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ON THE NUMBER OF CUSPS OF PERTURBATIONS

OF COMPLEX POLYNOMIALS
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Abstract

Let f be a 1-variable complex polynomial such that f has an isolated singularity

at the origin. In the present paper, we show that there exists a perturbation ft of f

which has only fold singularities and cusps as singularities of a real polynomial map

from R2 to R2. We then calculate the number of cusps of ft in a su‰ciently small

neighborhood of the origin and estimate the number of cusps of ft in R2.

1. Introduction

Let f : R2 ! R2 be a smooth map which has fold singularities and cusps
as singularities. We call such a map an excellent map. In [10], Whitney showed
that the set of excellent maps is dense in CyðR2;R2Þ.

It’s known that there is a relation between the topology of surfaces and the
topology of the critical locus of a map. Quine [8] and Fukuda-Ishikawa [2]
studied the number of cusps of stable maps between oriented 2-manifolds. The
degree of cusps of a stable map is determined by the topological degree of a
stable map and the Euler characteristics of surfaces. Fukuda and Ishikawa also
studied the number of cusps of stable perturbations of generic map germs [2].
They showed the number of cusps modulo 2 is a topological invariant of generic
map germs. Moreover, the number of cusps modulo 2 depends only on the
topology of surfaces. Krzyżanowska and Szafraniec gave a criterion to deter-
mine if a polynomial map is an excellent map or not [5]. They also gave an
algorithm to compute the number of cusps of generic polynomial maps. In [9],
Szafraniec considered bifurcations of cusps of families of plane-to-plane maps and
presented an algebraic method for computing the number of cusps of analytic
families. In holomorphic case, Ga¤ney and Mond gave an algebraic formula
to count the number of cusps and nodes of a generic perturbation of finitely
determined holomorphic map germs from ðC2; oÞ to ðC2; oÞ, where o is the origin
of C2 [3]. Farnik, Jelonek and Ruas described the number of cusps and nodes
of generic complex polynomial maps [1].
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Let f ðzÞ be a complex polynomial such that f ð0Þ ¼ 0. Then there exist a
positive integer k and a complex polynomial gðzÞ such that f ðzÞ ¼ zkgðzÞ and
gð0Þ0 0. We call k the multiplicity of f at the origin. In this paper, we study
certain perturbations of complex polynomials and calculate explicitly the number
of cusps of perturbations by using multiplicities of singularities of complex poly-
nomials. We identify C with R2. Then f ðzÞ defines a real polynomial map

f : R2 ! R2; ðx; yÞ 7! ð<f ðx; yÞ;=f ðx; yÞÞ;
where z ¼ xþ

ffiffiffiffiffiffiffi
�1

p
y. Assume that the origin 0 of C is a singularity of f . We

define a linear perturbation ft of f as follows:

ftðzÞ :¼ f ðzÞ þ tðaþ ibÞz;
where a; b; t A R, i ¼

ffiffiffiffiffiffiffi
�1

p
and 0 < jtjf 1. Note that a linear perturbation ft of

f is not a complex polynomial, but is a 1-variable mixed polynomial in the sense
of Oka [7]. We now regard a mixed polynomial map ft : C ! C as a real poly-
nomial map ð<ft;=ftÞ : R2 ! R2. If f ðzÞ ¼ zn, Fukuda and Ishikawa showed
that the number of cusps of a linear perturbation of f is congruent to nþ 1
modulo 2, see [2, Example 2.3]. In [4], the author, Ishikawa, Kawashima and
Nguyen showed that there exist linear perturbations of 2-variable Brieskorn poly-
nomials which are excellent maps and we estimated the number of cusps of linear
perturbations.

As we will show in Lemma 2, ft is an excellent map for 0 < jtjf 1 if a and
b lie outside the union of zero sets of analytic functions determined by a, b and
f . In particular, such a and b are generic. The main theorem is the following.

Theorem 1. Let f ðzÞ be a complex polynomial and k be the multiplicity of f
at the origin. Suppose that kb 2. If a linear perturbation ft of f is an excellent
map for 0 < jtjf 1, then the number of cusps of ftjU is equal to k þ 1, where U is
a su‰ciently small neighborhood of the origin.

We estimate the number of cusps of ft in R2.

Corollary 1. Let ft be a liner perturbation of a complex polynomial f in
Theorem 1 and n ¼ deg f . Assume that nb 2. Then the number of cusps of ft
belongs to ½nþ 1; 3n� 3�. In particular, the number of cusps of ft is at least three.

This paper is organized as follows. In Section 2 we give the definition of
excellent maps, a criterion to study generic polynomial mappings and introduce
the notation of the multiplicity of roots of mixed polynomials. In Section 3 we
show the existence of linear perturbations which are excellent maps. In Section
4 we prove Theorem 1 and give an example of a perturbation of a complex
polynomial which has ðnþ 1Þ-cusps and also an example which has ð3n� 3Þ-
cusps.

The author would like to thank Professor Toshizumi Fukui and Professor
Masaharu Ishikawa for precious comments and fruitful suggestions. He also
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thanks to the referee for careful reading of the manuscript and several accurate
comments.

2. Preliminaries

2.1. Excellent maps. Let X and Y be 2-dimensional smooth manifolds.
A smooth map f : X ! Y is called an excellent map if for any p A X , there exist
local coordinates ðx; yÞ centered at p and local coordinates centered at f ðpÞ such
that f is locally described in one of the following forms:

(1) ðx; yÞ 7! ðx; yÞ,
(2) ðx; yÞ 7! ðx; y2Þ,
(3) ðx; yÞ 7! ðx; y3 þ xyÞ.

