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Quantile estimation in deconvolution problems is studied comprehensively. In particular, the more realistic
setup of unknown error distributions is covered. Our plug-in method is based on a deconvolution density
estimator and is minimax optimal under minimal and natural conditions. This closes an important gap in the
literature. Optimal adaptive estimation is obtained by a data-driven bandwidth choice. As a side result, we
obtain optimal rates for the plug-in estimation of distribution functions with unknown error distributions.
The method is applied to a real data example.
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1. Introduction

Nonparametric deconvolution models are of high practical importance and lead to challenging
questions in statistical methodology. Let X1, ..., X,, be independent random variables with a
common Lebesgue density f:R — R. Suppose that we merely observe the random variables

Yj:Xj—i-Sj, j=1,...,n,

that is the original (X ;) corrupted by i.i.d. error variables ¢;, independent of (X;) and with
Lebesgue density f..For t € (0, 1) the objective is to estimate the t-quantile ¢, of the population
X from the observations Y7, ..., Y,. For practitioners estimated quantiles are very relevant, but
they depend in a nonlinear way on the underlying density such that their estimation is not always
obvious. Abstractly, quantile estimation in deconvolution is an example of nonlinear functional
estimation in ill-posed inverse problems.

Two natural strategies may be pursued. Either a distribution function estimator is inverted or
an M-estimation paradigm is applied using a density estimator of f. While the first possibility
was studied by Hall and Lahiri [12], the purpose of this paper is the analysis of the second in a
far more general setting. Assuming that the distribution of the measurement error is completely
known, Carroll and Hall [1] have constructed a kernel density estimator based on the empirical
characteristic function ¢, (1) := %Z'}zl elYji y e R. In practice, however, the distribution of
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the measurement error is usually not known. Instead, we assume that we have at hand a sample
from f; given by

el ..., € m € N.

9 Cmo

Motivated from applications, we will not assume that the observations (¢f) are independent
from (Y;). In particular, our procedure applies to the experimental setup of repeated measure-
ments, as discussed below.

Let Fg(u) := [pe"g(x)dx, u € R, denote the Fourier transform of g € L'(R) U L*(R).
Consequently, F~![h(u)](x) = ﬁ f e " (u)du, x € R. Based on the classical kernel estima-
tor, Neumann [21] has proposed the following density estimator of f for the case of unknown
error distributions:

@n(W)k (bu)
m )

where ¢k is the Fourier transform of a kernel K, b > 0 is its bandwidth and the character-
istic function of the error distribution ¢, is estimated by its empirical counterpart @, ,(4) :=
% Iy e u e R. Obviously, f, depends on the sample sizes n and m which are suppressed
in the notation. Applying a plug-in approach, our estimator for the quantile g is then given by
the minimum-contrast estimator

ﬁ(x) = f1|: 1{|W§.m(”)|2m_]/2}i|(x)’ X € R,

~ ~ noo
o= argmin [flp0n|  with Sy = [ Frtodr M
ne[_Uann] —0

for some U, — oo. We will show as the very first step that ﬁ is indeed integrable with over-
whelming probability and when not, we define ¢; to be the empirical 7-quantile of the obser-
vations Y;’s. In this work we pursue the analysis for error distributions whose characteristic
function decays polynomially. As shown by Fan [8], these so-called ordinary smooth errors lead
to mildly ill-posed estimation problems. They are mathematically more challenging than the so-
called super-smooth errors, which we discuss briefly in Section 2.3.

Although the literature on deconvolution problems is extensive and very broad, the problem
of adaptive deconvolution with unknown measurement errors was addressed only recently, see
Comte and Lacour [3], Johannes and Schwarz [14] and Kappus [16] for adaptive density esti-
mation with unknown error distributions in the model selection framework. Minimax results and
other properties for nonadaptive methods are given by Neumann [21,22], Meister [20], Delaigle,
Hall and Meister [6], Johannes [13] among others. To the best of our knowledge, the problem of
quantile estimation in deconvolution was considered only in Hall and Lahiri [12]. They have con-
structed a quantile estimator for the case of known error distributions by inverting the distribution
function estimator, without proposing an adaptive bandwidth choice. As we shall establish, the
error of the quantile estimator (1) is directly related to that of the distribution function estimator
(cf. the error representation (4) below). Yet, the general analysis of the latter was not clear before.

Fan [8] has proposed an estimator for the distribution function by integrating the density de-
convolution estimator. In order to perform an exact analysis of its variance, a truncation of the
integral was required in the estimation procedure. This resulted in a nonoptimal (in the minimax
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sense) estimation method for the case of ordinary smooth errors and raised the conjecture that
‘plug-in does not work optimally’ for estimation of the distribution function in deconvolution.
Trying to circumvent this problem, Hall and Lahiri [12] as well as Dattner, Goldenshluger and
Juditsky [4] have constructed a distribution function estimator based on a direct inversion for-
mula. Applying the Fourier multiplier approach by Nickl and Reif3 [24], S6hl and Trabs [26]
have shown that the integrated density estimator can indeed estimate the distribution function
with /n-rate under suitable conditions. Since they prove a Donsker theorem, the imposed con-
ditions are restrictive. In particular, a global Sobolev regularity of f is assumed there which is
not natural for pointwise loss. So even with a known error distribution, it remained an open and
intriguing question whether the canonical plug-in estimator for distribution or quantile function
estimation yields asymptotically optimal results under natural conditions.

In Section 2, we settle this question in the positive under local Holder regularity of f by com-
bining an exact analysis like in Dattner, Goldenshluger and Juditsky [4] together with abstract
Fourier multiplier theory from Sohl and Trabs [26]. Moreover, we show that the optimal rates
continue to hold if the error distribution is unknown and has to be estimated, which is mathe-
matically nontrivial. Since the deconvolution operator F -0 /@.] is not observable, we have to

study the estimated counterpart F [an(l (M; {10e.m (@)|=m=1 /23] As a random Fourier multiplier, it

preserves the mapping properties of the deterministic 7 ~![1/¢,], but its operator norm turns out
to be (slightly) larger.

A lower bound result establishes that the rates under a local Holder condition are indeed min-
imax optimal. Surprisingly, the dependence of the minimax rate on the error sample size m is
completely different from the case of global Sobolev restrictions like in Neumann [21]. The
proof enlightens this interplay between the decay of one characteristic function and estimation
error in the other sample for both, the (Y;) and the (¢;).

An adaptive (data-driven) bandwidth choice is developed in Section 3. To this end, a variant of
Lepski’s method is applied, but because of the unknown and possibly dependent error distribution
a much more refined analysis is needed to establish that the resulting adaptive quantile estimator
is (up to log factors) still rate optimal.

In Section 4, we implement our estimation procedure and present simulation results which
show a good performance of the estimator. In a real data example, we consider multiple blood
pressure measurement data from different patients. Here, a measurement error is clearly present,
but of unknown distribution and we have to estimate it by taking patient-wise differences. The
completely data-driven method yields reasonable quantile estimates which differ from the sample
quantiles of the directly measured (Y;). All proofs are postponed to Section 5.

2. Convergence rates

2.1. Setting and upper bounds

Let us introduce some notation. Denoting («) as the largest integer which is strictly smaller than
a > 0, we define for some function g and any possibly unbounded interval / € R the Holder
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norm

(o)
18 (x) — g (y)]
lgllcer) == g®| o 4+ sup
k:ZO” “L 0 x,yel :x#y |)C - yl"‘_(“)

Let CO(I) denote the space of all continuous and bounded functions on the interval / and

C*R) := U C'(R,R)  with C%(1, R) :={g € C°(Dllgllcecs) < R}, R > 0.
R>0
In the sequel, we use the Landau notation O and Op. For two sequences A, (), B,(¢) de-
pending on a parameter ¥, A, () = Op(B,(¥)) holds uniformly over a parameter set ¢ € ® if

there is for all ¢ > 0 some C > 0 such that supy.q Py (A, () > CB,(P)) <c. If A, (P)/B, ()
converges in probability to zero, we write A, (¢}) = op(B,(9)).

Assumption A. Let the kernel function K € L' (R) with Fourier transform i = FK satisfy

(1) suppegx S[—1, 1] and
(1) K hasorder £ € N, i.e., fork=0,...,¢

1,  ifk=0,

4+1 k —
/1;|K(x)||x| dx <oco and /Rx K(x)dx = {O, otherwise.

By construction the quantile estimator, gr 5 is the approximated solution of the estimating
equation

- no
0=Mb(77)=/ fo(x)dx — 1. 2

If a solution exists, it does not have to be unique since fb is not necessarily nonnegative. Never-
theless, any choice converges to the true quantile, assuming the latter is unique. Before, integra-
bility of f, was an open problem, which we shall settle now.

Lemma 2.1. Grant Assumption A with € = 0. On the event

B.(b) = | [em(@)| = m ™12 logbl 2 3)

inf
uel—1/b,1/b)
we have ﬁ, e L'(R) and estimating equation (2) has a solution.

Therefore, a truncation of the integral as used by Fan [8] is not necessary, implying that no
tail condition on f is required. Although || f5| 1 is finite, it depends on the observations as well
as through b on n, m. To quantify the behavior of f, more precisely, our analysis relies on the
following much stronger result.

Lemma 2.2. Grant Assumption A with £ = 0. For some B, R > 0 suppose E[(s}(‘)“] <R and

lee@|™ < R(U+1ul)” and |g@)] < R(1+ Jul) ™!
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as well as mb*Pt1 — oco. Then there exists a finite random variable &, which is O p(1Vv m)
with the constant depending only on B and R, such that for any s > B+ > B on the event B, (b)

Sfrom (3)
{z2]-
©Qe,m(U)

The deterministic counterpart of this lemma was proved by Sohl and Trabs [26]. Here, we show

that the random Fourier multiplication operator C*(R) 3 ¢ — F -1 [%ﬁv)’m] e CsB* (R)

has a norm bound Op(1 Vv m) on the event B (b). The condition on the derivative ¢, is
natural in the context of Fourier multipliers and is usually satisfied for distributions with polyno-
mial decaying characteristic functions, for example, Gamma distributions with shape parameter
B > 0 satisfy it.

" < Eb ||w||CY(R) for all '(/f eC’ (R)
Cs=P7(R)

Remark 2.3. Depending only on the observations, condition (3) can be verified by the practi-
tioner for a given bandwidth b. Under the assumptions of Lemma 2.2 Talagrand’s inequality
yields P (B, (b)) > 1 — 2e=5*""" (cf. Lemma 5.1 and (53) below). Therefore, with overwhelm-
ing probability B.(b) holds true and the estimating equation (2) is rigorously defined.

Before we start with the error analysis, let us describe the class of densities we are interested
in. Let Q(R) denote the set of all probability densities on R which are uniformly bounded by
R > 0. Following the minimax paradigm, we consider for R, r, ¢, U > 0 and the smoothness
index o > 0 the classes

C*(R.r.¢)= | JC*(R.r.¢.U) and
UeN
C*(R,r,z,U) := {f € Q(R)| f has a t-quantile ¢, € [—U, U] such that

feC*([gr —¢.q: +¢), R) and f(gc) > r}.
In contrast to Dattner, Goldenshluger and Juditsky [4], the smoothness is measured locally in a
Holder scale and not globally by decay conditions of the Fourier transform of f. The former is
more natural since both, the distribution function and the quantile function are estimated point-

wise. Note that the quantile g, is unique given the assumption f(g;) > 0. Recalling that we write
@s := F f¢, the conditions in Lemma 2.2 motivate the definition of the class of error densities

1 - -
DP(R.y):= {fse Qo) (1+1ul) ™" = |F frw] = R(1+1ul) .

(Ffo)' )| <R+ ul) ™77,

< £, SR}

for some moment y > 0 and we use the same constant R as above for convenience.
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Remark 2.4. The upper and lower bounds for |, (u)| in DA (R, y) are standard assumptions in
deconvolution and are used for deriving lower bounds for the estimation problem as well as upper
bounds for the risk of the estimators. Specifically, these bounds correspond to ordinary smooth
error distributions (Fan [8]), cf. Section 2.3 below for the super-smooth case.

Applying the plug-in approach, we need to integrate the density estimator over an unbounded
interval. As mentioned above, additional assumptions are necessary to control || f[; lz1. We apply
Lemma 2.2 assuming y > 4, that is E[(e}“)‘l] < 00, and a polynomial decay of |¢,|. The latter is
a natural Mihlin-type condition in the context of Fourier multipliers. Note that ¢/, exists if f, the
distribution of the measurement errors, has a first moment. In view of the analysis by Neumann
and Reif} [23], the moment assumption in particular implies uniform convergence of @ .

To control the estimation error of gz 5, we follow the Z-estimator approach (cf. van der Vaart
[31]). Let M (n) be the deterministic counterpart of Mb(n) defined in (1). The quantities g7, and
g are given by the (approximated) zeros of 1\717 and M, respectively. From the Taylor expansion
0~ Mb Grp) = ]Vlb (g:) + Gzp — qr)]\7ll/7 (g7) for some intermediate point ¢} between g, and
gr.p, We obtain

JE (fp(x) = f(x))dx
fo(a?)

