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This paper introduces a new concept of stochastic dependence among many random variables which we call
conditional neighborhood dependence (CND). Suppose that there are a set of random variables and a set of
sigma algebras where both sets are indexed by the same set endowed with a neighborhood system. When
the set of random variables satisfies CND, any two non-adjacent sets of random variables are conditionally
independent given sigma algebras having indices in one of the two sets’ neighborhood. Random variables
with CND include those with conditional dependency graphs and a class of Markov random fields with a
global Markov property. The CND property is useful for modeling cross-sectional dependence governed
by a complex, large network. This paper provides two main results. The first result is a stable central limit
theorem for a sum of random variables with CND. The second result is a Donsker-type result of stable
convergence of empirical processes indexed by a class of functions satisfying a certain bracketing entropy
condition when the random variables satisfy CND.
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1. Introduction

Empirical processes indexed by a class of functions arise in many applications, in particular in
developing asymptotic inference for nonparametric or semiparametric models and for goodness-
of-fit specification tests. (See, e.g., Andrews [2] and Chapter 3 of van der Vaart and Wellner [34]
for a review of applications of empirical process theory in statistics and econometrics.) While
a predominant body of the literature on empirical process theory focuses on independent obser-
vations or time series observations, there is relatively little research on empirical processes with
spatial or cross-sectional dependence. This paper aims to contribute to the literature by provid-
ing limit theorems for empirical processes which consist of random variables with a flexible,
complex (cross-sectional) dependence structure.

In this paper, we introduce a new notion of stochastic dependence among a set of random
variables. Suppose that we are given a set of random variables {Y;};cn, indexed by a set Ny,
where the set IV, is endowed with a neighborhood system so that each i € N,, is associated with a
subset v, (i) C N, \ {i} called the neighborhood of i. In this paper, we call the map v, : N,, — 2V
a neighborhood system. Given a neighborhood system v, and a set of o -fields M = (M;);en,,
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we say that {Y;};cn, is conditionally neighborhood dependent (CND) with respect to (v,, M) if
for any two non-adjacent subsets A and B of Ny, ((Y;)ica, (Mi)ica) and ((Yi)icp, (M;)ieB)
are conditionally independent given (M;);cy,(4), Where v, (A) is the union of the neighborhoods
of i € A with the set A itself removed.

Our CND property is a generalization of both dependency graphs and Markov random fields
with a global Markov property (Lauritzen, Dawid, Larsen and Leimer [24].) Dependency graphs
were introduced by Stein [31] in his study of normal approximation. (See Chen and Shao [9]
and Rinott and Rotar [29] for a general local dependence notion that is different from ours.)
A set of random variables have a graph as a dependency graph, if two sets of random vari-
ables are allowed to be dependent only when the two sets are adjacent in the graph. This de-
pendence can be viewed as restrictive in many applications, as it requires that any random
variables be independent even if their indices are indirectly connected in the graph. In con-
trast, CND random variables are allowed to be dependent even if they are not adjacent in a
graph. The CND property captures the notion that “any two random variables are independent
once we condition on the source of their joint dependence”. In this sense, the CND property is
closely related to a Markov property in the literature of random fields. However, in contrast to
the Markov property, the CND property does not require that the o -fields M; be generated by
Y; itself.

This paper provides two main results. The first main result is a Berry—Esseen bound for a sum
of CND random variables. Our bound is comparable to Berry—Esseen bounds established for a
sum of random variables with a dependency graph in some generic situations in the literature.
(Baldi and Rinott [3], Chen and Shao [9], and Penrose [27] to name but a few.) This latter liter-
ature typically uses Stein’s method to establish the bound, but to the best of our knowledge, the
existing proofs using Stein’s method for dependency graphs do not seem immediately extendable
to a sum of CND random variables, due to a more flexible form of conditioning o -fields involved
in the CND property. In this paper, we use a traditional characteristic function-based method to
derive a Berry—Esseen bound.

A typical form of a Berry—Esseen bound in these set-ups, including ours, involves the maxi-
mum degree of the neighborhood system, so that when the maximum degree is high, the bound
is of little use. However, in many social networks observed, removing a small number of high-
degree vertices tends to reduce the maximum degree of the neighborhood system substantially.
Exploiting this insight, we provide a general version of a Berry—Esseen bound which uses con-
ditioning on random variables associated with high degrees.

The second main result in this paper is a stable limit theorem for an empirical process indexed
by a class of functions, where the empirical process is constituted by CND random variables.
Stable convergence is a stronger notion of convergence than weak convergence, and is useful for
asymptotic theory of statistics whose normalizing sequence has a random limit.

To obtain a stable limit theorem, we first extend the exponential inequality of Janson [17] for
dependency graphs to our set-up of CND random variables, and using this, we obtain a max-
imal inequality for an empirical process with a bracketing-entropy type bound. This maximal
inequality is useful for various purposes, especially when one needs to obtain limit theorems that
are uniform over a given class of functions indexing the empirical process. Using this maximal
inequality, we establish the asymptotic equicontinuity of the empirical process which, in combi-
nation with the central limit theorem that comes from our previously established Berry—Esseen
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bound, gives a stable limit theorem. This enables stable convergence of the empirical process to
a mixture Gaussian process.

As it turns out, our stable limit theorem for an empirical process requires that the maximum
degree of the neighborhood system be bounded. However, in many real-life networks, the max-
imum degree can be substantial, especially when the networks behave like a preferential attach-
ment network of Barabasi—Albert (Barabasi and Albert [4]). Thus, following the same spirit
of extending the Berry—Esseen bound to the case conditional on high degree vertices, we ex-
tend the stable limit theory to a set-up where it relies only on those observations with rela-
tively low degrees by conditioning on the random variables associated with high degree ver-
tices. This extension enables us to obtain a stable limit theorem for empirical processes when
the maximum degree of the neighborhood system increases to infinity as the size of the system
increases.

Stable convergence has been extensively studied in the context of martingale central limit the-
orems. (See, e.g., Hall and Heyde [13].) See Hausler and Luschgy [14] for stable limit theorems
for Markov kernels and related topics. Recent studies by Kuersteiner and Prucha [22] and Hahn,
Kuersteiner and Mazzocco [12] established a stable central limit theorem for a sum of random
variables having both cross-sectional dependence and time series dependence by utilizing a mar-
tingale difference array formulation of the random variables.

Markov-type cross-sectional dependence on a graph has received attention in the literature
(Lauritzen [23].) In particular, the pairwise Markov property of random variables says that two
non-adjacent random variables are conditionally independent given all the other variables, and
is captured by a precision matrix in a high dimensional Gaussian model. (See Meinshausen and
Biihlmann [26] and Cai, Liu and Zhou [6] for references.) This paper’s CND property is stronger
than the pairwise Markov property when the conditioning o -fields, M;’s, are those that are
generated by the random variables. However, the CND property encompasses the case where
the latter condition does not hold, and thus includes dependency graphs as a special case, unlike
Markov-type dependence mentioned before.

Wau [36] introduced a dependence concept that works well with nonlinear causal processes.
More recently, Jirak [19] established a Berry—Esseen bound with optimal rate for nonlinear
causal processes with temporal ordering. Chen and Wu [8] considered a nonlinear spatial process
indexed by a lattice in the Euclidean space. These models are distinct from ours. The major dis-
tinction of our approach is to model the stochastic process to be indexed by a generic graph, and
model the dependence structure using conditional independence relations along the graph. Thus
our approach works well with, for example, Markov random fields on an undirected graph. On
the other hand, the models of this literature accommodate various temporal or spatial autoregres-
sive processes. To the best of our knowledge, stable convergence of empirical processes indexed
by a class of functions has not been studied under either dependency graphs or Markov random
fields on a graph.

The remainder of the paper proceeds as follows. In Section 2, we formally introduce the notion
of conditional neighborhood dependence (CND) and study its basic properties. In Section 3, we
provide stable central limit theorems for a sum of CND random variables. We also present the
stable convergence of an empirical process to a mixture Gaussian process. The mathematical
proofs of the results are found in the Appendix.
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2. Conditional neighborhood dependence

2.1. Definition

Let A be an infinite countable set. For each n = 1,2, ..., let N,, C N be a finite set such that
|N,| = n and let 2" be the collection of all the subsets of N,,. We assume that N, is a proper
subset of N, 41 for each n > 1. We will call each element of N, a vertex, and call any map
vy i Ny, = 2N g neighborhood system, if for each i € N,,, i ¢ v, (i).1 Let us define for each
A C Ny,

vy (A) = <U vn(i)> UA and v,(A)=v,(A)\ A.

icA
For {i1,...,im} C Ny, we simply write v, (1, ...,im) = vo({i1,...,im}) and v, (i1, ..., 0n) =
v, ({i1, ..., im}), suppressing the curly brackets. Let us call v, (A) the v,-closure of A and v, (A)

the v,-boundary of A. The v,-closure of A includes the vertices in A but the v, -boundary around
A excludes them.

If foreach i, j € N,, i € v,(j) implies j € v, (i), we say that neighborhood system v, is undi-
rected. If there exists a pair i, j € N, such thati € v, (j) but j ¢ v, (i), we say that neighborhood
system v, is directed.

It is often useful to compare different dependence structures governed by different neighbor-
hood systems. When we have two neighborhood systems v, and v;, such that v, (i) C v} (i) for
each i € N, and v, (j) # v, (j) for some j € N,,, we say that v, is strictly finer than v, and v, is
strictly coarser than v,. When v, (i) C v, (i) for each i € N,,, we say that v, is weakly finer than
v and v}, is weakly coarser than v,,.

