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1. Introduction

Studying the variations of a stochastic process is of fundamental importance in probability theory.
In this paper, we are interested in the fractional Brownian motion in Brownian time, which is
defined as follows. Consider a fractional Brownian motion X on R with Hurst parameter H €
(0, 1), as well as a standard Brownian motion ¥ on Ry independent from X. The process Z =
X oY is the so-called fractional Brownian motion in Brownian time (F.B.M.B.T. in short). It is
a self-similar process (of order H/2) with stationary increments, which is not Gaussian. When
H =1/2, one recovers the celebrated iterated Brownian motion.

In recent years, starting with the articles of Burdzy [3,4], there has been an increased interest
in iterated processes in which one changes the time parameter with one-dimensional Brownian
motion, see, for example, [5,8—11] to cite but a few. In the present paper, we are concerned with
the study of the fluctuations of the pth variation of Z for any integer p, defined as

[271]—1

R,(,p)(l) = Z (Z(k+1)2—rz — Zkz—n)p, neN,t>0.
k=0

At this stage, it is worthwhile noting that we are dealing with the pth variations of Z in the
classical sense when p is even whereas, when p is odd, we are rather dealing with the signed pth
variations of Z. The interested reader may read [1,6] in order to find relevant information about
power variations.

After proper normalization, we may expect the f.d.d. convergence to a non-degenerate limit
(to be determined) of

[271]—1

S (1) =27 Z ((Zgs12n = Zio-n)? = E[(Zgs1y2-1 — Zio—)P]). neN,t>0,
k=0

for some x > 0 to be discovered. To reach this goal, a classical strategy consists in expanding
the power function x? in terms of Hermite polynomials. Doing so, our problem is reduced to the
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joint analysis of the following quantities:

[2"¢]—1
UD)=2" 3" H(Zgsipn—Zian), neNt>0reN". (1.1)
k=0

Here, ¥ > 0 is some constant depending a priori on r, whereas H, denotes the rth Hermite
polynomial (Hy(x) = x, Hy(x) = xz—1, etc.). Due to the fact that one cannot separate X from
Y inside Z in the definition of U,ﬁ”, working directly with (1.1) seems to be a difficult task (see
also [10], Problem 5.1). This is why, following an idea introduced by Khosnevisan and Lewis
[9] in the study of the case H = 1/2, we will rather analyze U,E’) by means of certain stopping
times for Y. The idea is quite simple: by stopping Y as it crosses certain levels, and by sampling
Z at these times, one can effectively separate X from Y. To be more specific, let us introduce the
following collection of stopping times (with respect to the natural filtration of Y), noted

Iy ={Txn: k= 0}, n=0, (1.2)

which are in turn expressed in terms of the subsequent hitting times of a dyadic grid cast on
the real axis. More precisely, let &, = {j27"/?: j € 7}, n > 0, be the dyadic partition (of R) of
order n/2. For every n > 0, the stopping times 7% ,, appearing in (1.2), are given by the following
recursive definition: Ty, =0, and

Tin =inf{s > T2 Y(s) € Zu \{Y (Tk—1.0) }}, k>1.

Note that the definition of T ,, and therefore of .7, only involves the one-sided Brownian mo-
tion Y, and that, for every n > 0, the discrete stochastic process

Dy = (Y (Tin): k= 0)

defines a simple random walk over %,. As shown in [9], as n tends to infinity the collection
{Tk.n: 1 <k <2"t} approximates the common dyadic partition {k27": 1 <k < 2"t} of order n
of the time interval [0, ] (see [9], Lemma 2.2, for a precise statement). Based on this fact, one
can introduce the counterpart of (1.1) based on .7, namely,

[27¢]—1
VoW =2 3" H.(Zp,,, - Zr,). neNt=0reN (1.3)
k=0

We are now in a position to state the main result of the present paper.

Theorem 1.1. The following two f.d.d. convergences in law take place as n — oo for any integer
N>1.

(1) Assume that H < % One has

y—n/4 Z Hzr_l(an/Z(ZTka — ZTk,n)): 1<r<N

k=0 t>0
"y (1.4)
SonEN: 1<r < NYos
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where 09,1 is some (explicit) constant and E = (B(l) oY,...,BMo Y), with B = (B(l), e

B™)) a N-dimensional two-sided Brownian motion independent from Y .
(2) Assume that H < %. One has

[2"t]—1
23"/4[ Z Ho (2"2(Zg,,,, — Z1,,)): 1 <7 < N}
>0

k=0
(1.5)
f.dd. * )
— {09 L;(Y)dB/’: 1<r <N ,
—00 t>0
where o, is some (explicit) constant, B = (BWY, ..., BM)Y is q N-dimensional two-sided Brow-

nian motion independent from Y and L} (Y') stands for the local time of Y before time t at level x.