The following two propositions deal separately with the numerator and the denominator in this
representation. The results are intrinsic to our analysis, but may also be of interest on their own.
The first proposition deals with the numerator in (4) and establishes minimax rates of conver-
gence for estimation of the distribution function with unknown error distributions. Note that the
quotient in (4) might explode if f;(g;) becomes very small for large stochastic error. Excluding
this event which has vanishing probability, we establish convergence rates as O p-results.

“)

ar,b — g~ —

Proposition 2.5. Suppose that Assumption A holds with £ = (&) + 1 and let b, , = (n A
m)~V/QeR2BVIDED Then for any o > 1/2, B, R, r,¢ > 0 and y > 4 we have uniformly over

feC¥R,r,¢)and f € DP(R,y) asn Am — oo,

qr
‘/ (for,, ) = () dx| = Op (Yuam(@, B)),

where for k > 1

k=12, for B €(0,1/2),
Ve, B) := | (logk/k)'/2, for p=1/2, &)
k—(a+l)/(2a+2ﬂ+l)’ for,B - 1/2

Since the techniques to obtain Proposition 2.5 differ significantly from previous results for
deconvolution with unknown error distribution, let us briefly sketch the proof: we apply a smooth
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truncation function ag to decompose the error into

f (fo(x) — f(x))dx

qr
qc qr ~
=/ (Kb*f(x)_f(x))dx+/ s+ g0 (o) — Kp# f0O)dx (6)

oo —00

deterministic error singular part of stochastic error

qr ~
+/ (1= a5 (e +g0) (o) — Kp  £(x)) dx

—00

continuous part of stochastic error

with the usual notation K, (-) = b~' K (-/b). The function a; can be chosen such that it has
compact support and satisfies (L(—o0,0] — @5) € C*°(R). Similar to the classical bias-variance
trade-off, the deterministic error and singular part of the stochastic error will determine the rate.
The continuous part, however, corresponds to the estimation error of a smooth (but not integrable)
functional of the density. If the error distribution were known, it would be of order n™ 172 For un-
known errors we use Lemma 2.2, where our estimate of the operator norm of the random Fourier
multiplier F ' [¢k (but) /@ m )Ty,  wy1m-1/2y] is of order Op(1 v (m~!/2p=F=1)). This
might be larger than the operator norm of the unknown deconvolution operator F~'[1 /¢, (u)]
which is uniformly bounded. Yet, for &« > 1/2 the additional error that appears in the continuous
part of stochastic error in (6) is negligible.

Next, we like to understand the denominator of (4). Lounici and Nickl [18] have proved uni-
form risk bounds for the deconvolution wavelet estimator on the whole real line for a known error
distribution. On a bounded interval, which is sufficient for our purpose, uniform convergence of
the deconvolution estimator fj, can be proved more elementarily. With b, = (logn/n)!/@e+26+D
the following proposition yields the minimax rate (logn/n)®/?2+28+1 in [ ®_Joss (at least if

logn =m).
Proposition 2.6. Grant Assumption A with £ = («). Forany a, 8, R,r,{ > 0and y > 0 we have
uniformly over f € C*(R,r,¢) and f, € DP(R,y) asn Am — oo,

z logn  1\'?
sup | fo(x + ) — f(x +q0)] =Op<b“+ <i v _> bﬂ1/2>_
xXe(=¢,¢) n m

In particular, if b = by, ,, — 0 and (= Am)biéJlewasnAmeoo,ﬁ

: : Togn is a uniformly
consistent estimator.

n,m

The two propositions above are the building blocks for the first main result of this paper an-
nounced in the following theorem. The constant preceding the rate depends only on the class
parameters «, 8, v, R, r, ¢. The location parameter U, can grow logarithmically to infinity as
n— oo.
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Theorem 2.7. Let « > 1/2, B, R, 7, > 0 and y > 4 and grant Assumption A with £ =
(o) + 1. Let q}b;m be the quantile estimator defined in (1) associated with by, = (n A

m)_l/(2“+2(ﬁw/2)"ll) and with U, — o0, U, = O(logn). Then we have uniformly over f €
CY(R,r,t,Uy) and f. € DP(R,y) asn Am — oo,

|5f’bz,m —q:|=0p (vfn/\m (ct, /3)),

where y.(«, B) is given in (5).

Using the methods of the proof of Theorem 2.7 and an additional application of Bernstein’s
concentration inequality, convergence rates for the uniform loss can be obtained, assuming regu-
larity in a neighborhood of some interval of quantiles. For0 < 71 < p < land«, R, 7, ¢, U, > 0,
define

Cgo(rl7 T27 R7 r7 é‘a Un)

= {f € Q(R)‘for all T € (11, 10): f has a r-quantile g, € [-U,, U,] and
feC(lgn — ¢.qn +ELR), inf flg)zr).
Te(t1,72)

Theorem 2.8. Leta > 1/2, 8, R,r, ¢ > 0 and y > 4 and grant Assumption A with £ = (a) + 1.
For0 <1t <1< landt € (11,10) let gz px  be the quantile estimator defined in (1) associ-

ated with b;l"’m = (lo% \% %)1/(2"“"2(/3“/2)*'1) and with U, — o0, U, = O(logn). Then we have
uniformly over f € C5 (11,72, R, 7, ¢, Uy) and f; € ’Dﬁ(R, y)asn Am— 00,
sup |ar,h;m —q:|=0p (W(n/logn)/\m (ct, ,3)),

Te(t),72)

where y.(a, B) is given in (5).

We finish this subsection by providing the minimax rates for estimating the distribution func-
tion and the quantiles for the case of known error distributions, restricting to pointwise loss. As
above, the estimators are given by plugging in the classical density estimator

@n W)@k (bu)

= — 11

i|(x), x eR. 7

Corollary 2.9. Let a, 8, R,r, ¢ > 0 and y > 0 and suppose that the error distribution is known
and f, € DP(R,y). Let Assumption A hold with £ = (&) + 1. Let Gz.b be the quantile estimator
based on the density deconvolution estimator (7) associated with b} = n~V/QaR2BVDED gpg
U, — 00, U, = O(logn). Then we obtain uniformly over f € C*(R,r,¢,Uy,) as n — 00,

qr
’ / (for () = f(x)) dx‘ = Op(Yn(a B)),

@\r,b,’; —q:|=0p (l/fn(ol, ,3))7
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where Y.(«, B) is given (5).

Here, we do not estimate the deconvolution operator and thus there is no additional error in
terms of m. Consequently, we do not need a moment assumption on the error distribution and the
convergence rates hold true for all o > 0.

2.2. Lower bounds

In view of the lower bounds stated by Fan [8], in case n < m the rates in Proposition 2.5 are
optimal. Using the error representation (4), the result for distribution function estimation carries
over to quantile estimation. Therefore, we focus on the case m < n. To provide a clear proof of
the lower bound, we allow for a more general class of distributions of X ;, assuming only local
assumptions. Using point measures, the estimation error of ¢, does not profit from the decay of
the characteristic function of X ;. One could also consider the case of bounded densities f and
choose alternatives in the proof whose Fourier transforms decay arbitrarily slowly, but this would
require far more technical arguments.
We define for «, R, r, { > 0 and some interval / C R

5“+I(R,r, 1) := {F c.d.f.|F has on I a Lebesgue density f € C*(1, R) and ingf(x) > r},
xXe
C* (R, r, 0) = {F c.d.f.|F has a T-quantile g; € Rand F € C~“+1(R, rlgr — ¢, qr + ;])}.

Theorem 2.10. Suppose that Yy,...,Y, and &€¥,... &, are independent. Let q € R and

o, B, R, 1, >0,y >0. Then for any C > 0 there is some § > 0 such that

inf  sup sup  P(|Fum(q) — F(q)|
Fum FeCotV(R,1,[q—¢.q+¢)) fr€DP(Ry)
~CA m)—(ot+1)/(2a+(25)V1+1)) > 5,

_inf sup sup P(‘ér,n,m - CI‘[’ >Cn A m)_(a+l)/(2a+(2ﬂ)VI+l)) >,
qz.,n,m Feg‘“’l(R,r,{) fseDﬁ(R,y)

where the infima are taken over all estimators Fn,m and Gr p,m, respectively.

This lower bound implies that the rates in Proposition 2.5 and Theorem 2.7 are minimax
optimal, except for the case § = 1/2 where they deviate by a logarithmic factor.

2.3. Discussion and extension

The previous results show that estimating the distribution function by integrating a density de-
convolution estimator is a minimax optimal procedure and under the local Holder condition the
rates are determined by n A m. In that point our results differ completely from previous studies.
Assuming «-Sobolev regularity of f, the RMSE of the kernel density estimator by Neumann
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[21] is of order O(n~%/CaFA+D 4 y=(@/AAD)Y Since the error in estimating ¢, is reduced by
the decay of the characteristic function ¢ of X ;, the risk is of much smaller order in m. Assuming
local regularity on f only, F f can decay arbitrarily slowly such that this reduction effect may
not occur. Note that assuming global Sobolev regularity would improve also the convergence rate
of the plug-in estimator.

Interestingly, the dependence on n and m is not completely symmetric. As an intrinsic property
of the uniform loss, the convergence rates are typically by a logarithmic factor slower than for
pointwise loss. Yet, in Proposition 2.6 and Theorem 2.8 this payment for uniform convergence
affects only the estimation of ¢ and thus the rate is determined by k’% \Y %

Although the focus of this paper is on ordinary smooth error distributions, a generalization to
supersmooth errors is worth mentioning. Let us sketch this case of exponentially decaying ¢,.
Supposing ]E[le;';|4] < oo and | ()|~ = (’)(e”0|”|ﬁ) as well as ¢ (u)| = (’)(e’”'”‘ﬁ), u € R, for
some B > 0 and yp > y; > 0, we obtain analogously to Lemma 2.2 for sufficiently small ¢, y > 0
and for the bandwidth b}, = c(logm)~!/#

H]_-_1|:(Pk(b;kn“):| .

-
I, x) < v 1V llcsm) where &, = Op(1ve’"")
Qe,m(u)

C'(R)

for any s > 0 and for any ¥ € C*(R). In other words, ¢k (bu)/¢e (1) is a random Fourier
multiplier on Holder spaces with exponentially increasing operator norm on the event B (D).
Following the lines of the proof of Proposition 2.5, one sees that the singular as well as the
continuous part of the stochastic error in (6) are of the order Op ((n A m)_l/ 2e”bﬂs). Combined
with the estimate for the deterministic error, the choice b}, ,, = c(log(n A m))~ /P yields for
feC¥R,r¢)

q'[ ~ Cw
‘ / (Jo ) = £ () dx| = Op ((1ogln A m))~“FD/F).

Note that for n < m this is the minimax rate for distribution function estimation as given in
Fan [8]. Therefore, also for supersmooth error distributions the integral domain does not need to
be truncated to estimate the distribution function via the plug-in approach.

3. Adaptive estimation

The choice of the bandwidth b is crucial in applications. Therefore, we develop a fully data-
driven procedure to determine a good bandwidth. We follow the approach initiated by Lepskit
[17]. More precisely, we use the version proposed in Goldenshluger and Nemirovski [11]. For
simplicity, we suppose n = m and focus on the pointwise loss in this section.

Let us consider the family of estimators {g; p, b € BB,} where g7 p is defined in (1) and B, is
a finite set of bandwidths. In view of the error representation (4), it is important that ﬁ,(c?,,b)
is a consistent estimator of f(g;) for all b € B,,. Therefore, conditions on the bandwidth as in
Proposition 2.6 are necessary for the entire set 55,,. These depend on the true but unknown degree
of ill-posedness B and on «. We keep to the assumption « > 1/2 such that the additional error
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due to bounding the random Fourier multiplier is negligible. Note that the lower bound for the
bandwidth is not determined by the variance of the quantile estimator itself but by the variance
of the density estimator and the minimal smoothing which results from o > 1/2.

Inspired by Comte and Lacour [3], we propose the following construction of a feasible set 3,:
for some L > 1 define

by,j = n~tLi for j =0,..., N, where N,, € N satisfies n LN ~ (logn)_3.
Choosing

~ 1
Jn ::N,,Amin{j:O,...,Nn—l: —5(

10gn>1/2/1”’”'f Higemlzm=1)
2

n /by |Pem @]

uil}, ®)

the bandwidth set is given by
Byi=1{b, ... .bun,). ©)

Note that by construction B, is nonempty and it consists of a monotone increasing sequence
of bandwidths such that b, j;1/by,,; is uniformly bounded in j = j,,..., N, and n > 1. Also,
for n — oo we have N, < logn and (logn)?b,, N, — 0. The following lemma establishes two

~

additional properties. The latter one ensures that for any b € B, our estimators are consistent.

Lemma 3.1. Let (Y;) and (g}) be distributed according to f € C*(R,r,¢) and f; € DA(R,y)
with a« > 1/2,8 > 0. Then with probability converging to one, j, < N, and the optimal
bandwidth b}, = n~V/Qet2BVIDHD) s contained in the interval [b ba.n,]1 as well as

2B+2
nb*PF
n, jn

n]’
— OQ.