Let us introduce the notion of dependence among a triangular array of o -fields. Let (2, F, P)
be a given probability space, and let {F;};cn, be a given triangular array of sub-o-fields of F,
indexed by i € N,,. (Proper notation for the sub-o-field in the triangular array should be F;,,, but
we suppress the n subscript for simplicity.) For any A C N,,, we let F4 be the smallest o-field
that contains F;, i € A, and F_4 be the smallest o -field that contains all the o-fields F; such
thati € N, \ A. When A = &, we simply take F4 to be the trivial o -field. We apply this notation
to other triangular arrays of o -fields, so that if {M,};cn, is a triangular array of sub-o -fields of
F, we similarly define M4 and M_4 for any A C N, . For given two o -fields, say, G; and Gy,
we write G| V Gy to represent the smallest o -field that contains both G and G,.

Given a triangular array of o -fields, {M; }?i 1» letus introduce a sub o-field G defined by

g=() ) M- (2.1)
n>1ieN,

In many applications, G is used to accommodate random variables with a common shock. For
example, suppose that each M; is generated by a random vector (g;, U) from a set of random

lEquivalently, one might view the neighborhood system as a graph by identifying each neighborhood of i as the neigh-
borhood of i in the graph. However, it seems more natural to think of a stochastic dependence structure among random
variables in terms of neighborhoods rather than in terms of edges in a graph.
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Figure 1. Conditional neighborhood dependence. Notes: Suppose we are given random variables
(Yy,...,Y13) and (Mq, ..., M13), where M; = o(M;). The figure depicts the neighborhood system on
Ny, ={1,2,...,13}. If Yq, ..., Y13 are CND with respect to the neighborhood system as illustrated above
and (M1,..., My3), itimplies that Y1, ..., Yg and Y}, ..., Y13 are conditionally independent given M7,
Mg, M.

variables {¢;};cn, that are conditionally independent given a common random variable U. Then
we can take G to be the o-field generated by U. We will discuss examples of CND random
vectors in a later section, after we study their properties.

Let us introduce the notion of dependence of an array of o -fields that is of central focus in this

paper.

Definition 2.1.

(i) Given neighborhood system v, on N, and an array of o-fields, M = {M;};cn,, wWe say
that o-fields {F;};en; for a given subset N, C Ny are conditionally neighborhood dependent
(CND) with respect to (v,, M), if for any A, B C N, such that A C N, \ v,(B) and B C N, \
Uy (A), Fa vV My and Fp vV Mp are conditionally independent given M, (4.

(ii) If o-fields generated by random vectors in {¥;};cy; for a subset N/ C N, are CND with
respect to (v,, M), we simply say that random vectors in {Y;};cy, are CND with respect to

(Vpy M).

The notion of conditional neighborhood dependence is illustrated in Figure 1. Conditional
neighborhood dependence specifies only how conditional independence arises, not how condi-
tional dependence arises. Conditional neighborhood dependence does not specify independence
or dependence between Y; and Y; if j € v, (i) or i € v,(j). Furthermore, conditional neighbor-
hood dependence can accommodate the situation where the neighborhoods in the system v, are
generated by some random graph on N, as long as the random graph is G-measurable. In such a
situation, the results of this paper continue to hold with only minor modifications that take care
of the randomness of v,,.

2.2. Monotonicity and invariance to conditioning

In general, a conditional independence property is not monotone in conditioning o -fields. In
other words, when X and Y are conditionally independent given a o -field F’, this does not im-
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ply conditional independence between X and Y given any sub-o -field of F’ or given any o-field
that contains F'. However, CND partially obeys monotonicity in neighborhood systems. More
specifically, the CND property with a finer neighborhood system implies more conditional inde-
pendence restrictions than what the CND property with a coarser neighborhood system implies.
We introduce a lemma which makes precise this monotonicity property of CND. Suppose that we
are given two neighborhood systems v, and v}, where v, is weakly finer than v),. The following
lemma shows that the CND property of a triangular array with respect to a given neighborhood
system v/, carries over to that with respect to v, if vy, is undirected.

Lemma 2.1. Given two neighborhood systems v, and v,,, suppose that v, is weakly finer than
v, and that a triangular array of o -fields {F;}ien, is CND with respect to (v, M) for some o -
fields M ={M;}icn, . Suppose further that v, is undirected. Then {F;}icn, is CND with respect
to (v, M).

Proof. Take any A, B C N, such that A C N, \ V,(B) and B C N, \ V,(A), so that A C Ny \
U, (B) and B C Ny \ D, (A) as well. Let D = v/ (A) \ ,(A), which, by the undirectedness of
v, implies that A C N, \ v, (D). Therefore, A C N, \ v,(BU D) and BU D C N, \ v,(A). By
the CND property, F4 V M4 and Fpyup V Mpup are conditionally independent given M, (4).
By Lemma 4.2 of Dawid [10], this implies that F4 V M4 and Fp vV Mg are conditionally
independent given M, (4)up. This proves the lemma, because

v (A)U D =), (A),
which follows due to v, (A) C v/,(A), v,(A) C ,(A), and 7,(A) \ v, (A) = A. 0

In the above lemma, the requirement that v, be undirected cannot be eliminated. To see this,
consider the following counterexample of the lemma when v, is taken to be a directed neighbor-
hood system.

Example 1. Let us take N, = (1,2, 3,4} with n = 4. Let (&;);cn, be ii.d. standard normal
random variables. Let us take

Y1 =¢q, Yo =¢p, Y3=¢1+e3+e4, and Yy=¢4.

Let a neighborhood system v, be given as v, (i) = @ foralli = 1,2, 4, and v,(3) = {1, 4}. Hence,
v, is directed. Then we take M = F = (F;);en,, Where each F; denotes the o -field generated
by Y;. Then it is not hard to see that (Y;);en, is CND with respect to (v,, M).

Now let us introduce another neighborhood system v, that is weakly coarser than v,. Let
v (1) ={3}, v,(2) ={1}, v,(3) = {1, 4}, and v, (4) = {3}. Then we take A = {1} and B = {4} so
that A C N, \ v,(B) and B C N, \ v, (A). Note that v, (A) = v, (1) = {3}. Certainly Y; and Y4
are not conditionally independent given Y3, because Y3 involves both €1 and &4.

As we shall see later, using further conditioning in the CND property, one may obtain a better
normal approximation for a sum of CND random variables in some situations. Here we give a
preliminary result which addresses the question of whether the CND property still holds after we
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increase the o-fields in M in a certain way. More precisely, suppose that ¥ = {Y;};cn, is CND
with respect to (v, M). Then let us choose N;; C N, and define a neighborhood system v on
Ny, such that for all A C N,,,
vi(A) =v,(A) NN 2.2)
Let M* = {M]}ien,, where
M;k = M; VMN,,\N,}*- 2.3)

Then we obtain the following result.

Lemma 2.2. Suppose that Y = {Y;};cn, is CND with respect to (v,, M). Fix N C N, and
define vy as in (2.2) and M* = {M?}icn, as in (2.3). Then Y* = {Y;}ieny is CND with respect
to (v, M*).

Proof. Take A, B C N;; such that A C N \ v,(B) and B C N;; \ V,(A). Note that for any
A" C NS, NI\ v, (A)=N:\vj(A). Let

B*=BU ((N,\ N;) \ 1a(A)).

By the CND of Y, we have that 6 (Y4) V M4 and o (Yp+) vV M p+ are conditionally independent
given M, (4). Hence, 0 (Y4) vV My and o(Yp) V Mp+ are conditionally independent given
M, (a). From (2.2), we have

V(A Ny (A) = v, (A) N (N,, \ N,’f)
Hence, we can write
vn(A4) = v (A) U (51 (A N oy (A4)) = v (A) U (ua(A) N (Na \ NY)).

so that 0(Y4) vV M4 and o (Yp) V M+ are conditionally independent when we condition on
M AU, (NN, \N;))- This implies that o(Y4) vV My and o(Yp) vV Mg are conditionally
independent given /\/lv;( AUW,\N) by the definition of B *, and by the choice of A C N,". O

2.3. Examples

2.3.1. Conditional dependency graphs

Let G, = (N,, E,) be an undirected graph on N,, where E, denotes the set of edges. Define
vu(i) ={j € N, : ij € E,}. Suppose that {Y;} has G,, as a conditional dependency graph, i.e.,
foreach A C Ny, Y4 and Yy,\;,(4) are conditionally independent given a o -field C. Dependency
graphs were introduced by Stein [31] and have received attention in the literature. (See, for
example, Janson [16], Baldi and Rinott [3] and Rinott and Rotar [29] for Berry—Esseen bounds
for the sum of random variables with a dependency graph, and Janson [17] for an exponential
inequality. See Song [30] for an application to permutation inference.) Then {¥;} is CND with
respect to (v, M), where M, is taken to be C for eachi € N,,.
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2.3.2. Functional local dependence

Let G, = (N,, E,) be a given directed graph, so that ij € E, represents an edge from i to j.
The neighborhood Nno (i) ={j € N, :ij € E,} is the out-neighborhood of i, the set of vertices
Jj that there is an edge from vertex i to vertex j. Similarly, N,{ (@)={j eN,:jieE,}isthe
in-neighborhood of i. We define NO (i) = NO (i) U {i} and N/ (i) = N} (i) U {i}. Suppose that
Y; is generated in the following way:

Yi =vyi(egiy mi) (2.4)

where ENIG) = (Ej)jeﬁ,{ @) and g;’s and 7;’s are independent across i’s and (&;);en, and (1;)ien,
are independent from each other. Here the functions, y;’s, are nonstochastic.