The process {fR Ly (Y) dB,Er)}tzo appearing in (1.5) is nothing but the Brownian motion in
Random Scenery introduced by Kesten and Spitzer (see [7]).
As a corollary of this theorem, we deduce the fluctuations of the power variation of Z.

Corollary 1.2. The following two f.d.d. convergences in law take place as n — oo for any integer
N=>1.

(1) Assume that H < % One has

12"t —1
{2(—n/4)(1—(4r—2)H) Z (ZTkJrl,n _ZTkﬂ)Zr—l: lfrfN}
k=0 0
= (1.6)

,
f.d.d.
- {Zar,kUZk—lE;(k)5 1 SrSN} ,

k=1 t>0

k—1 (=D Qr+k—I=1)!
=0 NQ*k-D—D)(r+k—I—1)12r+5=T"

where ay i is some constant given by: a, =
(2) Assume that H < %. One has

(271 ]—1
{2(311/4)(14;’1‘1/3) Z ((ZTkH,n _ ZTk,n)zr . zfnerr’O): l<r<N

k=0 0
= an
fdd | = *° k
—>{Zb,,mkf LY (Y)dB®: 1§r§N} ,
k=1 —%° >0

(=D Q@r+k=D)!
(kfl))!(r+kfl)!2f+k :

where by is some constant given by: by = ZLO e

Note that b0 = E[(2"#/*(Z1,,,, — Z1,,))* 1= E[N?'], with N ~ (0, 1).
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In the particular case where H = 1/2 (that is, when Z is an iterated Brownian motion) and
r =2, 3,4, we emphasize that Corollary 1.2 allows one to recovers Theorems 3.2, 4.4 and 4.5
from Khoshnevisan and Lewis [9].

Remark. To keep the length of this paper within bounds, I defer to future analysis the technical
investigation of the tightness of the power variations of FB.M.B.T given in the previous corollary.

The organisation of the paper is as follows. In Section 2, we provide some needed preliminar-
ies. Theorem 1.1 and Corollary 1.2 are then shown in Section 3.

2. Preliminaries

In this section, we collect several results that are useful for the proof of Theorem 1.1.

2.1. An algebraic lemma and some local time estimates

For eachintegern > 0, k € Z and real number ¢ > 0, let U; ,, (t) (resp. D ,(¢)) denote the number
of upcrossings (resp. downcrossings) of the interval [j27"/2, (j 4 1)27"/?] within the first [2"¢]
steps of the random walk {Y (T »)}k>1, that is,

Ujn()=t{k=0,....|2"t] - 1:
2.1
Y (Ten) = j27"% and Y (Tig1,0) = (G + D272}

Dj,()=t{k=0,....|2"] -1

2.2)
Y(Tk,n) =+ 1)2—11/2 and Y (Tg1.0) = jz—n/Z}'

The following lemma will play a crucial role in our study of the asymptotic behavior of V,,(r). Its

main feature is to separate X from Y, thus providing a representation of Vn(r) which is amenable
to analysis.

Lemma 2.1 (See [9], Lemma 2.4). Fixt > 0andr € N*. Then

V(1) =27"% Z Hy (2" (X iy = X o)) (U @) + (=1 D n(0). (2.3)
JEZ

Also, in order to prove the second point of Theorem 1.1 we will need estimates on the local
time of Y taken from [9], that we collect in the following statement.

Proposition 2.2.

1. Foreveryx € R, p e N* and t > 0, we have

E[(LE(0)"] < 2E[(L0)" ] exp<_§>.



764 R. Zeineddine

2. There exists a positive constant | such that, for every a, b € R with ab > 0 and t > 0,

2
E[|L}(Y) = L{ (V)] ]1/2<M,/|b—a|t‘/4exp< 4Z)

3. There exists a positive random variable K € L® such that, for every j € 7, every n > 0 and
every t > 0, one has that

:y—n/2 iy —n
L) — LI ()| < 2kn27 4 LI (1),

where L ,(t) = 2_"/2(Uj,n @)+ Djn@).

2.2. Breuer-Major Theorem

Let {Gr}x>1 be a centered stationary Gaussian sequence. In this Gaussian context, stationary
just means that there exist p:Z — R such that E[GyG;] = p(k — ), k,I > 1. Assume further
that p(0) = 1, that is, each Gy is .#7(0, 1) distributed. Let ¢ : R — R be a measurable function
satisfying

[fp G)]= 1) ()c)e_xz/2 dx < +o00. (2.4)

7=l

2
The function ¢ may be expanded in L?(R, & \/%2 dx) (in a unique way) in terms of Hermite

polynomials as follows:

“+o0
9(x) = agHy(x). 2.5)

q=0

Let d > 0 be the Hermite rank of ¢, that is, the first integer ¢ > 0 such that ag #01n (2.5). We
then have the celebrated Breuer—Major Theorem (see [2], see also [12] for a modern proof).