Given the bandwidth set, the adaptive estimator is obtained by selection from the family of
estimators {gz p,b € By,}. As proposed by Lepskii [17] the adaptive choice should mimic the
trade-off between deterministic error and stochastic error. The adaptive choice will be given
by the largest bandwidth such that the intersection of all confidence sets, which corresponds to
smaller bandwidths, is nonempty. As discussed above, it is sufficient to consider the singular part
of the stochastic error in (6) only. To estimate the variance of g7 ; corresponding to the latter, we
define for some § > 0

- (2\/_+5)«/10g10gnmax#>bauX+(510gn)3maxu>boﬂg+(l+5)|Mb(qu)|

Xp = . (10)
| fo(@e.p)]
with the truncation function a; from decomposition (6) and
(bu)e‘”y ~ 2
Gix = ZZ(/ a5 () F~ [‘”{7 (x +ep)dx ) and (11)
@e,m (1)
~ 1 /‘/” on(w) [* [P Fasu) |*
2 n s
o5, = ok (bu)||——— du/ pg (bu)||————=| du. (12)
b 4ndm —1/b| |§0e,m(u) —1/b| | @em (1)
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The parameter § has minor influence and should be chosen close to zero. Note that we apply
a monotonization in the numerator of %, by taking maxima of Gu,x and 0, ¢, respectively.
The correction term |A7Ib (g~.»)| appears only if g7 ; is not the exact solution of the estimating
equation (2). Define for any b € B,

Up = [Ge.p — S, Grp + Zp).

The adaptive estimator is given by

Gr=q,f  with b= max{b € B,

N u,ﬁé@}. (13)

w<b,ueB,

Note that I;Z is well defined since the intersection in (13) is nonempty for b = b, ;. The following
theorem shows that this estimator achieves the minimax rate up to a logarithmic factor. The proof
relies on a comparison with an oracle-type choice of the bandwidth. All ingredients, though, have
to be estimated and the dependence between Y; and &; requires special attention.

Theorem 3.2. Letn =m and o > 1/2, B, R,r,¢ > 0,y > 4 and grant Assumption A with { =
(@) + 1. Then the estimator ¢, as defined in (13) with B, from (9) satisfies uniformly over f €
CY(R,r,t,Uy) and f, € DP(R,y) as n — oo,

|gr — g1 =0Op (I/fn(Slogn)*ﬁ (@, B)).

where V.(c, B) is given in (5).

As the theorem shows, the adaptive method achieves the minimax rate up to a logarithmic fac-
tor. This additional loss is dominated by the stochastic error which is due to the estimation of ¢,.
Since Y; and & are not independent, we have to bound the stochastic error of g ;, in a way that
separates the error terms coming from the estimation of ¢ and ¢, respectively. Estimating the re-
maining parts, we lose the factor (8 logn)®, which appears not to be optimal. To improve the rate
slightly, § = §,, could be chosen as a null sequence provided §, (log n)1/2 = oo. In the case where
the error density is known, we can achieve the better rate ,,/10gl0gn (¢, B). The loglog n-factor
is the additional payment for O p-adaptivity, which is known to be unavoidable for a bounded
loss function in standard regression, cf. Spokoiny [27]. For estimating the distribution function,
an analogous result can be obtained, but is omitted.

4. Numerical results

4.1. Simulation study

We illustrate the implementation of the adaptive estimation procedure of Section 3. Our small
simulation study serves as a proof of viability of the proposed method.

We run 1000 Monte Carlo simulations for four experimental setups. The sample size is set to
n = 1000 and the external sample of the directly observed error is set to m = 1000 as well (here
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Table 1. Empirical root mean square error (RMSE) of the adaptive deconvolution estimator and the em-
pirical quantiles of (Y;) (in parenthesis) for estimating gr based on 1000 Monte Carlo simulations with
n=m = 1000

RMSE k=1,8=1 k=2,p=1 k=1,8=2 k=2,8=2
1=0.1 0.532 (0.886) 0.252 (0.706) 0.378 (1.029) 0.191 (0.765)
1=02 0.265 (0.653) 0.114 (0.508) 0.175 (0.452) 0.091 (0.349)
1=03 0.111 (0.461) 0.070 (0.360) 0.077 (0.178) 0.090 (0.158)
=04 0.067 (0.282) 0.080 (0.212) 0.112 (0.052) 0.105 (0.064)
=05 0.123 (0.110) 0.092 (0.096) 0.171 (0.175) 0.116 (0.145)
1=06 0.162 (0.122) 0.094 (0.123) 0.200 (0.318) 0.109 (0.255)
=07 0.154 (0.326) 0.098 (0.272) 0.189 (0.462) 0.098 (0.373)
1=08 0.107 (0.597) 0.150 (0.481) 0.115 (0.624) 0.141 (0.506)
=09 0.232 (1.015) 0.312 (0.783) 0.226 (0.849) 0.293 (0.675)

the external sample is independent of the main one). We consider I'(1, 1) and I'(2, 1) for the dis-
tribution of X where I"(k, ) denotes the gamma distribution with shape parameter k and scale 7.
Note that the shape k of the gamma distribution determines the Sobolev smoothness of the den-
sity while the density is smooth away from the origin. For the error distribution, we consider
I'(1,+/2) centered around zero which corresponds to g = 1 and the standard Laplace distribu-
tion (scale equals 1) corresponding to 8 = 2. In both cases, the variance of the error equals 2.

The target quantiles of interest are g, with t = 0.1,0.2,...,0.9. In the real data example in
the next subsection we compare the adaptive estimator to the “naive” quantile estimator given by
the sample quantiles of the observations Y. Therefore we have also applied the naive estimator
in the simulations. The results of this simulation study are given in Table 1. We can see that the
results support the theory — the empirical root mean squared error (RMSE) is higher in most
cases for 8 = 2 than for 8§ = 1. Also, we can see that in most cases the RMSE is lower for
k =2 than for k = 1 since the gamma distribution with larger shape parameter is smoother in our
context. At the tails, our estimation method is significantly better than the naive estimator. Near
the median the naive estimator behaves nice when the distribution of the error is Laplace. This is
not the case under the gamma error distribution which may suggest that the naive estimator profits
from the symmetry of the error distribution. Similar behavior was observed also in distribution
deconvolution with nonsymmetric error distributions, see Dattner and Reiser [5].

4.2. Real data example

High blood pressure is a direct cause of serious cardiovascular disease (Kannel et al. [15]) and
determining reference values for physicians is important. In particular, estimating percentiles of
systolic and diastolic blood pressure by sex, race or ethnicity, age, etc. is of substantial interest.
Blood pressure is known to be measured with additional error which needs to be addressed in its
analysis (see e.g., Frese, Fick and Sadowsky [9]). Therefore, measurement errors should be taken
into account, otherwise quantile estimates based on the observed blood pressure measurements
would be biased.
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We illustrate our method using data from the Framingham Heart Study (Carroll et al. [2]). This
study consists of a series of exams taken two years apart where systolic blood pressure (SBP)
measurements of 1615 men aged 31-65 were taken. These data were used as an illustration for
density deconvolution by Stirnemann, Comte and Samson [28] and for distribution deconvolution
by Dattner and Reiser [5]. We denote by Y; | and Y; > the two repeated measures of SBP for each
individual j at two different exams and denote by X ; the long-term average SBP of individual ;.
Then we model that

Yi1=X;+e¢j1, Yio=X;+¢j2,

for individuals j =1, ..., n. Following Carroll et al. [2], we use the average of the two exams
Y]f = (Yj1 +Y;2)/2, so that the model in our case is

Iy, /
Yj_X]+Sj’

where 8’/. =(gj,1+¢€2)/2.

Taking advantage of the repeated measurements, we can avoid parametric assumptions re-
garding the distribution of the errors. The only assumption we will make is that the distri-
bution of the measurement error is symmetric around zero and does not vanish. We then set
8;‘f = (Y1 —Y;,2)/2 and note that under the symmetry assumption it is distributed as 8}. We em-
phasize the fact that our theoretical results do not require that the sample 87 must be independent
from that of the Y j/

Histograms of Y’ and &* are presented in Figure 1. Although Figure 1 may suggest that the
error distribution does not entirely satisfy the symmetry assumption, it serves as working hypoth-
esis for our procedure and, indeed, it is supposed in previous works on the same data set as well.
The resulting adaptive and naive quantiles estimates are displayed in Figure 2. We can see certain
differences between the naive and adaptive estimates which might result in important implica-
tions for medical research, but here we do not aim at pursuing a more detailed statistical analysis.

0
80 100 120 140 160 180 200 220 240 260 -40 -30 -20 -10 0 10 20 30 40 50

Figure 1. Average systolic blood pressure Y’ (left) and the errors £* (right) over the two measurements
from the two visits of 1615 men aged 31-65 from the Framingham Heart Study.
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Figure 2. Quantiles estimates for systolic blood pressure of 1615 men aged 31-65 from the Framingham
Heart Study. Solid line for the adaptive deconvolution estimator and dashed line for the empirical quantiles
of (¥;).

5. Proofs

5.1. Proofs for Section 2

For convenience, we will write A, (%) < B, (?) if A, () = O(B,(19)). For a better readability,
we assume throughout 8 # 1/2. In the special case, 8 = 1/2 the order of the stochastic error will
be (logn/ n)'/2 which can be easily seen below in the bounds (24) and (26). The subscript n at
the bandwidth will be omitted.

Since 1/¢, m» might explode for large stochastic errors we need the following lemma.

Lemma 5.1. Suppose E[|8Z|6] < 00 for some § > 0. Let T,, — o0 be an increasing sequence
satisfying m'/?inf, c_1, 1,1 |0e ()| = (log T;)?, then for any p <2

P( inf ]|<p8,m(u)| < mil/z(log Tm)p) =o(l) as m — 00.

u€[—Tm, T

Proof. The triangle inequality, the assumption on 7, and Markov’s inequality yield for m as
well as 7, large enough

P(,_nf . lpen@] <m™"2(ogT,)")

u€[—Tn, T

5P< sup ]Iqog(u)—%,m(u)l>u€[_i%fjm]|gog<u)|—m*‘/z(longﬂ’)

u€l—"Ty, Ty

< 7113[ sup  m'2|e(u) — @e.m () ]
(IOng)z uel—Ty,Tn] | ’ o |
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Noting 1j_7,,.7,,1() < w(u)/w(T,,) for w(u) := (log(e + |u[))~1/2~" for some n € (0, 1/2), the
above display can be bounded by

2
— B [supm' 2w g @) = g @)] | S Qog T I, (14)
w(Tm)(log Tm)2 uclk ’ ¢ e | "
where the expectation is bounded by applying Theorem 4.1 in Neumann and Reif3 [23]. (|

To ensure consistency of the density estimator, the bandwidth satisfies usually (n Am)b*f+!1 —
oo and is of polynomial order in n,m. This implies ml/2 inf,e(—1/p,1/6) l0e ()| 2 |10gb|2 for
fe DP(R, y),y > 0, and thus Lemma 5.1 can be applied to T;, = 1/b. Under this conditions
on b the probability of the event B, (b), defined in (3), tends to one. In that case, it suffices to con-
trol terms on B, (b), a strategy that will follow in the sequel. For instance, the O p-convergence in
Theorem 2.7 is equivalent to lime—, oo limy, 100 P(|g7.0% — | > C¥nam (e, B)) = 0 for which
we have

lim lim P(|QI b —qc| > Crpam (e, ,3))

C—oon,m—

. . ~ . c
= Climoon,;tlgoo P({ Ig7.6% — gz| > C¥pam (@, ﬁ)} N Be (b*)) + mh—r>noo P(BS (b*) )’
where the second term converges to zero by Lemma 5.1 and it remains to bound the first one.
On B, (b) the weaker estimate |@; n, (u)| > m~Y2 for lu| < 1/b will frequently be enough,
implying

@k (bu) = @k (bu)
Qe (1) {l@e.m@)|=m=1/2} Qe (1)

on B.(b).

5.1.1. Proof of Lemma 2.1

On B, (b), we have by continuity of the characteristic functions and the properties of the kernel
that g(u) := M’((M(b”) satisfies g, g’ € L?(R). Hence, (1 + x%)'/2F~1g(x) € L?*(R) and the
Cauchy—Schwarz inequality yields ||fb||L1 <1 4+x>~ 1/2||L2||(1 + xH)12F-1 g2 < o0
on B, (b). In particular, (2) is well defined on the event B, (b). ~

On B¢(b), we have moreover lim;,_, ffoo fp(x)dx = 0, by integrability of f;,, and
2o fox)dx = FL£1(0) = Pn(0¢x (0)/¢em(0) = 1. Applying |l follo = llgx (bu)/
@e,, )|l ;1 < 00, we conclude that n — f_"oo fp(x)dx continuous and [0, 1] is contained in
its range.

