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Consider the problem of matching two independent i.i.d. samples of size N from two distributions P and Q in R4,
For an arbitrary continuous cost function, the optimal assignment problem looks for the matching that minimizes
the total cost. We consider instead in this paper the problem where each matching is endowed with a Gibbs prob-
ability weight proportional to the exponential of the negative total cost of that matching. Viewing each matching
as a joint distribution with N atoms, we then take a convex combination with respect to the above Gibbs proba-
bility measure. We show that this resulting random joint distribution converges, as N — oo, to the solution of a
variational problem, introduced by Follmer, called the Schrodinger problem. We also prove a limiting Gaussian
fluctuation for this convergence in the form of central limit theorems for integrated test functions. This establishes
a novel passage for the transition from discrete to continuum in Schrédinger’s lazy gas experiment.

Keywords: Chaos decomposition; contiguity; entropy regularization; Hoeffding decomposition; infinite-order
U-statistics; optimal matching; optimal transport; Schrodinger bridge

1. Introduction

Consider two probability distributions P and Q on R?. Let {Xi}tiern) and {Y;};c[n) be two independent
i.i.d. samples from P and Q, respectively, where [N] := {1,...,N}. Consider a continuous cost function
¢ : R4 x R4 — [0,00) such that ¢(x, y) = 0 if and only if x = y. Let Sy be the set of permutations of the
set [N]:={1,2,...,N}.

Every permutation can be viewed as a matching between the two sets of random variables. Choose
an € > 0 whose significance will be made clear shortly. Suppose we weigh every permutation o by the
(random) weight w(o) := exp(— Zi’\il c(X;, Yy, )/€). That is, define a Gibbs measure on Sy,

. w(or) exp (— Zfil C(X[,Yo—l.)/é)
ge(o) 122 W(T)= " , O€SN. (1)
7eSN YreSy €XP (— 2t c(Xi,YT[)/E)
Now mix all possible matchings with probabilities given by ¢ by defining
1 N
A= Y @)y DS, @)
oeSN i=1

The random measure 42 is a joint distribution with marginals given by the two empirical distribu-
tions PN = % > l’\i 1 0x; and oN = ﬁ Zf\; 1 0y; - It is obtained by a convex combination of all possible
matchings of atoms. A high cost for a matching results in an exponentially small weight. This paper
deals with the limiting behavior of the sequence of random measures gY as N — co while € > 0 is
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fixed. Concretely, we show that, as N — oo, ﬁé\’ converges weakly to, and has Gaussian fluctuations
around, the solution ¢ of the variational problem

Ce(P,0Q) = i
e(P,0) Joimin

/c(x,y)dv(x,y) +eKL(v | P ® Q)} , 3)

where IT(P, Q) is the set of couplings of (P,Q), i.e., all joint probability distributions over R x R with
marginals given by P and Q, and KL(v|P ® Q) := / log %d\/ if v < P ® Q and infinity otherwise
is the Kullback-Leibler divergence. Due to [12,58], the solution u, satisfies the following equation:
there exist two measurable functions a. and b, such that

dpe

m(x,y) =£(x,y) :=exp [—é (c(x,y) — ae(x) — be(y))] _ @)

Schrodinger bridges. The measure p can be viewed as the (static) Schrodinger bridge [11,22,38,59]
connecting P to Q at temperature €. Assume that the following Markov transition kernel density is
well-defined:

pely 9 exp |~ Letny)|.

This defines a Markov chain. Suppose (Wy, W;) is distributed according to this Markov chain, condi-
tioned on “Wy ~ P and W ~ Q”. The joint law of (W, W) is called the Schrodinger bridge connecting
P to Q at temperature €. The quoted statement is not an event and is non-trivial to make precise. In con-
tinuum, when both P and Q are densities, the Schrodinger bridge can be made precise as the solution
of the problem called the Schrodinger problem [22,38,59]

min
vell(P,Q)

/ c(ry)dv(x.y) + €HOY)| | 5)

where H is the entropy defined as H(v) := / v(x,y)logv(x,y)dxdy if v is a density and infinity other-
wise. We mention here two surveys [11,39] on this problem. Since this problem and the problem (3)
share the same solution, we call p. the Schrodinger bridge.

In the same spirit, the random measure /1Y can also be interpreted as the Schrodinger bridge con-
necting two empirical measures PV and Q" at temperature €. In this interpretation a2 first appeared in
[49, Section 3.2] for a particular cost function. To see this, let X; = x; and ¥; = y; for i € [N]. Then PV
and OV are discrete distributions each supported on exactly N atoms. Imagine N independent Markov
chains (or particles) W(1),...,W(N), starting from positions {Wy(i) = xi}i]\:’ |» make jumps according
to the Markov kernel {pe(- | x[)}i]\; |» Tespectively. Let LN(1) := % Zl].\i | W1(i) denote the empirical
distribution of their terminal values and let LV (0,1) = # > f\i 1 O(Wo(i),W, (i) denote the joint empirical
distribution at two time points. The law of L (0, 1), conditioned on LN (1) = Q" is given by the mix-
ture formula ﬁév in (2) (given X; = x; and Y; = y; for i € [N]), which solves Schrédinger’s problem in
the discrete set-up. We refer to 4 as the discrete Schrodinger bridge.

Partition functions in quantum thermodynamics. Although weighted averages of symmetrized em-
pirical distributions (2) and their variations go way back to Feynman’s work [20], such quantities also
appeared recently in several different contexts. Motivated by the quantum thermodynamics of N non-
interacting Boson particles, a variation of (2) where ¥; = X; for every i has been considered [1-3]. In
this setting, the samples are obviously dependent and P = Q. One of the goals of these articles is to
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compute the trace of the exponential of an N particle Hamilton operator for Bose-Einstein statistics. In
their language, it can be described as the limit

1
= —;Ce(P,Q) (6)

N
.1 1 1
A}ll)nooﬁlog M Z exp (—EZL(Xi,Yo-i)

oeSN i=1

The term inside the log is called the partition function and is the denominator appearing in (1) scaled
by N!. The marginal measure P comes from a Feyman-Kac representation of the trace operator and is
taken to be either the uniform density over a compact box or the Lebesgue measure on the entire R? in
which case it fails to be a probability measure. In a similar vein of work, Trashorras [63] considers the
case where X; = Y; = x;, i € [N], are deterministic points such that its empirical measure ﬁ Zi’\; 1 Ox;
converges weakly to P = Q as N — oo. If a random permutation o is chosen uniformly from Sy, one
gets a random measure % Zl].\i 10(x;, Xop) which is referred to as the symmetrized empirical measure. In
[63], a Large Deviation Principle for this sequence of random measures is derived, recovering the limit
in (6). One of our key results (Corollary 3) establishes the limit in (6) in the case of independent i.i.d.
samples. In fact, this result is obtained from a stronger result (Theorem 2) which gives the exact limit of

a scaled version of (N)™! ¥ . Sy €Xp (—e‘l 1 c(Xi,YUi)) via a markedly different proof technique

as discussed in Section 1.1. This result can be of independent interest to the literature mentioned above.
Mallows models of random permutations. The Gibbs measure g itself appears in a more recent work
in an entirely different direction studying the limit of Mallows-type models of random permutations
[43]. This is done in [47] where the interest is in statistical estimation on Mallows models and in a very
recent paper [33] on scaling limits of large random permutations with fixed patterns. In [47, Theorem
1.5] the author obtained the limit (6) for P = Q = Unif(0, 1) in the setting when X; =Y; =i/N, i € [N],
are deterministic. In this case, the empirical measure % Zf\i 1 0x; can be viewed as a deterministic
approximation of Unif(0, 1).