Theorem 2.3 (Breuer-Major). Let {Gi}i>1 (with covariance p) and ¢ : R — R (with Hermite
index d) be as above. Assume further that ) _; ., |p (k) |9 < +00. Then, as n — +00,

[2"1]

27/ Z@(Gk)—E[w(Gk)])} U o B hiso, 2.6)

k=1 >0

with B a standard Brownian motion and o > 0 given by

g —Zq'aZZp(kﬂ [0, ool 27

keZ
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2.3. Peccati-Tudor Theorem

In a seminal paper of 2005, Nualart and Peccati [13] discovered a surprising central limit theorem
(called the Fourth Moment Theorem nowadays) for sequences of multiple stochastic integrals of
a fixed order: in this context, convergence in distribution to the standard normal law is actu-
ally equivalent to convergence of just the fourth moment. Shortly afterwards, Peccati and Tudor
gave a multidimensional version of this characterization, making use of tools belonging to the
Malliavin calculus. Since we will rely on this result in the present paper, let us give more details.

Letd >2and g1, ...,qq4 > 1 be some fixed integers. Consider a sequence of random vectors
F,=(F1n,..., Fq,) of the following form. Each F; , can be written as

N’l
Fi,n = Zaj,ani(Yj,n),
=0

where N, is an integer, a; , are real numbers and {Y; ,};>0 is a centered stationary Gaussian
family with unit variance. We then have the following result, shown in [14].

Theorem 2.4 (Peccati-Tudor). Let (F,,) be a sequence as above. Let C € #y(R) be a sym-
metric and positive matrix, and let N be a centered Gaussian vector with covariance C. Assume
that

lim E[F;,Fj,]=C(G,j), 1<i,j<d. (2.8)
n—-+00

Then, as n — +00, the following two conditions are equivalent:

(a) F, converges in law to N,
(b) forevery 1 <i <d, F;, converges in law to A (0, C(i,i)).

3. Proof of Theorem 1.1
3.1. Proof of (1.4)

Recall the definition (1.3) of V,,(r) (¢) and let us fix K = 1/4. First of all, let us apply Lemma 2.1.
Because 2r — 1 is an odd number, we obtain that

V@) =27y " Hop 1 (2P (X yrypn = X jpen)) (Ujn @) = D). (1)
JEZ
Now, let us observe (see also [9], Lemma 2.5) that
100<j < j*(n,0) if j*(n,1) >0,

Ujn(®) = Djn()=10 if j* =0,
~1(j*(n,1) < j <0)  if j*(n,1) <0,
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where

Jrn.) =2"vr,

tin*

Asa consequence,

J* .t
n/4 Z H2 2nH/2(X 2—;1/2 - X:}fl)z—n/z)) lfj*(na t) > 07

ver-bp =10 if j*=0
[j*(n,0)|

274 Z Hoy 1 (" (X Gy = X[y poun)) 150 <0,

where X,Jr = X; fort > 0 and X_, = X; for t < 0. Our analysis of V,,(zrfl) will become eas-
ier if one introduces the following sequence of processes ijjl), in which we have replaced

Zij 0 by ZL2 !, namely:

12"/%1)
(2r D(f) =2~/ Z Hoy an/Z(X sz X(*j_l)z,n/z)), t>0,
12"/%1)
@r=1 . _ 4 H/2 _
W_,n (t) — ﬂ/ Z H2 2" / (ij n/2 X(]—I)Z*”/Z))’ IZO,

ij,‘“ (1) if1 >0,

" w D ifr<o.

It is clear, using the self-similarity property of X, that the f.d.d. convergence in law of the vec-

tor (W (2r b W(zr b ,1 <r < N) is equivalent to the f.d.d. convergence in law of the vector
—(2r— 1) (2r 1)

Wy, W, 7,1 <r <N) defined as:
2r—1 i
W:_rn ) n/4 Z Hy,y 1 +_ X+ ) t>0,
o 1) LZ”/ZU
r— 4 _
W—n n/ Z Hy, _ 1 _Xj—l)’ t>0.

LetG; =X j’ - X };1. The family {G ;} is Gaussian, stationary, centered, with variance 1; more-
over its covariance p is given by

p(k) = EIG;G jil = 3 (Ik + 177k — 127 — 21k P), (3.2)
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so that )" |p(k)| < oo because H < % Hence, Breuer—-Major Theorem 2.3 applies and yields
that, as n — oo and for any fixed r,

2r—1)

(W& V) 120} S 6y {BT7(1): £ > 0),

with BT a standard Brownian motion and o7,_1 = \/ 2r = D!'Y ez p(@)? 1. Note that

> uez 1p(@)]* ! < 0o if and only if H <1 — 1/(2(2r — 1)), which is satisfied for all r > 1
since we have supposed that H < 1/2 (the case H = 1/2 may be treated separately). Similarly,

(2r—1)

(W@ 120} =5 o3 1 {B~(1): 12 0},

with B™" a standard Brownian motion and oy, as above. In order to deduce the joint con-

