0 < y; < y < y, < 1. Using the inequality P(4 N B) < P(A)"/?P(B)"/,
the stationarity of the increments of W*(T-, M) and the inequality 4ab < (a + b)?, one can
see that (B.1) follows from

w*(Ty, M) c (1™
P > =__ B.2
(‘ v M) =er) o
for all T = Ty, 0 =< y =< 1. Observe next that, by (7.15) in Billingsley (1968, p. 47),
W*(Ty, M A [
P<‘ v Ty, M) ‘ > ,1> < 7J 11 — Eexp{i0W*(Ty, M)/N(T)}|do. (B.3)
N(T) 2) ap

As in the proof of Theorem 2, one can bound the integrand in (B.3) by

. e O TY] A Sk — Si_1)
11 — Eexp{i0W*(Ty, M)/ N(T)}| < M;E‘l —¢W( N(kT) k=l *) . (B4)

where ¢y (u) = Eexp{iulW} is the characteristic function of . Since W is in the domain of
attraction of a f3-stable random variable, one can show that, for all # € R and some constant
c>0,

11— pw)| < clul Ly(ul™). (B.5)

By applying (B.5), one can bound (B.4) by

o _ B
6P MZE<<[Ty] NSk = Si; LW( M(T) )) 5.6)
k=0

N(T) O1([TY] A Sk — Sk-1)+
With the notation of (3.9) and in view of (3.8), the term in the expectation in (B.6) becomes

([T A S — S )2 )
TPO(T) [OI([TYI A Sk — Sk-1)+ /)

Since, by (3.9), O(T) — oo as T — oo, we obtain from (1.5), for large enough 7,

Li(Q(D) P Ly(Q(D) P Ly, (Q(T))) < 2. (B.8)

Since 0 < y <1 and |0| < 2/4 in (B.3), we obtain

Ly(O() P Ly (Q(T)“ﬁL;‘V(Q(T» (B.7)

T — T
O[] A Sk — S+ |6][TY]

A
=7,
2

Then, since Q(T) — oo, by applying Potter’s bounds, we obtain, for large enough T,
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1/8 /B T
{Lwan P01y (Q(T) LIAQUD) g Sk_1)+>
-0
<2 <|9|([Ty] A A;k - Sk1)+) ’ (B.9)

where 0 > 0 is fixed. Using (B.6)—(B.9) to bound (B.4), we obtain that there exists 7Ty = 1

such that, for all 7 = T,

E((TY] A Sk — Sic)°
TB—0— a+l] (T)

|1 — Eexp{i0W*(Ty, M)/N(T)}| < const.|0]'~° Z (B.10)

Now let 6 >0 be such that a <f —0. By (3.6) and (3.7), the function f(u)
=3 B A Sk — Si- 1)+ , u >0, is regularly varying with index f —0 —a + 1 and the
slowly varying function /;. Hence, using Potter’s bounds again, there exists u such that, for

u, U= u,
% —m {(%)ﬂ—é—a+l—(’ (g)ﬁ—é—aﬁ—l-&-(},

where ¢ > 0 is fixed. It follows that, if [Ty] = uy (and T = [Ty] = uy as well), then

00 _ £—0 pf—0—a+1—¢
ZE([T;Z\(SL] ZS]E;))+ < const. f/({[(];})]) < const. <@) . (B.11)
U

k=0

If [Ty] < up and ¢ > 0 is such that § — d — a — ¢ > 0, then, since one can have at most [7y]
renewals in the time interval [0, [7y]],

iE( DI S =S _ IO T nf e (1)
Th—0— U‘HIU(T) Tﬂ—é—aHlU(T) Tﬂ—é—aHlU(T)

ﬂ—é—c 1+¢
< [Ty] [Ty]

By taking ¢ >0 such that 1 + ¢ <f—-0—a+1—¢ (or 0 < — 0 — a — 2¢) and bounding
(B.10) by (B.11) and (B.12), we obtain, for 7= Ty and all 0 < y < 1,

=0

1+e€
|1 — Eexp{i0W*(Ty, M)/N(T)}| < const.|0|ﬂ—5(@) . (B.13)

By substituting (B.13) into (B.3), we obtain (B.2) with y = — 06 > 0.

Weak convergence for (2.3). Let N(T)= TC-D/2M'2(Ly(T))"/? be the normalization
used in Theorem 2.1. By the same arguments as above, it is enough to show that, for all
I'=land 0<y=<1],

e P(‘ W (1, M>' _ l) _ g @

(B.14)

N(T) N(T) T3 ¢Li(T) T

B mP _ C([Ty]) "
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Since the function f(u) = E|W™*([u])|?, u > 0, is regularly varying with index 3 — « and the
slowly varying function Ly (see Taqqu and Levy 1986, p. 87), the last bound in (B.14) can
be obtained as in the proof of weak convergence for (2.4) above. O
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