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Abstract

We continue our recent work on additive problems with prime summands: we
already studied the average number of representations of an integer as a sum of two
primes, and also considered individual integers. Furthermore, we dealt with repre-
sentations of integers as sums of powers of prime numbers. In this paper, we study a
Cesaro weighted partial explicit formula for generalised Hardy-Littlewood numbers
(integers that can be written as a sum of a prime power and a square) thus extending
and improving our earlier results.

1. Introduction

The problem of counting the number of representations of an integer as a
sum of some fixed powers of primes, and its variants where some primes are
replaced by powers of integers, has received much attention in the last decades.
The goal, that has been attained only in part, is to obtain an asymptotic for-
mula for the number of such representations, which is valid for large integers
that satisfy some necessary congruence conditions, as in the binary and ternary
Goldbach problems. In some cases, conditional results are obtained, that is, it
is necessary to assume the truth of some hitherto unproved conjecture like the
Riemann Hypothesis. In our previous paper [12] we considered the problem of
representing a large integer of suitable parity as a sum of j > 5 primes, assuming
the truth of the Generalised Riemann Hypothesis, and we obtained an indi-
vidual asymptotic formula with a main term of the expected order of mag-
nitude, and a lower order term which depends explicitly on non-trivial zeros
of relevant Dirichlet L-functions. The corresponding problem with a smaller
number of summands is harder, and it is convenient to study the average number
of representations; in fact, assuming the Riemann Hypothesis, in our paper [11]
we gave one such result for the standard Goldbach problem where j=2. In
this case, averaging has the effect of making the zeros of L-functions irrelevant,
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except for the Riemann ({-function itself, and in fact the development contains
a main term and a smaller term which depends on the non-trivial zeros of the
{-function.

In the paper [14] we introduced a Cesaro-Riesz weight in the summation: the
presence of a smooth weight in place, essentially, of the characteristic function of
the interval where we are averaging, leads to the possibility of giving a develop-
ment into several terms, of decreasing order of magnitude, depending on the
zeros of the Riemann {-function, sometimes in pairs. This weight also enabled
us to remove the necessity of assuming the Riemann Hypothesis. The results of
this paper have been generalised and improved in [15], where we treated the
average number of representations of an integer in the form pf‘ + pz/z, where /|
and ¢/, are fixed positive integers and p; and p, are prime numbers. The results
in [14] have been recently extended by Goldston and Yang [7] and by Briidern,
Kaczorowski and Perelli [2].

As remarked above, we also considered a mixed binary problem with a
prime and the square of an integer, the so-called Hardy-Littlewood numbers, in
[13]. Similar problems have been studied by Cantarini in [3] and [4]. Our task
here is to extend and improve our earlier results on weighted averages. We let
/ >1 be an integer and set

(1) rr2(n Z A(my),
my +m =n
where A is the usual von Mangoldt-function. Our main goal is to give a multi-
term development for
1 —n / N)*
(2) Ri(N) = Ri(N;7) Z"/Z Tht1)
n<N

where k > 0. We introduce the following abbreviations for the terms of the
development:

M1 (N) = 1/2F(1//) N I'(1/¢) N/ ;
2 20 T(k+3/2+1/0) 2/ T(k+1+1//)

Mo s 1 (N 2/ ZF — 3%/+ — NP2,

kN z/Zr k+/1)/j PR

My, sk (N) = m;vl/{

sy 1 (N) = NU:ZT;/(Z/) F(lf//) ij“/j;iﬂ’/f?fjvl/z),

i=1
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N1/47k/2 Np/ (27) Jk+1/2+/)// 27Z]N1/2)
Me,¢, 1 (N) = —sz: ( ) Y Z JEvE ),
o 27z Jir12(2mjN' /2
Mk (N) = g N ”22 +1/2A+1/2 :
j=>1

Here p runs over the non-trivial zeros of the Riemann zeta-function ((s), I' is
Euler’s function and J,(#) denotes the Bessel function of complex order v and real
argument u. The main result of the paper is the following theorem.

THEOREM 1.1. Let £ =1 be an integer and N be a sufficiently large integer.
For k>1 we have

lfn/N !
Z;Vi’/z Th+1) Z/%,/,k )+ Ok, /(1).
n j=1

Clearly, depending on the size of /, some of the previously listed terms
can be included in the error term. Theorem 1.1 generalises and improves our
Theorem 1 in [13], which corresponds to the case / = 1, where the error term
there should be read as Ox(N'/?); see Theorem 2.3 of [10]. In fact, in this case
we are now able to detect the terms .#4 and .47 .