5.1.2. Proof of Lemma 2.2

Note that the assumption on ¢, imply |(¢, DY) <A+ u))P~! as well as |q)€_1(u)| <+
lu])?, u € R. We define the random Fourier multiplier

RC
Ps, m(”)

V) =1+
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On B, (D), as defined in (3), we will check Hormander type conditions and derive an upper bound
for the operator norm of v (). Hence, we have to determine a suitable constant Ay, > 0 satisfying

1/2
OFNE
max (u) du) <A and
16{0,1}</[—2,2]|w i v

172
max  sup Tl]/2</ |1/f(l)(u)}2du> <Ay.
1€{0,1} T¢[1,00) T<|u|<4T

To find Ay, we note that

1 __Pr Ploem W) — @e (u)|P

< , for p € {1, 2}
e, m )P~ e (u)|? | W)@, m (W)|P
and thus on B, (b)
1 1+ Ay (u) . m!/2
< , Ap(u) = W|§0£,m(u) - <Ps(u)|-

[Pe.m )] — e (u)] |

By the assumptions on ¢, and K, we conclude

lox Gu)|(1 + A () _
(I +u?)fPlo.w)| ™~

lv )| < (14 Ap ) L=1/6,1/5) ().

s)

(16)

a7

Concerning the derivative, we estimate b < 2(1 + |u|)~! for |u| < 1/b and b < 1/2 and conse-

quently by [¢, (1) /@s )] < (1 + [u)~!

W' @] < B+ D(1+u?) P2 % +b(1+u?)P? %
o
<(1 +Am(u))<1 i (14 Ap ) (piis;) Dﬂ[l/b,l/b](u)
S 1+ A,w) (%"’;ﬂ”) + (14 A @) (1+ 1))’ oL, ) — <p;(u)|>

X L—1/b,1/61 (W)

< U+ 2w
~ 1+ |ul

(14 (1 4 fu])*!

| 0% ) = @) |) L= 16,1757 ().

(18)
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With these bounds at hand, we can show (15). For / = 0, the estimate (17) and 1/T < (1+ lu)~!
for |u| <4T yield
2 5 2
/ | ¥ (u)|” du 5[ (1+ A2, ) L{—1/p,1/5) () du,
-2 -2

1

2 1
—f |y )| du < = (1+ A2, ()L {—1/6,1/5 (1) du
T J7<u|<ar T J7<ju|<4r

1/b B
< 1+/ (1+ Jul) " AZ () du,
~1/b

for b small enough. Hence, the conditions (15) for / = 0 are satisfied for Ay, of the order (1 +

f_l{’;b(l + [u)) "' A2 (u) du) /2. For I = 1, we verify by (18) and T < (1 + [u]) for |u| > T

2 2
/2|1ﬂ/(u)|2du§/2(1+Afn(u))(l+(l+|u|)2ﬁ+2|¢;)m(u)—go;(u)|2)du and

T/ v’ )| du
T <l <4T

</ T du
~ Jr<ui<ar (14 |u])?

1/b 4
N / (Am W (14 Ak ) (14 1) g ) — <p§(u)|2> du
—1/b 14 |u|

/b s A
<1 +f ( n 0 (14 a8 w0) (14 1) ) — wé(u>|2> du.
—1/b 14 |u| y

Therefore, we find a constant A’ > 0, depending only on R, B, such that (15) holds for

/b /A2 4

1/b 1+ |ul
(19)

1/2
+ (14 AL @) (1+ 1) gL, ) — své(u)|2> d“)

The conditions (15) imply that ¥ is indeed a Fourier multiplier on B, (b) and thus by Theorem 4.8

and Corollary 4.13 by Girardi and Weis [10] with p =2, =1 there is a universal constant C > 0
such that for all > 0 and f € CSTAH1(R)

H}—_ll:(pl((bu)]*f _ H]_-_1|:§0K(bu)
‘Pe,m(“) Cs

©em (u)
Choosing 1 > 0 such that s + 8 + 1, s + n ¢ N, the Fourier multiplier (1 + ix)? induces an
isomorphism from C**#+1(R) onto C$*"(R) (Triebel [29], Thm. 2.3.8). Hence, there is another

cs+tn-

]

< CAy|F [ +iwfFr]|
C.)'
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universal constant C’ > 0 such that the second assertion of the lemma follows:

ey
@e,m (1)

<&l fllcs+p+n with &, 1= C/Aw.
C.Y

To bound &, we apply Markov’s inequality on Ay from (19). The inequality by Rosenthal [25]
yields

supE[m”/?|p!), () — ¢ (w)|"] < 00
ueR

forl=0and peNaswellas/=1and p € {1,...,4}. Combined with the Markov inequality
and Cauchy—-Schwarz inequality, we obtain

o2
P(Bg(b) n {g,, S })

< C_1 (mb2ﬁ+2 A I)E[g;%ﬂBs(b)]

1/b

< %(mbzﬂ“ A 1)(1 +/ (1+ |u|)‘11E[A3n(u) + Ay )] (20)
—1/b

+B[(1+ Ap, ) (1+ 1) gL, ) = ¢l @)]*]) du)

mb*P 2 A1 1 Vb du I 1
A a5
c |10gb| —1/b 1+ |M| mJ_1/pb c

which shows & = Op(m~12b=F=1 v 1).

5.1.3. Proof of Proposition 2.5

The following lemma establishes a bound for the bias term of the estimator for the distribution
function.

Lemma 5.2. Let Assumption A hold with £ = (o) + 1, ¢ > 0 and f(-+ q;) € C*([-¢, ¢], R).
Then we have
< Dba+l,

sup
f+q0)eC*([-¢,¢1,R)

qr qr
/ Kb*f(x)dx—/ f(x)dx

where D = (R/({a) + D! 4+2¢ 7% Y| K (x)x* | 1.

Proof. Let F(x):= ffoo f(y)dy. Fubini’s theorem yields

[“24 o0}
/ Kb*f(x)dx=/ Kp(x)F(gr — x)dx,

oo
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where Kj(x) := b~ 'K (x/b), x € R. Therefore, the bias depends only locally on f. Note that
F(-+gq7) € C”‘“([—{, ¢]) by assumption. A Taylor expansion of F around ¢, yields for
lbz| <¢

L FU D (g, — kbz)
(o) + D! ’

F(qr —bz) — F(qr) = —bzF'(qc) + - + (=b2)'

where 0 < k < 1. Using the fact that kaK(x) dx=0fork=1,..., (x)+ 1 and the properties
of the class, we obtain

qr
‘ [ (Kp % f(x) — £(0) dx

_ ‘ / K@) (F(gs —b2) — F(gn)) dz

<

/ K(Z)(—bz)<“>+l F((a>+l)(CIr —Kkbz) — F(<a)+l)(Qt) dz'
lzl<¢ /b ({a) + 1)!

+/ K @)||F(ge — b2) — Flgo)|dz
|z|>¢/b

b(a)+]R 00
< 71‘/ |K (2) |12 ebz|e 1= e +D dz+2/ |Kp(2)| dz
(o) + D! lz1=¢ /b
ba+1R b a+1 1%
+1
(o t2(e) ) [ kel
: —00
and the statement follows. |

Proof of Proposition 2.5. We will show uniformly over f € C*(R,r,¢) and f. € DP(R, y) for
any b such that (n A m)b*+! — oo

qr
'/ (fb(x)—f(x))dx‘

1 1
-0 ba+1 + >
P( Varm)BB-TAL)  /(n Am)(mb2BH2 A1)

The third term on the right-hand side is of smaller or of the same order than the second one if

and only if (mb'"?+2)=1 < 1. Hence, when o > 1/2 the asymptotically optimal choice b =
(n /\m)—l/(201+2(ﬂvl/2)+l) ylelds

’/qr (fb(x) - f(x))dx‘ = (’)p((n Am)~@HD/ Q264D /\m)_l/z).
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Step 1: As usual, we decompose the error into a deterministic error term and a stochastic error
term, writing oy = F f,

qr
' [ (fo(x) — f(x))dx

=

N ‘/-qr ]___1|:M _(pk(bu)(pX(u)}(X) dx|.

Uk
/ (Kb £ () = f(x)) dx Gem ()

—0o0

The bias is of order O(b**!) by Lemma 5.2. As discussed above, we decompose the stochastic
error into a singular part and a continuous one using a smooth truncation function. Let a, €
C*(R) satisfy a.(x) =1 for x < —1 and a.(x) = 0 for x > 0 and define a,(x) := L(—c0,07(x) —

ac(x). Then
K -1 on(u)
/ F |:‘/’K(bu)< - <ﬂx(u)>i|(x)dx
—00 @e,m (1)

/R ag(x) F~! [cpK(b >< (L(‘)) —¢x<u>>}<x+qr>dx

+/ac<x)f* [ K (bu )( #n (1) sox(u))](xwf)dx
R (Psm( )

=T+ T.

ey

The singular term 7, will be treated in the next step while we bound the continuous, but not
integrable term 7, in Step 3.

Step 2: Lemma 5.1 shows that the probability of the complement B, (b)¢ of B, (b) from (3)
converges to zero. We obtain for any ¢ > 0 with Markov’s inequality

C
PIT,
<||>JmAmxmﬂlvw)
= P(Bs(b)m {|Ts| >

c

Vi Am)BB-1v 1)

}) + P(B:(b)°)

< %\/(n Am) (6261 1)E[|T, L, ] + 0(1).

To bound E[|T;|1p, )], we first note by Plancherel’s identity

Ty = /}'a (w)e ™" g (bu )( wn(()) —wx(u)> du

T 2n / Fay(u)e™ " o (bu) (LU —x (u)> a
2 JR @ (1)
—iuqr YK (b“)(pn (u) ( Pe (M) _ 1) du
@ (u) Qe,m(u)

(22)

1
—}——/]—"as(u)e
27 R

1
= (Ts,x + Ts,s)-
27
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The first term, 7§ , corresponds to the error due to the unknown density f while 7§ . is dominated

by the error of the estimator ¢, ;. Since a; is of bounded variation and has compact support, there

is a constant A, € (0, 00) such that | Fa,(u)| < Ag(1 + |u|)~!. Plancherel’s identity yields

ok bu) 4 2]
e (1)

ar(Ts x) = [|Tsx| ]< EH/ Fas(u )e—luqr

< 4infyuoonf—1 [fam)“’“b“)}
n §0£(”)

42 b | Fag(u)|?
<2k, ||fy||oof Fawl,,
n —“1/p |@e(u)]

(23)

< K2 A2 fl/b : d
> ) Y u
n LA TIER I (4 ul)lge (u) 2

Using the assumption || f||oc < R and f; € DP(R, y), we get

1 b 2%-2 1 1
E[|T, ] < - 1 P2au< —— v -, 24
[| s,x| ] ~ n /]/b( + | |) l/l nbzlg_l n ( )

To bound T ., we will use the following version of a lemma by Neumann [21]: by the defini-
tion (3) of B.(b) and applying (16) it holds
@ (u)

2
E 1p, bi|
|: ©Qe,m (1) ®)

2 4
SZE[Itpg,m(u)—<ps(u)| i|+2]E|:|‘ps,m(”)_§0£(”)| 1 sh)}

—1

e (1) 2 |0 () Pe.m (1) 2 s)
_ 2Blgem @) — @ @)P] | 2mE[@em (1) — ¢e )]
e (1) 2 e ()]
18
< —Q.
~ mlps )l

We estimate with the Cauchy—Schwarz inequality
@ (u)

1/b 2 1/b
Y <||IK du Fag(u)
= ”LI /l/b @ (u) /; [7as i

Yo |on (u) — gy ()]
52||K||il<||¢x||iz+/ "—du)

@ (u)
Qe m(U)

2
—1' du

1/b e (1) |?
1/b 2
x/ |.7-"a 2 L(u) — 1' du.
-1/b ©e,m (1)



Quantile estimation in deconvolution 165

Applying again the Cauchy—Schwarz inequality, Fubini’s theorem, the decay of Fa, and (25),
we obtain

E[ITs.¢118,4)]

1/b _ 2 1/2
sﬁ||1<||u<||¢x||iz+/ Ellgn() — grw) ]du>

—1/b e (u)]?
1/b 2 2 172 (26)
A e
X </ 3 2E|: ¢e () -1 ]lBE(b)] du)
—176 (L + [ul) ©e,m ()

- V36| K| 1 Ag (” ”2 +/-1/b du )1/2</1/b du >1/2
=—F— | llgx —— > .
A/m L2 —1/b nlge(u)|? —1yp (L4 |u])?]@e () |?

The assumptions || f]loo < 1, [@e )| < (1 + |u)™# and n=16=28~1 — 0 for the optimal b = b*
yield

1 \'? 1 1 1 1
< [ —_ — | </ —
E[ITsels.m] < (1 + nb2ﬁ+1) (ﬁbﬂl/z v ﬁ) S G2 Y e
Together with (24) and (22) this implies the optimal order

E[ITs|15,0)] < ((n Am)(B*~" A 1))_1/2'

Step 3: The empirical measures of (¥;) and (&) are given by uy , := % Z;=1 8yj and g 1=

% Y e 8¢, respectively, with Dirac measure 8, in x € R. We can write

r=| ac(x)]-'_l[(pk G () —%,m(u)rpx(u))](x + g0 dx
R Qe,m(u)

—-b

=F"1 [%((pn(_u) - (Ps,m(_u)§0X(_”)):| *dc(—qr)
b

_ 7l [zK((Z;}  (y,n * ac(—+) — pem * [ xac(—))(qr).