This way of modeling local dependence among Y;’s through base random variables, ¢;’s, is
useful in many contexts of applications. In particular, each outcome Y; may arise as a conse-
quence of local interactions among individual variables, where locality is determined by a given
graph G, . (See Leung [25] and Canen, Schwartz and Song [7] for applications in economics.)

Let us define a new (undirected) graph G/, = (N,,, EJ,) such that ij € E/, if and only if N/ (i) N
N!(j) # @. In other words, i and j are adjacent in G/, if and only if their in-neighborhoods
overlap. Define N, (i) = {j € N, : ij € E},} for each i € N,. Then it is not hard to see that
{Yi}ien, is CND with respect to (N,,, M’), for any triangular arrays of o -fields M, as long as
each M is the o-fields generated by f;((¢;, ;) jen,) for any nonstochastic measurable map f;.
Note that we can take M to be trivial o-fields in which case the functional local dependence is
essentially equivalent to the dependency graph assumption.

However, functional local dependence has much richer implications than the dependency
graph assumption alone, because it generates lots of conditional independence restrictions that
are not implied by the dependency graph assumption alone. Using such restrictions, we can ob-
tain conditional neighborhood dependence as follows: for each i € N, let M; be the o-field
generated by (¢;, n;). It is not hard to see that the triangular array {Y;};,cn, is CND with respect
to (N}, M). Note that the neighborhood system N, is weakly finer than N}, and hence when
the graph G, is undirected, by Lemma 2.1, the CND with respect to (N, M) expresses richer
conditional independence restrictions than the CND with respect to (N/, M).

The notion of functional local dependence is related to physical dependence of Wu [36]. The
difference is that physical dependence in Wu [36] is mainly intended for time series dependence,
where Y; involves only the past and present values of ¢;’s through a common function, whereas
the functional local dependence captures local dependence through a system of neighborhoods
of random variables.

2.3.3. Markov random fields on a neighborhood system

Suppose that we have a triangular array of random vectors {Y;};en,, ¥; € R¢, where there is an
undirected neighborhood system v, on N,. A path in v, between two vertices i and j is defined
to be a sequence of distinct vertices i1, i, ..., i, such that iy =i and i,, = j and i; € v, (i;4+1)
foreacht =1,...,m — 1. Let us say that a set S C N,, separates sets A, B C N,, if for any
i € Aand any j € B, every path between a vertex in A and a vertex in B intersects set S. Let us
consider the following two notions of Markov properties (see Lauritzen [23], page 32).
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Definition 2.2.

(1) We say that {Y;};cn, satisfies the the pairwise Markov property if for any two vertices

i,j € Ny such that i ¢ v,(j) and j ¢ V,(i), ¥; and Y; are conditionally independent given
Y, jy-

(ii) We say that {Y;};cn, satisfies the the local Markov property if for any vertex i € N,, and
any B C N, \ v,(i), Y; and Yp are conditionally independent given Y, ;).

(ii1) We say that {Y;};cn, satisfies the the global Markov property if for any two subsets A
and B of N,, which are separated by set S C N,, Y4 and Yp are conditionally independent given
Ys.

Suppose that M; is the o-field generated by Y; for each i € N,,. It is not hard to see that if
{Yi}ien, satisfies the global Markov property, it is CND with respect to (v,, M). And if {¥;};en,
is CND with respect to (v, M), it satisfies the local Markov property. Hence our notion of CND
is an intermediate concept between the local and the global Markov properties.” Suppose that
for each i € N, Y; takes values in a finite set, say, );, and ¥ = (¥;);en, is a discrete random
vector with a positive probability mass at each point in the Cartesian product x;e¢p,Y;. Then,
the pairwise Markov propety implies the global Markov property, and hence implies the CND
property. (See page 119 of Koller and Friedman [21].)

Note that Markov chains are not CND in general. For example, consider the set N, =
{1,2, ..., n} which represents time and a directed graph v, on N, such that v,(i) = {i — 1}.
Let {Y;};en, be a Markov chain. Then the requirement from a CND property that ¥; and Y; 1, be
conditionally independent given Y;_; does not follow from the Markov chain property.

3. Stable limit theorems

3.1. Stable central limit theorems

3.1.1. The basic result

In this section, we give a Berry—Esseen bound conditional on G for a triangular array of random
variables that are CND with respect to (v,, M). Given a neighborhood system v, on N,, we
define

3

1
dmx =max|v, ()| and day = — Z|v,,(i)
ieN, n N,

where |v,(i)| denotes the cardinality of set v, (i). We call dinx the maximum degree and d,y the
average degree of neighborhood system v,. We use dmx and d,y to express the conditions for the
neighborhood system v,. For p =1, ..., 4, define
)4 1/p
\QD ,

Up = max<E|:
ieEN,

2Lauritzen, Dawid, Larsen and Leimer [24] proposed Markov fields over directed acyclic graphs. They defined local
Markov property and global Markov property and provided a sufficient condition under which both are equivalent.

X
On
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where 02 = Var(}_; .y XilG). Let

- tol(z 2 o))

ieN, jev, (i)

where &;; EE[X[X/‘|MU"(,"]')] — E[Xin|g].

Theorem 3.1. Suppose that a triangular array {X;};cn, is CND with respect to (v,, M). Fur-
thermore assume that E[X;|M,,, )] =0, a.e. for each i € Ny, and let

Ay={weQ  Ndmxday 13 (@) < 1}. (3.1)

Then there exists an absolute constant C > O such that on the event A, for eachn > 1,

sup A, (t; G) < C(\/ ndmxdavﬂg - log(ndmxdavl/«%)\/ nd%xdavﬂi + V,%) s a.e.,

teR

where

1
An(1:G) = ’P{U_n > X sr\g} 10

ieN,

and @ is the distribution function of the standard normal distribution.

Since the conditional CDF is a.e. right continuous, sup,.g A, (¢; G) = Sup;eq An (t;G), ae.,
for any countable dense subset Q of R. The use of the bound requires a good bound for r,,.
Observe that E[£;;|G] = 0. Therefore, when &;;’s are locally dependent in a proper sense, we can
expect that r,% is at most of the same order as the term ndﬁlxdavui. The following corollary gives
a set of conditions under which this is true.

Lemma 3.1. Suppose that the conditions of Theorem 3.1 hold. Furthermore, M;’s are condi-
tionally independent given G. Then

< 8nd? dayii.

Focusing on a special case satisfying an additional condition below, we can obtain an improved
version of Theorem 3.1.

Condition A. For any A, B C N, such that A C N, \ v,(B), M, (4) and Fp are conditionally
independent given G.

Condition A accommodates conditional dependency graphs but excludes Markov random
fields.
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Corollary 3.1. Suppose that a triangular array {X;}icn, is CND with respect to (v,, M), and
that Condition A holds. Suppose further that E[X;|G] =0, a.e. for each i € N,.

Then there exists an absolute constant C > 0 such that on the event A, defined in (3.1), for
eachn>1,

SUp A (13 9) = € ndmda it — 108 (ndmedaii3)  ndBydinii), e

teR

where we define [1, and A, (t; G) as in Theorem 3.1.

The improvement of the result due to Condition A is two fold. First, the condition
E[X;|IM,, i j)] =0 is weakened to E[X;|G] = 0. Second, the bound does not involve r,%. When
it is cumbersome to compute a reliable bound for r,%, the above corollary can be useful.’

In the case of dependency graphs, there has been much research establishing a Berry—Esseen
bound. When we confine our attention to the special case of | X;| < 1/4/n, i € N, and dix < D
for all n > 1 for some constant D > 0, our bound in Corollary 3.1 has the same n~ U2 rate as in
Baldi and Rinott [3] (Corollary 2), Chen and Shao [9] (Theorem 2.7) and Penrose [27] (Theo-
rem 2.4), among others. These papers adopted Stein’s method to obtain the bound. However, to
the best of our knowledge, it is not straightforward to extend their results to our set-up of CND
variables. The main reason is that the conditioning o -field conditional on which two sets of ran-
dom variables X 4 and X p are independent varies depending on the set A. Thus, for example, we
cannot apply Equation (2.4) in Penrose [27], page 31, in our context. In this paper, we resort to a
more traditional Fourier analytic method in combination with Esseen’s inequality.

The Berry—Esseen bound gives stable convergence of a sum of random vectors to a mixture
normal distribution. More specifically, suppose that {X;};cn, is a triangular array of random
variables such that E[X;|M,, ;)] =0, a.e., for each i € N, and for each t e R,

An(t;G) —p 0, as n — 0o.
Then for each U € G, and for each uniformly continuous and bounded map f on R, we have
1
E[f(— Z Xi)lu] — E[f(D)1y], as n — 00,
On N,

where Z is a standard normal random variable that is independent of U and 1y denotes the
indicator of event U.

3.1.2. Conditional neighborhood dependence conditional on high-degree vertices

Let us extend Theorem 3.1 by considering normal approximation conditioning on random vari-
ables associated with high degree vertices.