A point p in the case (1) is a regular point. In the cases (2) (resp. (3)), a point p
is called a fold (resp. a cusp).

We introduce the bundle J rðX ;YÞ of r-jets and its submanifolds SkðX ;Y Þ
and S2

1 ðX ;YÞ for k ¼ 1; 2. For a smooth map f : X ! Y , a point p and a
positive integer r, let j rf ðpÞ be the r-jet of f at p. Set

J rðX ;Y Þ :¼
[

ðp;qÞ AX�Y

J rðX ;Y ; p; qÞ;

where J rðX ;Y ; p; qÞ ¼ f j rf ðpÞ j f ðpÞ ¼ qg. The set J rðX ;Y Þ is called the bundle
of r-jets of maps from X into Y. The r-extension j rf : X ! J rðX ;YÞ of f is
defined by p 7! j rf ðpÞ, where p A X . It is known that J rðX ;Y Þ is a smooth
manifold and the r-extension j rf of f is a smooth map. We define a submani-
fold of J 1ðX ;YÞ for k ¼ 1; 2 as follows:

SkðX ;YÞ ¼ f j1f ðpÞ A J 1ðX ;Y Þ j rank dfp ¼ 2� kg:

A smooth map f : X ! Y is an excellent map if and only if
(1) j1f is transversal to S1ðX ;YÞ and S2ðX ;YÞ,
(2) j2f is transversal to S2

1 ðX ;YÞ,
where S2

1 ðX ;YÞ is defined as follows:

S2
1 ðX ;Y Þ ¼ j2f ðpÞ A J 2ðX ;YÞ

j1f ðpÞ A S1ðX ;YÞ;
j1f is transversal to S1ðX ;YÞ at p;

rank dð f jS1ð f ÞÞðpÞ ¼ 0

������
8<
:

9=
;:

Denote by CyðX ;YÞ the set of all smooth maps X ! Y equipped with the Cy-
topology. It is known that the subset of smooth maps from X to Y which are
excellent maps is open and dense in CyðX ;YÞ topologized with the Cy-topology
[6, 10].

2.2. Singularities of polynomial maps. Let g ¼ ðg1; g2Þ : U ! R2 be a poly-

nomial map, where U is an open set. Set J ¼ qðg1; g2Þ
qðx; yÞ , Gi ¼

qðgi; JÞ
qðx; yÞ for i ¼ 1; 2.
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We define the algebraic set G 0 as follows:

G 0 :¼ ðx; yÞ A U j Jðx; yÞ ¼ G1ðx; yÞ ¼ G2ðx; yÞ ¼
qðG1; JÞ
qðx; yÞ ¼ qðG2; JÞ

qðx; yÞ ¼ 0

� �
:

In [5, Proposition 2] and [9, Proposition 2.2], Krzyżanowska and Szafraniec
showed the following proposition:

Proposition 1. The algebraic set G 0 is empty if and only if the set of
singularities of g consists of either fold singularities or cusps. Moreover, the
number of cusps of g is equal to the number of fðx; yÞ A U j Jðx; yÞ ¼ G1ðx; yÞ ¼
G2ðx; yÞ ¼ 0g.

2.3. Multiplicity with sign. Set z ¼ xþ iy. Then a pair of real polyno-
mials ðg1; g2Þ defines a mixed polynomial gðz; zÞ as follows:

gðz; zÞ ¼ g1ðx; yÞ þ ig2ðx; yÞ

¼ g1
zþ z

2
;
z� z

2i

� �
þ ig2

zþ z

2
;
z� z

2i

� �
:

Then
qg

qz
and

qg

qz
satisfy the following equations:

qg

qz
¼ 1

2

qg

qx
� i

qg

qy

� �
¼ 1

2

qg1

qx
þ qg2

qy

� �
þ i

2

qg2

qx
� qg1

qy

� �
;

qg

qz
¼ 1

2

qg

qx
þ i

qg

qy

� �
¼ 1

2

qg1

qx
� qg2

qy

� �
þ i

2

qg2

qx
þ qg1

qy

� �
:

Suppose that w is a mixed singularity of a mixed polynomial g, i.e., the gradient
vectors of g1 and g2 at w are linearly dependent. Then we have

qg

qz
ðwÞ

����
���� ¼ qg

qz
ðwÞ

����
����;

see [7]. Let a A C be an isolated root of gðz; zÞ ¼ 0. Put

S1
e ðaÞ :¼ fz A C j jz� aj ¼ eg;

where e is a su‰ciently small positive real number. We define the multiplicity
with the sign of the root a by the mapping degree of the normalized function

g

jgj : S
1
e ðaÞ ! S1:

We denote the multiplicity with the sign of the root a by msðg; aÞ.
We say that a is a positive simple root if a satisfies

qg

qz
ðaÞ

����
���� > qg

qz
ðaÞ

����
����:
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Similarly, a is a negative simple root if a satisfies

qg

qz
ðaÞ

����
���� < qg

qz
ðaÞ

����
����:

In [7, Proposition 15], a is a positive (resp. negative) simple root if and only if
msðg; aÞ ¼ 1 (resp. msðg; aÞ ¼ �1).