Applying Lemma 2.2, we obtain on B, () for any integer s > 8

_ bu)
F 1 |:(PK(
Qe,m(u)

ITe| <

:| * (NY,n *dc(—+) — Me,m * f *ac(_')) H

o0

<& ”MY,n *ac(—*) — Lem * f *ac(_')| cs

s
S &b Z”MY,n *agl)(_') — Mem * | *aél)(_') ”oo
=0
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Therefore,

C
P<B€(b) N {|Tc| > I Am) (JmbFU AT })

. 1/2
< p(&(bm {é’b > (m) D

: 1/2
”(Z”“Y’"*“?)—um*f*aé“nm>( =) )
=0

nAm

=: P+ P>.

By Lemma 2.2, more precisely estimate (20), the first probability is of the order 1/c. To

bound P, it suffices to show |uy., * ay) — Uem * f % agl)lloo = Op((n A m)~Y?%) for all

[ =0,...,s. Denoting the density of Y; as fy = f * f,, we decompose
|ty % (aP (=) = e * £ 5 (@D (=9)]
= [y (@ (=9) = fr + (@)
e (f (@ (9)) = sem 5 (f % (8 (=9)) |
/ al(y = Iy dy) = E[al’ (11 = )] H

=<

e¢]

B0 )] [[(7a) - temtao

]

By construction all agl),l > 1, have compact support and are bounded. Therefore, ||a§l) 1 <

o0, [(ac * £)O|1 < ||a§”||L1 | fll;1 < oo and thus ail)(- —t) and ay) * f(-—1),1>0, are of
bounded variation for all € R. Since the set of functions with bounded variation is a Donsker
class (cf. Theorem 2.1 by Dudley [7]), the two terms in the previous display converge in proba-
bility to a tight limit with \/n-rate and /m-rate, respectively. Consequently,

Vonm|pyx (@ (=) = pe x f x (@ (=9)] = Op(D)
forall ¢ =0,...,s and P; is arbitrary small for ¢ large. O
For the adaptive estimator, we will later need the following uniform version of Proposition 2.5.
Corollary 5.3. Suppose Assumption A holds with | = (a) + 1 and let the set B = B, be given

by (9). For critical values (8p)pep satisfying 8, > 3Db*T! and for any sequence (x,), with
xp — 00 arbitrarily slowly we obtain uniformly in C*(R, r, ¢) and DP(R, y)

> Sb)

— 1 281 -2 1 Xn
_O<Z<8b((n/\m)(b A1) +82(nAm)(mb2ﬁ+2Al)>)+o(l).

beB

qr
P(ElbeB: V (Fox) = £(x)) dx
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In particular, if |B] < logn, maxpep b — 0 and minyeg(n A m)b*P+1 — oo, then

sup
beB

/ (fox) — f(x)) dx'»o

Proof. With the notation of the proof of Proposition 2.5 and applying Lemma 5.2, we obtain

A3
(Kb*f(x)—f(x))dx‘ +ITs| + | T |

—0o0

qr
V (fo(x) — f(0))dx| <

< Db* T 4 | Ty + | T,

where T, and T, are the stochastic errors of the singular part and of the continuous part, respec-
tively, as defined in (21). Since both terms depend on b let us write T (b) and T, (b). By definition
b1 < b implies B;(b1) € B¢ (b). Then, Step 2 in the previous proof shows

P@EbeB: Ty > 8/3) < <Z P({T,(b) > 8/3} N Bg(b1))> +o(1)

beB

= <25;1E[}T5(b)|]135(b1)]) +o(1)

beB

(Za ((n Am) (b~ 1/\1))_1/2> +o(1).

belB

Following Step 3 in the previous proof, we obtain with the random operator norm &, for some
integer s > B and for a diverging sequence (X(;am))

P@3beB: T, > 5,/3)
<P({3beB: & > 8p(n Am)' 2/ (3xuam)/?)} N Bs(b1)) + P(Bs(b1)°)

s 1/2
p({ et = sl - (22) )

< (Z P({€ > 8p(n Am)' 2/ (3Cxuam) /) } N Bs(bn)) +o(1)

beB

< X(nAm) ) 1
~ (Z 2 nmma2 A1) T

beB

where we have used (20) in the last estimate. O
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5.1.4. Proof of Proposition 2.6

Without loss of generality, we set g; = 0. Recall definition (7) of the pseudo-estimator ﬁ which
knows the error distribution. We estimate

sup | /o) — fF)| < sup | Fo() = F@]+1fp = Folloo
xe(=¢,¢) xe€(=¢,¢)

‘cpK (b)) ( pel) 1)
@e (u) @e,m (1)

< sup |fp(x) = fO0)|+ .
xe(=4.0) L!
The analysis of the first term is very classical. However, we are not aware of any reference in the
given setup. Both terms will be treated separately in the following two steps. All estimates will
be uniform in f € C*(R,r,¢) and f. € DP(R, y).
Step 1: Let b € (0, 1). We will show that there are constants d, D > 0 such that for any ¢ >
dd* + (nb2ﬂ+l)—2)

P< sup |ﬁ,(x) — f(x)| > t) < Zexp(Zlogn — Dnb@F+D (t A tz)). 27
xe(=£.0)
Then the result follows by choosing ¢ ~ b* 4 (,12)2%)1/2. Let us define x; := —¢ + kn—2 for

k=1,..., L2§n2J =: M as well as

0= 7 [ g |y gl [0 o
ve (1) e ()

lqu

= Kb k .F_l I:jl[—bl,bl](u) i|(-x) - Kb * f(-x)’ X € R

@e(u)

Therefore, ﬁ,(x) — E[fb(x)] = % ZI;‘=1 xj(x) and thus

sup | fo(0) — f)] < sup [E[fp(0)] = £ )| + sup | fo(x) = E[ /o]

[x]<¢ lx|<¢ lx|<¢
1 n
< sup [E[fp(0)] = 0]+ sup  min | =" (x;(x) — x;(x0))
ll<¢ Ixl<g k=L M0 T
1 n
L0y 200
Jj=l1
= B+Vi+ V2

The bias term B can be bounded as in the classical density estimation setup (cf. also Fan [8],
Thms. 1 and 2), noting that the constant does not depend on x € (—¢, ¢). Hence, |B| < b“.
Using a continuity argument and the properties of f. € DP(R, y), the term V| can be bounded
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by

1 n

I
el BOBPY

Vil

IA

n2
j=1 00
= i Xn:(Kl/))* <J_'. I:]].[ b— ]b 1](1/{) luY
n3 P (M)

IA

1 _
VK o (om0 o+ 15 ll) Sn7207 04D € (o241

Therefore, |B + Vi| < Di(b* + (nb*#*1)=2) for some constant D; > 0. We obtain for all ¢ >
d(d* + (nb*P+1=2) with d := 2D,

(Sup | Fo(x) — f(x)| > t) < (k:maxM i

Finally, we will apply Bernstein’s inequality. To this end, we estimate

max|x; ()| < 20Kl |2_p1 @] 1 < D2~ D,

with some constant D, > 0. Using Plancherel’s identity, the variance can be estimated by

oK (bu) iy, 2

Var(x,-(xk>)=E[f—1[ o) } (xk)} — (Kp % ) (x)

ok (—bu) ||*

< Dyb-CFHD,
e (—u) ~

>nt/2)

nb2P+D 42
- 8(D3+ th/3)>

(Zlogn Dnb(2ﬂ+1)(t/\t ))

1
<
< anlfllooH

for some D3 > 0. Then Bernstein’s inequality yields

n

DX

M
P( sup |ﬁ(x)—f(x)|>t>§ZP<

xe(=£.0) k=1

<2exp <1

with some constant D > 0.
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Step 2: By the Cauchy—Schwarz inequality, we have

QDK(bu)Wn(u) ( ‘Ps(”) ) i|
E -1 1
[H Q) \@em) Be)
(pn(u)

@e (u)
<|E 1
N( H A0 } [”(wsm(u) ) (=1/6.1/61 )
1/b E . _ 1/2
s(||<px||Lz+(/_l/b lly (lb;) (u)"g(”)' ]du> )
176 2 1/2
(A2 o)
—1/b
< 1 1/2 1 1/2
~ ||(pX||L2+ W W ,

where we have used (25) for the last step. Therefore, the additional error due to the unknown
error distribution satisfies for any § > 0 by Markov’s inequality and by Lemma 5.1

p(H“’K“’“)*""(”)( 9o (w) _1) i 5)
@e (1) ©em(u) L!

2 172
ﬂBgaa)D

Li—1/6,1/61 (1)

@e(u)
(pe,m(u)

—1

1| ex u)gn () [ @e(m) 1/2

SS]EH Pe(u) (%,m(u) 1) LlﬂBS(b)]+P<| llillf/b\%m(u)km ) (28)
1/ 1 \'"?

<5 () +o0)

and thus || ﬁ, — ﬁ loo = Op ((mb2F+1~1/2) Note that the second term does not depend on § and
thus o(1) is sufficient.

5.1.5. Proof of Theorems 2.7 and 2.8

We start with a lemma that establishes consistency of the quantile estimator and then prove the
theorems. To apply this lemma also for the adaptive result, we prove convergence uniformly over
a set of bandwidths.

Lemma 5.4. Grant Assumption A with £ = 1. Let B be a set of bandwidths satisfying |B| <
logn, max B — 0 and minbeg(logn)z/((n Am)b*#PTYY = 0. Then

sup sup P(sup |Gz — gz > 6) —0  forall§ > 0.
feC¥(R,r,¢,Up) f-€DB(R,y) beB

Proof. We follow the general strategy of the proof of Theorem 5.7 by van der Vaart [31] in
the classical M-estimation setting. Recall the definition of M}, given in (2) and its deterministic
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counterpart M (n) = f i oo J () dx — 7. To this end, we first claim that

sup Mp(r.p) = op (1), (29)
beB

Since g7, minimizes M;, on the interval [—U,, U,] for U, < logn and M(q,) =0 with ¢; €
[—-U,, U,], Corollary 5.3 implies for any § > 0

P(sup|1\7l;,(2jr,;,)| > 8) < P(sup\]\}b(q,) — M(qf)| > 8)
beB beB

g (30)
= P(sup / (fo(x) — f(x))dx| > 5) =0,
beBlJ —oco
which gives (29).
Now, we show that f satisfies the uniqueness condition
inf |M(n)‘ >0 for any § > 0. (€19
n:n—qz|=8

By the Holder regularity1 M'(m) = f) = f(q:) = 1f(g) — fF| =7 — Rlgr — 117I1A°‘ >r/2
for |g; — n| < (#)lv‘r . Without loss of generality, we can assume § < (ﬁ)lv‘f , otherwise

. -1 . . .. .
consider § A (ﬁ)”"‘ . Recall that ¢ is given by the root of M and that M is increasing. Hence,
we obtain

or
inf  |M®)|= inf |M(g.—n)—-M >8 inf M@»n)>—.
n: |’7_‘]r|25| (77)| ne{—8,5}| gz =) (qr)| n:n—qc|=8 (7 2

Applying (29) and (31) yield

(Sup|‘1rh — gz >8) up|M(qr »)| >5r/2>

beB

P(s
P( |M(f]r ») — My (G, b)| >5r/3) +o(1)
( (32)

< P(sup sup M)~ Bo]| 2 r/3) +0(1)

beBne[—U,,U,]

:P(sup sup /n (/o) — f(x))dx zar/3>+o(1).

beBnel-U,,Uy]

Hence, it remains to show uniform consistency of f i o fb(x) dx. Write

n
(Kp* f(x) — f(x))dx

—00

nooo
’ [ (fo(x) — f(0)dx| <

no_
+ V (o) — wa(x))dx'

noo
= |Kp % F(p) — F(p)| + V (o) — Kb*f(m)dx‘.
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We have |Kj, x F(n) — F(n)| = | [ Kp(2)(F(n — 2) — F(0)dz| < b|| flleollzK (2)|I11 by the
boundedness of f. Further note for n € [-U,, U]

nooo
’/ (fo(x) — Kb*ﬂx))dx‘

<

qr
/ (7o) — Ky £(r)) dx| +

qVvn
f (fp(x) — Kp * f(x))dx
q

/A

=<

/ (o) — Kp % () d

12
+\/2Un</ (o) — Ko % f(0))? ) ,

where we have used the Cauchy—Schwarz inequality for the last step. Hence, together with (32)
we obtain for all 6 > 6| fllcc|2K (2) || 11/7 SUPpep b

P(sup 1o — el > )

beBB
oo~
< P(sup sup / (fox) — f()) dx| > 8r/3> +o(1)
beBne[-Uy,,Un]lV —00
v~ dr
<p(sup| [ (o)~ Ko e se0)ax| = 7
beBlJ -0 9
~ 82r2
P K
+ (Zlelg/R(fb(x) px f(0)) dx > > 1620, >
Corollary 5.3 shows under the conditions on 5 that
qr
P(sup / (fb(x) — Kp % f(x)) dx| > 8r/9> -0
beBlJ —oc0
Hence, it remains to show
P(sup/ (Fo(x) — K f(x)) dx > 82r2/(162Un)> — 0. (33)
beBJR

On the event B¢ (b), (33) follows basically from the work of Neumann [21]. More precisely,
Plancherel’s equality, (25) and the Cauchy—Schwarz inequality yield for any b € B

E[ /R (Fo(x) — K f(x))zdxngg(b)}
on) oy’

__/|"’ bw E[ Gem () @) BF"’)]d”

1/b |(pn(u) _ (pY(M)|2 ] s |:
< g| 1$n ) — PYUOL .
N/—I/b< [ lgem)2 2@ + oy ()|

1 _ 1
Yemn()  @e(u)

2
ﬂBs(b)]> du
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Vb Tlen() — oy )| 2 } loy (u)|? >
< El ———————~ (1 o m — Qe —|d
N/_1/b< [ oo Hmleen@) —eeGof) |+ E 00 ) du

1/b 1
N
—1/b e @)

2
) ((EH‘”"(”) — oy @)|'JE[2 + 2 |pe () — g )[*]) 2 + M) du

m

<[ oo e as
~lt ~ (n Am)bFT

Using B, (minB) C B¢ (b) and Lemma 5.1, (33) follows from Markov’s inequality

P<sup/ (Fo(x) = Kp % £(1))" dx > 82r2/(162U,,))
R

beBB

Un ~ . c
S5 ZBIE[ /R (fo(x) — Kp % f(x))zdx13€<ming>} + P((B:(minB))")
be

(logn)?