3In the special case of conditional dependency graphs, one can follow the proof of Theorem 2.4 of Penrose [27] to
obtain a slightly improved bound that does not have the logarithmic factor. It appears that this improvement is marginal

in many applications. For example, the quantity ‘/ndr%xdavui is asymptotically dominated by ‘/ndmxdavu,g, when
;Lﬁ =O0p (n*p/2) and dpnx increases with n slower than the rate nl/2,
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Let N} C N, be a given subset, and v, the neighborhood system on N, given as in (2.2). Let

1
., and djvz—*ZM(i)\, (3.2)
" jen;

d* =max|v@
mx ieN;;| n (@)

where n* = |N;’|. Hence, d}}, and d;, are the maximum and average degrees of the restriction of
v, to N, Moreover, define M* = (M});en, , where M} = M; v My, \nx, and write Mi:;(i) =
My iy V My, \np. We have in mind choosing N,y so that the set N, \ N, consists only of high-
degree vertices in the neighborhood system v,. Then by Lemma 2.2, if (X;);ecn, is CND with
respect to (v, M), then (Xi)ieny is CND with respect to (v, M*). The main idea is that if the
difference between the two sums

D (Xi —E[XiMjp)]) and D (X = EIXi| My, 0)]) G

ieN} i€N,

is asymptotically negligible, we can use the Berry—Esseen bound for the first sum using Theo-
rem 3.1 and deal with the remainder term that comes from the difference.
Now let us present an extended version of Theorem 3.1. Let

1P 1/p X;|? 1/p
* __ * 0¥ = *
(el o ]) e e (o] )
where 02 = Var(}_; ey XilGy), and
Q:EQVMNH\N;. (3.4

Note that the domain of the maximum in the definition of x1, is N, whereas that of /i}, is N, \ N,y
We also define for i, j € N},
q; |

1 2

2

e gE (X Y )
n ieN} jeb, (NN

Theorem 3.2. Suppose that a triangular array {X;}icn, is CND with respect to (v,, M) and

E[X;IM,, 5] =0, a.e. for each i € N, as in Theorem 3.1, and let for 1 <r <4 and &, > 0,

Any(en) = {o € Qun*didlud® < Land (n —n*)if + pf < en}, (3.5)

pr= (E[ = rDl/r.

1
— 2 E[XiM ]
N ieNx

where
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Then there exists an absolute constant C > 0 such that on the event A, (&,,) with any constant
&y >0, foreacht e R,n > 1, and for each 1 <r <4,

sup A* (13 G5) < C\/n*didiyis® — Clog(n*dipdiyny)In*d2di s +rg?

teR

+ Cez/(rﬂ), a.e.,

where

=l poe

ieN,

}—CD(I) .

Compared to Theorem 3.1, the bound involves an additional term. This additional term arises
because the sum may not be centered around zero when we condition on Mj*(i). If|X;|<1//n

and (o'*)2 > ¢ for some ¢ > 0, we have (n — n*)i* = O((n — n*)/+/n). Furthermore, if X has
v, as a conditional dependency graph, we have p* = 0 (because M; =G for all i € N,, in this
case) and hence as long as

(n—n*)/ﬁ—)O,

as n — 00, the third term in the bound vanishes, and the same CLT as in Theorem 3.1 is restored.
In this case, if (n*/n)'2(((n — n*)//n)*> + (d:;lxd;"v/\/rF)lﬂ) converges to zero faster than
(dinxday/~/n)'/?, Theorem 3.2 has an improved rate over Theorem 3.1. Such an approximation
captures the situation where the neighborhood system v, has a very small fraction of very high
degree vertices.

Such an improvement can still arise generally, even if X does not have v, as a conditional
dependency graph. To see this, note that for each i € N, \ v,(N, \ N;), X; is conditionally
independent of My, \n» given M,, (;), and we have

E[X; M.y ] = E[Xi M@, onvpumi, v
= E[X; My, i)uwv,\nn] = E[X;IM,, ] =0.

)

Suppose that |X;| < 1/4/n, (o,j‘)2 > ¢ for some ¢ > 0, n — n* = O(1), and dyy = O(1) and
dy, = O(1). Then we have

Hence,

= 2 E[M)

" jeb, (Ny\N;)NNE

pf = O([0n(Nu \ N3)|/+/n) = O dmx/ /). (3.6)

The rate in Theorem 3.2 improves on that in Theorem 3.1 because with p > 1, (p;‘;)4/5 =

O ((dmx//M)*3) = 0((dmx /1) /).
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As we shall see later in Section 3.2.5, the approach of CND conditional on high-degree vertices
is useful for obtaining stable central limit theorem for empirical processes when the random vari-
ables are CND with respect to a neighborhood system having a maximum degree dp,x increasing
to infinity as n — oo.

3.2. Empirical processes and stable convergence

3.2.1. Stable convergence in metric spaces

Let us first introduce some preliminary results about stable convergence in metric spaces. Let
(D, d) be a given metric space and define B(ID) to be the Borel o -field of . Let (2, F, P) be the
given probability space, where G is a sub o-field of F. Recall that a map L : B(D) x 2 — [0, 1]
called a Markov kernel if for each w € 2, L(-, w) is a Borel probability measure on B(ID) and for
each B € B(D), L(B, -) is F-measurable. Following the notation in Hiusler and Luschgy [14],
let us define the marginal of L on B(D) as

PL(B) = / L(B,w)dP(w).

Given a set H, let (ID, d) be a metric space where each y € D is a functional on H. For a
given finite collection {h1, ..., hi} C H, the finite dimensional projection of a Markov kernel L
is defined to be a Markov kernel Ly, .., : B(R¥) x € — [0, 1] such that for any B € B(RY,

,,,,,

Lip..y(B,o)=L({y eD: (y(hy),...,y(h)) € B}, w).

In the spirit of the Hoffman—Jorgensen approach, we consider the following definition of sta-
ble convergence for empirical processes. (See Berti, Pratelli and Rigo [5], page 2, for a similar
definition.)

Definition 3.1. Suppose that we are given a sub o-field G, a sequence of D-valued stochastic
processes ¢,,, a Markov kernel L on B(D) x €2, and a D-valued Borel measurable random element
¢ that has a Markov kernel L.

Suppose that for each U € G, and each bounded Lipschitz functional f on D,

E*[f(é“n)ly]—>/U/Df(y)L(dy,w)dP(w),

as n — 0o, where E* denotes the outer-expectation and 1y is the indicator function of the
event U. Then we say that ¢, converges to L, G-stably, (or equivalently, ¢, converges to ¢,
G-stably), and write

& — L, G-stably (or equivalently, ¢, — ¢, G-stably.)

Stable convergence according to Definition 3.1 implies weak convergence (in the sense of
Hoffman—Jorgensen). When ¢, is Borel measurable, the above definition is equivalent to the
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weak convergence of Markov kernels and many of the existing results on stable convergence
carry over. However, this equivalence does not extend to the case of ¢, being non-measurable,
because there is no proper definition of Markov kernels for nonmeasurable stochastic processes.
Nevertheless the above definition can still be useful when one needs to deal with random norm-
ing, as shown in the following lemma which generalizes Theorem 1’ in Aldous and Eagleson [1]
and part of Theorem 3.18 of Hiusler and Luschgy [14].

Lemma 3.2. Suppose that &y, ¢, &,, & are D-valued random variables, and that ¢, — ¢, G-
stably, where ¢ and & are Borel measurable, and let P; denote the distribution of ¢. Then the
following holds.

1) If P*{d(,,&) > e} — 0asn — oo for each € > 0, and & is G-measurable, then

(CnrEn) = (£, 6), G-stably,

where P* denotes the outer probability.
(ii) If f:D — D is P;-a.e. continuous, then f(&,) — f(¢), G-stably.

The first result is a stable-convergence analogue of Cramér—Slutsky lemma. The second result
is a continuous mapping theorem.

3.2.2. Stable convergence of an empirical process

Suppose that {¥;};cn, is a given triangular array of R-valued random variables which is CND
with respect to (v,, M). Let H be a given class of real measurable functions on R, having a
measurable envelope H. Then, we consider the following empirical process:

{Gu(h) :h e H},

where, for each i € H,

1
G, (h) = NG > (h(¥) —E[h(YD)| My, i)))-

ieN,

The empirical process v, takes a value in [°°(#), the collection of real-valued bounded functions
on ‘H which is endowed with the sup norm so that (I°°(H), || - |lco) forms the metric space
(D, d) with ||h|lc = sup,cg [2(y)]. In this section, we explore conditions for the class H and
the joint distribution of the triangular array {Y;};<y, which delivers the stable convergence of the
empirical process. Stable convergence in complete separable metric spaces can be defined as a
weak convergence of Markov kernels. (See Hiusler and Luschgy [14].) However, this definition
does not extend to the case of empirical processes taking values in D that is endowed with the
sup norm, due to non-measurability.

Weak convergence of an empirical process to a Gaussian process is often established in three
steps. First, we show that the class of functions is totally bounded with respect to a certain
pseudo-metric p. Second, we show that each finite dimensional projection of the empirical pro-
cess converges in distribution to a multivariate normal random vector. Third, we establish the
asymptotic p-equicontinuity of the empirical process.
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Let p be a given pseudo-metric on H such that (#, p) is a totally bounded metric space. Then
we define

Uy(H) ={y € D: y is uniformly p-continuous on #}.

The following theorem shows that we can take a similar strategy in proving the stable conver-
gence of an empirical process to a Markov kernel. The structure and the proof of the theorem is
adapted from Theorem 10.2 of Pollard [28].

Theorem 3.3. Suppose that the stochastic process ¢, € D is given, where (H, p) is a totally
bounded metric space. Suppose that the following conditions hold.

(1) For each finite set {hy, ..., hi} CH, (Cu(h1),...,¢n(hi)) = L,
Lhp,....n, is a Markov kernel on B(R) x Q.

(i) ¢&, is asymptotically p-equicontinuous on H, that is, for each ¢ > 0, n > 0, there exists
8 > 0 such that

o G-stably, where

.....

limsup P*{ sup [alh) — &u(H)] > ’7] =
n—00 hh' eH:p(h,h')<$

where P* denotes the outer probability.

Then there exists a Markov kernel L on B(D) x Q such that the following properties are
satisfied.