Consider a bifurcation family gtðz; zÞ ¼ 0 for g0 ¼ g and t A R, i.e., gt is a
family of mixed polynomials which satisfies g0 ¼ g. Let fP1ðtÞ; . . . ;PnðtÞg be the
roots of gtðz; zÞ ¼ 0 which are bifurcating from z ¼ a. Then we have

Xn
j¼1

msðgt;PjðtÞÞ ¼ msðg; aÞ;

see [7, Proposition 16].

3. The existence of linear perturbations which are excellent maps

Let f ðzÞ be a complex polynomial. Assume that f ð0Þ ¼ 0 and the origin
of C is a singularity of f . Set f1 ¼ <f and f2 ¼ =f . We take a; b A R. Then
a linear perturbation ft of f is defined by ftðzÞ ¼ f ðzÞ þ tðaþ ibÞz, where 0 <
jtjf 1. Note that ft is equal to

ftðzÞ ¼ f ðzÞ þ tðaþ ibÞz
¼ f1ðzÞ þ tðaxþ byÞ þ if f2ðzÞ þ tðbx� ayÞg:

Then ft defines a real polynomial map from R2 to R2 as follows:

ft : R
2 ! R2; ðx; yÞ 7! ð f1ðx; yÞ þ tðaxþ byÞ; f2ðx; yÞ þ tðbx� ayÞÞ:

We calculate J, G1 and G2 of ft. By the Cauchy–Riemann equations
qf2

qx
¼ � qf1

qy
and

qf2

qy
¼ qf1

qx
, J is modified as

J ¼ det

qf1

qx
þ ta

qf1

qy
þ tb

qf2

qx
þ tb

qf2

qy
� ta

0
BBB@

1
CCCA

¼ det

qf1

qx
þ ta

qf1

qy
þ tb

� qf1

qy
þ tb

qf1

qx
� ta

0
BBB@

1
CCCA

¼ qf1

qx

� �2
þ qf1

qy

� �2
� t2ða2 þ b2Þ

¼ qf

qz

����
����
2

� t2ða2 þ b2Þ:
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Since f is a harmonic function, i.e.,
q2f

qzqz
¼ 0,

q2f1

qxqx
¼ � q2f1

qyqy
by the Cauchy–

Riemann equations. Then we have

G1 ¼ det

qf1

qx
þ ta

qf1

qy
þ tb

qJ

qx

qJ

qy

0
BBB@

1
CCCA

¼ 2
qf1

qx
þ ta

� �
qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !
� 2

qf1

qy
þ tb

� �
� qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !

¼ 2
qf1

qx

� �2
� qf1

qy

� �2 !
q2f1

qxqy
þ 4

qf1

qx

qf1

qy

q2f1

qyqy

þ 2t a
qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !
� b � qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !( )
:

By the same argument, G2 is equal to

G2 ¼ det

� qf1

qy
þ tb

qf1

qx
� ta

qJ

qx

qJ

qy

0
BBB@

1
CCCA

¼ 2 � qf1

qy
þ tb

� �
qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !

� 2
qf1

qx
� ta

� �
� qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !

¼ 2
qf1

qx

� �2
� qf1

qy

� �2 !
q2f1

qyqy
� 4

qf1

qx

qf1

qy

q2f1

qxqy

þ 2t a � qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !
þ b

qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !( )
:

If G1 and G2 are equal to 0 at ðx; yÞ, then ðx; yÞ satisfies the following
equation:

qf1

qx

� �2
� qf1

qy

� �2 !
q2f1

qxqy
þ 2

qf1

qx

qf1

qy

q2f1

qyqy

( )

� a � qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !
þ b

qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !( )
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¼ qf1

qx

� �2
� qf1

qy

� �2 !
q2f1

qyqy
� 2

qf1

qx

qf1

qy

q2f1

qxqy

( )

� a
qf1

qx

q2f1

qxqy
þ qf1

qy

q2f1

qyqy

 !
� b � qf1

qx

q2f1

qyqy
þ qf1

qy

q2f1

qxqy

 !( )
:

Hence we have

a

"
�3

qf1

qx

� �2
þ qf1

qy

� �2 !
qf1

qy

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;ð1Þ

þ 2 � qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

q2f1

qxqy

q2f1

qyqy

#

þ b

"
� qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;

� 2 �3
qf1

qx

� �2
þ qf1

qy

� �2 !
qf1

qy

q2f1

qxqy

q2f1

qyqy

#

¼ 0:

Set real polynomials f1, f2 and F as follows:

f1 :¼ �3
qf1

qx

� �2
þ qf1

qy

� �2 !
qf1

qy

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;

þ 2 � qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

q2f1

qxqy

q2f1

qyqy
;

f2 :¼ � qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;

� 2 �3
qf1

qx

� �2
þ qf1

qy

� �2 !
qf1

qy

q2f1

qxqy

q2f1

qyqy
;

F :¼ af1 þ bf2:

Suppose that G1 and G2 are equal to 0 at ðx; yÞ. By the equation (1) and the
definitions of f1, f2 and F, Fðx; yÞ is also equal to 0. To show the existence
of linear perturbations which are excellent maps, we consider the intersection of
f�1
1 ð0Þ and f�1

2 ð0Þ.
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Lemma 1. Let U be a su‰ciently small neighborhood of the origin 0 of C.

Assume that U satisfies w A U

���� qfqz ðwÞ ¼ 0

� �
¼ f0g and w A U

���� q2fqzqz
ðwÞ ¼ 0

( )
�

f0g. Then the intersection of f�1
1 ð0Þ, f�1

2 ð0Þ and U is equal to f0g.