The basic strategy of the proof depends on the modern version of a classical
formula due to Laplace [16], namely

27i

1 1
(3) —J v dv = —
(a)

where R(s) >0 and a > 0; see Formula 5.4(1) on page 238 of Erdélyi et al,
[5]. Using a suitable form of this transform, which we describe in §2, we obtain
the fundamental relation for the method, viz.

k
@ N = 3 o <N(k‘—+)) - %J@ N2, (Dn(2) de,

(5) Sy(z) = Z A(m)eim/z and ws(z Z e —m?z

m=1 m>1

are the exponential sums that embody the properties of the /-th powers of primes,
and of the perfect squares, respectively. Here we need k > 0, and consider the
complex variable z = a + iy with a > 0. ~

The basic facts that we need are the “explicit formula™ for S,(z), that is,
its development as a main term and a secondary term which is a sum over
non-trivial zeros of the Riemann (-function with a very small error, as in (16)
below, and the simple connection of w,(z) with 0(z) = S5 e~ since 0(z) =

mM=—0o0
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14 2ws(z). Now, we recall that 0 satisfies the functional equation (11). We
plug these relations into the right-hand side of (4), and exchange summation over
zeros with vertical integration, obtaining formally the development in Theorem
1.1. The Bessel functions in .#s s i, #s s and .#; s  arise from the “modular”
terms in the functional equation of 0.

Of course, we need to prove that the exchange referred to above is legit-
imate, and that the error term arising from the approximation of the exponential
sum Sy(z) in (16) is small.

Summing up, as in [15] we combine the approach with line integrals with the
classical methods dealing with infinite sums over primes, exploited by Hardy and
Littlewood (see [8] and [9]) and by Linnik [17]. The main difficulty here is, as
n [13], that the problem naturally involves the modular relation for the complex
theta function (11). The presence of the Bessel functions in our statement strictly
depends on such modularity relation. It is worth mentioning that it is not clear
how to get such “modular” terms using the finite sums approach for the function
rz2(n). The previously mentioned improvement we get in Theorem 1.1 follows
using Lemma 6.1 below, which is proved in [15].

2. Settings

As we mentioned in the previous section, we will need the general case of
(3), which can be found in de Azevedo Pribitkin [1], formulae (8) and (9). More
precisely, we have
s—1,—aD
1 e’ Pe ™ s,
EL CEST R
0 if D<O,

which is valid for o = R(s) >0 and a € C with R(a) > 0, and

iJ Lo [0 iR,
g ara)y 12 if s=1,

(6)

()

for a € C with R(a) > 0. Formulae (6)—(7) actually enable us to write averages
of arithmetical functions by means of line integrals as we will see below.

We will also need Bessel functions of complex order v and real argument u.
For their definition and main properties we refer to Watson [19]. In particular,
equation (8) on page 177 gives the Sonine representation:

L (u/Z)VJ —v—1 5 —u?/ds
(8) Jy(u) = i (a)s e'e ds,

where ¢ > 0 and u,v e C with R(v) > —1. We will also use the Poisson integral
formula

u/2)’ !
) To(u) = #@I/ML (1 — 2" cos(ut) dt,
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which holds for $(v) > —1/2 and ue C. (See eq. (3) on page 48 of [19].) An
asymptotic estimate we will need is

(10) Jo(u) = <2>l/2 cos <u - % - Z) + Oy (),

u

which follows from eq. (1) on page 199 of Watson [19].

From now on we assume that &k > 0. We recall the definitions (5), where
z=a+iy with a>0. We also recall that 0(z) =3/* e satisfies the
functional equation

(11) 0(z) = (5)1/29(”72) for R(z) > 0,

z

see, e.g., Proposition VI.4.3 of Freitag and Busam [6, page 340]. Since 0(z) =
1 4+ 2w (z), we immediately get

(12) s (2) :% <g)1/2 - % + (g)l/za)z (”;) for R(z) > 0.

Recalling (1), we can write

E § :Aml —(m +mz § :7/2 —nz

m>1m>1 n>1

and, by (6)—(7), we see that

(13) E }’/2 E }’/2 (2 lJ e(an)zszfl dZ)
T
(a)

n<N

Our first goal is to exchange the series with the line integral in (13). To
do so we have to recall that the Prime Number Theorem (PNT) implies the
statement

5 r(/z
Sy(a) ~ ;al///) for a — 0+.