(a) The finite dimensional projections of L are given by Markov kernels Ly, .. p, .
(b) PL(U,(H)) =1.
(¢) &y — L, G-stably.

Conversely, if ¢, converges to Markov kernel L on B(D) x Q, G-stably, where PL(U,(H)) =1,
then (1) and (ii) are satisfied.

It is worth noting that for stable convergence of empirical processes, the conditions for the
asymptotic equicontinuity and the totally boundedness of the function class with respect to a
pseudo-norm are as in the standard literature on weak convergence of empirical processes. The
only difference here is that the convergence of finite dimensional distributions is now replaced
by the stable convergence of finite dimensional projections.

3.2.3. Maximal inequality

This subsection presents a maximal inequality in terms of bracketing entropy bounds. The max-
imal inequality is useful primarily for establishing asymptotic p-equicontinuity of the empirical
process but also for many other purposes. First, we begin with a tail bound for a sum of CND
random variables. Janson [17] established an exponential bound for a sum of random variables
that have a dependency graph. The following exponential tail bound is crucial for our maximal
inequality. The result below is obtained by slightly modifying the proof of Theorem 2.3 of Janson
[17].
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Lemma 3.3. Suppose that {X;}icn, is a triangular array of random variables that take val-
ues in [—M, M] and are CND with respect to (v,, M), with E[X;|M,, ;)] =0, and let 01.2 =
Var(X;|M,, i) and V, = ZieN,, E[oi2|g] with G as defined in (2.1).

Then, for any n > 0,

P{ > X

ieN,
foralln > 1.

Furthermore, if Condition A holds and the condition E[X;|M, )] = 0 is replaced by
E[X;|G] = 0 and the o-fields M, ) in o;’s are replaced by G, then the following holds: for
any n > 0,

|

foralln > 1.

772

 2(dmx + 1) Q2(dmx + 1)V + M7 /3)

> n‘g} < 2exp< ), a.e., 3.7

> x

ieN,

81>
29| <200 ) o @9

The bound in (3.8) is the one obtained by Janson [17] for the case of dependency graphs.
From this, the following form of maximal inequality for a finite set immediately follows from
Lemma A.1 of van der Vaart [33].

Corollary 3.2. Suppose that {Y;}icn, is a triangular array of random variables that are CND
with respect to (v,, M). Let for each h € H, V,(h) = n~! ZieN,, E[aiz(h)lg] and ol.z(h) =
Var(h(Y;)| M., i)) with G as defined in (2.1).

Then there exists an absolute constant C > 0 such that

E[lglsaixm|Gn(hs)| 9]

J
< Cldmy + 1)<ﬁlog(1 +m)+\/10g(1 +m) max Vn(hx)), ae.

for any n > 1 and any m > 1 with a finite subset {hy, ..., hy} of H such that for some constant
J >0, maxj<g<pm SUp, g |As (X)) < J.

Let us now elevate the above inequality to a maximal inequality over function class . Recall
that we allow the random variables Y;’s to be idiosyncratically distributed across i’s.
We define the following semi-norm on H: for 4 € H,

1
_ 2(YV.
. > E[2(r)).

ieN,

pn(h) =

We denote N[j(e, H, pn) to be the e-bracketing number of H with respect to p,, that is, the
smallest number J of the brackets [i j, hy 1, j=1,...,J,suchthat p,(hy ; —hr ;) <& and
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for each h € H, there exists j € {1,2,..., J} such that iy ; < h < hy ;. The following lemma
establishes the maximal inequality in terms of a bracketing entropy bound.

Lemma 3.4 (Maximal inequality). Suppose that {Y;}icn, is a triangular array of random vari-
ables that are CND with respect to (v, M). Suppose further that the class H of functions have
an envelope H such that p,(H) < oo. Then, there exists an absolute constant C > 0 such that
foreachn > 1,

pon(H)
E*[sup |Gn(h)|] <C(1 +dumy) JT+1og Ny (e, H, o) de.
heH 0

The bracketing entropy bound in Lemma 3.4 involves the maximum degree dnx. Hence the
bound is useful only when the neighborhood system v, does not have a maximum degree in-
creasing with n.

3.2.4. Stable central limit theorem

First, let us say that a stochastic process {G(h) : h € H} is a G-mixture Gaussian process if for any
finite collection {h1, ..., h;,} C H, the distribution of random vector [G(%1), G(h2), ..., G(h,)]
conditional on G is a multivariate normal distribution. Also, we call a Markov kernel K a G-
mixture Gaussian Markov kernel associated with a given G-mixture Gaussian process G if for
any hy, ..., h, € H, the conditional distribution of [G(h1), G(h2), ..., G(h,)] given G is given
by the finite dimensional projection Ky, . p,, of K. Let us collect the conditions as follows.

,,,,,

Assumption 3.1.

(a) There exists C > 0 such that forall n > 1,

fn(H)
(1 +dmx)/ V1 +log Nyy(e, H, pn) de < C.
0

(b) Forany hy,hy € H,
E[Gn(h1)Gn(h2)|G] = p K (1, h2]G),

for some K (-, -|G)(w) : H x H — R, w € 2, which is positive semidefinite a.e., and non-constant
at zero.
(c) Foreachh e H, —n’l/zrn(h) 10g(n’1/2dmxdav) — p 0, as n — 00, where

1 2
ra(h) EEK— si~<h)> g},
ﬁz;v:n je%%i) : ‘
with
&j(h) = E[(h(X;) — E[A(X) M., ]) (1(X ) = E[A(X )| M, (j]) Mo, . )]
—E[(h(X)) — E[A(X)IMy, ) ]) (h(X ;) = E[2(X )| M., (]) 1G]
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(d) For each h € H, p(h) = lim,_, o p,(h) exists in [0, c0) and satisfies that whenever
p(hy) — 0asn — oo, p,(h,) = 0asn— oo as well.

The following result gives a Donsker-type stable convergence of empirical processes.

Theorem 3.4. Suppose that {Y;}icn, is a triangular array of random variables that are CND
with respect to (v, M), satisfying Assumption 3.1. Suppose further that there exists C > 0 such
that for each n > 1, max;ep, E[H(Y,')4] < C, where H is an envelope of H.

Then v, converges to a G-mixture Gaussian process G in 1°°(H), G-stably, such that for any
hi, hy € H, E[G(h1)G(h2)|G] = K (h1, h2|G), a.e.

Furthermore, we have PK(U,(H)) = 1, where K is the G-mixture Gaussian Markov kernel
associated with G.

The fourth moment condition max;ey, E[H (Y, ,~)4] < 00 is used to ensure the convergence of
finite dimensional distributions using Theorem 3.1. It is worth noting that Assumption 3.1(a)
essentially requires that the maximum degree dx to be bounded. It is interesting that this con-
dition was not required for the CLT in Theorem 3.1. This stronger condition for the maximum
degree is used to establish the asymptotic equicontinuity of the process {G, (k) : h € H}. When
the neighborhood system v,, is generated according to a model of stochastic graph formation, this
condition is violated for many existing models of graph formation used, for example, for social
network modeling. In the next section, we utilize the approach of conditioning on high-degree
vertices to weaken this condition.

3.2.5. Conditional neighborhood dependence conditional on high-degree vertices

As mentioned before, Assumption 3.1(a) requires that dpx be bounded. Following the idea of
conditioning on high degree vertices as in Theorem 3.2, let us explore a stable convergence
theorem that relaxes this requirement. As we did prior to Theorem 3.2, we choose N, C N, to
be a given subset and let d},, and d}}, be as defined in (3.2).

First, write

Gu(h) =G, (h) + Ry (h) — p, (h), (3.9

where

1
Gi = - > (h(¥) = E[a(Y) M ) ]),

/ %
ieN;

I
— > (h(¥) —E[h(¥)|My,p]). and

R} (h)
a i€N,\N*

1
P (h) = NG > (B[h(YDIM,, )] — E[ATDIM: ) ])-

ieN;
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Note that
2(n —n®)
E*Lf?% OIE = man JE[H200)].

Since {Y;}iens is CND with respect to (v,;, M*) as defined in (2.2) and (2.3), we can apply
the previous results to G (k). This gives the following extension of the maximal inequality in
Lemma 3.4. Since the maximal inequality is often of independent interest, let us state it formally.

Lemma 3.5 (Maximal inequality). Suppose that {Y;}icn, is a triangular array of random vari-
ables that are CND with respect to (v,, M). Suppose further that the class H of functions have
an envelope H such that p,(H) < oo.

Then, there exists an absolute constant C > 0 such that for alln > 1,

CJn*(1 +d* Pn(H)
%/O V1+log Nyy(e, H, pn) de

n—n* * *
+C< NG l;g?v)i,/E[Hz(E)]+E [suppn(h)]).

heH

E* [ sup| G ]] <

If |H|loo < C and n — n* = O(1), the second term in the bound is O (dmx/+/n) similarly as
we derived in (3.6). Thus this bound is an improvement over Lemma 3.4, whenever O (d}%,) =
o(dmx) as n — oo. Let us turn to the Donsker-type stable convergence of an empirical process.
We modify Assumption 3.1 as follows.

Assumption 3.2.
(a) There exists C > 0 such that foralln > 1,

Bn(H)
(L+dry) V1 +1log Nyy(e, H, pn)de < C.
0

(b) Forany hy,hy € H,
E[Gn(hl)Gn(hzﬂg;f] —p K(h1,h2|G"),

for some K (-, -|G*)(w) : H x H — R, w € 2, which is positive semidefinite a.e, and non-constant
at zero, and for some sub o-field G* of F, where G is as defined in (3.4).
(c) Foreachh e H, —n*_l/zr: (W) log(n*~12d* d*)—p 0, as n — 0o, where

mx-av
*
g]

1 2
i (h) = E[(T YooY & (h))
n ieN} jeb, ()NN
(d) For each h € H, p(h) = lim,_. « py(h) exists in [0, c0) and satisfies that whenever
p(h,) — 0asn — oo, p,(h,) — 0asn— oo as well.
(e) E*[sup,cy s (h)|] = 0,as n — oo.




