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A p-ANALOGUE OF THE MULTIPLE EULER CONSTANT

Nobushige Kurokawa, Yuichiro Taguchi and Hidekazu Tanaka

Abstract

We study a p-analogue of the multiple Euler constant. Then we show that it

can be described by the congruence zeta function attached to powers of Gm over Fp.

Moreover, we show that it converges to the multiple Euler constant as p ! 1.

1. Introduction

Let r ¼ 1; 2; 3; . . . and p > 1. Then we define a p-analogue of the multiple
Euler constant grðpÞ by

grðpÞ :¼
log p

p� 1

� �rXy
n¼1

nr�1pðr�1Þn

½n�rp
� log

p

p� 1

� �

¼ ðlog pÞr
Xy
n¼1

nr�1pðr�1Þn

ðpn � 1Þr � log
p

p� 1

� �
;

where

½x�p :¼
px � 1

p� 1
:

Now we define the congruence zeta function zG n�1
m =Fp

ðsÞ as

zG n�1
m =Fp

ðsÞ :¼ exp
Xy
m¼1

jGn�1
m ðFpmÞj

m
p�ms

 !
:

We prove the following results:

Theorem 1.

grðpÞ ¼
Xy
n¼2

crðnÞ log zG n�1
m =Fp

ðnÞ;
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where crðnÞ is defined byXy
n¼1

crðnÞxn�1 ¼
Xy
n¼1

xn�1

n

 !r

¼ �logð1� xÞ
x

� �r
; ðjxj < 1Þ:

We remark that in [5], Kurokawa and Taguchi studied

gðpÞ :¼
Xy
m¼1

1

½m�p
;

which satisfies the following identity

g1ðpÞ ¼
log p

p� 1
gðpÞ � log

p

p� 1

� �
:

Theorem 1 is a generalization of [5, Theorem 1]:

Xy
n¼1

1

n
log zG n�1

m =Fp
ðnÞ ¼ log p

p� 1
gðpÞ

,
Xy
n¼2

1

n
log zG n�1

m =Fp
ðnÞ ¼ log p

p� 1
gðpÞ � log

p

p� 1

� �

,
Xy
n¼2

1

n
log zG n�1

m =Fp
ðnÞ ¼ g1ðpÞ:

In [8], Kurokawa and Wakayama studied

gKWðpÞ ¼
Xy
m¼1

1

½m�p
þ ðp� 1Þ logðp� 1Þ

log p
� p� 1

2

¼ gðpÞ þ ðp� 1Þ logðp� 1Þ
log p

� p� 1

2

¼ p� 1

log p
g1ðpÞ þ

p� 1

2

and proved that

lim
p!1

gKWðpÞ ¼ g;

where g ¼ 0:5772 . . . is the usual Euler constant.
Now we define the multiple zeta function zrðsÞ and the multiple Euler con-

stant gr as

zrðsÞ :¼
Xy
n¼1

ðnþ r� 2Þ � � � n � n�s
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and

gr :¼ lim
s!r

zrðsÞ �
1

s� r

� �
þHr�1

respectively, where

Hr�1 :¼
Xr�1

k¼1

1

k
:

is the Harmonic number. We have

z1ðsÞ ¼ zðsÞ;

where zðsÞ ¼
Py

n¼1 n
�s is the Riemann zeta function, and

g1 ¼ g

respectively.
We give some numerical examples of the values of gKWðpÞ and grðpÞ:

p gKWðpÞ g1ðpÞ g2ðpÞ g3ðpÞ g4ðpÞ

1:5 0:8438 . . . 0:4815 . . . 1:3824 . . . 3:4248 . . . 9:3462 . . .
1:1 0:6309 . . . 0:5537 . . . 1:5300 . . . 3:6510 . . . 9:6542 . . .

1:01 0:5826 . . . 0:5747 . . . 1:5722 . . . 3:7146 . . . 9:7395 . . .

1:001 0:5777 . . . 0:5769 . . . 1:5767 . . . 3:7214 . . . 9:7484 . . .