2r—1 2r—1
vergence in law of (Wi’n ), W(_r )

into account that £ [W(i2 rn 1)( )W(fn l) (t)] =0 for I # r (since Hermite polynomials of different

orders are orthogonal), it remains to check that, for any integer » and any real numbers ¢, s > 0,

, 1 <r < N), from Peccati—-Tudor Theorem 2.4 and taking

(2r 1) (2r 1)

hm E[ OW=, (9] =0. (3.3)

Let us do it. One can write,

(2r 1) (2r D)

E[W,, OWZ, (]

LG/zu L2n/2§,J

=272 Z Z H2r 1 k le—l)Hzr—l(Xl__Xl_—l)]

LG/th LG/ZSJ

—@r—np? Y Z X=X ) =X ))7 !
k=1 =1

L2n/2tJ LG/ZSJ

=Q2r—1012" n/2 Z Z (Xk—Xk DX —X_ l+1)])2r_1
k=1 I=1

[27/2¢] |2%/25) 2r—1
=Qr— D2 Z Z ( [21k +1 — 1|2H—|k+l|2H—|k+l—2|2H]> .

Setting a = k + [, we deduce that

(2r 1 (2r 1

E[WL, OWZ, (]

(222 ] k+(2"/%s

. Q2r— ])(2r 1)|2 n/2 Z Z 2|a |a|2H_|a_2|2H)2r71

k=1 a=k+1
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[2"/2¢]+(2"25]  (a—1)A[2"/%]
=2 Var -2 3 S @a— 1P e —ja 22t
a=2 k=(a—|2"/2s])v1

—2 D~ 22y ),

aeN

where
fu(@) = (2la =127 —jaP —ja —2P") " (@ =1 A |27%] = (a = [2"%s]) v1+1)
X Lacaz (2242025 )
Forany a € {2,..., [2"/%t] 4+ |2"/%s]}, observe that | 2"/t | + [2"/2s] > 1. Also, we have

2_"/2|(a - 1) A\ |_2n/2tJ ‘1{25115[2”/2[]—0-[2”/25” S 2_n/2 |_2n/2tJ f t,

as well as
2_"/2|(a - |_2’1/23J) v 1’1{25(15[2”/2[]4-[27!/25“
<27"2(jal + [ 225 | + 1)L pege 21 5 1225
< zfn/z(LG/ztj 4 2L2n/2sJ) 4 zin/zl{ZSaS|_2"/21j+|_2"/2sj}
<272 (|22 42|22 |) + 272 (|27 | + | 2725 ]) < 2t + 3,
and

2'_"/21{25115LZ"/ZI‘J‘I*LZ'I/ZSJ} < Z_H/Z(LG/ZIJ + LG/sz) <t =+ 5.
Plugging all these inequalities together leads to
272 fu(@)| < (1 +49)|2la — 12 — ja 2! — ja — 221

forall n, with 3_ o 12la — 112H — |a|*" — |a — 2|12 =1 < 00 (recall that H < 1/2). Moreover,
27"/2 f,(a) —> 0 for any fixed a because
n—>0oo

(a—1) [2"?%] <a—L2"/2sJ>v2

211/2 A 211/2 211/2

24272 s OAr—(—s)V0=0
n—oo
since ¢, s > 0. Hence, the dominated convergence theorem applies and yields
—n/2
272" fula) =0,
aeN
that is, (3.3) holds true. As we said, using Peccati—Tudor Theorem 2.4 one thus obtains that

(WD WD 1 <r <N) ™S 0y B* o B 1<r<N), (34
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with (BT, B™",1 <r < N) a 2N-dimensional standard Brownian motion. As a consequence,
we have

(WD), 1<r <N), 4 Lds 5 (021BV (1), 1 <7 < N) (3.5

teR’

with (B®), 1 <r < N) a N-dimensional two-sided Brownian motion.
On the other hand, let us prove for any r € N* the existence of C, > 0 such that, for any n and
any 5,1 € R,

E[(W& D) = W D(9))*] <8C, (27" + |t — s1). (3.6)

To do so, we distinguish three cases, according to the sign of s, # € R (and reducing the prob-
lem by symmetry):

() if0<s<rt:

E[(W D) = W (s))*]

E[( (2r 1)0)_ (2r 1)( )) ]:

L2)1/2lJ 2
2_"/2E|:< Z Hy (X7 =X} ))}

J=12725]+1

[2"1]

=|@r—npr™? 3 (oG —k)* ™!

jok=12"5]+1

2"2)  j—|2M%s5]—1

=|er-p? S (p@)”

J=122s |41 a=j—|27/21)

<@2r—DR™"?