Stable limit theorems under conditional neighborhood dependence 1209

While Condition (a) essentially requires that d;, be bounded, Condition (c) allows dpy to in-
crease to infinity as n — 0o. The condition in (b) that K (-, -|G*) be non-constant at zero requires
that

n—n*— A, asn — oo,

for some A € [0, 00). Thus, the number of the high degree vertices (n — n*) selected when we
set N;¥ C N, should be bounded as n — co. In combination with (e), this implies that we have
(n —n*)//n 4+ E*[sup,cq p(h)] — 0 as n — oo, which makes it suffice to focus on G (h) in
(3.9) for a stable limit theorem. We obtain the following extended version of Theorem 3.4.

Theorem 3.5. Suppose that {Y;}icn, is a triangular array of random variables that are CND
with respect to (v,,, M), satisfying Assumption 3.2. Suppose further that there exists C > 0 such
that for each n > 1, max;ep, E[H (Y})*] < C, where H is an envelope of H.

Then v, converges to a G*-mixture Gaussian process G* in [°°(H), G*-stably, such that for
any hy, hy € H, E[G*(h1)G*(h2)|G*] = K (h1, h2|G¥), a.e.

Furthermore, we have PK(U,(H)) = 1, where K is the G*-mixture Gaussian Markov kernel
associated with G*.

If we take N, to be identical to N,,, Theorem 3.5 is reduced to Theorem 3.4. However, The-
orem 3.5 shows that approximation of the distribution of an empirical process by a mixture
Gaussian process is possible even if dyx — 00 as n — oo.

Appendix: Mathematical proofs

To simplify the notation, we follow van der Vaart [33] and write a, < b, for any sequence of
numbers, whenever a, < Cb,, for all n > 1 with some absolute constant C > 0. The absolute
constant can differ across different instances of <.

For any positive integer k and i = (i1, ..., i) € N,]l‘ and a triangular array of random variables

{Xi}ien,, we define

k
xm=[]x,. (A.1)
r=1
The following lemma is useful for the proofs of various results.

Lemma A.1. Suppose that v, is a neighborhood system on N, and {X;}icn, is a triangular
array of random variables that are CND with respect to (v,, M), where M = {M}ien,. Fur-
thermore, for given positive integer k, leti= (i1, ..., iy) € N,’f be such that it has two partitioning
subvectors Iy 1 (1) and Iy 2(i) of i such that the entries of I 1 (1) are from Ny \ v, (Ix 2(1)) and the
entries of Iy 2(i) are from Ny \ v, (Ix,1(1)). Then,

E[X )M, )] = E[X (I 1) Moy, 1., 6n JE[X (I 2D) 1Mo, (1 60 -
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Suppose further that Condition A holds. Then,
E[X®)IG] =E[X(Ik,1())IG]E[X (It 2()IG].
Proof. By the choice of i, we have
V() = vn (I, 1 D) U vy (I 2 (D)),
va (I, 1 () Cva@@),  and v, (Ix2() C vy (D).

To see the second statement, note that wheneveri € v, (Ix,1(i)), we have i ¢ I} 1(i) andi ¢ I 2(i),
and there must exist j € I 1 (i) such thati € v,(j). Since I} (i) C i, we find that i € v, (i).
As for the first statement of the lemma, we write

E[X ()M, ] =E[E[X (I1 )M, 6. X (I2®)]X (I 20) My, )]
= E[E[X (I1 ) Mo, (1.1 60w, 12y X (Te2D) X (I 2)) M, 5]
=E[E[X (Ix,1 ()Mo, 1 1 6n ] X (Te 2 D) Mo, )]
=E[X (It,1 () IMu, 1, i JE[X (Te2 D) Mo, )]
= E[X (Te,1 ) Mo, 1 1 in JE[X (Te 2 ) Mo, 15 -

The second equality follows by (A.2). The third equality follows because v,(lx2(i)) \
Vp (Ig,1(1)) and I 2(i) are outside v, ([, 1(i)) and X (Ik,1(i)) is conditionally independent of
(Mo, 2\ U1 G))» X Tk ,2(1))) given My, (1, ) by the CND property of {X;}. The fourth
equality follows because v, (Ix,1(i)) C v,(i). The fifth equality uses the fact that v, (I,1(i)) \
V({2 (1)) is outside of v, (I 2(i)) and the CND property of {X;}ien, .

Let us turn to the second statement of the lemma and now assume that Condition A holds. We
write

(A.2)

E[X®)IG] = E[E[X (k.1 ®) My, 100 X (Te20)]X (T 2)16]
= E[E[X (Ix1 ()Mo, (1, 16y ] X (I 2 ) 1G]
=E[X(It,1())IG]E[X (Ix 2(D) 1G]

The second equality follows because I 2(i) is outside v, (f,1(i)) and by the CND property.
The third equality follows by Condition A, that is, M, ( L) and X (Ix 2(i)) are conditionally
independent given G. |

Let us present the proof of Theorem 3.1. Recall the notation in the theorem, and define X7 =
Xifon, W =3 iy, X7 and WP =35 ) X9 Letus define for € Rand w € €,

on (1) (@) = E[exp(it W?)|G] (),

where i = +/—1. Note that ¢, is uniformly continuous on R almost surely, and since
E[(W?)2|G] = 1, a.e., ¢, is twice continuously differentiable almost surely. (See Yuan and Lei

[371.)
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Lemma A.2. Suppose that the conditions of Theorem 3.1 hold. Then for each t € R,

|‘P;; @) +to, (t)| < (ntzdmxdav,ug + ty/nd2 day i} + r,%), a.e.

Proof. First, as in the proof of Theorem 1 in Jenish and Prucha [18], we decompose
(it = W) exp(itW?) = hy (W) — ha (W) — b3 (W),

where

i (W) =ite™” (1 -y X;?Wj),

JEN

ha (W7) = W’ Z X‘j’(l —itW{ — e_itwy), and
JEN,

h?t WU =e irtwe Z XU —UW
JEN,

Now, let us consider

E[h1,(W°)*|6] < tzEKl = .Z X7 Wi“>2‘g]
—enl(2 % wrx ) o]

i€N, jE€V, (i)
because

> > E[xyx5I6]=1,

ieN, jev, (i)

by the definition of o2
Define o;; = E[X;’X‘j’|g] and ai’; = E[Xf’X‘J7 | My, jy]. Note that for {i, j}, {k, [} C N, such
that {k,l} C N, \ v, (i, j) and {i, j} C N, \ v, (k,[), we have by Lemma A.1,

E[X7 X§ X7 X7 | Mo, . j.k0] = E[XT XTI Mo, 6.5 JE[XT X7 IMy, 600 a3
ZG;;‘U:I‘ .
Let

= Y w) (T X )

ieN, jev, (i) ieN, jev, (i)
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Then we can write

=(X X W)

ieN, jev, (i)
) , Y (A4)
(X X o) + &= Yo+ Yoo+ &
i€N, jeb, (i)

where the sum Y is over (i, j, k,) such that i € Ny, j € V,(i), k € Ny, [ € b, (k) and either
{k, 1} NV, (i, j) # D or {i, j} N, (k,1) # @, and the sum }_" is over (i, j, k, ) such that i € N,,,
jev@),keNylev,(k)and {k,I} C Ny \v,(, j) and {i, j} C N, \ v,(k, ). This implies that

2
E[(Z 3 X;’X}’) ‘Q}—l
i€ENy jEVL (D)
1

/

= E[X?XIX7X7IG]+ > E[X7XIX{X7IG] — 1
/ "

= D E[XT XX X7 1G] + 3 Elo]o516] — 1

= > (E[X7 X9 X7 X[ |G] — E[0}:051G]) — EL[A4|G].

The second equality is by (A.3) and the third equality is by (A.4). The leading sum is bounded
by Cndr%lxdav,uﬁ, because the number of the terms in the sum Z/ is bounded by Clndglxdav for
some constant Cq > 0.

Let us focus on An. We write An = R,(2 — R;), by using (A.4), where

R”EZ Z (Gl’j—O';;).

ieN, jev,(i)
Since E[R,|G] =0, we have
E[A,|G] = —E[R2(G] = —r2.
Hence,
E[h1,(WO)1G] S 2 (nd2 dayit + r2).

Let us turn to sy ;(W?). Using series expansion of exp(—itx) (see, e.g., (3.2) of Tihomirov
[32]), we bound

E[h2,(W?)IG] < g Z E[|X;’|(W;’)2|g] =§ Z Z E[|x7 X7 X7 |1G].

ieN, iEN, j.kev, (i)



Stable limit theorems under conditional neighborhood dependence 1213

Using arithmetic-geometric mean inequality, we can bound the last term by C t2ndmxdav,ug.
Finally, let us turn to i3 ,(W?). We write E[A3 ,(W?)|G] as

Z E[X7 exp(it(W? — W?))IG] = Z E|:Xf’ exp(it Z X;’) ‘g}
ieEN, i€eN, JEN\ V(i)
The last conditional expectation is equal to

E[E[X" exp(it 3 X‘;) ‘MW)} (g]

JEN\V, (D)
:E[E[Xﬂ/\/lvn(i)]EI:exp(it Z X‘;)‘MW@]‘Q}:Q
JEN\Vn (i)

The first equality follows by CND and the second equality follows because E[X{ |M,, ] = 0.
Hence, it follows that

E[hg,t(W”)|g] =0.
Since we have
@n (1) + tea (t) = —1(E[ (it — W) exp(itW?)|G]),
by collecting the results for i1 ;(W?), hy ;(W?), and h3 (W), we obtain the desired result. [

Proof of Theorem 3.1. Foreacht € R,
@, (1) = —tp,(t) — iE[(it - W") exp(itW”)|g] =—1¢, () + vu (1), say.