Proof of Theorem 2.7. A Taylor expansion yields

My (Ge) — Mp(qe)  Mp@ep) — [75, fo)dx + 1
Myap Fola?)

_ My(@ep) = [T () — f(x) dx

- folg?)

ar,h —qr =
(34)

3

for some intermediate point g between g, and gy 5. By Proposition 2.5 and (30), the numerator
in the above display is of order Op (n~(@+1/Ce+28+D)y for the optimal bandwidth b*. For the
denominator, we will show f,(g7) = f(g.) + 0,(1) which completes the proof. Since f (- +

ge) € CY([—¢, ¢1, R), we obtain | f (x +g¢) — f(ge)| <1/2 forall |x| < ()14 Az =:6 for
any t > 0. Therefore,

P(|fola?) = fla0)] > 1)

= P(_swp |folr+a0) = £@0)] > 1) + PG — 4c| > ) (35)
xe[—8,68]

=P( sup [for+a0 = FCr+a0| > 1/2) + P(Ges — 4l > 9).
x€[—4,8]
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Checking that the bandwidth satisfies b — 0 and log(n)/(nb*#*!) — 0 for n — oo, the first
term on the right-hand side above converges to zero by the uniform consistency proved in Propo-
sition 2.6. The second one vanishes asymptotically by Lemma 5.4. ]

Proof of Theorem 2.8. Under the smoothness condition the interval (ty, 7) coincides with a
bounded interval of quantiles (g, ¢r,). Noting that all our estimates are independent of the
quantile, Theorem 2.8 can be proved along the same lines as Theorem 2.7 with only minor
adaptation to sup,¢(,, r,) given a uniform version of Proposition 2.5: uniformly over f in the

class defined in the theorem and f, € D# (R, y) for any b such that (n A m)b**+! - o it holds

sup
Te(t1,2)

f (fo(x) — f(x)) dx‘
> (36)

1 1\'? 1 1\!2
o <b°‘“ 4 (ﬂ v —> (6P 1) + (_ v _> (m=12p-1y 1)).
n m n m

Hence, when o > 1/2 the asymptotically optimal choice b = (10% A %)1/ Cat2(BVI/D+D yields

1 1 (a+1)/Qa+2B+1) 1 1 1/2
o))
n m n m

The result (36) can be obtained as Proposition 2.5 except for the term T x = T (g;), defined
in (22), which will be treated in the following. Defining the grid 11 =09 <--- < o) = 12 such
that g5, — go, < (qv, —qr)/M fork=1,..., M and M € N, we decompose for any ¢ > 0

qc
‘ [ (fo(x) = f(x))dx

P(sup |Tlgn)|>c) = P(| max [Tuga)] > ¢/2)
Te(t1,72) =L,

(37)

+P( s [T - T > ¢2).
q1:92€(qr) qry)
l91—q21=(qry —q7,)/ (2M)

For the first term, we deduce a concentration inequality. We write

n

1 1 1
S Tox = 5-Toxlg) = Z}(s,-,mf) —E[£)6(¢0)))
J:
with
0 iuY,- 1uY
£b(gr) = / a;(x) F~! [M}(x +gr)dy=F"! [fas(— )M]w,)
—00 (Ps(u) e (1)

Uniformly in g, we have the deterministic bound

! b
|§j,b(QT)|SE/ |]-' o(—u )|‘¢K( u) du <

1/b 1
N/ —  _du<b P (38
—1/p (1 [uD)|ge (w)]
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Hence, |£; 5(q:) — E[§j5(q)1 S b~F. Since the variance of T x (g ) is bounded by (23), Bern-
stein’s inequality (e.g., Massart [19], Prop. 2.9) yields for some constant C > 0 independent
of g,

2
P(|Toa(go)| z (™27 P12 v n™1%) < 2eXp<_ It be>—1/2>'
K(n

For the second term on the right-hand side of (37), we estimate
lg1 — g2

( [ as(u )‘”K(( ))(gonm)—goy(u))D

‘”'/| || Fayu )|'“”K(( T lent0) — ey du

|Ts,x (q1) — Ts,x(q2)| =

1/b
< g1 — ¢ f (1+ 1ul)’ | @n ) — @y ()| du.
—1/b
Using Markov’s inequality, we thus estimate (37) by

P( sup |Ts,x(CIr)| > K(n*I/Zb*ﬁ+1/2 anl/z))

T€(11,72)

<Me Cr?
wof - G
~ MR\ T (k)12

=g 212 A /b
(g, qn)”MK( A )]E[/ (1 + Jul) |<pn(u)—<pY(”)|d”]

1/b

Ci? + ln - gr) (32 A 7P
4 4 2k (nb)~1/2 Mk ’

< Mexp(—

1/2 1/2

Choosing M = n? and k = (% logn)'/“, we have k(nb)™'/~ = o(1) and the previous display

converges to zero. Hence,

logn\ '/? logn\ /2
sup |Ts,x<qf>|=op(( : ) b—ﬂﬂﬂv(—g ) )
T€(11,12) n n U

5.1.6. Proof of Theorem 2.10

To prove the lower bound for the estimation of the distribution function, we can assume without
loss of generality g = 0. For n < m the estimation error of Fn,m (0) is bounded from below by
the estimation error with known error distribution. A lower bound for the latter is proved by Fan
[8] whose construction can be used in our setting, too.

To prove the lower bound for m < n, we will apply Theorem 2.1 in Tsybakov [30]. To this
end, we construct two alternatives (F;, f; ;) € 5“+1(R, r,[—¢,¢]) x DP(R, y),i = 1,2, such
that the Xz-distance of the corresponding laws of (Yy,...,7Y,, eT, ..., &y) is bounded by some
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small constant and such that |F;(0) — F»(0)| is bounded from below with the right rate. Recall
that the convolution of a c.d.f. F with a function g is defined as F * g(x) = fg(x —y)dF(y).
Following the idea by Neumann [21] our construction will satisfy Fj * fe 1 = F2 * fz 2 and is
thus independent of n.

Step 1: For the construction of the alternatives, we need the following: let fj be a bounded
density whose corresponding distribution is in C**1(R, r, ¢) satisfying g, = 0. Let fe.0 be an
inner point of D#(R, y) with

o Z (14177 | Flo®Pw|S(+u) ™’ k=0,....K (39

for x, u € R and an integer K > y/2 + 1. Let the perturbation g € C*°(R) N L' (R) satisfy

0
/ g(x)dx =0, / g(x)dx #0,
R 00

|(1vx""Ng@)], <00,  suppFg<S[-2,—11U[L,2].

Define g;, := b~ g(-/b) for b > 0 and for some a € (0, 1), ¢ > 0
X
Fi(x):= a/ fo)dy + (1 = a)lpe o0y (x),
—o0

fe(x) i= fo0+ b (fo0 % o (- +20)) (x),
(40)

X

Fa(x) = Fy(x) + cb®*! / g5+ 20) % Fi(y) dy.

Je2(x) = feo0(x).

Owing to [ g, =0, F; are distribution functions admitting Lebesgue densities on [—¢, {] which
are at least o-Holder continuous. Estimating || fo * gollce®) S Il follpiligpllce® S b1,

we infer that dF, is contained in a closed Holder ball. Hence, F; € 5“+1(R, r,[—¢,¢]) for
¢ > 0 sufficiently small. f;, € DA (R, y) can be verified, using fg =0, [|Fglloo <llgll;1 and
(Fg) w)(1+ [ul)]loo < 0.

Step 2: To bound the distance |F;(0) — F>(0)| from below we note, using Fubini’s theorem,
Jg=0and | folleo < o0,

—y+2¢ 0
F2(0) - Fi(0) = b+ (“C/R/Z fog ) drdy+ (= “)C/ gb(mx)
{ —0o0
0
_ pot] <(1 _ a)c/ g(x)dx + @(Hygb(y)HLl)) “1)

0
= b““((l —a)c/ g(x)dx + O(b)),

for b small enough. Therefore, | F1(0) — F»(0)| = botl,
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Step 3: Using the independence of the observations, the sample (Yy,...,7Y,, ST, S ) s
distributed according to (F; * f:;)®" ® ff}m under the hypotheses i = 1,2. By construction
F1 % fe1 = F2 % f¢ 2 such that the x2-distance of the laws of the observations equals

2 m
2 Xm Rm _ 1 (f&‘,l - f6,2) ('x) d > _ 1 42
X ( g1 fa,2 ) ( + R fs,Z(x) X ( )

We decompose

(fer — fe2)?(x)
R Sfe2(x)

=czb2a+2( f (fe0 * 85 (200700 \ / (fe.0 * 85 (- +20))* () dx)
<1 feo(x) Ix|>1 Jeo(x)

=: b2 + D).

For the first integral, we use inf|y|<1 fe,0(x) > 0, Plancherel’s identity, f; o € DA (R, y) and the
support of Fg to estimate

|11|5/|ffs,0(u)fg(bu)e*i2¢“|2du5/ (1 + Jul) 7 du S 2P
R 1/b=lul=2/b

Using (39), I> can be estimated similarly

L] < f (14 1x1)" 2 x| 72K | FU(F fooFepe2) O 0 dx
|x|>1

N / |(F fe0@) Fgbuye264) 02 du < 921
1/b<|u|<2/b

We conclude from (42) for some constant C > 0 that

Xz(f(?lmv f®2m) < (1 + Cc2b2(x+2,5+l)m -1 < exp(CC2mb20t+2ﬁ+l) _ 1’

3 £,

which can be bounded by an arbitrarily small constant if ¢ is chosen sufficiently small and b =
m~1/Qe+28+1) We obtain from Step 2 that |F;(0) — F>(0)| > Cm~@+D/Qe+28+D) “for some
positive constant C.

Step 4: Replacing in (40) the factor b**! in F, and f, | by cm~'/? for some sufficiently small
constant ¢ > 0 and choosing b = 1, the previous steps yield the lower bound m /2.

Let us finally conclude the lower bound for the estimation error of the quantiles. We use the
construction from Step 1, denoting the t-quantile of F; by g. ;. We note |g;,1| < § forany 6 >0
if we choose a close enough to one and thus F] is regular in an interval around ¢, 1. Moreover,
it holds

IF1 — Falloo < c(m™ 2 v b [(afo + (1 — @)8—2;) * g6 (- +20)| 1

< c(rrf]/2 Vv b”‘+])||g||L| — 0.
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We infer analogously to (32) that |g7,1 —gr,2| < & for any § > 0 and m sufficiently large implying
F; € C*TY(R, r, £). Applying a Taylor expansion similar to (4), we obtain

Fz(qu) - I (‘h,l)
Fy(q7)

qr,2 —4r,1 = —

for some intermediate point between g, 1 and g; 2. The denominator F2’ (g¥) is bounded from
above and below owing to sup;,|<, |Fy(x) —afo(x)| = 0, |gc2| <1gr2 —qr.11+1gz,1] < 28 and
fo(0) > 0. (41) yields |gr2 — gr.1] 2 m~ Y2\ p®*! The assertion follows from Steps 3 and 4
above.