12721 |— 225 |—1

x 2 p@" (@t (2] A 2] = (a+ [2's ) v (|25 )]

a=[2"/2s]—|27/2t|+1

<Qr-— 1)}2*"/2 Z|p(a)|2r_l|L2n/2tJ . LG/ZS“ _ C,27"/2| L2"/2tJ . LG/zsﬂ

a€Z
<Co (|27 272 | = t| + 1t — sl + |27 2725 | — s]) < € (2272 + |t — 1)
<2C, 27"+t —s)),

with C, = 2r — DY, .7 1p(@)|* ! < 00, hence (3.6) holds true.
(2) If s <t <0: by the same argument as above

E[(W(2r—l)(t) _ W(zr—l)(s))Z]

= E[(WE, " (=) =WV 0)’] = €. 27222101 | — [2"1s1] )
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< Cr (|22 [2"21e) ] = 1el| =+ [1e) = Isl| + [27/2 [ 27251 ] — 1)
<Cr (227" +|lel — Isl])
<2C, (277 + It = Isl]) <26, (27" + 1t = s1),

so that (3.6) holds true as well.
(3) If s < 0 < ¢: using the two previous inequality (point (1) and point (2)) one has

E[(W ") = w0 (9)"] < 2B[(W D (0) = WD ()]
F2E[(WEV(s) — WD ©0))?]
<4C, (272 1) +4C (272 + |5])
=8C, 27" +4C,(t +|s))
=8C, 272 £ 4C, |t — 5|
<8C, (27 + |t —s1).

This proves (3.6).
Now, let us go back to v, =D Observe that

VD@6 =W D Y1y,

and recall from [9], Lemma 2.3, that E[|YTL2M’" —Y()|]] > 0as n — oo for any t > 0. We
deduce, combining these two latter facts with (3.6), that

2
VE D@ —w@ D50 asn— .
But Y is independent from W,fzr_l) so, from (3.5), it comes that

(W Voy 1<r<N)2S (00 1BV oY, 1<r <N), 3.7)

from which the desired conclusion (1.4) follows.

3.2. Proof of (1.5)

Recall the definition (1.3) and let us fix ¥ = 3/4. First of all, let us apply Lemma 2.1. Because
2r is an even number, we obtain that

Vn(Zr)(t) — 2—311/4 Z H2r (an/z(X(J_’_l)z,n/z — Xlz—n/z))(U],n(t) + D]sl’l(t))' (3‘8)
JEZ

Set £ ,(t) =27"2(U; n(t) + Dj (1)), so that

Vn(zr) ([) = 2_n/4 Z H2r (an/z(X(j+1)2fn/2 - ijfn/Z))/:/j’n(t).
J€Z
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At this stage, to simplify the exposition, let us introduce the short-hand notation
(n) _ HnH/2
Xj —2" / ijfn/z.

Fix ¢t > 0. In order to study the convergence in law of Vn(zr) (t) as n tends to infinity, we shall
consider (separately) the cases when n is even and when 7 is odd.

When 7 is even, for any even integers n > m > 0 and any integer p > 0, by following Nourdin
and Peccati (see [11]) one can decompose V,,(zr)(t) as

V) ()= A% 1)+ BE) () +CE) (1) + D) (1),

m,n,p m,n,p m,n,p m,n,p
where
jz(nfm)/Zil
_ in—n/2
Apap =271 37 2o H (X X)L - L)),
—p2m241<j<p2m/2 i=(j—1)20r=m/2
jz(n—m)/Z_l
2 —n/4 (n) (n)
B (1)=2" > > Hy (X - x7)
_p2771/2+1§j§p2m/2 [:(j—l)Z("*m)/z
ch—n/2 ip—m/2
x (L) =L (),
jz(n—m)/Z_l
_ ~2—m/2
ci (0 =27"/" > L wy Y (X —x),
_p2771/2+1§j§p2m/2 i:(j—l)Z(””")/z
D& (1) =27"* 3" My (X — X)L+ Y Ha (X = X)) Lin ().
i>p2n/2 i<—pan/2

We can see that since we have taken even integers n > m > 0 then 2m/2 pn=m)/2 qnd 21/2 gre
integers as well. This justifies the validity of the previous decomposition.
When 7 is odd, for any odd integers n > m > 0 we can work with the same decomposi-

tion for Vn(2r) (¢). The only difference is that we have to replace the sum Y _ P22 1< j<pom/?

in Ay (). Bl p(1) and C77) L (6) by 3 gy < j< poims /2. And instead of Y- oo
and ), __ P2 in D,(nzr,,) (1), we must consider Ziz P22 and )’
analysis can then be done mutatis mutandis.