Proof. Let ðx; yÞ be a point of f�1
1 ð0Þ \ f�1

2 ð0Þ \U . Assume that ðx; yÞ

satisfies
qf1

qx
ðx; yÞ ¼ 0 or

qf1

qx
ðx; yÞ

� �2
� 3

qf1

qy
ðx; yÞ

� �2
¼ 0. Then we have

qf1

qy
ðx; yÞ

� �3
q2f1

qyqy
ðx; yÞ

 !2

� q2f1

qxqy
ðx; yÞ

 !2
8<
:

9=
; ¼ 0;

qf1

qy
ðx; yÞ

� �3
q2f1

qxqy
ðx; yÞ q

2f1

qyqy
ðx; yÞ ¼ 0:

By the above equations, ðx; yÞ satisfies
qf1

qy
ðx; yÞ ¼ 0 or

q2f1

qxqy
ðx; yÞ ¼ q2f1

qyqy
ðx; yÞ

¼ 0. So ðx; yÞ belongs to ðx; yÞ AU
���� qf1qx

ðx; yÞ ¼ qf1

qy
ðx; yÞ ¼ 0

� �
or

(
ðx; yÞ AU

����
q2f1

qxqy
ðx; yÞ ¼ q2f1

qyqy
ðx; yÞ ¼ 0

)
. By the assumption of U , ðx; yÞ is equal to 0.

Suppose that ðx; yÞ satisfies
qf1

qy
ðx; yÞ ¼ 0 or �3

qf1

qx
ðx; yÞ

� �2
þ qf1

qy
ðx; yÞ

� �2
¼ 0.

By the same argument, we can check that ðx; yÞ is equal to 0.

We assume that ðx; yÞ satisfies
qf1

qx

qf1

qy
0 0 and

qf1

qx

� �2
� 3

qf1

qy

� �2( )
�

3
qf1

qx

� �2
� qf1

qy

� �2( )
0 0 on U . Then ðx; yÞ A f�1

1 ð0Þ \ f�1
2 ð0Þ \U satisfies

2
q2f1

qxqy

q2f1

qyqy
¼

�3
qf1

qx

� �2
þ qf1

qx

� �2 !
qf1

qy

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;

� � qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

;

2
q2f1

qxqy

q2f1

qyqy
¼

� qf1

qx

� �2
þ 3

qf1

qy

� �2 !
qf1

qx

q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;

�3
qf1

qx

� �2
þ qf1

qy

� �2 !
qf1

qy

:

ð2Þ

By the above equations, ðx; yÞ satisfies the following equation:
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�3
qf1

qx

� �2
þ qf1

qy

� �2 !2
qf1

qy

� �2
þ � qf1

qx

� �2
þ 3

qf1

qy

� �2 !2
qf1

qx

� �28<
:

9=
;

� q2f1

qyqy

 !2

� q2f1

qxqy

 !2
8<
:

9=
;¼ 0:

Thus
q2f1

qyqy
ðx; yÞ

 !2

� q2f1

qxqy
ðx; yÞ

 !2

is equal to 0. By the equation (2), the

second di¤erentials
q2f1

qyqy
ðx; yÞ and

q2f1

qxqy
ðx; yÞ of f1 are equal to 0. By the

assumption of U , the intersection f�1
1 ð0Þ \ f�1

2 ð0Þ \U is equal to f0g. r

To study singularities of ft, we define the mixed polynomial Gt as
follows:

Gt :¼ G1 þ iG2

¼ det

qf1

qx
þ ta

qf1

qy
þ tb

qJ

qx

qJ

qy

0
BBB@

1
CCCAþ i det

� qf1

qy
þ tb

qf1

qx
� ta

qJ

qx

qJ

qy

0
BBB@

1
CCCA

¼ qf1

qx
þ taþ i � qf1

qy
þ tb

� �� �
qJ

qy
� qf1

qy
þ tbþ i

qf1

qx
� ta

� �� �
qJ

qx

¼ qf

qz
þ tðaþ ibÞ

� �
qJ

qy
� i

qf

qz
� tðaþ ibÞ

� �
qJ

qx
:

Since
qJ

qz
is equal to

1

2

qJ

qx
� i

qJ

qy

� �
,
qJ

qx
and

qJ

qy
are equal to

qJ

qx
¼ 2< qJ

qz
¼ 2< q2f

qzqz

qf

qz
¼ q2f

qzqz

qf

qz
þ q2f

qzqz

qf

qz
;

qJ

qy
¼ �2= qJ

qz
¼ �2= q2f

qzqz

qf

qz
¼ i

q2f

qzqz

qf

qz
� q2f

qzqz

qf

qz

 !
;

where z ¼ xþ iy. Thus Gt is equal to

i
qf

qz
þ tðaþ ibÞ

� �
q2f

qzqz

qf

qz
� q2f

qzqz

qf

qz

 !
� i

qf

qz
� tðaþ ibÞ

� �
q2f

qzqz

qf

qz
þ q2f

qzqz

qf

qz

 !