1 g g1 ¼ g g2 ¼ gþ 1 g3 ¼ gþ zð2Þ þ 3
2 g4 ¼ gþ 2zð3Þ þ 3zð2Þ þ 11

6

¼ 0:5772 . . . ¼ 1:5772 . . . ¼ 3:7221 . . . ¼ 9:7494 . . .

The above values of gr are calculated as follows.

Theorem 2.

(1) Let
n

k

� �
be the Stirling number of the first kind defined by

xðxþ 1Þ � � � ðxþ n� 1Þ ¼
Xn
k¼1

n

k

� �
xk:

Then

zrðsÞ ¼
Xr�1

k¼1

r� 1

k

� �
zðs� kÞ

¼ zðs� rþ 1Þ þ
Xr�2

k¼1

r� 1

k

� �
zðs� kÞ
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has an analytic continuation to all s A C. It has simple poles at s ¼ k þ 1 with

residue
r� 1

k

� �
for k ¼ 1; . . . ; r� 1.

(2)

gr ¼ gþ
Xr�2

k¼1

r� 1

k

� �
zðr� kÞ þHr�1:

In Theorem 3 below we need the absolute zeta function zG n
m=F1

ðsÞ of
Gn

m ¼ GLð1Þn ðnb 1Þ defined as

zG n
m=F1

ðsÞ :¼ lim
p!1

zG n
m=Fp

ðsÞ;

where the right hand side is the congruence zeta function; see Soulé [9] and
Connes-Consani [1]. We recall another construction of absolute zeta functions
using absolute automorphic forms given by [4], [5], [6]. For a function

f : R>0 ! R

satisfying the absolute automorphy

f
1

x

� �
¼ Cx�Df ðxÞ

for constants C and D, we define the absolute zeta function zf ðsÞ of f by

zf ðsÞ :¼ exp
q

qw
Zf ðw; sÞ

����
w¼0

� �

with

Zf ðw; sÞ :¼
1

GðwÞ

ðy
1

f ðxÞx�s�1ðlog xÞw�1
dx:

By this construction, zG n
m=F1

ðsÞ is given as

zG n
m=F1

ðsÞ ¼ zf ðsÞ
for f ðxÞ ¼ ðx� 1Þn.

Theorem 3. For any rb 1,

gr ¼
Xy
n¼2

crðnÞ log zG n�1
m =F1

ðnÞ:

Theorem 4. For any rb 1,

lim
p!1

grðpÞ ¼ gr:
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2. Proof of Theorem 1

First, we prove the following formula:

Lemma 1. For nb 2,

zG n�1
m =Fp

ðnÞ ¼
Yn
k¼1

ð1� p�kÞð�1Þk n�1
k�1ð Þ:

Proof of Lemma 1.

zG n
m=Fp

ðsÞ ¼ exp
Xy
m¼1

jGn
mðFpmÞj
m

p�ms

 !

¼ exp
Xy
m¼1

ðpm � 1Þn

m
p�ms

 !

¼ exp
Xy
m¼1

1

m

Xn
k¼0

ð�1Þn�k n

k

� �
pmk

 !
p�ms

 !

¼
Yn
k¼0

ð1� p�ðs�kÞÞð�1Þnþ1�k n
kð Þ:

Then letting s ¼ nþ 1, and taking n� 1 instead of n we have Lemma 1. r

Now, we prove Theorem 1. Using Lemma 1, we have

Xy
n¼1

crðnÞ log zG n�1
m =Fp

ðnÞ ¼
Xy
n¼1

crðnÞ log
Yn
k¼1

ð1� p�kÞð�1Þk n�1
k�1ð Þ

 !

¼
Xy
n¼1

crðnÞ
Xn
k¼1

ð�1Þk n� 1

k � 1

� �
logð1� p�kÞ

¼
Xy
n¼1

crðnÞ
Xn�1

k¼0

ð�1Þkþ1 n� 1

k

� �
logð1� p�ðkþ1ÞÞ

¼
Xy
n¼1

crðnÞ
Xn�1

k¼0

ð�1Þk n� 1

k

� �Xy
m¼1

1

m
p�mðkþ1Þ

¼
Xy
n¼1

crðnÞ
Xy
m¼1

p�m

m

Xn�1

k¼0

ð�1Þk n� 1

k

� �
p�mk

 !