Optimal transport and entropic regularization. As shown in [38], when € — 0, the Schrodinger
problem recovers the Monge-Kantorovich optimal transport (OT) problem defined as

C(P,Q)= inf /C(x,y)v(dxdy). (7

vell(P,Q)

Since the data points are sampled from densities, they are all distinct almost surely. In this case, the
empirical measures PV and OV are discrete measures supported on N atoms. The plug-in estimator
C(PN,QN) can then be formulated as the linear program

C(PN,0N) = min (M,C), (8)
MeIl(N-11,N-11)

where II(N~11,N711) c RV*N s the set of matrices such that M1=MT1=N"'1,i.e., NM is doubly
stochastic, and (M,C) := lﬁl jl\il (X, Y;)M;;.

The limiting behavior of C(PV,Q") towards C(P, Q) has been studied in combinatorics [4], proba-
bility and statistics [23,37,61,68], and applied to economics [24,36]. This problem also arises in non-
parametric statistical hypothesis testing [5S1] where one tests for the null hypothesis P = Q by checking
whether C(PY,0™) ~ 0. This, among other reasons, has spurred a recent interest in the study of asymp-
totic distributions of C(PN,QN), properly scaled with respect to C(P,Q).

Early works on the large sample behavior of the OT cost were focused on the well-behaved quadratic
cost c(x,y) = |x — y|* (+/C(P,Q) is then called the Wasserstein-2 distance between P and Q) on the

real line R; see, e.g. [14,15,48]. These results were built upon the explicit characterization, given by
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quantile functions, of the Wasserstein distances on measures supported on R. Beyond one dimension,
similar results are rather challenging to obtain; see [4,17] for almost sure convergence results. In [56],
the authors obtained the limiting law of Wasserstein distances between Gaussian distributions with
parameters estimated from data by utilizing the d-form representation in this special case. Recently,
normal distributional results have been generalized to R? for the quadratic cost [16] and for a general
cost on compact domains [32]. Wasserstein distances between discrete probability measures supported
on a finite [34,60] and countable [62] metric space have also been investigated.

An entropy-regularized formulation of (8) is particularly attractive both from a computational view-
point [13] and from a statistical viewpoint [55]. Cuturi [13] defined the following entropy-regularized
optimal transport (EOT) problem:

min [{(M,C) + eEnt(M)], ©)]
MeIl(N-11,N-11)
where € > 0 is the regularization parameter and Ent(M) = f\i 1 ;V: | Mijlog M;; is the entropy of

M; see also [19]. The solution, although non-explicit, can be efficiently computed using the Sinkhorn
algorithm [50, Section 4.2]. Let M, é\’ denote the (unique) optimal solution to (9), then the limit behavior
of Mév and, in particular, the regularized cost of transport <C R Mév >, both as N — oo and € either fixed
or decaying to zero, becomes important. In fact, MY can be viewed as the plug-in estimator of u
since the minimizer of the problem (3) with P and Q replaced by PV and Q" is exactly, in its matrix
form, MY . For finite state spaces and c(x,y) = ||x — y||” with p > 1, this has been taken up in [35]. The
slightly different but related concept of Sinkhorn divergence has been studied in [9] and later extended
in [44] to Euclidean spaces for p = 2.

The discrete Schrodinger bridge /Y is, in fact, the solution of a different discrete EOT problem
which explains the surprising appearance of entropy in the limit (5). For a permutation o~ € Sy, let A,
denote the permutation matrix corresponding to o. By Birkhoff’s Theorem [6, Theorem 5.2], every
doubly stochastic matrix can be written as a convex combination of permutation matrices. Thus, every
coupling M can be expressed as M = Y, cs,, C]M(O')#Ao—, where gpr(0) € P(Sn) is a probability
distribution on Sy . Such convex combinations are generally not unique. Nevertheless, for any ¢ €
P(Sn), we can get an element in II(N"'1,N~'1) by defining My := ¥, cs,, q(0) % Ac. Moreover,
it holds that <Mq,C> = % 2oeSy q(O')ZiI\il c(X;,Y,;). For g € P(Sn) we define the entropy of g as
Ent(q) := Y5es, 9(0)10g(g(o)). Consider the problem

. €
min [(Mq,C> + NEnt(q)] . (10)

This is a regularization of discrete OT with a different notion of entropy for a doubly stochastic matrix
M. We show in Appendix A of the Supplementary Material [30] that the solution to (10) is exactly g
in (1).

The relationship between Mé\’ that solves (9) and the matrix M > where g% solves (10) is not obvious.
However, they are connected through the lens of matrix balancing; see [7] and references therein. To
see this, we define an N X N matrix K with (7, j)-th element being K;; := exp (—éc(Xi,Yj)). Let | K|
denote the permanent of K, i.e.,

N 1 N
Kl= > [ [Kiei = D) exp(—;Ze(Xi,Yan
i=1

G’ESN O'ESN i=1

s
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which is exactly the denominator in (1). Notice that

1 . 1 Z(r:(r;:j exp (_ Zl]\il C(Xi’Y(r[)/e)
(Mge), =~ D @)= - :
o0i=j Za—gsN eXp (— i=1 C(Xi,Yo-i)/é')

The sum in the numerator is over all permutations o € Sy such that oy = j. A little bit of algebra
omitted here shows that it is exactly given by N exp(—c(X;,Y;)/€) |K"/|, where K%/ is the minor of K
obtained by deleting the ith row and the jth column of the matrix K. Therefore, we get the neat formula
(My:)i.; = Kij |[K"| /|K|. The matrix M,: is referred to as the matrix balance of K [7, Section 3] while
the matrix Mév is called the Sinkhorn balance [7, Section 4]. It is shown in [7, Section 4.1] that the
Sinkhorn balance of a 0-1 matrix approximates the matrix balance of it. However, a more in-depth
investigation on the relationship of these two objects is needed.

1.1. Main results

We now state our main results regarding the limiting behavior of the discrete Schrodinger bridge where
both the dimension d and regularization parameter € are kept fixed. Given a probability measure v and
integer p > 1, let LP(v) be the space of functions that have finite p-th norm under v. We shall keep the
same notation for an absolutely continuous measure and its density.

We express our results in their full generality. Let u € TI(P,Q) be absolutely continuous w.r.t. P ® Q
with density ¢ € L!(P ® Q). Define the random measure

N W BoeSy N Ziv1 0 v €0 (X Yo
N = ! . : (11)
mZo-eSNf (X,Yo-)

where £®(X,Y,) := I—[i’\i 1 §(Xi,Ysr,;). As a special case, recall from (4) that, if £(x,y) is chosen to be
exp ( —(c(x,y)—ae(x)=be(y))/€), then p = e is the Schrodinger bridge connecting P to Q. Moreover,
A recovers the measure defined in (2). Our first result shows that the random measure 4"V converges
weakly to its continuous counterpart u. Let us start by defining two operators on L2(P) and L2(Q)
induced by u.

Definition 1. Define linear operators A : L2(P) — L2(Q) and its adjoint A* : L2(Q) — L2(P) by

(Af)y) = / FOEY)AP(x) and  (A'g)(x) = / §0)E(x.Y)AQ(). (12)
Call A: (x,y) — &(x,y) the kernel of A and A* : (y,x) — &(x,y) the kernel of A*.

We show in Lemma 9 that (A is a well-defined linear operator, and A* A and AA* are two Markov
operators defined on L?(P) and L?(Q), respectively. Moreover, they can be rewritten as two conditional
expectations: (A f)(y) = E[f(X) | Y](y) and (A*g)(x) = E[g(Y) | X](x) where (X,Y) ~ u.

Assumption 1. All the results stated below hold under the following assumptions.