¼ �2i
qf

qz

� �2
q2f

qzqz
þ 2tiðaþ ibÞ q2f

qzqz

qf

qz
:
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Suppose that z satisfies GtðzÞ ¼ 0 and
qf

qz
ðzÞ q2f

qzqz
ðzÞ0 0. By using the above

equation, we have

qf

qz
ðzÞ

����
����
2
q2f

qzqz
ðzÞ

����
���� ¼ jtðaþ ibÞj q2f

qzqz
ðzÞ

����
���� qfqz ðzÞ
����

����;
qf

qz
ðzÞ

����
���� ¼ jtðaþ ibÞj:

Thus z satisfies JðzÞ ¼ 0. Since the multiplicity k of f at the origin is greater

than 1, Gtð0Þ ¼ 0 and
qf

qz
ð0Þ q2f

qzqz
ð0Þ ¼ 0. Thus we have

z A U jGtðzÞ ¼ 0;
qf

qz
ðzÞ0 0;

q2f

qzqz
ðzÞ0 0

( )

¼ fz A Unf0g jGtðzÞ ¼ 0g � J�1ð0Þ:

Similarly, we define the following mixed polynomial:

Ht :¼ det

qG1

qx

qG1

qy

qJ

qx

qJ

qy

0
BBB@

1
CCCAþ i det

qG2

qx

qG2

qy

qJ

qx

qJ

qy

0
BBB@

1
CCCA

¼ qG1

qx
þ i

qG2

qx

� �
qJ

qy
� qG1

qy
þ i

qG2

qy

� �
qJ

qx
:

The di¤erentials of Gt satisfy the following equations:

qGt

qz
¼ 1

2

qG1

qx
þ qG2

qy

� �
þ i

2

qG2

qx
� qG1

qy

� �
;

qGt

qz
¼ 1

2

qG1

qx
� qG2

qy

� �
þ i

2

qG2

qx
þ qG1

qy

� �
:

Then we have

Ht ¼
qGt

qz
þ qGt

qz

� �
qJ

qy
� i

qGt

qz
� qGt

qz

� �
qJ

qx

¼ qGt

qz

qJ

qy
� i

qJ

qx

� �
þ qGt

qz

qJ

qy
þ i

qJ

qx

� �
:

Since
qJ

qy
� i

qJ

qx
¼ �2i

qJ

qz
and

qJ

qy
þ i

qJ

qx
¼ 2i

qJ

qz
, Ht is equal to
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Ht ¼ �2i
qGt

qz

qJ

qz
þ 2i

qGt

qz

qJ

qz

¼ �2i �4i
qf

qz

q2f

qzqz

����
����
2

þ2tiðaþ ibÞ q3f

qzqzqz

qf

qz

( )
qf

qz

q2f

qzqz

þ 2i �2i
qf

qz

� �2
q3f

qzqzqz
þ 2tiðaþ ibÞ q2f

qzqz

����
����
2

( )
q2f

qzqz

qf

qz

¼ �4
qf

qz

� �2
q2f

qzqz
2

q2f

qzqz

 !2

� qf

qz

q3f

qzqzqz

8<
:

9=
;

þ 4tðaþ ibÞqf
qz

q2f

qzqz
� q2f

qzqz

 !2

þ qf

qz

q3f

qzqzqz

8<
:

9=
;:

Note that Jð0Þ ¼ qf

qz
ð0Þ

����
����
2

� t2ða2 þ b2Þ0 0 for t0 0 and ða; bÞ0 ð0; 0Þ. By the

definitions of Gt and Ht, we have

fz A Unf0g jGtðzÞ ¼ HtðzÞ ¼ 0g ¼
�
z A U j JðzÞ ¼ G1ðzÞ ¼ G2ðzÞ

¼ qðG1; JÞ
qðx; yÞ ðzÞ ¼ qðG2; JÞ

qðx; yÞ ðzÞ ¼ 0

�
:

We show the existence of a linear perturbation ft of f which is an excellent map
for generic ða; bÞ.

Lemma 2. For a generic choice of ða; bÞ, ftjU is an excellent map.

Proof. We will show that there exists a perturbation ft of f such that
fz A Unf0g jGtðzÞ ¼ HtðzÞ ¼ 0g is empty. If z A Unf0g satisfies GtðzÞ ¼ 0, we
have

tðaþ ibÞ ¼

qf

qz
ðzÞ

� �2
q2f

qzqz
ðzÞ

q2f

qzqz
ðzÞqf

qz
ðzÞ

:

Assume that z A Unf0g satisfies GtðzÞ ¼ HtðzÞ ¼ 0. By using the above equation,
we have
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qf

qz
ðzÞ

� �2
q2f

qzqz
ðzÞ

 !2
qf

qz
ðzÞ 2

q2f

qzqz
ðzÞ

 !2

� qf

qz
ðzÞ q3f

qzqzqz
ðzÞ

8<
:

9=
;

� qf

qz
ðzÞ

� �2
qf

qz
ðzÞ q2f

qzqz
ðzÞ

 !2

� q2f

qzqz
ðzÞ

 !2

þ qf

qz
ðzÞ q3f

qzqzqz
ðzÞ

8<
:

9=
;

¼ qf

qz
ðzÞ

� �2
qf

qz
ðzÞcðz; zÞ

¼ 0;

where cðz; zÞ ¼ 3
q2f

qzqz

����
����
4

� q2f

qzqz

 !2
qf

qz

q3f

qzqzqz
� q2f

qzqz

 !2
qf

qz

q3f

qzqzqz
. Note that c

is a real-valued polynomial function. Set f ðzÞ ¼ czk þ ðhigher termsÞ, where k
is the multiplicity of f at the origin. Then c has the following form:

c ¼ ðk þ 1Þk4ðk � 1Þ3jcj4jzj4k�8 þ ðhigher termsÞ:

If k ¼ 2, then cð0; 0Þ is not equal to 0 and
qf

qz
ðzÞ

� �2
qf

qz
ðzÞcðz; zÞ is equal to

qf

qz
ðzÞ

� �2
qf

qz
ðzÞcðz; zÞ ¼ ð2czþ ðhigher termsÞÞ2ð2czþ ðhigher termsÞÞ

� ðcð0; 0Þ þ ðhigher termsÞÞ

¼ z2zð2cþ ðhigher termsÞÞ2ð2cþ ðhigher termsÞÞ
� ðcð0; 0Þ þ ðhigher termsÞÞ:

Since U is su‰ciently small, z A Unf0g
���� qf

qz
ðzÞ

� �2
qf

qz
ðzÞcðz; zÞ ¼ 0

( )
is the

empty set. So fz A Unf0g jGtðzÞ ¼ HtðzÞ ¼ 0g is empty.
We assume that kb 3. Then cðz; zÞ2 0 and cð0; 0Þ ¼ 0. Thus c�1ð0Þ is a

1-dimensional algebraic set. Since c�1ð0Þ is a 1-dimensional algebraic set, c�1ð0Þ
has finitely many branches which depend only on f ðzÞ. On U , each branch of
c�1ð0Þ is given by a convergent power series

xmðuÞ ¼
X
l

c1;lu
l;
X
l

c2;lu
l

 !
;

where 0a uf 1 for m ¼ 1; . . . ; d. By Lemma 1, the set fu0 0 j f1ðxmðuÞÞ ¼
f2ðxmðuÞÞ ¼ 0g is empty for m ¼ 1; . . . ; d. Since c�1ð0Þ \U has finitely many
branches, we can choose coe‰cients a and b of F such that

FðxmðuÞÞ ¼ af1ðxmðuÞÞ þ bf2ðxmðuÞÞ0 0

604 kazumasa inaba



for 0 < uf 1 and m ¼ 1; . . . ; d. Thus the intersection of fz A Unf0g jG1ðzÞ ¼

G2ðzÞ ¼ 0g and z A Unf0g
���� qðG1; JÞ
qðx; yÞ ðzÞ ¼ qðG2; JÞ

qðx; yÞ ðzÞ ¼ 0

� �
is empty. By Prop-

osition 1, the set of singularities of ft consists of either fold singularities or
cusps. Therefore, ftjU is an excellent map when ða; bÞ satisfies FðxmðuÞÞ0 0 for
0 < uf 1 and m ¼ 1; . . . ; d. r

Let w be a singularity of f and Uw be a su‰ciently small neighborhood
of w. By changing coordinates of Uw and f ðUwÞ, we may assume that w ¼ 0
and f ðwÞ ¼ 0. So we can apply Lemma 2 to any singularity of f . Thus we can
check that ft is an excellent map for 0 < jtjf 1 if a and b are generic.

4. Proof of Theorem 1

To calculate the number of cusps of ft, we study zero points of Gt.

Lemma 3. The set fz A U jGtðzÞ ¼ 0; z0 0g is the set of positive simple roots
of Gt for ða; bÞ0 ð0; 0Þ and 0 < jtjf 1.

Proof. If z is a singularity of Gt, z satisfies
qGt

qz
ðzÞ

����
���� ¼ qGt

qz
ðzÞ

����
����, see [7,

Proposition 15]. Hence we have

�4i
qf

qz

q2f

qzqz

����
����
2

þ 2tiðaþ ibÞ q3f

qzqzqz

qf

qz

�����
����� ¼ �2i

qf

qz

� �2
q3f

qzqzqz
þ 2tiðaþ ibÞ q2f

qzqz

����
����
2

�����
�����:

Assume that z belongs to G�1
t ð0Þ. By the definition of Gt and the above

equation, we have

2
q2f

qzqz

qf

qz

����
����
2
q2f

qzqz

����
����
2

� qf

qz

q3f

qzqzqz

qf

qz

����
����
2
q2f

qzqz

�����
�����ð3Þ

¼ qf

qz

q2f

qzqz

qf

qz

����
����
2

q3f

qzqzqz
� qf

qz

� �2
q2f

qzqz

����
����
2
q2f

qzqz

�����
�����:

Let k be the multiplicity of f at the origin. Then f ðzÞ has the following
form:

f ðzÞ ¼ czk þ ðhigher termsÞ:

By the equation (3), we have

jz5k�8j jk6ðk � 1Þ2cjcj4 þ ðhigher termsÞj

¼ jz5k�8j j�k5ðk � 1Þ2cjcj4 þ ðhigher termsÞj:

Note that k is greater than 1. The positive integer k satisfies k6ðk � 1Þ2cjcj4 >
k5ðk � 1Þ2cjcj4. Since U is su‰ciently small, the above equation does not hold
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in Unf0g. So we can show that

qGt

qz
ðzÞ

����
���� > qGt

qz
ðzÞ

����
����

for any z A ðUnf0gÞ \ G�1
t ð0Þ. Thus zero points of Gt except for the origin are

positive simple. r

Assume that ft is an excellent map for 0 < jtjf 1. We prove Theorem 1.

Proof of Theorem 1. By Proposition 1, the number of cusps of ftjU is equal
to the number of fz A U jGtðzÞ ¼ 0; z0 0g. Set fz A U j _GGtðzÞ ¼ 0; z0 0g ¼
fw1; . . . ;wng. We denote the multiplicity of sign by msðGt;wjÞ for j ¼ 1; . . . ; n.
By [7, Proposition 16] and Lemma 3, we have

Xn
j¼1

msðGt;wjÞ
 !