¼
Xy
n¼1

crðnÞ
Xy
m¼1

p�m

m
ð1� p�mÞn�1
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¼
Xy
m¼1

p�m

m

Xy
n¼1

crðnÞð1� p�mÞn�1

¼
Xy
m¼1

p�m

m

�logð1� ð1� p�mÞÞ
1� p�m

� �r

¼
Xy
m¼1

p�m

m

m log p

1� p�m

� �r

¼ ðlog pÞr
Xy
m¼1

mr�1p�m

ð1� p�mÞr

¼ ðlog pÞr
Xy
m¼1

mr�1pðr�1Þm

ðpm � 1Þr

¼ log p

p� 1

� �rXy
m¼1

mr�1pðr�1Þm

½m�rp
:

Since

zG0
m=Fp

ð1Þ ¼ ð1� p�1Þ�1

¼ p

p� 1
;

we have

Xy
n¼2

crðnÞ log zG n�1
m =Fp

ðnÞ ¼
Xy
n¼1

crðnÞ log zG n�1
m =Fp

ðnÞ � crð1Þ log zG0
m=Fp

ð1Þ

¼ log p

p� 1

� �rXy
m¼1

mr�1pðr�1Þm

½m�rp
� log

p

p� 1

� �

¼ grðpÞ:

Hence, we obtain Theorem 1. Q.E.D.

3. Proof of Theorem 2

First, we prove (1) of Theorem 2. Since

ðnþ r� 2Þ � � � n ¼
Xr�1

k¼1

r� 1

k

� �
nk;

we have
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zrðsÞ ¼
Xy
n¼1

Xr�1

k¼1

r� 1

k

� �
nk

 !
n�s

¼
Xr�1

k¼1

r� 1

k

� � Xy
n¼1

nk�s

 !

¼
Xr�1

k¼1

r� 1

k

� �
zðs� kÞ

¼ zðs� rþ 1Þ þ
Xr�2

k¼1

r� 1

k

� �
zðs� kÞ:

(2) of Theorem 2 is given by

gr ¼ lim
s!r

zrðsÞ �
1

s� r

� �
þHr�1

¼ lim
s!r

zðs� rþ 1Þ � 1

s� r

� �
þ
Xr�2

k¼1

r� 1

k

� �
zðs� kÞ

( )
þHr�1

¼ gþ
Xr�2

k¼1

r� 1

k

� �
zðr� kÞ þHr�1;

where we used

lim
s!r

zðs� rþ 1Þ � 1

s� r

� �
¼ lim

s!1
zðsÞ � 1

s� 1

� �

¼ g:

Thus, we obtain Theorem 2. Q.E.D.

4. Proof of Theorem 3

Since

zrðsÞ ¼
Xy
n¼1

ðnþ r� 2Þ � � � n � n�s

¼
Xy
n¼1

ðr� 1Þ! nþ r� 2

r� 1

� �
n�s

¼ ðr� 1Þ!
Xy
n¼0

nþ r� 1

r� 1

� �
ðnþ 1Þ�s

¼ ðr� 1Þ!
X

n1;...;nrb0

ðn1 þ � � � þ nr þ 1Þ�s;
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we have

zrðsÞ ¼ ðr� 1Þ!
X

n1;...;nrb0

ðn1 þ � � � þ nr þ 1Þ�s:

(Here we remark that the multiple Euler constant gr is essentially studied in [7]
where we proved the limit formula for the multiple Hurwitz zeta function.)
Hence

zrðsÞ ¼
ðr� 1Þ!
GðsÞ

ðy
1

x�1

ð1� x�1Þr ðlog xÞs�1 dx

x
;

where we used

x�1

ð1� x�1Þr ¼ x�1
Xy
n¼0

x�n

 !r

¼ x�1
Xy
n1¼0

x�n1

 !
� � �

Xy
nr¼0

x�nr

 !