1. £ e L2(P® Q). As a consequence [8, Appendix A.4], the operator A is compact. Then the opera-
tors A* A and AA* admit eigenvalue decomposition A* Aqy = sia'k and AA* By = si By for all
k>0withso=1,a9p=89p=1and 0 < s <1 for all k£ > 0. Moreover, it holds that Aa; = sgBx
and A* By = sk ay; see [26, Chapter 6.1]. We call {sy }x >0 the singular values of A and A*, and
call {ax }x >0 and {Bx }r >0 the singular functions.
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2. The operators A*A and AA* have positive eigenvalue gap, i.e., s < s; < 1 for all k > 1. By
Jentzsch’s Theorem [57, Theorem 7.2], a sufficient condition is that £ is bounded.

Theorem 1. As N — co, gV converges weakly to u, in probability.

Towards the proof of Theorem 1, a critical result is the limit law of the denominator in (11) which is
denoted as Dy . We state it here since it is of independent interest.
} , (13)

It is noteworthy that Dy is a two-sample U-statistic of infinite order—a generalization of classical U-
statistics introduced by Halmos [29] and Hoeffding [31], where the kernel of the U-statistic depends on
the sample size. Infinite-order U-statistics were first considered in [28] as a special class of elementary
symmetric polynomials of random variables; see also [42,46,64,65] in this line of research. The limiting
distribution of general infinite-order U-statistics was obtained in [18, Theorem 1] using randomization
of the sample size and multiple Wiener integrals. Theorem 2 extends previous work on one-sample
infinite-order U-statistics to two-sample infinite-order U-statistics.

Another closely related topic is the asymptotics of random permanents; see the monograph [54] for
a review. An elementary symmetric polynomial is the permanent of a random matrix with identical
rows [53, Page 2]. The limiting behavior of general random permanents has been studied in the case
of i.i.d. entries [52] as well as independent columns [53], where the limit law is the exponential of
a Gaussian distribution. The denominator Dy can be viewed as the permanent of the random matrix
(é(X;,Y;))nxn scaled by N!. Hence, Theorem 2 characterizes the asymptotic behavior of the permanent
of a random matrix induced by a bivariate function whose rows and columns are dependent—the limit
law is given by the exponential of a weighted sum of products of Gaussians.

If we set £(x,y) := exp(—(c(x,y) — ae(x) — be(y))/€), then Theorem 2 yields the limit in (6).

Theorem 2. As N — oo, the denominator in (11) has the following limiting distribution:

sl% 2 12 2sk
- (Uk + Vk)+ — U Vi
85 1-=5

1 1 —
JIe, (= s2) {2;

where {Uy }r>1 and {Vy }r>1 are independent standard normal random variables.

Dy —4 D=

1- %k

Corollary 3. As N — oo, the denominator in (1) has the following limit:

N
1 1 1
Nlog fil Z exp(—;Zc(X,-,Ygi)

oeSN i=1

1
—p —ZCE(P,Q).

To conduct a more refined analysis of the convergence of 4", we let  be any function on R¢ x R¢
integrable under u and consider the convergence of Ty := Tn(7) := f n(x,y)da"N (x,y) towards 6 :=

/n(x,y)d,u(x, y). According to (11),

i Y oesy ¥ IN (X Yo ES(X. Y,
# Za-eSN §®(X’ Yo’)

Ty = (14)

A particularly important example is when 1 = ¢ is the cost function and u is the Schrodinger bridge. In
this case 6 is the optimal cost of transport for the regularized problem defined in (3), which is known as
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the Sinkhorn distance [13]. It can be viewed as an approximation to the unregularized optimal transport
cost with a convergence rate decaying exponentially in € [41]. On the other hand, most of the previous
works consider the optimal value of the problem (3) since their analyses rely heavily on the duality.
Moreover, as demonstrated in [40, Chapter 4], the statistic Ty can be used to statistically test for the
equality of distributions of two independent samples.

The statistic Ty is a rather complicated function of the two empirical measures (P, ON). Our next
result shows that it can be well approximated by linear functions of the two measures in a way that is
similar to the first order term in a Taylor expansion of smooth functions.

Assumption 2. All the results stated below hold under the following additional assumptions: 7%& €
L' (P®Q)and né e L2(P ® Q).

We denote by I, : L2(v) — L?(v) the identity operator on L?(v), and, by convention, its kernel is
given by the Dirac delta function. When the context is clear, we will write / for short. Define

n,0(x) := / [7(x,y) = 01€(x,y)dQ(y) and mo1(y):= / [7(x,y) = 0]€(x,y)dP(x).  (15)

Theorem 4. As N — oo, it holds that Ty — 6 = L1 + 0, (1/VN), where

N
L= % Z[(I — A A) (1,0 — A 10,1) (X)) + (I = AAY) (0,1 = A1 0)(¥r)].

i=1

We call L the first order chaos of Ty .

Corollary 5. As N — oo, the sequence YN(Ty — 0) converges in law to N(0,¢2), where ¢ = ¢2(),
as a function of ), is given by

= [ (-0 o= A m) apeo+ [ (4= AX) s - A o)) d00)

Remark 1. In the arXiv version of this paper (arXiv:2011.08963) we conjectured that the same CLT
holds for the solution of the EOT problem (9). This conjecture has been recently verified in [27].

Remark 2. It has been shown in [38,45] that the Schrodinger bridge problem recovers the Monge-
Kantorovich OT problem as € — 0. It is of great interest to verify if the limiting variance ¢ in Corol-
lary 5 converges to the limiting variance of the OT plan.

Remark 3. When the limiting variance ¢2 =0, we can also establish the second order chaos of T and
the limiting distribution of N(T — 0). We refer interested readers to [40, Appendix C.5].

The first order chaos £ admits a more compact expression using the notion of fensor products.
Let Ay € {A, A", Ip,Ip} be an operator mapping from L?(v;) to L?(y;) with kernel A;. And define
Ay, Ay similarly. The tensor product A; ® Ay : L2(v; ® v2) — L2(y] ® 7») is defined by

(AL @ A) f(vy,v2) := //f(v{,vé)Al(vi,vl)Az(vé,vz)dvl(vi)dvz(vé), for all f € L?(v; ® v2).
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For instance, Ip ® A : L>(P ® P) — L*(P ® Q) is defined by

(IP®ﬂ)f(V1,V2)I=//f(VI,Vé)évl(VI)E(VQ,Vz)dP(VI)dP(Vﬁ)=/f(Vuv;)s‘f(Vé,Vz)dP(VE),

or as a conditional expectation: (Ip ® A)f(vi,v2) = E[f(X’,X) | X’,Y](vi,v2) where (X,Y) ~ u is in-
dependent of X’. In particular, when f := f; @ f,, we have (A; @ A)(fi ® fr)(vi,v2) = A fi(v)) +
A> f>(v). Finally, define the swap operator 7 by 7 f(u,v) = f(v,u) for any f on R¢ x R, It is clear
that 7(A; ® As) = (Ar ® AT on L2(v] ® v2).

Definition 2. Define the operator B on the space L2 (P ® Q) as B8 := T (A ® A*) = (A* @ A)T .

With this new operator B, the first order chaos £ can be rewritten as (Corollary 12)

N
1 -
Li= ;(Hfs) {0710 ® 100X o).

Both expressions of .£; come from the following system of linear equations. Assume the first order
chaos in Theorem 4 is given by % Zfl {Lf(Xi) + g(Y;)], then f and g are (almost surely) solutions to

mo=f+Agandny =Af +g.

1.2. Outline of the paper

Section 2 is devoted to proving Theorem 1. We prove a novel contiguity result that allows us to change
the model to {(X;,¥%;)}Y ! |/ based on the limiting distribution of the denominator in Theorem 2.
This change of measure enables a more natural analysis for 4"V and Theorem 1 then follows from the
reverse martingale convergence theorem.