Let us go back to our proof. First, we will prove that A,(frn) p(0), B,(,Z r,,) p(t) and D,(,lzrn) p(@®)
converge to 0 in L? by letting n, then m, then p tend to infinity. Second, we will study the
convergence in law (in the sense f.d.d.) of

i <— p2+D/2 respectively. The

(¢ 1<r<N), 3.9)

m,n,p’

which will then be equivalent to the convergence in law (in the sense f.d.d.) of

(Vi 1=r<N).
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We will prove that E[(Aﬁ,%,r,z,p(t))z] — 0 as n — oco. We have, with p given by (3.2) (note that
Y acz lp(@)|* < oo if and only if H < 1 — 1/(4r), which is satisfied for any r > 1 because
H <3/4),

E[(A5) )]
— 2—}1/2

j2(nfm)/271 j/z(n7"1)/271

<) 2 2 > B[ (X -x")

,P2m/2+15j§p2m/2 *p2'"/2+1§j/§p2m/2 i:(j_1)2(n7m)/2 i’:(j’—1)2<"*’">/2

x Hor (X[, = X{)E[(Lin ) = L @) (Lira(0) = L (1)]

jz(n—m)/271 j/z(n—m)/271

< @2r)12"? 3 > > > ey

7p2m/2+1§j§p2m/2 ,pzm/2+15j/sp2m/2 i:(j_l)z(n—m)/z i/:(j/_1)2(n—m)/2

) | Lin() = LE" )|y x [ L@ — LI (1)

20

where, in the first equality, we used the independence between X and Y. By the point 3 of
Proposition 2.2, we have

[£in @) = L2 )], <2027 K I L2 00 ] (3.10)
On the other hand
L2 ], = L2 0 - 0], + L0, @D

By the point 2 of Proposition 2.2, we have

|Z2" () = L2V, < o/ li12 1726114, (3.12)

By combining (3.11) and (3.12), we get that || L2 (Y)[|2 < pu/TI27"/411/4 + | LOY) 5.
Since va + b < \/a + /b for all a, b > 0, we deduce that

2-n/2 172 1/2

|2 |, = il 2 L ) (3.13)

Finally, (3.13) together with (3.10) show that

cn—n/2 — — .
| L@ — LE ()], < 2/RIK lar /B2 4277/8)i) /4 e

20K 4] L0 |3 2n2—4,
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As a result,

E[(AZ7 ,0)"]

<4Qr) w318 K322 42 (3.15)

j2<n7m)/27] j/2("7m)/271

x ) > > > eli=i)T

—p2M 1= j=p2n 2 —p2n Pl < p2n 2 i=(j 1202 =(j = 1)20 2

FaenL/r BRI L) |, P22

(3.16)

jz(n—m)/Z_l j/2(n—m)/2_1

<X 2 2 > =T

—P2”7/2+1§j§p2m/2 —p2’”/2+1§j’§p2m/2 l':(j_l)z(nfm)/z l'/:(j/_l)z(n—m)/Z

AL BRI L0 | P22

(3.17)

j2(’17m)/2—1 j’z(”l*m)/z_l

D> DI SR SN N

—pzm/2+1§j§]72’"/2 _pzm/2+1§j/§p2m/2 i:(j_l)z(n—m)/z i/:(j/_l)z(n—m)/z

+HACNNK 3] L0 |2 Loy |52

(3.18)

j2<n7m)/27] j/2(n7m)/271

<) 2 2 > eli=

—p2M241<j<p2m/2 —p2m/241< ' <p2m/2 i=(j—1)20=m/2 i'=(j'—1)201=m)/2
and we are thus left to prove the convergence to 0 of (3.15)—(3.18) as n — oo. Let us do it.

(a) We have

jz(n—m)/Z_l j/2<n—m)/2_1

2 > 3 3 > pli—i")”

—p2”'/2+l§j§p2m/z —p2’”/2+l§j’§p2’”/2 i:(j_l)z(n—m)/z i’:(j’—l)?.("’m)/z

[72"/2 1 p2n/2 1

Y Y s

li_pzn/z /__pzn/Z

p2)1/2_1
S Y el) =X ) 22,
i=—p2n/2i'€Z, i€z

Since it is clear that the last quantity converges to 0 as n — 00, one deduces that (3.18) tends to

Z€10.

(b) Since —p2™/2 4 1< j < p2™?and (j' — 1)20=m/2 <’ < j20t=m/2 _ | we deduce
that —p2"/? <i’ < p2"/2 — 1. So, |i’| < p2"/*. Consequently we have that |i'|!/4 < p1/427/8
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which shows that

2—n2—n/8n2
jz(”*m)/z_l j’z("7m>/2—l
. n2r.1/4
> > )N SIS
_p2m/2+1§j§p2m/2 _p2m/2+1§j/§p2m/2 i=(j71)2("_m)/2 l-/=(j/71)2(n—m)/2
< pl/4np?
jz(n—m)/271 j/z(n—m)/271

<D, 2. 2 > =)