¼
X

n1;...;nrb0

x�ðn1þ���þnrþ1Þ:

This gives

zrðsÞ ¼
ðr� 1Þ!
GðsÞ

ðy
1

log x

1� x�1

� �r
x�2ðlog xÞs�r�1

dx

¼ ðr� 1Þ!
GðsÞ

ðy
1

�logð1� ð1� x�1ÞÞ
1� x�1

� �r
x�2ðlog xÞs�r�1

dx:

Putting u ¼ 1� x�1, we have

�logð1� ð1� x�1ÞÞ
1� x�1

� �r
¼ �logð1� uÞ

u

� �r

¼
Xy
n¼1

1

n
un�1

 !r

¼
Xy
n¼1

crðnÞun�1

¼
Xy
n¼1

crðnÞð1� x�1Þn�1:

Thus, we have
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zrðsÞ ¼
Xy
n¼1

ðr� 1Þ!
GðsÞ

ðy
1

crðnÞð1� x�1Þn�1
x�2ðlog xÞs�r�1

dx

¼
Xy
n¼1

crðnÞ
ðr� 1Þ!
GðsÞ

ðy
1

ð1� x�1Þn�1
x�2ðlog xÞs�r�1

dx

¼
Xy
n¼1

crðnÞ
ðr� 1Þ!
GðsÞ

ðy
1

Xn
k¼1

ð�1Þk�1 n� 1

k � 1

� �
x�k�1

 !
ðlog xÞ s�r�1

dx

¼
Xy
n¼1

crðnÞ
ðr� 1Þ!
GðsÞ

Xn
k¼1

ð�1Þk�1 n� 1

k � 1

� �
Gðs� rÞkr�s

¼
Xy
n¼1

crðnÞ
ðr� 1Þ!

Pn
k¼1ð�1Þk�1 n� 1

k � 1

� �
kr�s

ðs� 1Þ � � � ðs� rÞ

¼ ðr� 1Þ!
ðs� 1Þ � � � ðs� rÞ þ

Xy
n¼2

crðnÞ
ðr� 1Þ!ZG n�1

m =F1
ðs� r; nÞ

ðs� 1Þ � � � ðs� rÞ ;

where

ZG n
m=F1

ðw; sÞ ¼ 1

GðwÞ

ðy
1

Xn
k¼0

ð�1Þn�k n

k

� �
xk

 !
x�s�1ðlog xÞw�1

dx

¼
Xn
k¼0

ð�1Þn�k n

k

� �
1

GðwÞ

ðy
1

x�ðs�kÞ�1ðlog xÞw�1
dx

¼
Xn
k¼0

ð�1Þn�k n

k

� �
ðs� kÞ�w:

This expression gives the analytic continuation of zrðsÞ as a meromorphic
function as in Hasse [3]. Since

lim
s!r

ðr� 1Þ!
ðs� 1Þ � � � ðs� rÞ �

1

s� r

� �
¼ �Hr�1;

lim
s!r

ðr� 1Þ!ZG n�1
m =F1

ðs� r; nÞ
ðs� 1Þ � � � ðs� rÞ ¼ log zG n�1

m =F1
ðnÞ;

we have

gr ¼ lim
s!r

zrðsÞ �
1

s� r

� �
þHr�1

¼ lim
s!r

ðr� 1Þ!
ðs� 1Þ � � � ðs� rÞ �

1

s� r

� �
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þ lim
s!r

Xy
n¼2

crðnÞ
ðr� 1Þ!ZG n�1

m =F1
ðs� r; nÞ

ðs� 1Þ � � � ðs� rÞ þHr�1

¼
Xy
n¼2

crðnÞ log zG n�1
m =F1

ðnÞ: Q:E:D:

5. Proof of Theorem 4

First, we prove the following formula:

Lemma 2. For q ¼ p�1 let

g?r ðqÞ :¼
log q

q� 1

ð1
0

1� log x

x� 1

� �r� �
dqx

log x
;

where we use the Jackson q-integral defined by

ð1
0

f ðxÞ dqx ¼
Xy
m¼1

f ðqmÞðqm � qmþ1Þ:

Then:

g?r ðqÞ ¼
Xy
n¼2

crðnÞ log zG n�1
m =Fp

ðnÞ

¼ grðpÞ

when q�1 ¼ p is a prime number.