In Section 3 we derive the first order approximation of 7y and prove Theorem 4 by a variance
bound of the remainder. We show that this approximation is the first order chaos of Tn under the
change of measure u. Each term in the chaos expansion is a polynomial function of the empirical
distributions (PN,QN), which are symmetric under permutations of X;’s or ¥;’s, separately. Thus, we
obtain symmetric projections on subspaces of L2(4) when X; and ¥;, under the change of measure,
are not independent. Essentially, we extend the classical Hoeffding projection to paired samples, which
can be of independent interest.

In Section 4 we derive the asymptotic distribution of the denominator and the variance bound of the
remainder used in the previous two sections. The method here is based on a Hoeffding-like decompo-
sition and new variance bounds for a type of U-statistic of increasing order under our original model
when X; and ¥; are independent. The tools developed in this section can also be of independent interest.
For readability, we give in Appendix C of the Supplementary Material [30] a table of notation.

2. Weak convergence and contiguity

In this section, we prove the weak convergence of V. By definition, it suffices to show the convergence
of Ty := f nda to 6 := f ndy for any continuous bounded function 7. In fact, the convergence holds
for every function 7 that is integrable under .
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Recall from (14) that Ty admits a complicated expression, i.e.,

N Vs ¥ LN 1(Xi Ye )E® (X, Yer)
% Zo-eSN §®(X’Ya')

However, it has a rather simple structure under a change of measure—instead of assuming that
{(X,~,Y,~)}l.1\i1 is an i.i.d. sample from the product measure P ® Q, we assume that {(Xi,Yi)}l."\i1 is an
i.i.d. sample from u. As Proposition 7 below shows, under this change of measure, T is a simple con-
ditional expectation and an unbiased estimator of 8. Hence, it is natural to ask if there is a way to do
analysis under the changed measure u and carry the results over to the original measure P ® Q. Conti-
guity [66, Chapter 6] is exactly a tool for such purposes. When ¢ # 1 a.s. under P ® Q, the laws of the
entire i.i.d. sequence {(X;,Y;)};>1 under the two measures P ® Q and u are singular. But 7y is a func-
tion of only (PN,QN). Restricted to the o--algebra generated by these marginal empirical distributions,
we show that the two measures are contiguous in Theorem 6 below.

We first set-up a measure-theoretic framework. We use the term “under the measure y” to indicate

that the sample {(Xl-,Yi)}l.li 1 iid. v and use E, to denote the expectation under this model. When
vy =P ®Q, we write E for short. Let ) denote the o-algebra generated by {(Xi,Yi)}i]\i - Let Gn
denote the sub-o-algebra of F generated by (PY,0N). Let RN and SV be the law of (PN, ) under
P ® Q and p, respectively. It is clear that RN = (P ® Q)N |g, and S =V |g, .

According to Le Cam’s first lemma [66, page 88], the contiguity holds true if the likelihood ratio
dSN /dRN converges weakly, under RY, to an a.s. positive random variable. Before we prove that, we
give an explicit expression for the likelihood ratio—it is exactly Dy, i.e., the denominator of Ty .

T =

Fact 1. The likelihood ratio dS™ /dR"™ admits the expression:

dsN 1

e Z E8(X.Y,). (16)

O‘ESN

= N::m

Proof. Note that the likelihood ratio of 4 and (P ® Q)" is given by

N = dpd\N
== ecr, on (RYxRY) 17
fN d(P®Q)N L f( i l) (17
d N
Hence, by the property of conditional expectation, it holds that % = ﬁ =E[fn | GnNI,

where the conditional expectation is under P ® Q. It follows from exchangeability under P ® Q that
E[fv | Gn] = E[¢®(X,Y,) | Gn] for each o € Sy . Hence,

1 1
Blfv IGN] =B |5 > €XX|Gn | =7 D €KX, (18)
o eSN geSN
where the last equality follows from 3, cs,, & ®(X,Y,) is Gn-measurable. O

Recall from Theorem 2 that Dy has a limiting distribution given by the exponential of a weighted
sum of products of Gaussians which is almost surely positive. Besides tools such as the Hoeffding
decomposition from the U-statistics theory, the proof of Theorem 2 involves a novel approach to control
the variance of Dy . We defer it to Section 4. Now we are ready to prove the contiguity result.
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Theorem 6. Under Assumption 1, the sequences (RN)ns1 and (SN)ns1 are mutually contiguous,
i.e., RN «»SN. Explicitly, for a sequence of events (Any € Gn, N > 1), we have limy_,.o SN (An) =0
ifflimy oo RN (AN) = 0.

Proof. According to Le Cam’s first lemma [66, page 88], RN <SN, N > 1, if and only if the follow-
ing statement holds true: if Dy, under P ® Q, converges weakly to D, along a sub-sequence, then
P(D > 0) = 1. This statement follows directly from Theorem 2, so we have R < SV . By a standard
computation, it can be shown that E[D] = 1. Hence, it follows from Le Cam’s first lemma again that
SN < RN that is, RN and SN are mutually contiguous. O

With Theorem 6 at hand, we can work under the measure p. The next result rewrites T as a simple
conditional expectation and verifies its consistency.

Proposition 7. Assume that {(X,‘,Yl-)};\:’1 PR w. It holds that Ty = By, [n(X1,11) | GN] for every 1 €
L' (). Moreover, Ty is an unbiased and consistent estimator of 6. That is, Eu[Tn] =6 for all N and
limy 00 Ty = 6 almost surely.

Proof. For notational simplicity, let 7(X,Y,) := % Zf\i  1(Xi,Y;) for each o € Sy. By exchange-
ability of {(Xl-,Y,-)}l.A:’], it holds that B, [n(X;,Y;) | Fn] = Bu[n(X;,Y;) | Fy] for all 1 <i,j < N which
implies that B, [7(X1,Y1) | Fv] = E,[7(X,Yq) | Fa]. Since 7(X,Y,q) is Fy-measurable, it follows that
Ey [n(X1,Y1) | ] = 71(X,Yiq). By the tower property of conditional expectations,

hy =By [n(X1. 1) | GN1 =By [Bp [n(X0. 1) | FN 1| G | = By [7(X. Yia) | GN].

By definition, the last expression is the a.s. unique Gy -measurable function such that for any bounded
Gn-measurable ¢, it holds that B, [7(X,Yq)¢] = E,[an ¢]. By (17), B, [7(X, Yiq)$] equals

dRN

dS—NE[fNﬁ(X,Yid) |GN1d|,

E[fn(X,.Yia)¢] = E[E[fn7(X.Yia) | GN] 9] = Ey

which implies that iy = % E[fn7(X,Yq) | Gn]. Similar to (18), we have

B | G1= 37 Y AXTES ),

oeSN

According to Fact 1, we get hy = ﬁ % Yoesy TX Yo )E®(X Yy ) =Ty
Hence, the unbiasedness of Ty under u follows by the tower property of conditional expectations.
Now consider the reverse o-algebra G = 0 (Gn,(X;,Y;), i = N + 1). Since {(X;,Y;)}i>n+1 are inde-

pendent of {(Xl-,YL-)}l.I\il, we have Ty = B, [T](Xl,Yl) | EN] . Consequently, (Ty,Gn)n>1 is a reverse
martingale and Ty converges almost surely to E,[(X1,Y1)] = 6. O

Proof of Theorem 1. As shown in Proposition 7, for any € L' (1), T = Tn () —a.s. 6 under pu.
In particular, Proposition 7 holds for any bounded continuous function . Thus, except for a null set,
the convergence in Proposition 7 holds for a countable collection of bounded continuous functions.
By separability of R4, almost sure weak convergence follows [67, Theorem 3.1] by choosing such a
countable collection judiciously. This shows almost sure weak convergence under y. Weak convergence
in probability under P ® Q now follows from Theorem 6. O
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3. Limit law and chaos decomposition

This section is devoted to the limit law of Ty in (14). Following the standard strategy, our goal is
to find the first order approximation £; of T in the form of a sum of i.i.d. terms. Now, provided
that the remainder Ty — 0 — L1 = 0,(N -1/2) it follows from the CLT that VN(Ty — 6) converges
weakly to a normal distribution. However, there are two main challenges. First, the statistic T)y has
a rather complicated expression involving a ratio of two infinite-order U-statistics. This prevents us
from utilizing the Hoeffding decomposition to derive the first order approximation. Second, due to its
complicated nature, it is extremely challenging to control the remainder—the variance computation for
classical U-statistics does not apply here.