þmsðGt; 0Þ ¼ nþmsðGt; 0Þ ¼ msðG0; 0Þ:

The multiplicity msðG0; 0Þ is equal to

deg �2i
qf

qz

� �2
q2f

qzqz

,
�2i

qf

qz

� �2
q2f

qzqz

�����
����� : S1

e ð0Þ ! S1

 !

¼ 2ðk � 1Þ � ðk � 2Þ ¼ k;

where S1
e ð0Þ ¼ fz A U j jzj ¼ eg and 0 < ef 1. By the definition of Gt, for any

t0 0, msðGt; 0Þ is equal to

deg 2tiðaþ ibÞ q2f

qzqz

qf

qz

�
2tiðaþ ibÞ q2f

qzqz

qf

qz

����
���� : S1

et
ð0Þ ! S1

 !

¼ k � 2� ðk � 1Þ ¼ �1;

where 0 < et f e. Thus the number of cusps of ftjU is equal to k þ 1. r

Proof of Corollary 1. Set
qf

qz
¼ n

Ql
j¼1ðz� wjÞmj . Let Uj be a su‰ciently

small neighborhood of wj. By the same argument as in the proof of Theorem 1,
the number of cusps of ftjUj

is equal to mj þ 2. Note that
Pl

j¼1 mj ¼ n� 1.
Then the number of cusps of ft is equal to

Xl
j¼1

ðmj þ 2Þ ¼
Xl
j¼1

mj

 !
þ 2l

¼ n� 1þ 2l:
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Since the number l of singularities of f belongs to ½1; n� 1�, the number of cusps
of ft belongs to ½nþ 1; 3n� 3�.

By the change of coordinates, we may assume that the origin 0 is a
singularity of f and f ð0Þ ¼ 0. Then the multiplicity of f at 0 is greater
than 1. By Theorem 1, the number of cusps of ftjU is at least three, where U
is a su‰ciently small neighborhood of 0. r

We construct a perturbation of a complex polynomial which has ðnþ 1Þ-
cusps and also a perturbation which has ð3n� 3Þ-cusps.

Example 1. Let f ðzÞ ¼ zn and ftðzÞ ¼ zn þ tðaþ ibÞz be a perturbation of f
which is an excellent map. Then GtðzÞ is equal to

GtðzÞ ¼ �2in3ðn� 1Þz2n�2zn�2 þ 2tn2ðn� 1Þðaþ ibÞzn�2zn�1

¼ �2in2ðn� 1Þjzj2n�4fnzn � tðaþ ibÞzg:

Set z ¼ reiy and aþ ib ¼ teii, where t > 0. Then we have

�2in2ðn� 1Þr2n�4fnrneniy � ttreiði�yÞg:
Assume that z0 0 and GtðzÞ ¼ 0. Then z satisfies

r ¼ tt

n

� �1=ðn�1Þ
; y ¼ iþ 2jp

nþ 1
;

for j ¼ 0; . . . ; n. Thus the number of cusps of ft is equal to nþ 1.

Example 2. Let f ðzÞ ¼ zn þ z. Then the number of singularities of f is
equal to n� 1 and the multiplicity at each singularity of f is equal to 2. Let
ftðzÞ ¼ zn þ zþ tðaþ ibÞz be a perturbation of f which is an excellent map. By
the same argument as in the proof of Corollary 1, the number of cusps of ft is
equal to 3n� 3.

4.1. Perturbations of ft. Let ft be a linear perturbation of f which is an
excellent map. We fix a, b and t. Let gðz; zÞ be a mixed polynomial which

satisfies
qg

qz
ð0Þ ¼ qg

qz
ð0Þ ¼ 0. In this subsection, we study a perturbation of ft:

ft; sðzÞ :¼ f ðzÞ þ tðaþ ibÞzþ sgðz; zÞ;
where 0 < jsjf jtjf 1.

Theorem 2. The set of singularities of ft; s consists of either fold singularities
or cusps and the number of cusps of ft; s is constant for 0a jsjf jtjf 1.

Proof. Let w be a singularity of f and Uw be a su‰ciently small neigh-

borhood of w. Set Js ¼
qð<ft; s;=ft; sÞ

qðx; yÞ , G1; s ¼
qð<ft; s; JsÞ
qðx; yÞ and G2; s ¼

qð=ft; s; JsÞ
qðx; yÞ .
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We define mixed polynomials Gt; s and Ht; s as follows:

Gt; s :¼ G1; s þ iG2; s; Ht; s :¼
qðG1; s; JsÞ
qðx; yÞ þ i

qðG2; s; JsÞ
qðx; yÞ :

Since the set of singularities of ft;0 consists of either fold singularities or cusps,
we have

fz A Uw j J0ðzÞ ¼ Gt;0 ¼ Ht;0 ¼ 0g ¼ j:

Then there exists a positive real number s0 such that

fz A Uw j JsðzÞ ¼ Gt; s ¼ Ht; s ¼ 0g ¼ j;

for any 0a jsja s0. Thus any singularity of ft; s is a fold singularity or a cusp.
By the definition of Jt; s, the origin 0 is a regular point of ft; s. Since the set
fz A C jGt;0ðzÞ ¼ 0; z0 0g is the set of positive simple roots of ft;0, fz A C j
Gt; sðzÞ ¼ 0; z0 0g is also the set of positive simple roots of ft; s for 0a jsja s0.
By [7, Proposition 16], the number of cusps of ft; s is constant for 0a jsja s0.

r

4.2. Lower bounds of the numbers of cusps of non-linear perturbations. Let

hðz; zÞ be a mixed polynomial which satisfies hð0Þ ¼ 0 and
qh

qz
ð0Þ

����
����0 qh

qz
ð0Þ

����
����.