Proof of Lemma 2. By the definition

g?r ðqÞ ¼
log q

q� 1

Xy
m¼1

1� logðqmÞ
qm � 1

� �r� �
qm � qmþ1

logðqmÞ

¼ �
Xy
m¼1

qm

m
1� �logð1� ð1� qmÞÞ

1� qm

� �r� �

¼ �
Xy
m¼1

qm

m
1�

Xy
n¼1

crðnÞð1� qmÞn�1

 !

¼
Xy
n¼2

crðnÞ
Xy
m¼1

qm

m
ð1� qmÞn�1

 !

¼
Xy
n¼2

crðnÞ
Xy
m¼1

qm

m

Xn�1

k¼0

ð�1Þk n� 1

k

� �
qmk

 !
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¼
Xy
n¼2

crðnÞ
Xn�1

k¼0

ð�1Þk n� 1

k

� � Xy
m¼1

qmðkþ1Þ

m

 !

¼
Xy
n¼2

crðnÞ
Xn�1

k¼0

ð�1Þkþ1 n� 1

k

� �
logð1� qkþ1Þ

¼
Xy
n¼2

crðnÞ log
Yn�1

k¼0

ð1� qkþ1Þð�1Þkþ1 n�1
kð Þ

 !

¼
Xy
n¼2

crðnÞ log
Yn
k¼1

ð1� qkÞð�1Þk n�1
k�1ð Þ

 !

¼
Xy
n¼2

crðnÞ log zG n�1
m =Fp

ðnÞ:

Hence, by Theorem 1

g?r ðqÞ ¼ grðpÞ: r

Next, we prove Theorem 4. For 0 < x < 1 let

frðxÞ :¼ 1� log x

x� 1

� �r� �
1

log x
:

Then it is not di‰cult to see that f ðxÞ is a monotone decreasing continuous
function with

lim
x!1

frðxÞ ¼
r

2

and

lim
x!0

frðxÞ ¼
1 � � � r ¼ 1;

þy � � � rb 2:

�

These are shown as follows:

lim
x!1

frðxÞ ¼ lim
x!1

1� log x

x� 1
log x

1þ log x

x� 1
þ log x

x� 1

� �2
þ � � � þ log x

x� 1

� �r�1
 !

¼ r

2
;

where we used that

lim
x!1

1� log x

x� 1
log x

¼ 1

2
;

lim
x!1

log x

x� 1
¼ 1:
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Similarly,

lim
x!0

frðxÞ ¼ lim
x!0

1� log x

x� 1
log x

1þ log x

x� 1
þ log x

x� 1

� �2
þ � � � þ log x

x� 1

� �r�1
 !

¼ 1 � � � r ¼ 1;

þy � � � rb 2:

�

where we used

lim
x!0

1� log x

x� 1
log x

¼ 1;

lim
x!0

log x

x� 1
¼ þy:

Let us show the monotone decreasing property. First, look at the case r ¼ 1.
Then,

f1ðxÞ ¼
1

1� x
þ 1

log x
ð0 < x < 1Þ

and

f 0
1 ðxÞ ¼

1

ðx� 1Þ2
� 1

ðlog xÞ2x
:

Hence,

f 0
1 ðxÞ < 0 ð0 < x < 1Þ , log x

x� 1
<

1ffiffiffi
x

p ð0 < x < 1Þ;

and putting u ¼ x�1=2 ðu > 1Þ, the above inequality is equivalent to

log u <
1

2
u� 1

u

� �
ðu > 1Þ:

Let

gðuÞ ¼ 1

2
u� 1

u

� �
� log u ðu > 1Þ:

Then

g 0ðuÞ ¼ 1

2
þ 1

2u2
� 1

u

¼ 1

2
1� 1

u

� �2
> 0
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and

lim
u!1

gðuÞ ¼ 0:

Hence, we see that

f 0
1 ðxÞ < 0 for 0 < x < 1:

Next let rb 2. Then

frðxÞ ¼ 1� log x

x� 1

� �r� �
1

log x

¼ 1� log x

x� 1

� �
1

log x
� 1þ log x

x� 1
þ � � � þ log x

x� 1

� �r�1
 !