To address the first challenge, the key observation is that 7y admits a simple expression under y as
shown in Proposition 7. This allows us to obtain a linear approximation of 7 under u which we call the
first order chaos. Due to the contiguity result in Theorem 6, the first order chaos can be viewed as the
first order approximation of 7y under P ® Q. As for the second challenge, we develop a novel approach
to control the remainder using the spectral gap of the operators A and A*. Since this approach is also
used to establish the limit law of D in Theorem 2, we discuss the treatment of D and the remainder
together in Section 4.

In the remainder of this section, we first give a formal derivation of the first order approximation £
and prove the asymptotic normality of 75y in Section 3.1. We then derive, in Section 3.2, £ rigorously
as the first order chaos of T using orthogonal projections in L>(u!V).

3.1. First order approximation

Recall from Proposition 7 that Ty = E,[17(X1,Y1) | Gnv]. Hence, in order to obtain the first order approx-
imation of T}y, it is natural to approximate n7(X,Y) — 6 by some linear term f(X)+ g(¥) under (X,Y) ~ u
and then use B, [f(X1) + g(V1) | GN] = % Zf\il [f(X;) + g(Y;)] as the first order approximation of Ty,
where the equality can be shown with an argument similar to the proof of Proposition 7. A good linear
approximation f(X) + g(Y) should satisfy

Eu[n(X.Y) -6 | X]=E,[f(X)+g(Y) | X]

19)
Eu[n(X,Y) =60 Y] =Ep[f(X)+g(Y)|Y].
Recall %(x, y) = &(x,y) and i1 o from (15). It holds that
Euln(X,Y) - 6| X](x) = /[n(x,y) — 015(x, y)dQ(y) = m,0(x).
Similarly, we have E,[n(X,Y) — 6 | Y](y) = 10,1(y). It then follows from the tower property that
Ep[m,oX)] =Ep[Eu[n(X,Y)-6|X]]=0 and Eg[no,i(¥)]=0. (20)
Moreover, by Definition 1, we obtain
Eulg(¥) | X](x) = / 8(E(x,y)dQ(y) = (A"g)(x)

(21

Eu[f(X) | Y](y)= / J)EQx,y)dP(x) = (Af)Y).
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As a result, the condition (19) becomes
mo(X)=fX)+A'g(X) and 7o, (¥Y)=AfY)+gY). (22)
Formally, we can solve the linear system (22) to get
f=U-AA) o= Anos) and g=I=AA) (0.1 = A o).

We will make this rigorous later. This suggests the following first order approximation of Ty :

N
% 2| = A A 0 = A0, (X0) + (1= AR . = A o))
i=1

which is exactly the first order chaos £ in Theorem 4. In fact, the next result shows that, after sub-
tracting £ from Ty — 6, the variance of the numerator is of order O(N~2).
It can be shown that the remainder 7ny — 6 — L = Un/Dn, where Dy is defined in (16) and

1S
D v DK Y (X Xe) (23)

oeSN i=1

1
UNizm

with 77 defined as
7(x,y) :=n(x,y) =0 = (I = A*A) " (71,0 - A'no,1)(x) = (I = AA) (o — Amo)(y). (24
In fact, for all f and g, it holds that Ty — 6 — % Zﬁl [f(X;) + g(Y;)] equals

Soesn [ Bt 10X Yo) = 0 = 5 T, [ (X0) + g(Yor)1] €°(X.Yr)
Yoesy E3(X.Yo)
T Yoesny ¥ EN (X Yo) — 0 - £(Xi) — g(Yer)JE®(X, Yor)
A Doesy E8(X.Yy) '

Proposition 8. Under Assumptions 1 and 2, we have E[U%V] =O0(N7?2).

Similar to Dy, the numerator Uy is also a two-sample U-statistic of infinite order. We defer the
proof of Proposition 8 to Section 4. Let us prove the main results.

Proof of Theorem 4. According to Theorem 2 and Proposition 8, we have Dy = O,(1) and Uy =
op(N‘l/z). By Slutsky’s Lemma, it holds that Ty — 0 — L =Un/Dn = op(N‘l/z). Now, Corollary 5
follows from the standard Lindeberg CLT [10, Section 27]. O

3.2. Chaos decomposition for paired samples

We derive the first order chaos £ using orthogonal projections in L2(u" ). We change in this section

the measure so that {(X;,Y;) iA:Il iid. M
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Definition 3. Let x5} and y5] be two sets of (random) vectors in RY. Let T := T(xn,y[N])- We say
T is permutation symmetric in x if T(xU[N],y[N]) =T(xn),yiny) for every o € Sy, where Xopy) =
(xo;)ie[n]- We define permutation symmetry in y similarly. We say T is permutation symmetric if it is
permutation symmetric in both x and y.

Let Hy c L2(u"V) be the subspace of constant functions and H; c L?(i/V) be the subspace spanned
by functions of the type
N
D LX) +g(%)] (25)
i=1
that is orthogonal to Hy. By Proposition 7, the (orthogonal) projection of Ty onto Hy is Projg, (Tn) = 6.
Moreover, we show in Appendix B of the Supplementary Material [30] that H; is closed so that the
projection of Ty onto H; uniquely exists. We will compute this projection, which we refer to as the first
order chaos. Note that the elements in L? spaces are only defined up to zero-measure sets (or equivalent
classes). For two elements f,g € L?, f = g means f equals g up to equivalent classes.
Given a measure v on R¥, let L(z)(v) be the subspace of L(v) consisting of mean-zero functions.
Recall A and A* in Definition 1. We first argue that (1 — A*A)~' and (I — AA*)~! are well-defined
on L%(P) and L(z)(Q), respectively. The proof is deferred to the Supplementary Material [30].

Lemma9. Let (X,Y) ~ u. Under Assumption 1, the following statements hold true:

(a) For any f € L3(P) and g € L*(Q), it holds E.[f(X) | Y](y) = Af(y) and B, [g(Y) | X](x) =
A*g(x). In particular, Af € L*(Q) and A*g € L>(P).

(b) The largest eigenvalue of A and A* is 1, and Al = A*1 =1.

(¢) The operator A maps L%(P) to L(z)(Q), and A* maps L%(Q) to L%(P).

(d) The operators (I — A*A)™! : Lg(P) — L%(P) and (I — AA*)" L(z)(Q) — L%)(Q) are well-
defined.

(e) It holds that A(I - A* A)' = (I - AA*) VA and A*(I - AA*) ™ = (I - A* A) ' A* on their
domains defined above. Moreover, for any f € L(z)(P) and g € L(Z)(Q), we have

By [ = A A (f = A X) + (1 = AA) (g = AN | X| = £(X)
26)
By |1 = AN = A QX + (= AAY g = ASD) | Y] = g1).

Now we are ready to give the first order chaos of T, i.e., Projy, (Tn).

Proposition 10. Under Assumptions 1 and 2, the first order chaos of the statistic Ty is given by

N
L= % NI = A A o = Ao )X + (= AA) o1 = Am o)) 27)

i=1
Proof. By the definition of orthogonal projection, it suffices to show that, for any i € [NV],

EBulTy 60— L1 [ X;]=0 and E,[Ty -6-L;|Y;]=0

almost surely. We will prove it for X, and the rest of them can be proved similarly. Recall from (20) that
N0 € L%(P) and g, € L(%(Q). By (c) in Lemma 9, we know 71,0 — A*no,1 € L%(P) and no,1 — An1o €
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L2(Q). It then follows from (d) in Lemma 9 that, for every i € [N],
By [(I = A*A) (71,0 = A70,1)(X0) + (I = AA*) " (0,1 = Any 0)(%)] =0.