We define a perturbation ft;h of a complex polynomial f as follows:

ft;hðzÞ :¼ f ðzÞ þ thðz; zÞ;

where 0 < jtjf 1. Set h1 ¼ <h, h2 ¼ =h and

Jt;h ¼ det

qf1

qx
þ t

qh1

qx

qf1

qy
þ t

qh1

qy

� qf1

qy
þ t

qh2

qx

qf1

qx
þ t

qh2

qy

0
BBB@

1
CCCA:

Then any singularity of ft;h belongs to J�1
t;h ð0Þ. Assume that ft;h satisfies the

following conditions:
(i) ft;h is an excellent map for 0 < jtjf 1,
(ii) any cusp of ft;h is a simple root of Gt;h, where

Gt;h :¼ det

qf1

qx
þ t

qh1

qx

qf1

qy
þ t

qh1

qy

qJt;h

qx

qJt;h

qy

0
BBB@

1
CCCAþ i det

� qf1

qy
þ t

qh2

qx

qf1

qx
þ t

qh2

qy

qJt;h

qx

qJt;h

qy

0
BBB@

1
CCCA

¼ �2i
qf

qz
þ t

qh

qz

� �
qJt;h

qz
þ 2ti

qh

qz

qJt;h

qz
:
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Assume that w belongs to J�1
t;h ð0Þ \

qJt;h

qz

� ��1

ð0Þ. By the definition of

Gt;h, Gt;hðwÞ is equal to 0. Since
qJt;h

qz
ðwÞ ¼ 1

2

qJt;h

qx
ðwÞ � i

qJt;h

qy
ðwÞ

� �
¼ 0,

qð<Gt;h; Jt;hÞ
qðx; yÞ ðwÞ and

qð=Gt;h; Jt;hÞ
qðx; yÞ ðwÞ are equal to 0. So w belongs to G 0.

Since ft;h is an excellent map, G 0 is empty by Proposition 1. This is a contra-

diction. Thus the intersection of J�1
t;h ð0Þ and

qJt;h

qz

� ��1

ð0Þ is empty. Let U

be a su‰ciently small neighborhood of the origin. Suppose that z A U satisfies

z B
qJt;h

qz

� ��1

ð0Þ and Gt;hðzÞ ¼ �2i
qf

qz
ðzÞ þ t

qh

qz
ðzÞ

� �
qJt;h

qz
ðzÞ þ 2ti

qh

qz
ðzÞ qJt;h

qz
ðzÞ ¼

0. Then z satisfies

qf

qz
ðzÞ þ t

qh

qz
ðzÞ ¼

qJt;h

qz
ðzÞ

qJt;h

qz
ðzÞ

t
qh

qz
ðzÞ;

qft;h

qz
ðzÞ

����
���� ¼ qft;h

qz
ðzÞ

����
����:

Thus z is a singularity of ft;h, i.e., z A J�1
t;h ð0Þ. Then the number of cusps of

ft;hjU is equal to the number of z A U jGt;hðzÞ ¼ 0;
qJt;h

qz
ðzÞ0 0

� �
by Proposi-

tion 1. We define

d ¼
1

qh

qz
ð0Þ

����
���� > qh

qz
ð0Þ

����
����

�1
qh

qz
ð0Þ

����
���� < qh

qz
ð0Þ

����
����:

8>><
>>:

Theorem 3. Let ft;h be a perturbation of a complex polynomial f which
satisfies the condition (i) and the condition (ii). Then the number of cusps of ft;hjU
is greater than or equal to k � d, where k is the multiplicity of f at the origin.

Proof. Note that msðG0;h; 0Þ ¼ ms

qf

qz

� �2
q2f

qzqz
; 0

 !
¼ k. By [7, Proposition

16], we have

k ¼ msðG0;h; 0Þ ¼
X

a AG�1
t; h

ð0Þ
msðGt;h; aÞ

¼
X

b AG�1
t; h

ð0Þ; ðqJt; h=ðqzÞÞðbÞ00

msðGt;h; bÞ þ
X

g A ðqJt; h=ðqzÞÞ�1ð0Þ

msðGt;h; gÞ:

Set
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deg ~GG ¼
X

b AG�1
t; h

ð0Þ;ðqJt; h=ðqzÞÞðbÞ00

msðGt;h; bÞ and

deg ~JJ ¼
X

g A ðqJt; h=ðqzÞÞ�1ð0Þ

msðGt;h; gÞ:

By the condition (ii), the number of cusps of ft;hjU is greater than or equal to
deg ~GG. By the definition of Jt;h, we haveX

g A ðqJt; h=ðqzÞÞ�1ð0Þ

ms

qJt;h

qz
; g

� �
¼ ms

qJ0;h

qz
; 0

� �
¼ ms

q2f

qzqz

qf

qz
; 0

 !
¼ �1:

Since
qf

qz
ð0Þ ¼ 0 and

qh

qz
ð0Þ

����
����0 qh

qz
ð0Þ

����
����, deg ~JJ is equal to d. Thus deg ~GG is equal

to k � d. r
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