7p2'"/2+15j5p2m/2 *pZm/erlSj’SpZm/z i:(j_l)z(n—m)/z ,-/:(j/_lﬂ(nfm)/z

and this last quantity converges to 0 by the same argument as above. This shows that (3.17) tends

to zero.
(c) Following the same strategy as in point (b), one deduces that (3.16) tends to zero. Details

are left to the reader.
(d) By the same arguments as above, one can see that |ii’|'/*4 < p!/227/4 1t follows

that

2—112—n/4n2
jz("*m)/z_l j’z(nfm)/Z_l
. N2 .. 174
> > DI SRR TN
—[72"’/2+1§j§[72m/2 _[,2m/2+1§j/§p2m/2 i:(j,1)2<n—m)/z i’:(j’fl)z(”_m)/z
1/24—n 2
<p’27"n
j2(n7m)/271 j/z(nfm)/Zil

<D 2 2 > =07

,pzm/2+15j5p2m/2 7p2m/2+15j/5p2m/2 i:(j—l)Z(””")/z l‘/:(j/_l)2(n—m)/2

which converges to 0 by the same arguments as above. Hence, (3.15) tends to zero. The proof of

E[(AY) ()] — 0 as n — oo is complete.

Now, let us prove the convergence of B,(,i Q) p(t) to 0 in L? as m — oo, uniformly in n. We

have

E[(BZ),)°]

m,n,p

j2("7m)/271 j/2(nfm)/271

=27 > > > Yoo e -i)”

,p2/;1/2+] §j§p2’"/2 *172’”/24»15]'/5[72'"/2 i=(j71)2("_m)/2 i/=(j/71)2(”_m)/2

< E[(L2" )= L") (i oy - LI ()]
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By Proposition 2.2 (point 2) and Cauchy—Schwarz, there is a universal constant y such that

|E[(L§2_n/2(Y) _ L{'z—m/Z(Y))(L:;/z—n/z(y) _ Ltjfz—m/Z(Y)):”

< ;L2\/l_‘\/|i2_”/2 _ j2—m/2||i/2—n/2 _ j/2—m/2| < MZ\/ZZ_M/Z.

This yields

sup E[(B{37),0)°] < w>@ry i

pzn/Z 1 p2)1/2 1
xsup{ —n/2 Z Z (i —i') }
n

li_pzn/Z /:_pzn/Z
< Wr@NRTY2p Y p(),
i€l

which converges to 0 as m — oo

Finally, let us prove that Dm n. p(t) converges to 0 in L2 as p — oo, uniformly in m and n. We
have

2
E[(Dy) ,0)7]
=272 N N B[y (X - xf"))HZ,(xj.’fgl—xﬁ."))c,-,n(r)z:j,n(z)] (3.19)
izp2n/2 j=p2/?

+2072 3 N E[Hp (X[ = XM o (X8 = X)L (DL ()] (320)

inZ"/z j<*172n/2

+272 N N E[Hy (X — X))y (X)) = X)) Ly (L)), (3B21)
i<— p2”/2]< 172"/2

and we are thus left to prove the convergence to 0 of (3.19)—(3.21) as p — oo, uniformly in m
and n. Let us do it.

(a) We have

2 () _ 5 () (n)
2 T B (K X H (K~ X £ 0210 0)
lzpzn/zjzpzn/Z

230 30 El (X - X (X - Xﬁ"))]E[ﬁi,n(f)ﬁj,n(f)]’

izp2i/2 j=p2n?

=227 YT Y pli— DV E[Lia()L 0],

i>p2"/? j=p2n/?
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where, in the second equality, we used the independence between X and Y. It is enough to prove
that, uniformly in » and m, and as p — oo:

272 Y0 Y = DVE[Lin()Ljn(0)] 0. (3.22)

izp2n/2 j=p2ni2

We can write

272N = T E[Lin L0 0]

izp2n/2 j=p2n2

<on/2 Z Z i — HE [ (£ in(DF + L) )]

i=p2"/? j=p2n/?

=272 3" E[Lin®)?] Y pl— Y

IZP2”/2 ./szn/Z
<272 N E[Lin?]) e =C27? Y E[Lin)’]
i>p2n/2 JEZ i>pan/2

where C, := Zjez 0(j)?" < oco. By the third point of Proposition 2.2, we have

|Lin(0)| < Lizfn/z(y) 2K L (y)

so that
in—n/2 _ in—n/2
E[Lin®)?] <2E[LP (V)] + 802272 | K|, | L ()], (3.23)
On the other hand, thanks to the point 1 of Proposition 2.2, we have
., i9—1/2)2
E[LZ"" ()] <Ci exp(—(lT)>. (3.24)
Consequently, we get
. i2-1/2y2
“Lzz 2 (Y) ||2 < cl/241/2 exp(—%)- (3.25)

By combining (3.23) with (3.24) and (3.25), we deduce that

22y ®?] <2ci27? _arhy
e e —
Lin AP 2t
lZpZ”/z 12[72"/2
1/2.1/2 2 2A—n/2
+8C 12| k2| jn*2

n/242
x 272 Z exp( w2 )>.

l>pZ"/2
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But, for a € {2, 4},
27}1/2 Z eXp _w </OO eXp __xz dx N O
o at ~Jpa at p—>0
i>p2"

This proves (3.22). Hence, we deduce that (3.19) converges to 0 as p — oo uniformly in 7 and m.
(b) Following the same strategy as in point (a), one deduces that (3.20) and (3.21) converge
to 0 as p — oo uniformly in n and m. Details are left to the reader.