Taking integral of both sides, we obtain the following expression:

t2 t u2
@n(I)ZGXP(_E> |:1+/0 Vn(u)exp(7> du]
t2 t2 t u2
wn(r)—exp(—5> sexp<—5> /0 |yn<u)|exp<7>du. (A.5)

Note that for all ¢ > 0,
t
/ u? exp(u2/2) du < exp(t2/2)t,
0

or

and fé uexp(u®/2) du = exp(t>/2) — 1. Applying Lemma A.2, the last term in (A.5) for # > 0 is
bounded by C(ta, + (1 — exp(—t2/2))bn), where

an = ndpxdayp3, and by =/nd2 day + r2,
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for some absolute constant C > 0. Hence for any T > 1,

/ dtSCa,,/ dt+Cb,,/
[-T,T] [-T,T] [-T,T]

The last sum is bounded by 2C T a,, 4+ 2C log(T)b,,. Therefore, by Esseen’s inequality (see, e.g.,
Theorem 1.5.2 of Ibragimov and Linnik [15], page 27), we obtain the following bound on the
event A,,

on(t) —e'12
t

A (t;6) S (Tan +10g(T)by + T71) S (an”* —og(an)by),

by taking T = a{l/z. O

Proof of Lemma 3.1. For (i, j) and (i’, j’) such that either {i, j} N v,(’, j)) = @ or {i’, j'} N
vn(i, j) = 2, E[&;&7|G] = E[&;;|GIE[&; j|G] = 0. Let A be the set of ((7, /), (i’, j')) such that
i € Ny, j €n(i), i’ € Ny and j’ € U, (i'). Then

E[(Z Z éij)z‘g} 504113'

LENy, jev, (i) J

Aj,

4
=1

where Aj is the number of ((i, j), (i’, j')) € A such that either i € (i) or i’ € v,(i); Ay is
the number of ((i, j), (i’, j')) € A such that either i € v,,(j’) or j' € V,,(i); Az is the number of
(G, j), (', j)) € Asuchthateither j € v,(i") ori’ € v,(j); A4 is the number of ((Z, ), (i’, j)) €
A such that either j € V,,(j') or j' € ,,(j). Thus, it is not hard to see that

4
> Aj <8nd}day,
j=1

completing the proof. (]

Proof of Corollary 3.1. Similarly as in the proof of Lemma A.2, we decompose
(it = W) exp(itW?) = hy (W) — ha (W) — b3 (WF).

The treatment of A5 ;(W?) and h3,(W?) is the same as that of the proof of Lemma A.2. The
difference lies in the treatment of i1 ,(W?). Using Condition A and Lemma A.1, we note that
for {i, j}, {k,l} C N, such that {k,I} C N, \ v,(i, j) and {i, j} C N, \ v, (k, ),

E[X7 X X] X[ |G] =E[X7 X |G|E[X] X[ |G] = 0ij0u. (A.6)
Following the same argument in the proof of Lemma A.2, we find that

E[<Z Z Xij>2‘g:| —1= Z/:(E[X?X(}szﬂg] — 0ij0k1),

LENy jev, (i)
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which is bounded by Cnd2, dayjt4. Hence in the proof of Lemma A.2, we do not need to deal

with A,. Following the proofs of Lemma A.2 and Theorem 3.1 for the rest of the terms, we
obtain the desired result. (]

Lemma A.3. Suppose that X and Y are random variables such that E[Y] =0 and (E[|Y|" NYr<
M for some constants r, M > 0, and F is the CDF on R with density function f. Then for any
teR,

|PIX+Y <t} —F)| < |P{X <t+q}—F(t+q)|

+|P{X <t —q}— F(t — q)| +4@M)*7,

where ¢ =sup,cg f(z) and q=(M"/[e)!/I+7),
Proof. First, note that for any ¢ > 0,

|PIX+Y <t} —F@0)|<|P{X+Y =<t,|Y|<e} - F@)|+ P{|Y]|>¢}. (A7)
As for the probability inside the absolute value above, we note that

P{X+Y<t,|Y|<e}=P{X+e<t|Y|<¢}
> P(X+e<t)—P{|Y|>¢}.

Also, observe that

P{X+Y<t|Y|<e}<P{X—c=<1}

Hence,
|P{X+Y <t,|Y|<e}—F@)|
<max{|P{X+e=<t}—P{IY|>¢e} - F@)|,|P{X —e <t} - F(1)|}
<|P(X<t—e}—F(t—¢e)|+|PIX<t+e}—F(t+e)|
+2sup f(2)e + P{|Y| > ¢}.
zeR
From (A.7),

|PIX+Y <t} —F@)| < |P{X<t—e}—F@t—¢)|+|PIX<t+e}—F(t+e)|
+2sup f(z)e + 2P{|Y| > ¢}.
z€R

Using Markov’s inequality, we bound the last term by 2¢ "E[|Y|"] <2¢™"M". Taking ¢ = g, we
obtain the desired result. (]
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Proof of Theorem 3.2. We write A*(¢; G) as

1
‘P{—*inJrR:sz\g}—@(r), (A8)
n ieN¥
where R} = L > ien,\nx Xi- We write
T DI DI
ieN,\N; Inien, \N¥
Now, choose 1 <r <4 and write
r
N
E[ > & g} 5( > (E[l&1N19)) /’) < (|Na \ Nj| 5"
i€N,\N; ieN,\N;t
Hence on the event Ay, ,(g,),
1
(E[[R:"16])"" + pF <.
Define for brevity,
n zEN*
By Lemma A.3, the term (A.8) is bounded by (for any r > 0)
|P{S;, <1+ qulG} — @ +qn)|
(A.9)

1
+|P(SE, <t —qulG) — D —gu)| +4(¢O)en)" ",
where ¢ denotes the density of N (0, 1) and

1
Gn 28”;/("4’ )/¢(0)1/(F+1)

By Lemma 2.2, {X;};en; is CND with respect to (v, M*), we apply Theorem 3.1 to the leading
two terms in (A.9) to obtain their bound as

Oy dins® — Clog(n*di diuuy®)\n*d3di st + ri?

for some constant C > 0, delivering the desired result. O

Lemma A.4. Suppose that (D, d) is a given metric space and for each n > 1, &,, &,, ¢ are D-
valued random variables. If for each ¢ > 0, P*{d(&,,¢,) > ¢} — 0 and ¢, — ¢, G-stably, as
n— oo, then

&, — ¢, G-stably.
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Proof. First note that ¢, — ¢, G-stably if and only if for all event U € G and any closed set
F € B(D),

limsup P*{¢, e F}NU < P{t € F}NU. (A.10)
n—od
(This can be shown following the proof of Theorem 1.3.4(iii) of van der Vaart and Wellner [34].)
Using this and following the same arguments in the proof of Lemma 1.10.2 of van der Vaart and
Wellner [34], we deduce the lemma. O

Proof of Lemma 3.2. (i) Since P*{d(&,,&) > &} — 0, we have P*{d((g‘n, &), (&, &) >¢e}—>
0, where d is a metric on D x D defined as d((f1 f2), (g1, 82)) =d(f1,g1) + d(f2, g2) for
f1, f2, &1, g2 € D. Furthermore, note that (¢,, &) — (¢, &), G-stably, because ¢, — ¢, G-stably,
and & is G-measurable. Now the desired result follows by Lemma A.4.

(ii) Note that ¢, — ¢’, G-stably, if and only if for any event U € G and any open set G € B(D),

liminf P, {;’neG}ﬂU>P{§ EG}ﬂU (A1D)
n—oo
where P, denotes the inner probability. Using this and following the same arguments in the proof
of Theorem 3.27 of Kallenberg [20] for the continuous mapping theorem for weak convergence,
we obtain the proof of (ii). [l

For the proof of Theorem 3.3, we use the following lemma.

Lemma A.S. If f : D+ R is bounded and continuous, and K C D is compact, then for every
€ > 0 there exists T > 0 such that, if x € K and y € D with ||x — y|| < t, then

lf) = f] <e.

Proof of Theorem 3.3. First, let us suppose that (i) and (ii) hold. To see that the marginal PL
of L is a tight Borel law, note that the stable finite dimensional convergence of ¢, implies the
convergence of the finite dimensional distributions of ¢,. Combining this with the asymptotic
p-equicontinuity and using Theorems 1.5.4 and 1.5.7 of van der Vaart and Wellner [34], we
obtain that PL is a tight Borel law. The fact that PL is concentrated on U,(#) follows from
Theorem 10.2 of Pollard [28].

Now let us show the G-stable convergence of ¢,. We follow the arguments in the proof of
Theorem 2.1 of Wellner [35]. Let ¢ € U,(H) be a random element whose distribution is the
same as PL. Since (H, p) is totally bounded, for every § > 0 there exists a finite set of points Hs
that is §-dense in H thatis, H C Uhe?—@; B(h, §) where B(h, §) is the open ball with center # and
radius 8. Thus, for each h € H, we can choose 75(h) € Hs such that p(s(h), h) < 8. Define

tns(h) = Gu(ms(), and  ¢s(h) =¢(ms(h))  forh e H.