5.2. Proofs for Section 3
We start with Lemma 3.1 concerning the bandwidth set B, from (9).

5.2.1. Proof of Lemma 3.1

By Lemma 5.1, we can argue on the event B (b) from (3). The deterministic counterpart of ;1,
defined in (8), is given by

1 12 01/b; _
Jo.n ::min{j:O,...,N,,: 2§<ogn> / |‘Pg(u)| 1du§4}. (43)
—1/b;

n
Noting that for f, € DP(R, y)

logn)l/zfl/b./’o,n ) logn \'?
4> ()| duz | —55
( n —1/b; ’ | nb>P >

10.n Jo.n

we obtain nbi’f :2 — oo and thus it is sufficient to prove

inf inf  P({bj,, <b7 <b*}NB.(bj,)—1 as n — 0o, 44
feC*(R1¢) f.€DF(R,y) (1B, = Jn = } N B:(bjo,,)) (44)

for the optimal bandwidth b* = n~1/2¢+2(BV1/2+1) For convenience, we define

logn 12 e/ gy ~ logn 12 r1/b du
1,(b) := ( > f M T = ( ) / =
n —1/b |@e ()] n —1/b |Pe.m @)]

Assume b;l < bj,,, then monotonicity implies 'IV,,(bjOYn) < 'Ivn(b;l ) < 1. Combined with

I (jo,n) =2, we obtain I,,(bj, ) — I~,,(bj0,n) > 1. Hence,

{b5 <bjy,} S {|Inbjy,) = Tn(bjy,)] = 1}. (45)
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On the other hand, if b* < b5, we get L, (b%) > 1T, (b3) = 1/2. Since I,(b*) S (-~ (;S)g;;ﬂ)l/z

converges to zero, I,(b*) <1 /4 for n large enough. Thus
(b7, = 0} < {11 (6%) = T (b7) = 1/4}- (46)

To show that the probabilities of the right-hand sides of (45) and (46) converge to zero, we first
apply the Cauchy—Schwarz inequality

1/b 1/b 2
~ 2 logn du (u)
\In(b) - In(b)| =< g / B / ge — 1| du
noJoiw e WN* J 16| @em (W)
1/b 2
< lozgnl / 22N .
nb2P+0 1| e m ()

Markov’s inequality and (25) yield for b € {bpin, b*}

logn 1/b ©e (1)

I(b)—I(b) }ﬂB(b n)> / IE‘,|: -1 ]lBFb du
({‘ E o nb2h+1 16 Ll @em (@) Gion)
logn
~ nmb4b+2

which converges to zero. Therefore, (44) holds true.

5.2.2. Preparations to the Proof of Theorem 3.2

Before we can prove Theorem 3.2, some preparations are needed. By Lemma 5.2 there is a con-
stant D > 0 such that the bias can be bounded by Bj, := Db**!. By the error representation (34),
we have for any b € B

[ (fo(x) = f(x))dx — Mp(Fe.p)

1qe.6 —q:| = ~—
o fo @) @
Bb FVix + Voe + Vool + [Mp(@ep)l
| fo(g™)]
with some g* € [(¢r A Gr.5), (gr V Gr.p)] and where the stochastic error is decomposed in
1 n
Vi,x =~ > (£ —E[g;®)])  with
j=l1
0 iuY;
_ (bu)e™"
§j(b) = / as(x)F ! [%}(}c +q.)dx,
—0o0 &€ (48)

0
Vb,g ::/ as(x)}——l[‘pK(b”)ﬂDn(”) < (pé‘(u) _ l>i|(x+qt)dx,
—00 @e(u) @e,m (1)
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0
Vi i= f ac(x)}__l[@K(bM)( #n (1) —w(u))}(wqf)dx.
—0 (ﬂe,m("‘)

In view of the analysis in Section 5.1.3, the part of the stochastic error which is due to the
continuous part a. will be negligible. Hence, we concentrate on Vj x and V}, .. By independence
of (§;(b));, we obtain

0 iqu 2
Var(Vox) < ~E[£;(5)°] = 1E[( / as(x)f—l[w}(x +qr)dx> ]
n n e (1)

, - (49)
=: ob,X

We will determine the variance of V}, . on the event B, (), defined in (3). We apply Plancherel’s
identity and the Cauchy—Schwarz inequality to separate Y; and ¢; from each other:

[|Vhe|]pr(b)
H / Fa (—uye e wK(bu)qon(u)< ¢ () _1) "

@e(u) @e,m (1)
1 on(u)
: EE[(/@”"“’”)' 0o@)

2 172
du)

x (/R\@K(bu)ufm_u)\z pel)

2 12
du 1
e () ) Bg(’”}
| 2 (12 Fay(—u) |2 12
<—E f|<ﬂK(bu)| du f|¢K(bM)| Fas(—u) dulp, )
27 R R ©e,m(U)

X Sup |@em(u) — %(u)l}
lul<1/b

1g, (b)]

(50)
—1

©n(u)
@e(u)

Let us define

L p
Ope = =—M '“0p10b62 (51
27

with

on ()

2 N2
Ob,e.1 ?=E[</ ok (bu)| du) }
R @e (1)

Fa, 1/2
Op,e2 = [(/|¢K(bu)| a((b;) du) ]lBE(b)i|~

With the bounds o}, x and o}, . at hand, we obtain the following concentration results.
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Lemma 5.5. Let BB be a set satisfying |B| < logn, (loglogn)/nby — 0 for by = min B as well
as |logby| <logn. Then we obtain uniformly over f € C*(R,r,¢) and f. € DP(R,y) for any
6> 0:

(i) P(3beB: |Vpx|> (14 8)/loglogn(v/20p x +o(n=12(b=F+1/2 v 1)))) — 0.
(i) P(3b e B: |Vy,| = 8(logn)ope) — 0.

(iil) Assuming further mbgzﬂM)Jr2 21,

P@b e B: |V > (logn)3?n=12(b=F+1/2 v 1)) — 0.
Proof. (i) Using the deterministic bound (38), we obtain |£;(b) — E[§;(D)]| < Cb~* for some

constant C > 0. Since the variance is bounded by (49), Bernstein’s inequality (e.g., Massart [19],
Prop. 2.9) yields for any positive «;,, = o(nb)

C
P(|Vb,x| > /207 yin + ﬁ) <2e7,

Hence, \/E(nbﬂ)_1 < (1 A 1) V2(k,, /(nb))'/? yields uniformly in C¥(R,r,¢) and
DF(R,y)

P(1Vp.x| = /in (V203 x +0(n V2 (P12 v 1)))) < 2e ™.

The result follows from choosing « = (1 4 8)?loglogn and using |B| < logn.
(ii) Using an estimate as in (50), we obtain

1 1/2
|vb,g|s%(/ﬂé|mbu>| ) (/ ok (bu)|| Fas (—u)|*
©n

1 1/2
— bu
2</|‘”’<( )|¢() )

::Vb.sl
1/2
u) Sup | @e () — @, m(u)|.

<f|¢,<(bu>| Fas(w) |
lu|<1/b

De.m (u)
Hence, for any ¢ € (0, 1/4)

OnU
@ (u)

@e(u) — (pe,m(u)
Qe,m(u)

2 1/2
du)

=Vpe2

P({IVb.el = 8(logn)’op. } N B. (b))
< P(IVbe1l > (logn) op 1) + P({IVie2l = (logn)' ™oy 02} N B, (b))

+ P sup [0e0) = @en@0)] 2 300gm!~m™112)
lu|<1/b

=:Pp1+ Pp2+ Pp3.
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The first two probabilities can be bounded by Markov’s inequality:
Py1 < (logn)™" "o, ) | E[Vj 1] = (logn)~' ¢,

Py < (logn)™' "o, | JE[Vp 2l p, 1] = (logn) ™' .

For P, 3 we will apply the following version of Talagrand’s inequality (cf. Massart [19], (5.50)):
let T be a countable index and for all t € T let Zy;,..., Z,; be an i.i.d. sample of centered,
complex valued random variables satisfying || Zy ;||cc < b, forallt € T,k =1,...,n, as well as
sup,cr Var(}_i_, Zk,1) <v < o0c. Then for all k > 0

n n
P(sup sz’l sz"
teT

k=1 k=1
Choosing the rational numbers 7 = QN [—%, %] and Z; ; :=e @ (1), Talagrand’s inequality
applies with b =2 and v = n. As in (14), we use Theorem 4.1 by Neumann and Reif3 [23] to
obtain for any 1 € (0, 1/2)

> 4K |:sup

teT

2
:| 4+ 2vk + gb/c) <2e*. (52)

ok
it} _

m'PE[ sup [gem(®) = 0e(0)|] S [1ogh]" /7.
lul<1/b

Therefore on the assumptions ;' (logn)!*2" — 0 and «,, /m — 0

2k, 4 K
4E[ sup Iwe,m(u)—%(u)l]+,/—”+—xn= [ (V2 +o(1))
lu|<1/b,ucQ m 3m m

and thus continuity of ¢, ,, and (52) yield

Py3= P( sup i(os,m (u) — @ (”)| = (\/5 + 0(1))\/ Kn/m> <27 (53)
lu|<1/b,ucQ
With k, = %(logn)2_4c for ¢ < 1/4 — /2, we obtain P3 < 2n~%?2. Using by = minB, |B| <
logn and Lemma 5.1, we finally get

P(sug Vol = (V24 8)10gm0pe ) < 3 (Pot + Poa + Po3) + P(Be(b)) =o(1).
be beB

(iii) Corollary 5.3 shows for 6, > 0 and for any sequence (x,), that tends to infinity

Xn

— 4.
82n(mb*+2 A 1) o

PEbEB: Vool 28) S
beBB

Choosing 8, = (logn)3?n=12(b=F+1/2 v 1) and x,, = o((logn)'/?) yields
P(3b e B: |Vi.c| > (logn)**n~ 12 (b7PF12 v 1))

X

< n *
~ I;g (logn)3 (mbCEAD+2 A 1)

n
(logn)2(mb@BAD+2 A1)

+o() <

+o(1) = o(1).
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O

For the denominator in the error representation (47) we need uniform consistency. A uniform
result on the error |g7,, — g-| follows immediately.

Lemma 5.6. Let B be a finite set satisfying |B| < logn, suppcgblog(n) — 0 as well as
supbeB(logn)z/(nbz‘gH) — 0. Then we obtain for n — oo and n € (0, 1)

sip swp P(swp s [F(ed) = f@0)| = 0f@0) = 0. (54)
FeC¥(R.1.L,Up) fo€DF(Ry)  beBqFElqe AGr b4V r,b]

Moreover, supposing minyegnb@P V12 > 1 e obtain uniformly in f € C*(R,r,¢) and f: €
DB(R, y) for any sequence of critical values (8)pcp3 satisfying infg 8 — oo

P(3beB: |G — qe| > 8,(3D6 T + 072 (b7 FH2 v 1)) S 5i +o(1). (55)
beB b

Proof. Since f(g;) >r and f € C*([qgr — ¢, gr + ¢1, R), decomposition (35) implies with «k =

F AL

P(sip s |Ti(ad) — flg0)| > nf(a0)

beB q?G[qr /\ar,bvq‘( Vﬁr,b]

(56)
<P(sup s [T+ a0) = f0 0| = mr/2) + P(s0p (e gl = ).
beBxe[—«,k]
Using b1 = min B, the first probability can be bounded by
> p(f s |fa0 = SGtgol = /20 Bn) + P(B01))
beB x€[—k,k]
Stognsup P({ sup [Fox+0) = £ +a0)] > nr/2} 1 B (b)) + o) =o(D),

beB x€[—«k,k]

since for all b the probability in the last line converges faster to zero than 1/logn owing to
the concentration inequalities (27) and (28) and the conditions on b. To estimate the second term
in (56), we apply Lemma 5.4. Therefore, the conditions b log(n) — 0 and (log n)z/(nbzﬂH) -0
yield the first assertion.

The estimate (55) follows from the error decomposition (4), (54) and Corollary 5.3 with x, =
o(infg 6p):

P(3b € B: |Grp — qcl > 85 (3D6* T + n 2 (b7PF2 v 1))

P(EIbeB: ‘fq Fo(x) = f(x)dx| > %f(qf)ﬁb(:%Db“H +n 2 (p P2y 1)))
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~ 1
+ P<Sup sup |fb(‘]:) - f(CIr)| > Ef(‘]t))

beB q;€lqi Aqr.b,qrVqr,b]

Xn 1
< - < _
Y5+ mblmw)wmwzs Fo).

beB beB b O

The variances op x and op, ¢, defined in (49) and (51) can be estimated by 65, x and 63, from

(11) and (12), respectively. The latter can be decomposed into Sb . }17: - lo*b . 10172 e with

1/b
~2 ©n(u)
o = ok (bu) u,
bl /1/17‘ | ©e,m(u)
~ 1/ | Fas(u)|*
‘71;2,3,2=/ |<pK(bu)|—s > du.
—1/b |, m|

The following two lemmas show that these estimators are indeed reasonable.

Lemma 5.7. Let B be a finite set satisfying |B| < logn, maxyep b®*logn — 0 as well as
mingcB nb?B+2 5 o0o. Let op.x and op x be given in (11) and (49), respectively. Then we ob-
tain foralln > 0 as n — oo

sup sup  P(3beB: 6y x — op x| >nm*1/2(b’ﬂ+l/2vl))—>0.
feC¥(R,r8) f€DP(R,y)

Proof. Note that

5y = zzémbw zze,zww 226,3@
(57)

2 P 2
+ 5D EBE D) + 5 EBIE D) + ) Eja(b)E D),
j=1 j=1 j=1

where we have defined

O [ .
§j1(b) = / ag(x)F! wK(bu)e‘“Y./(

—00

Qem(u) %(u)ﬂ(x + gr.p) dx,
’ [ ok (bu)el"Yi
§j2(b) = / ag(x)F! %}(X ode,

0 r iuY; (a—iugyp _ o—iuge
£3(b) :=/ gy () 1| e Gme (e T — e T )](x)dx.
—00 L @ (u)

We will first study these three terms separately. Applying Plancherel’s identity, the Cauchy—
Schwarz inequality, the Neumann type bound (25) as well as |Fas(u)| < As(1 + lu)~!, the
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decay of ¢, and the upper bound on f, we obtain

Vb | Fag )| s /‘/b lok (bu)|?