This shows that D,(nzrn) p(t) converges to 0 in L% as p — oo, uniformly in m and n.
To finish our proof of (1.5), it remains to prove that, by letting n, then m, then p tend to infinity,
we get

f.d.d. &
{c@) 0. 1<r<N},_o=> {azr [ _Lim) dB": 1<r< NLO' (3.26)

Since H < 3/4, we claim that, as n — o0,

.1'2(;1—»1)/2_1
(2”/4 > H (X - X") 1 <r <N —p2"P 1< < pzm/2>

i+1
i:(j—l)z("f’")/z (3 27)
law 2 . 2 .
— (02,(3((;11)2,,”/2 - B;rz)—m/z)f L<r<N:—p2"?+1<j<p2"?),
where (B(l), ...,BW )) is a N-dimensional two-sided Brownian motion.

Indeed, it is clear, using the self-similarity property of X, that the convergence in law of

ja-mi2_q
(2—"/4 Yoo Hy (X - X") 1<r <N —p2"P << pz’"/2>
i=(j71)2("_m)/2

is equivalent to the convergence in law of

jz(nfm)/Z_l
<2n/4 Y Hy(Xip - XD 1 <r<N:—p2"’41<)< p2’”/2>-
i=(j—1)20-m)/2

Then, Breuer—-Major Theorem 2.3 applies and yields that, as n — oo and forany fixed 1 <r < N,

jz(n—m)/2_1
(2”/4 S Hy(Xi - X —pzm/2+1515p2'”/2)

i=(j—1)20-m)/2
law 5 . )
= (0'2’(3((;:-1)2*"1/2 — B;;lm/z): —p2m? 4 1< j < pom/ ).
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In addition, from Peccati-Tudor Theorem 2.4 and taking into account the orthogonality of Her-
mite polynomial with different orders, we deduce (3.27). (The detailed proof of this result is
similar to the proof of (3.5).)

As a consequence of (3.27), and thanks to the independence of X and Y, we have that as
n— 0o,

e, @, 1<r <N},

m,n,p
p2m/2
f.d.d. j2m/2 (r) (r)
—> 4 02r Z Lt (Y)(B(j+l)2—m/2 - Bj2*m/2)’ 1 =r= N
j=—p2m/241 120

Since, for any fixedt >0and 1 <r < N and as m — oo,

p2m/2

joms ") ) I )
X LT OB e = B) —>/ Ly (Y)dB,"”,
j=—p2m/241 -

and since ffp LY(Y) dB” LN Jr LT (Y) dB{" as p — oo, we deduce finally that by letting 1,
then p tend to infinity, we get

pzm/Z
j2_m/2 r) )
{azr Z L; (Y)(B(jJrUZ,,,,/2 — Bﬂfm/z), l<r< N}

j=—p2m/241 120

f.d.d *°
=5 {02,/ LY(Y)dB\": 1§r§N} )
t>0

—0o0

This proves (3.26), and consequently (1.5).

3.3. Proof of Corollary 1.2

Let us decompose x? in terms of Hermite polynomials. We have x? = Z,fzo ap i Hi(x), where
ap k. is some (explicit) integer. To calculate apx, let N be a centred Gaussian variable with
variance one. We have

p
NP =" ap kHi(N). (3.28)
k=0

Thanks to the orthogonality property of Hermite polynomials with different orders and to the
well known fact that E[Hk(N)z] =k!, we get

1
apk = EE[N”Hk(N)]. (3.29)
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On the other hand (see, e.g., [12], page 19) we have, for all k > 1,

k/2
Hy(x) = LX/:J Ll)lxk—” (3.30)
K= k-2 '

By combining (3.29) with (3.30), we deduce that

k21 gy
ok g e — 2o ) (3.31)
Thus,
/2] .
-1 k—20)!
(z ) 1({p2—li- 2 ) if p and k are odd,
P Ik = 2012120 +k=2D/2((p + k — 21)/2)!
apk =1 A (=D (p+k—2D)! .
I k—20)/2 if p and k are even,
P I\(k — 21)1212(p+k=2D/2((p + k — 21)/2)!
0 otherwise.

As aresult, we deduce that if p is odd, then

Lp/2]+1
P = 3" apu-1Hyo1(x), (3.32)
k=1
whereas if p is even, then
p/2
xP =" ap o Hor (x), (3.33)
k=0

Finally, thanks to (3.32), (3.33), Theorem 1.1 and the Continuous Mapping theorem, we deduce
the content of Corollary 1.2.
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