By the G-stable convergence of the finite dimensional projection of ¢,, we have for each U € G
and for each bounded and continuous functional f : £*°(H)— R,

E*[f(¢ns)lu] = E[f(¢)1u]. (A.12)
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Furthermore, the a.e. uniform continuity of the sample paths of ¢ implies that
P{nm sup\g(h)—g,g(h)\zo]:L (A.13)
=01

For each bounded and continuous functional f : £°°(H) > R, and for each U € G such that
PWU) >0,

[E*[f(&)1u] = E[£(O1v]]
<|E*[(f&) = fGu)) o] + [E[(f&ns) — FE))1u]| + |E[(f @Cs) — £O)1u]]-

The last two absolute values vanish as n — oo and then § — 0 by (A.12) and by (A.13) combined
with the Dominated Convergence Theorem. We use the asymptotic p-equicontinuity of &, and
Lemma A.5 and the fact that PL is a tight law, and follow standard arguments to show that the
leading difference vanishes as n — oo and then § — 0. (See the proof of Theorem 2.1 of Wellner
[35] for details.)

Since the G-stable convergence of ¢, implies that of its finite dimensional distributions, and
the weak convergence of ¢,, the converse can be shown using the standard arguments. (Again,
see the proof of Theorem 2.1 of Wellner [35].) O

Proof of Lemma 3.3. The proof follows that of Theorems 2.3 and 3.4 of Janson [17]. In par-
ticular (3.8) follows from Theorem 2.3. However, for (3.7), we need to modify the proof of
Theorem 3.4 because of ’s are not necessarily G-measurable, and hence the equations (3.9) and
(3.10) on page 241 do not necessarily follow.

First, without loss of generality, we set M = 1. Following the proof of Theorem 3.4 in Janson
[17] (see (3.7) there), we obtain that for any ¢ > 0,

E[exp(cX)IM,, )] < exp(o7g(c)). (A.14)

where g(c) = e — 1 —c. Let Nj’-‘ C Ny, j=1,...,J be disjoint subsets which partition N,, such
that for any iy, i» € N;‘, i1 #12,i1 ¢ vu(i2) and i € v, (i1). Fixu >0, p; >0, j=1,...,J such

that 3>7_; pj =1 and w; € [0,1], j =1,....J such that 3 jenpien: wj =1 forall i € Ny.
Then using Lemma A.1 and (A.14) and following the same argument in (3.8) of Janson [17],

E[exp(u ) xl-)(g] < éij_ I E[exp(w—’;‘xi)wunu)]\g}

ieN, 'ieN}‘ p

oo ()

*
1€Nj

exo( 2 oe( ) 9]
- i€N, Pj

M~

~.
Il

IA
[~
S
=

~.
I
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because g(-) > 0. The last term above is bounded by

! wiu
Zpﬂ[exp((xn + vn>g<—_>>\g} (A.15)
j=1 P

)}

kn < 1ogE[exp(|Val)IG] = Va, (A.16)

where

Z Ui2 -V,

ieN,

kp =logE [exp(

As for «;,, note that

because V,, is G-measurable. Let W = ZJJ'=1 w; and take p; = w;/ W to rewrite (A.15) as
E[exp((fcn + V,,)g(uW))lg].

Hence we have for each ¢ > 0,

P{ > Xi> t‘g} < E[exp((kn + Vi)g W) — ut)|G].

ieN,

If we take

1 ¢
w=—log[ — " 41
W g((xn+v,,)w )

and let ¢(x) = (1 + x) log(1 + x) — x, the last bound becomes

t 2
o (_(K" " V”)“’((Kn T mw)) = xP (_2W<W<Kn VT r/3))

t2
< _
= eXp( 2WRWYV, + t/3)>’

where the first inequality follows by the inequality: ¢(x) > x2/(2(1 4+ x/3)), x > 0, and the last
inequality follows by (A.16). Now, as in the proof of Theorem 2.3 of Janson [17], the rest of the
proof can be proceeded by taking {(N7, w;)} ]J'=1 as a minimal fractional proper cover of N,. [J

Proof of Lemma 3.4. We adapt the proof of Theorem A.2 of van der Vaart [33] to accommodate
the CND property of {Y;};en,. Fix go so that

2790 < f(H) <2790

.. N,
and for each ¢ > qg, construct a nested sequence of partitions H = Uiqu ‘H,; such that

1
—§ E*( sup |h(Yj)—g(Yj)|2><2_2q foreveryi=1,..., Ny. (A.17)
n: h,geH,,

]ENn 8 i
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By the definition of p, (k) and the bracketing entropy, N, can be taken to satisfy

q
logNy < ) log(1+Npy(2™" M. fu)).

r=qo
Choose for each g a fixed element hy from each H, and set myh = hy and Ayjh =
(supy, g, |h — g|)*, whenever h € H,,, where (h)* defines the minimal measurable cover of

(Dudley [11].) Then (5, (Agh))? < 2724 from (A.17), and 7,/ and A,h run through a set of N,
functions as % runs through #. Define for each fixed n and g > ¢, the following numbers and
indicator functions:

g = z_q/\/m,
Ag—1th = HADgh < Vnoy,, ..., Ng—1h < /nag_1},
Byh = 1{Ayh < \/ﬁaqo, RRVAVIRY B ﬁaq_l, Agh > ﬁaq},
Byyh = 1{Lgyh > ﬁaqo}.
Because the partitions are nested, Ayh and B,h are constant in & on each of the partitioning

sets Hy; at level g. Now decompose h = (h — myoh) + mgoh =1 + 11, say, with I = h — myoh =
(h — myyh). Then we can write

o o0
I=(h—mgh)Byh+ Y (h—mgh)Bgh+ > (mgh—my 1h)Ag_ih
q=qo+1 q=qo+1
=+, + 1, say.

We analyze the empirical process at each of I, I}, and 1.
Control of 1,: Let us bound E*[sup, ¢4 |G, ((h — 7gyh) By, h)|] by

1
E*<sup— \h — 705 h| Byoh) (X)
0 2 )

1
+sup — S E[(1h — 75 h| By h) (X:) | Mo )
hezﬁig\/:n [( 90 qo) (1)]

Since |h — 74y 1| Bgyh < 2H1{2H > /nog,} < 4H?/(/nay,), we bound the last expression by
8ory:! o (H)? < 8(27%/\/log Nyg 1) 27202 <3227 flog Ny 11,
due to our choice of gq satisfying that p, (H )2 < 2720042,

Control of 1.: For I, = Z;O:%H(nqi.z — nq,lh)Aq.qh, there are at most N, — 1 functi(?ns
7gh —my—1h and at most N,_ — 1 functions A,_1 k. Since the partitions are nested, the function
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|mgh — mwy—1h|Ag—1h is bounded by A,_1hAy_1h < /nay—i. Applying Corollary 3.2 (with
J=noy_iandm =N, — 1) to G, (wgh — my_1h)Ay—1h,

E[I}}éﬁ%}@n(nqh — g-1h) Aq-1h||G]

< s+ 1) (g1 Tog Ny + JoNp _max Voih).

where {hy:s =1,...,Ny_1} = {(my — my_1)hAy_1h : h € H}. From the law of the iterated
conditional expectations and Jensen’s inequality,

E*[sup |(Gnlc|],§(dmx+l) i (\/(mqu)E*[Kg%x]\/,,(hs)]+2—q\/m)
=5=Ng

heH q=qo+1

o
S2dme+1) Y 279 /logN,,

q=qo+1

where for the last inequality, we used (A.17) so that

E*[ max Vn(hs)]fE*< max (

1<s<N,—1 1<s<N,—1

1 > E[E[hf(y,-)|M,-]|g])> <279t (AL18)
eN,

n:
i

Control of I, and II: The proof of these parts are the same as that of Theorem A.2 of van
der Vaart (1996) except that we use p,(-) instead of || - ||p 2 so that we have E*||G, Iy S

Y aegor1 271/ log Ny and E* |Gy 11|34 S279/log Ny, .

Now collecting the results for I, I, I, and II, we have

o0
E*[Su£|Gn(h)|]§(dmx+1) > 27 /logN,
he

q=qo+1

pn(H)
< (o + 1)/ VT T Tog Ny (e, . ) de.
0
giving the required result. U

Proof of Theorem 3.4. We prove conditions for Theorem 3.3. Let us first consider the conver-
gence of finite dimensional distributions. Without loss of generality, we consider the CLT for
Gy, (h) for some h € H such that Var(G,,(h)|G) > 0, a.e. Assumption 3.1(a) together with the
moment condition for the envelope H implies that dynx < C for all n > 1 for some C > 0. We
apply Theorem 3.1 to obtain the convergence of finite dimensional distributions. By the CND
property of (Y;);en, and Assumption 3.1(b), Condition (i) in Theorem 3.3 is satisfied.
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Let us prove asymptotic p-equicontinuity (with p(h, h) = p(h) = lim,— « o, (h).) Define
Hps={h—g:pn(h—g)<é,h,g €H} Then, by Lemma 3.4,

8
B[ sup [Gu0]| S (1t o) [ VTFTOE NI s o e
/’LE’H,ME 0

By noting that H, s is contained in H — H and by Assumption 3.1(a), the last bound vanishes
as § — 0 for each n > 1. Thus the asymptotic p-equicontinuity follows, by the condition for
p(h). O

Proof of Theorem 3.5. By Assumption 3.2, we have

n—n*
JE[H2(Y; E*[ *h] 0,
i max [H2(Y)] + hs;l%pn() -

as n — 00. Hence, the desired result follows applying Theorem 3.4 to G in (3.9). ]
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