As aresult, E,[ £ | X{]is equal to

1 . e . . 17,0(X1)

B (1= A A 1.0 = A no.)(X0) + (1= AR (g0, = Am )41 X1 | = TE=E,
where the last equality follows from (26). We only need to show E, [Ty — 6 | X{] = %m,o(X]). Let
h(x):=E,[Tn — 0| X1](x). We will prove that Ep[A(X1)¢(X1)] = Ep[n1,0(X1)¢(X1)]/N for all o(X7)-
measurable ¢. Fix an arbitrary o-(X))-measurable ¢. Since Ty — 6 is permutation symmetric in X (see
Definition 3), we get B, [Ty — 6 | X;](x) = h(x) for all i € [N]. As aresult, it holds that

Ey

N
= > Bul(Tn = 0)¢(X)] = NEp[h(X))$(X))].
L

4

N
(Tn =) ) 6(X)
i=1

Recall from Proposition 7 that Ty = E,[n(X;,Y1) | Gn]. Since Zf.\i | #(X;) is Gn-measurable, by the
tower property of conditional expectation, we get

Eﬂ = E/,l

N N
(Tn —6) ), (X)) (X1, =0) Y #(X5)| =Eplm o(X1)¢(X1)],
i=1 i=1

where the last equality follows from the independence of {(X;, Yl-)}l.l\i yandn o€ L(2)(P). Hence, we have
Epln1,0(X1)¢(X1)] = NE,[h(X1)¢(X1)] which completes the proof. O

We then derive a more compact expression of £ using 8 in Definition 2. We start by providing
some properties of B in the next lemma. The proof is deferred to the Supplementary Material [30].

Lemma 11. Under Assumption 1, the following statements hold true:

(a) Let (X1,Y1),(X2,12) iid u. 1t holds that B, [ f(X1,12) | Xo,Y11(x,y) = Bf(x,y) for any f € L2(P ®
Q). In particular, Bf € L2(P ® Q).

(b) The operator B maps L(Z)(P ® Q) to L%(P ® Q).

(c) Forany f®g € L2 (P ® Q), we have B(f ® g) = A*g ® Af.

(d) The operator (I + B)™" is well-defined on L(2)(P ® Q).

(e) Forany f € L%(P) and g € L(2)(Q), it holds that

I+8) (fog)=[U-A AT (f - A @[ -AA) (g = Af].  (28)
According to (28), the first order chaos £ admits a more compact representation.

Corollary 12. Under Assumptions 1 and 2, the first order chaos of Ty admits an alternative expression
Li=% 3N (I+8) (10 ®n0,1)(X0.Ys).

Remark 4. Note that the above expression of £ is permutation symmetric, i.e., Zf.i U+ By 'mo®
n0.0(Xi Y;) = XL, (1 +B) ™ (1,0 ® 10,1)(X;, Yor,) for all o € Sy

Remark 5. Another way to see this is: due to (22), 71,0 ® 10,1 = f® g+ A'g® Af =1+ B)(f ® g).
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4. Analysis of the denominator and the remainder
Recall from (23) that the first order remainder R :=Tny — 0 — L} = Uy /Dy, where

1

UN::m

13 _ 1
D) N K e E (K Yo) and Dyi=on 30 XYy (29)

oeSN i=1 oeSN

with 77 defined in (24). We prove in this section the limit law of Dy in Theorem 2 and the variance
bound of Uy in Proposition 8. The strategy is to decompose Dy and Uy into orthogonal pieces using
the Hoeffding decomposition (Section 4.1), and then bound the higher order terms using the spectral
gap of A and A* (Section 4.2). Note that Dy and Uy are infinite-order two-sample U-statistics. Tech-
niques for fixed-order U-statistics and infinite-order one-sample U-statistics do not apply here. Hence,
this section develops new tools to handle two-sample U-statistics of infinite order. We work through-

out this section with the original model assuming that {(Xi,Yi)}l.’\i 1 Hpg 0 and use E to denote the
expectation. The proofs of some technical results are deferred to the Supplementary Material [30].

4.1. Hoeffding decomposition under the product measure

Definition 4. Given A, B c [N], we denote by Hp the subspace of L2((P® Q)N ) spanned by functions
of the form f(X4,Yn) such that

a

E[f(Xa,Yg) | X, Yp] “270, forall Cc A,Dc Band |C|+|D| <|A| +|B]. (30)

We say such an f(Xg4,Yp) is completely degenerate. In particular, when |A| = |B| = 1, we write f €
Lé o(P ® Q). By definition, for distinct choices of the pair (A, B), the subspaces Hap are orthogonal.

Take an arbitrary mean-zero statistic T € L(Q)((P ® Q)N). If T can be decomposed as

T= Z Tap, With Tup € Hap, (31)
A,BC[N]

then we call it the Hoeffding decomposition of T [66, Chapter 11]. Its variance can then be computed
as B[T?] = ¥ 4 pcnv ElT3 5]

For example, both E(Xl,Yl) = &(X1,Y1) — 1 and h(X1, 1) :=n(X1,11)é(X1, Y1) are completely degen-
erate according to the following lemma.

Lemma 13. Assume that &,né € L2(P ® Q), then &,7¢ € Lg o(P®Q).
We then derive the Hoeffding decompositions of Dy and Ujp as defined in (29).

Proposition 14. Assume that £,né € L*(P ® Q), then the following Hoeffding decompositions hold:

Dy=1+ Z % Z Hé?(Xi,Yai)

A,BC[N] =~ 0eSn:ca=BicA
|Al=|B[>0
! (32)
Uv= Y o D D hXeYe) [] EXiYe),
A,BC[N] " 0eSN:oa=BicA JjeA\{i}

|Al=|B|>0
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where o4 :={07; :i € A}. Moreover,

N
Bp3=1+> S B []‘[ YDEXG Y,

r=1oceS, Jj=1
1 ul r T~ Z
BUN =5 D007 2, Z o [ |80 Ye) [ &Y,
ey (L ey S i=2 Jelri\{iy

4.2. Variance bounds

We then bound the variances of Dy and Uy using the spectral gap of the operators A and A*. As-
sumption 1 guarantees that such a spectral gap does exist. We first prove a contraction property.

Lemma 15. Recall s| from Assumption 1. For any f € L? 0(P ® P), we have (Ip ® A) f € L2 O(P ®0)
and ||(Ip ® A) fllr2peg) < s1 1 fll2pep)- Similar results hold for Ip ® A*, A® Ig and ﬂ* ®Ip.

According to Proposition 14, the key quantity in the variances of Dy and Uy is

[f(Xl,Ynﬂax, DY) [ 8] (33)
JEINI\{i}

for some f € L(z) o(P ® Q), where f = E: & — 1 for Dy and f = h =né for Uy. In order to control
it, we decompose a permutation into disjoint cycles. By independence, the expectation then equals the
product of expectations with respect to each cycle. We first give a simple example to illustrate the idea.

Example 1. Consider the case when r =3,i =3, and o is given by o1 =2, 0, = 1 and 03 = 3. We are
interested in bounding the expectation

E[£(X1,Y1)E(Xa, Y2)E(X3, Y3) f (X3, Y3)E(X1, Y2)E (X2, 11)]. (34)

By construction, o contains two cycles, 1 — 2 — 1 and 3 — 3, and the above expectation reads
ELf (X1, Y1)E(X0, Y2)E(X1, Y2)E(X2, Y1)] - B[ £ (X3, Y3)E(X3, Y3)].