¼ f1ðxÞ � ð1þ hðxÞ þ � � � þ hðxÞr�1Þ;

where

hðxÞ ¼ log x

x� 1
:

Hence, it is su‰cient to show that hðxÞ > 0 is monotone decreasing for 0 < x < 1.
We know that

lim
x!1

hðxÞ ¼ 1;

lim
x!0

hðxÞ ¼ þy

and

h 0ðxÞ ¼ x� 1� x log x

xðx� 1Þ2
:

Thus,

h 0ðxÞ < 0 ð0 < x < 1Þ , log x > 1� 1

x
ð0 < x < 1Þ

,
x¼1=u

log u < u� 1 ðu > 1Þ;

which is well-known. This proves the monotone decreasing property of frðxÞ.
Then we obtain the following inequalities

q

ð1
0

frðxÞ dxa
ð1
0

frðxÞ dqxa
ð1
0

frðxÞ dx:

Actually, from

frðqmÞðqm � qmþ1Þa
ð qm

qmþ1

frðxÞ dx
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we see that ð1
0

frðxÞ dqx ¼
Xy
m¼1

frðqmÞðqm � qmþ1Þ

a
Xy
m¼1

ð qm

qmþ1

frðxÞ dx

¼
ð q
0

frðxÞ dx

a

ð1
0

frðxÞ dx:

Next, from

frðqmÞðqm�1 � qmÞb
ð qm�1

qm

frðxÞ dx

we get

frðqmÞðqm � qmþ1Þb q

ð qm�1

qm

frðxÞ dx:

Hence, ð1
0

frðxÞ dqxb q
Xy
m¼1

ð qm�1

qm

frðxÞ dx

¼ q

ð1
0

frðxÞ dx:

From the inequalities

q

ð1
0

frðxÞ dxa
ð1
0

frðxÞ dqxa
ð 1
0

frðxÞ dx

we obtain

lim
q!1

ð1
0

frðxÞ dqx ¼
ð1
0

frðxÞ dx:

Thus,

lim
p!1

grðpÞ ¼ lim
q!1

g?r ðqÞ

¼ lim
q!1

ð1
0

frðxÞ dqx

¼
ð1
0

frðxÞ dx:
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Finally, we show that ð1
0

frðxÞ dx ¼ gr:

This is a generalization of Euler’s result ([2] 1776)ð1
0

1

1� x
þ 1

log x

� �
dx ¼ g;

which is nothing but the case r ¼ 1. Here we know that zrðsÞ has a simple
pole at s ¼ r with residue 1 (see Theorem 2 (1)). Using the integral expression
of zrðsÞ

zrðsÞ ¼
ðr� 1Þ!
GðsÞ

ð1
0

log
1

x

� �s�1

ð1� xÞr dx

we have

lim
s!r

zrðsÞ �
1

s� r

� �
¼ lim

s!r

2
664 ðr� 1Þ!

GðsÞ

ð1
0

log
1

x
1� x

0
BB@

1
CCA
r

� 1

8>><
>>:

9>>=
>>; log

1

x

� �s�r�1

dx

þ ðr� 1Þ!
ðs� 1Þ � � � ðs� rÞ �

1

s� r

� �3775

¼
ð1
0

log
1

x
1� x

0
BB@

1
CCA
r

� 1

8>><
>>:

9>>=
>>;

dx

log
1

x

�Hr�1

¼
ð1
0

1� log x

x� 1

� �r� �
dx

log x
�Hr�1:

Hence, by the definition of gr we obtainð1
0

frðxÞ dx ¼ gr:

This proves Theorem 4. Q.E.D.

Remark. It seems rather di‰cult to prove Theorem 4 from Theorem 3
directly: termwise convergence is easily seen, but it seems that we must give
di‰cult arguments to show the possibility for the exchange of the summation and
the limit. Actually this di‰culty made us to use the integral expressions as in
the above proof of Theorem 4.
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