®)|*15.0)] <
Bl @l tsol= o | G wr @ L mieor

{ (58)
<
~ (bZﬂfl A l)mb2ﬁ+l ’
2
ellesa0P] =8| [ Faersa 2O o g, ]
‘Pa(u)
2 A2p3 1/b (59)
IK |2, A2R 252 ,
< LV 1 du=:§
- 42 /—l/b( +lul) ¢ b

as well as the deterministic bound

—iug, PK (bu) lYi dy

@e(u)

Hence, Var[§; 2(b)*] < E[§;2(b)*] < d S, and |&7 ,(b) — E[£},(b)]| < 2dj}, so that an applica-
tion of Bernstein’s inequality yields forany b > 0and z >0

n
DI GHORE GHOE

1 2n
P ) =2exp| —z5 3 )
ni 28,dy + (4/3)d; z
n

Setting z = Sg and noting Sg S BV, dg < b2, we see that
= (5.0 —E[g5,®)])

(1
P
nj=1

2 |IK|2 A2 /b
<””¢/ (1+ Jul)* du = a?.

- 4T[2 —1/b

o)== [ F
|&i2(0)] _‘E./R ag(u)e

b

S2
> SZ) < Zexp(—%) < Zexp(—Cnwa) (60)

for some C > 0. The right-hand side of (60) tends to zero with polynomial rate since nb2#"! e
logn.
We use suppa, € [—1, 0] to write &; 3 as

~ b 1uY
£ 3(b) = /R (ay(x — Gr.p) — as(x — qo)) F~! [%](x)dx
.bVqr luY
< s [dO|Fes—ad [ F{M}m‘d}c.
1e(~1,0) GepAge)—1 @e (1)

The Cauchy—Schwarz inequality and Plancherel’s identity yield

183 < [|alir0) |2 1Tes — a2 (1 + e — g0))

5 /%,bvqr i |:<p1((bu)ei"y-/ :|(x) 2
Gepngr)—1 e (u)
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lalL-1,0)l% goK(bu) 2
< L0 05— e (1 + 1Ges — g2l)
27 908(14)

SNGep — qe (14 1Gep — g2 )b~ P71

By Lemma 5.4 sup, .5 |Gr.6 — g | = 0p (1). Applying (55), we conclude for some constant C > 0,
for 8, = (bt 1/2=P)+ 4 p=1/2p=F=1/2))=1 and for any n > 0

P(3beB: |£3b)| > n(b~PT2 Vv 1))

< P(3b€B: Gep — gr| > nCHENDTZ) o(1)
(61)
<P(3beB: (gep —qel > nC8(H*H! +n*1/2(1fﬁ+‘/2 v 1))) +o(1)

S <Z(5b)_l> +o(l) S SUpbo‘ logn + sup +o(1) =o(1).

beB

\/_bﬁ-H/Z

Combining the variance bounds (58), (5§9) and (61), we apply Markov’s inequality, the Cauchy—
Schwarz inequality and the concentration result (60) on the decomposition (57) to obtain

SuP(”(bzﬂ_l A 1)’5172,)( - sz,XD
beB

N
= sup<f > (E2,0) - E[é,%z(b)])) +op() =op(1).

beB j:l D

Lemma 5.8. Let B be a finite set satisfying |B| < logn as well as supypz1/(nb*f*+1) — 0.

Let ¢ and op ¢ be given in (12) and (51), respectively. Then we obtain uniformly over f €
CY(R,r,¢) and f e DP(R,y) foralln > 0asn — 0o

P(3b e B: |Gpe — 0opel > nlognym ™2 (b=FF12 v 1)) — 0.
Proof. We start by showing for b; = min B that

@ (u)
@e,m (1)

=14o0p(1). (62)

u
lul<1/by

To this end, recall w(u) = (log(e + lu]))~1/2=" for some 7 € (0, 1/2). Markov’s inequality,
Lemma 5.1 and Theorem 4.1 by Neumann and Reif} [23] yield for any § > 0

P( sup ®e (1) —1‘25)
ul<1/by | Pe.m (1)
= P(sup m"2[ge) = @em@)| = 8lloghil) + P(inf [gem)] <m™? loghi])
lul<1/by lul<1/b;

= (ol10gbil) B[ sup m'[ge) = gem(@)| ] +o0(1)
lul<1/by
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< ;E[supml/zw(u)hpg(u) — <pgm(u)|] +o(1) =o(1),
~ Sllogbilw(1/b1) L,cr '

which implies (62) holding uniformly in B since [—1/by, 1/b;] is the maximal interval for all
beb.
Now, we consider &) ¢, 1. The uniform consistency (62) implies

2
52eq=(1+0p(D) /|¢K(b >|‘—)‘ du.

Chebyshev’s inequality yields for all > 0

| () 2 )“2 [(f | () 2 )1/2]
P bu bu
(ZL’E (/"”"( Do ¢ Al

§(nlogn)_22E[/R x (bu )||‘p”(“)|| du]

beB

1 [V E 2 _
< (7)210g1’l) 1/ [|‘pn(u)2| ]du < (nzlogn) 1’
1/ e @)l

> nlogn)

where the last estimate follows from E[|¢, (1) |*] < loy @) |? +E[| @, ) — @y ()21 < |oy (u)|> +
1/n, fe € DP(R, ¥), | flloo < 1 and nb%ﬁJrl — 00. Hence, we obtain uniformly in B

Gp.e.1 = (1+0p(1))(0b,e,1 +0p(logn)) =op.e.1 +0p(logn). (63)

Concerning 6 ¢ 2, we write with use of (62)

I/ | Fag(u)|?
~2 s
o = ok (bu)|—————=du
b.e,2 /l/b‘ ’|¢g,m<u)|2

| Fas )
| ()]

1/b
(1 +op<1>)f ok (bu)|

Moreover, the triangle inequality for the L>-norm and Lemma 5.1, applied on B, (b) yield

1 |Fas )] )1/2
bu)| ————-d — Ope
'(/_1/b’(pK( 2 o he2
7 | Fas )| )1/2
2|E bu)| ————-d
= ’ [((/_w"”’(( Y r
176 |[Fas @)\
- (/—1/b|¢K(bu)| |@e,m () du) )132(})])}

o [P | Fas(u)|?
2P ((Bs(b bu)| ——
+20(( (‘)))/l/b“”’(( e

176 2 |@e.m () — e (u)|? } /”b | Fags(u)|?
2K b Fag . du |1 1 ———d
= [(/_I/J“’K( O e v vyon ”) seen | o) o

2

2
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2 /‘/” | Fay (u)|? 2 2641
<—FE ———-m|e.m(U) — @ ()| du | +0(1)(b™ CARAVE|
|log by [3/2 [ “ip les)]? [e.m @) ( )
=o()(b~ Pt v 1),

where o(1) is a null sequence which does not depend on b. Consequently,

1/b 2 1/2
(/ ok (bu)| 74, ()" du) — Ope2

b PROL (B2 A1) = 0(1).

sup
beBB

Using sz, e < b™28+1 v 1 by the analysis of the convergence rates, we get
Gbe2=(1+0p(D)(0pe2+0(b P2V 1)) =0pen+0p(bPT2VI). (64

Since 0p 61 S 1,0p62 S b~F+1/2 v 1, it remains to combine (63) and (64) to obtain uniformly
in B

~ I e ~ I _ _
Obe =5 M Y2, e 1Gpen = " 1/2(0b,£,1 +op(logn))(ap,e2 +op (b P2y 1))

= 0p,c +0p(logmym™ 2 (b~ P12 v 1)). O

5.2.3. Proof of Theorem 3.2
Applying Lemma 5.1 and (44), it suffices to consider the event
Ay = {bj(,n <bj < n_l/(z"‘”(ﬁw/m“)} N Be(bj,,)

with jo , defined in (43). Therefore we can set B:= {bj, ,, ..., buy,} in the following.
As seen in error decomposition (47), there are three stochastic errors Vp, x, Vp,  and Vj, . which
were treated in Lemma 5.5. This motivates the following definition. For §; > 0, let

Sp,x :=(1+381)y/2loglogn max o, x, Sp.e := (81 logn)3 max oy .
neB: u>b neB:u>b

On the assumption |z (u)| 2 (1 + |u[)™# we obtain for o), = 5-m =20}, 1056 from (51)
that

1/b 1/b
0,3,8,2zf_l/b|fas(—u)|2(1+|u|)2’3 duz/_l/b(w|u|)2’3‘2du~b25+1 V1.

Also, we have op, .1 = |l¢x|l;2 +0(1) > |l@x|l;2/2 for b small enough and n large enough. Thus,
op.e 2 m~Y2(b=PF1/2 1), Therefore, Lemma 5.5 yields

PEbeB: Vo x + Voo + Viel = Spx + Spe)

1 S
§P<E|beB: |Vb,x|ZSh,X-i-ng,g)-FP(EIbEB: [Vb.el > ;g)
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Sbs
P : . :
+< ’—3)

=o(1).

Hence, the probability of the event
={VbeB: |Vp,x + Ve + Vol < Sp.x + Sp.e}

converges to one. The variances Sp, x and Sp ¢ can be estimated by

S;b,x :=(14461)y/2loglogn max &, x, §b,g = (81 logn)3 max Op.
neB:u>b neB:u>=b

Applying Lemmas 5.7 and 5.8, the triangle inequality of the £°°-norm yields uniformly in b € B

1
max o X—maxo X‘<max|a x—oux|l= _ ),
‘u>b o = " s o P\ 2B=172 A 1)

‘maxau e — mazau e

< F = logn
max o — 0 -
1>b usp | Hee T Ol = ORI (pB-12 A )

Using again op ¢ 2 m~1/2(b=B+1/2\/ 1), we thus obtain for all 7 > 0 that the event
Az := (Vb € B: |(Sp.x + Sp.e) = (Sox + Sp.0)| < 1(Shx + Sp.0))

fulfills P(A,) — 1. The same holds true for the events

= iVbeB: sup |f7;(6]*)_f(6h)| Sﬂf(CIr)},

q* G[(‘Ir /\%,h)\/((h /\qr.b)]

= {Vb e B: sup |J?1;(61*) - ﬁ@,h)! =< nlﬁ@,;;)l]

q*€l(qz AGz,p)V (qr AGrp)]
by (54). Therefore, it is sufficient to work in the following on the event
A:=AgNAINANA3N Ay.

We show that the adaptive estimator g; mimics the oracle estimator defined as follows. Recalling
the estimate of the bias By = Dbt et the oracle bandwidth be defined by

by :=max{beB: By < Sp.x + Sp.s} (65)

Note that b, is well-defined and unique since By, is monoton increasing in b while (Sp, x + Sp.¢)
is monton decreasing. We get the oracle estimator gz p, .
Since on A4 for all b € B and g* € [(g: A Gr.p) V (Gr A Gz.p)]

| Fo(a)| = | Fo@en)| — | Fo(a®) = Fo@e)| = (1 = )| fo (@),
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we have for any b € B on the event A N A4 by (47)

By + | Vx + Ve + Vool 1My Ge.s)| _ By + Sp.x + Spe My (Gr)]
| f5(g*)I - (I = fb(Gxr.p)l

Furthermore, by the definition of b, we have on the event A for any b < b,

|5r,b —q| =

2(Sp.x + Sb.e) + 1My (G|
A= fp(Grp)] '

|qr,b - qu =<

On A, we estimate Eb,X + 3“;,,5 > (1 —1n)(Sp.x + Sp.e) and thus we have on A for any b < b,

Gy — | < 2o + 50) |5 (e.)|
T, Tl = ~ o~ ~ o~ .
(=2 fo @)l (=)l fo@ep)]

Since for any 8 > 0 we find 81, 7 > 0 such that (1 — ) ">(2v/2+81) —2v/2) v 2(1 =) 28)) v
L < §, we obtain |g7 , — g¢| < X with X as defined in (10). As a result one has g, € U}, and
T— q.b — 4 q

qr €U, for all b < b, and p < by, implying U, N U, # @. By the definition of the procedure,

b > b, and Z/lg* NUp, # & on the event A. This leads to
|G 5 — el < |Grb, — el + 1o o — G| < B, + (Zp, + Tp).

On Ay N A3 we have %), < S, x + Sp.e since f(qr) > r and [My(Ge.)| < |My(q0)| = | [75(f5 —
/). Using additionally the monotonicity of (Sp x + Sp.c) as well as b* > b, this implies

17, 5 — arl S (Sb,.x + Sb,.e) S (V1oglogn + (10gn8)3)(b*_'3+1/2 v 1),1—1/2.

It remains to note by the definition (65) of the oracle b, and by the assumption b;1/b; <1 that
by ~ ((logn®)®/n) =1/ Cat2BVI/D+D a5 n — o0,
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