The second expectation is upper bounded by || fl2(pgg) ||§?||Lz( peo) by the Cauchy-Schwarz inequal-
ity. It then suffices to bound the first expectation. We simplify this expectation by iteratively integrating
with respect to a single variable while keeping the rest being fixed. We first integrate with respect to
X1 given X,,Y1,Y>. This gives us

E[f(X1,Y)EX1,12) | X2, 11, 2] - E(X2, 2)E(Xa, Y1) = (A ® I) f(Ya, 11) - E(Xa, Y2)E(Xa, 1),

where we used E[f(Xl,Yl)f(Xl,Yz) | X2.Y1.Y2] = E[f (X1, Y1)E(X1. 1) | . o] = (A ® 1g) f (Y2, 1) since
fe L (P ® Q) and § & — 1. We then integrate with respect to ¥, given X, and Y;. This yields

E[(A® I) f(Y2,Y))E(X2, o) | X2, Y11 E(X0, Y1) = (A @ Ip)(A ® Ig) f(X2, 1) - (X2, 7).
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By the Cauchy-Schwarz inequality and Lemma 15, its expectation is upper bounded by
* zl 2 &
“(ﬂ ®Ip)(A® IQ)f||L2(p®Q) €Nz peg) < 571 fllL2peo) €2 (Peo)-

Hence, the expectation in (34) is upper bounded by s% ||f||i2(P®Q) ||§7||I%2(P®Q).

The following lemma generalizes this example to an arbitrary cycle k| — kr — -+ — k; — k.

Lemma 16. Suppose Assumption 1 holds and f,g € L%’O(P ® Q). Define sr = || fll12(pog) and sg =
I8llL2(peg)- For any 1 >0 and | distinct indices {ki,...,k;} C [N], we have, for all t,t" € [I],

E | (X Ye D8 Xy Ve ) | [ €Y [ [ €y 00| < 57 Vs (35)

i#t j#
Now we are ready to control the quantity in (33).

Lemma 17. Suppose the same assumptions in Lemma 16 hold true. Let o := ||€] h2peg) and s =
121l 12(peg)- For any N €Ny, o € Sy and i € [N], we have

2(N-H# 2(#o—1
1( cr)gzg(a)

N
E|hxin) [ [Ex.00nXYe) [ &XuYep)|<s 2gatho ),
j=2

JEINI\{i}

where #0 is the number of cycles of the permutation o

Proof. We first consider the case when i # 1. It is well-known that every permutation can be decom-
posed as disjoint cycles. Take a cycle k; — ky — --- — k; — k; of o. If it contains both 1 and i, then
we assume, w.l.o.g., k| = 1 and k, =i. Consequently, all the terms that involve Xk[ I and Yk[ ;) are

l
h(Xl,Yl)h(Xi,Yg—i)Hg(ij,ij) l_l g(ij’ijH)'

J=2 Jeln{2}

Using Lemma 16 with f = h and g = A, it holds that

1
B h( DK Yo | [EXYe) [] €Ki Y| <57 Vs

J=2 Jel\{2}

If this cycle only contains 1, then a similar argument gives

! !
= = 20~
E h(Xle1)| |f(ij»ij)| |§(ij,ij+1) <51 Vens0.
j=2 J:1

If this cycle only contains i, with ky =i, then we have

I I
= = 2~
E h(Xi,Ym-)nf(ij,ij)nf(ij,Yk,—+1) <52 V0.
j-1 j=2
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Finally, if this cycle does not contain either 1 or i, then it holds E [ ]—Il,1 E(Xk Y )ng(XkA,ijH)] <

2(l 1) 2

s . Here we are invoking Lemma 16 with f =g = E. Putting all together, we obtain

E h(XI,m]"[f(X, DX Yo) [ &Y | <57 ¥ grgi 0.
Jj=2 JE[NN{i}

When i = 1, we can invoke Lemma 16 to get the same bound, since we allow ¢ = ¢’ in this lemma. [J
Now we are ready to give an upper bound for the variance of Uy and prove Proposition 8.

Proof of Proposition 8. Recall from Proposition 14 that E[UIQV] is equal to

N
ﬁzﬁ > ZE h(Xl,Yl)l_[g?(X, DhXeYo) || &X.%0))]. (36)
r=1

oeS, i= JEINN\{i}

By Lemma 17, we know

2( —#o) 2(# 1) 2
N sz Z r—#o o— 2. (37)

" oeS,

If sy =0or ¢o =0, then £ =1 P ® Q-a.s. It follows from (36) that E[UIZV] = 0 which completes the
proof. Hence, we assume in the following that s; > 0 and ¢y > 0.
Now, let o™ be a random permutation uniformly sampled from S,.. It is known [5, Chapter 1] that

the moment generating function of #o-* is given by E[1#"" ] = (1= % + 7). Thus,
r 2(r—# 2(#o -1 2r—#o*) 2#o -1 -
- D s )=r2E[s1(r TGt )] =rist’s; 21—[(1— Tt )
oSy

Letm := [g /s — 17. Then, for every r > m,

ﬁ(l_lﬁ_%) (1) = ) T Oom) e

2 ! ! !

1 i) i r! m! m!
and thus 3, 5 3 e, rsz(r #or) g(#o- DegN 2 526y (r+n'1”,) converges as N — oo since 5| <
1. It follows from (37) that E[va] =O0(N7?). O

A similar result holds for Dy . Recall from Proposition 14 that Dy =1 + Zi\’: | DN » where
1 —
D.r = > > T ]Exe Yo (38)
|A|=|B|=r oceSn:04=Bi€A
Proposition 18. Under Assumption 1, we have, for any integer R € [0, N],
2 N

< Z % Z f(’ ) 2t

r=R+1 " oeS,

E DN—1—§:DN,,

r=1
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which can be arbitrarily small for sufficiently large R.

4.3. Limit law of the denominator

Finally, we prove Theorem 2 regarding the limiting distribution of D . According to the singular value
decomposition in Assumption 1, it holds that

£xy) =1+ ) scar(DBiy), inLA(P®Q),

where 0 < s < 1 is decreasing in k. Hence, we start by considering a truncated version of &, i.e.,
EX(x,y)i=1+ ZkK: | Sk (x)Bi(y) for some integer K and derive the limit law of

N
DX :=% Z l—lfK(X,-,Ygi).

oeSy i=1

Note that all the results for Dy in Sections 4.1 and 4.2 hold for Dﬁ with & being replaced by £X.

Proposition 19. Under Assumption 1, it holds that

K 2
1 1
Dﬁ —4 DK = —exp{zz - (U2+Vk)+ Uka } (39)
JITE (1 - s2) =1 5t

where {U}, },Ile and {Vj, }le are independent standard normal random variables.

Proof. We will prove the convergence using characteristic functions, i.e., E[¢/? 1{3] — E[e!'P * ].

Step 1. Truncation. Recall from (38) that Dy =1 + Zi\’: 1 DN »- Applying it to D]I\{, yields Dﬁ =
1+ ZN DK where Dﬁ,r is Dy, with & being replaced by ¢X. We further truncate Dﬁ so that it
becomes a two sample U-statistic of fixed order R > 0, that is, we consider DE’R =1+ Zle Dﬁ,r
We then truncate the limit DX. By the multi-linear Mehler formula (see, e.g., [21]), we have

K Pk
DK= S [ ]2 Hp (U Hp, (Vo). (40)
Ploepi 20 k=1 P!

where {H), }), >0 are the Hermite polynomials satisfying

/ Hp(x)Hy(x)e™ Pdx = V2xp!1{p = q}. (41)
Therefore, it is natural to define
R K Sik
K,R ._
D =1+ Z 1—1 Imek (Uk)Hpk (V).
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By the triangle inequality, )E itDy, N]-Ele ”DK]) < Cy + Gy + C3 where

= |E[eitD]1\<, _eitDﬁ~R]|, Cy = |E[eisz,’R _ it

C3:= ‘E[ei’DK’R - e”DK]| .

We fix some arbitrary ¢ > 0 and show that Cy,C,, C3 < 6 for sufficiently large N and R.
Step 2. Control Cy and C3. Using the inequality |elZ - l| <|z|, we get

C <

. K.R
N - e8| < 1| 2 |DE - DER| < 11 E(D - DERY2

Invoking Proposition 18 for Dﬁ implies that, for sufficiently large R, we have C| < 6. Similarly, it holds
that C3 < |t| VE(DK-R — DK)2 where

) K Pk 2

Z Z H %Hpk (Uk)Hpk (Vi)

r=R+1p1+-+pKk=r k=1

E(DX-R - DKy =E

(o)
2 .
= E E | | Pk < E s¥,  since sp < s1.
r=R+1p1t+-+pK=r k=1 r=R+1

Here the two equations follow from (40) and (41), respectively. Since s; < 1, we have C3 < ¢ for
sufficiently large R.
Step 3. Control Cy. It suffices to show that D]If,’R —4 DK-R as N — oo for any R > 0. Note that

1

DYDY | LR EL = YD W D LC R

" |A|=|B|=roa=BicA 1<ij<---<i <N o8, t=1
1<j1<-<jr <N

:(NA—”r)! D l_[ (Xlz’th)_L D l_[ B (x,.7,)

1<ij<--<i<N t= i\ ##Fip t=1
J1#E - #]r J1##]r

(N-r)!
Y Z:IT

[1#Flp =
J1##]r

:(]\r,v;vr!)! Z Z l_[sktak,(xit)ﬁk,()?t)
IN! =11=

1% Fiy ki,..., ky=
J1##]r

= 3 (ﬁ%) -

T kpyeenskr=1 \2=1

K _
DN,r_

Z seax(Xi, )Bi(Y,)

(Xi,)

> ﬂﬂkt X))

Ji##jr t=1

i1#-#iy t=1

The last term above can be rewritten as follows. Take an arbitrary sequence k := (k);_, C [K]". For
each k € [K], let p (k) be the number of times k appears among (k;);_,. By [66, Theorem 12.10],

LY ]—[ak,(xlg—[_] Hpe 0 @) + 0p (1)

i1# - Fly 1=
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(N—r = ¥)
E | |,3k,( )= | |Hpk(k)(GN Br) +op(1),
k=1

J1##jr 1=

where G(X) ‘/_ 2 a(X;) and G(Y) B is defined similarly. Consequently, we have
< ~ k X Y
DN == D s Hp a0 @R ) Hpy 4 (G Bi) + 0 (D).
k1 ..... kp=1k=1

Moreover, for any permutation symmetric f : [K]" — R, we have
Z flkiok) = > ————fll,. ),
..... k=1 pr-Tpr=r P1Y - PK!
where [1,...,[, is any sequence such that k appears exactly py times for all £ € [K]. As a result,

k.= > nk_H (G ) Hy, (G Br) + 0p(1),

pi1t-+PK=rk=

and thus DII\(,’R=1+Z | Xpi 4 tpic= rﬂk lpk H,,k(G( ozk)H,,k(G ,Bk)+o,,(1). Due to the mul-

tivariate CLT [10, Section 29], the random vector (Gg)ak, G(,f,/)ﬁk )k: , converges weakly to Mok (0, k)
by the orthonormality of {ay },If:l and {By }le. By the continuous mapping theorem,

K Pk
DX w1+Z > ﬂp" Hp, (Up)Hp, (Vi) = DER,

r=1p1++pKk=r k=1

which completes the proof. O

Proof of Theorem 2. We again prove the convergence using the characteristic functions. Step 0. Verify
the validity of the limit. We first show 1/[T5> (1 - s7) < co. In fact,

1 > tog i : B @)
— 5 =€Xp og <exp <exp < oo,
Hk=1(1 - 5,%) =1 1- S,% e 1- SI% 1- S12

where the first inequality follows from log (1 + x) > ;35 for all x > —1 and the last inequality follows
from the square summability of {s; }x>1. It suffices to show that D € L>(P ® Q). For any k > 1, let

2

1 s
Zp 1= exp{ - ———(Ug + V) + — = UkVk 43)
-2 2(1-s3) 1-s?

Then {Zj }i > are mutually independent and D =[]}, Z. By a standard computation, we get E[Z,%] =
1/(1 = s?). Therefore, by (42), E[D?] = [T, E[Z}] = 1/[T,(1 - s7) < co.
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Step 1. Control the difference between the characteristic functions. Recall Dﬁ and DX from Propo-
sition 19. By the triangle inequality, we have [E[¢!"PN ] — E[¢/'P]| < C} + C, + C3 where

C1 = [BlePM] - Be"PR 1|, € 1= [Ble PN | B[P ]|, €y = [Ble"P" ] - Ble"P]|.

Fix 6 > 0. By Proposition 19, C; < ¢ for sufficiently large N. It then remains to control C; and C3.
Step 2. Control C. By construction, it holds that

N
DN—DII\;:Z% Z Z l_lé:_K(Xi»YO'i)»

r=1"""|A|=|B|=rca=BicA

where ¢ K :=¢ —¢K ¢ Lé’O(P ® Q) and g12< = ]Ep®Q[(§_K(X,Y))2] = Dk>K+l s]%. Invoking Proposi-

tion 18 for &K, we obtain E[(Dy — DEKP?1 <3N L3 s sf(rf#g)g%{#". As shown in the proof of
Proposition 8, the sum Zivz | % 2oes, s%(r_#”) converges. Moreover, for sufficiently large K, since g12<

can be arbitrarily small, we have C; < |t| E[(Dn — Dg)z] <é.
Step 3. Control C3. Again, it suffices to control E[(DX — D)?]. Recall Z in (43). By independence,

K ) 2 K 2
E[(D¥ - D)*] =E (l—[Zk_l_[Zk =E ]—[Z,f E (1— 1_[ zk)
k=1 k=1 k=1 k>K+1
: ! 1 since E[Z;] =1
= _ , =1
e, (1 =59 [ Trzks1 (1 =59)

It follows from (42) that ﬂkK: (1= s]%)‘l < oo and

1 1 2
IS—SeXp Sk —)1, as K — oo,
[Mesgr1(1=s7) {l_slz kZZK:H }

Hence, we have E[(DX — D)?] — 0 as K — oo, which completes the proof. O

Proof of Corollary 3. Recall from (4) that the Schrodinger bridge ue which solves (3) is given by

He(x,y) = &(x, y)P(x)Q(y) where £(x,y) = exp(—(c(x,y) — ae(x) — be(y))/ €). Moreover, it follows from
the strong duality that [25, Proposition 2.1] (ae, b¢) solve the dual problem

Jataros [w100)+ e~ [[exp(-SEIAIZE0N apagy).

where C(R9) is the set of continuous functions on R?. Consequently, Cc(P,Q) = f ae(x)dP(x) +
/be(y)dQ(y). By some algebra, we have

1 1 Zf\il C(Xi’YO'i)
Nlog il Z exp(——e

max
a,beCR4)

O'ESN

1| MY, . Y,) Ry !
= ~log | — S — =~ D lac(X0) + be(¥)] + 5 log D

NIV S exp (2 (ae(X0) + belter ) e =
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Now the claim follows from the facts that %Ziﬁl [ae(X;) + be(Y;)] —p Ce(P,Q) (by LLN) and
#logDN =0p(1) (by Theorem 2) as N — co. O
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for some results used in the main paper; (b) closedness of the subspace H; defined in (25); (c) a table
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