In fact, by a straightforward application of the partial summation formula
we see that
+0o0

S/(a) = /aj Y0 te e ds,
0
where  is the standard Chebyshev function. It is now convenient to split the
integration range at fp = a~ /). We use the weak upper bound Y(t) <t on
[0, 7o), recalling that y(r) =0 for t < 2. Since r’e " < ( )~ for all 1> 0, we
1rnmed1ately see that the contribution of this range to S, is « Za~"/?/). Accord-
ing to a weak form of the PNT, we have (1) = r + 4(t(log £) ") for any fixed
A > 0. Hence, completing the missing range, performing the obvious change of
variables and using the same bounds as above when needed, we have
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~+o0 | p ~+o0 p ) , +o0 t/e*‘”/
J (o)~ dt:J tle=a dt+(§(J tle™ dl) +0 J - dr
" ’ 0 n (log 1)

r'(l+1/¢ _ A (T,
:%—i—(ﬁ(ma 1)+@((logz0) AJ the ™ dt)

0
- r(fla;:////‘) + Oy(a" " (log(1/a) ™).

The final result then follows by recalling that T'(s+ 1) = s['(s).
We will also use the inequality

o0
2 2
e " dr < a’l/ZJ eV dv<al?
0

(14) 02(2)] < n(a) < jw

0

from which we immediately get

D lrra(m)e™ = " rra(n)e™™ = Sy(a)an(a) < a2,
n>1 n>2
Taking into account the estimates
1 .
_1 a if |y| <a,
(15) A= {0
Iy i [y =a

where f =< ¢ means g < f « g, and

|€N227k71| — eNa{ aikikl | if |y‘ < a,
it [y =a,
we have
a +o0
J( ) eV 275 |8 (2)wa(2)| |dz| <« a1/ 2eNe <J a*tdy+ ZJ y k=t dy>
a —da a

ak
«ya V12eNa (ak + T) )

The last estimate is valid only if kK > 0. So, for k > 0, we can exchange the line
integral with the sum over n in (13), thus proving (4).

3. Inserting zeros and modularity

We need k > 1/2 in this section. The treatment of the integral on the right-
hand side of (4) requires Lemma 6.1. We split S/(z) according to its statement
as 97(z) + E(a,z,/) where E satisfies the bound in (31) and

(1)) 1 _,
(16) S(z) = /(Zl///) —2> s //fr(§> — log(2n),
g p
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where p=f+iy runs over the non-trivial zeros of {(s). Formula (4) be-
comes

(N-n* 1 e
> 2 ) Ty = 3, eI

+ (9<J( ) |E(a,2,0)] "] 2] oa(2)| |d2|>~
Using (14)—(15) and (31), we see that the error term is

<, a V2N (J” a2 gy +J
—da

a

+0o0

y 08 (a) 4y )
+o0

Lot eN“a_k<l + J v 12 10g? v dv) Lot eNgk,
1

provided that k> 1/2. Choosing a =1/N, the previous estimate becomes
<k.sN¥. Summing up, for k > 1/2, we can write

AV <
A7) > raln) % = ﬁjam S (2)wa(2)eNz 7 dz 4 O o (NF).

n<N

We now insert (12) into (17), so that the integral on the right-hand side of (17)
becomes

1 1/x\'? 1
1 - 3% I - Nz _—k—1
(18) Zm’J(] S (2 <z> 2) e
1 1/2 2
i ) (e
94 (l/N) z z
== jl + jZ,

say. We now proceed to evaluate .#; and .#,. In the next two sections we will
use (16) and obtain that I; and I, split into a number of summands; in later
sections we will prove that we can exchange all summations and integrations,
in suitable ranges for k, using some properties of the non-trivial zeros of the
Riemann {-function: see §6. Finally, we perform a change of variables that
yields all the summands in the statement of Theorem 1.1.

4. Evaluation of .#;

We need k > 1/2 in this section. By a direct computation we can write
that
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_ 1 r(l//)J ( 1/2 1>€sz—k—l—l// dz
(1/N)

T 4ni / 1/2
1/2J szfkfp/{’73/2 dz
4/7Tl l/N
J ( )e Zpk=r/l1 g,

logm) [ (x!/2 e
— 47[[ J 1—/2 -1 Z dZ
(1/N)

=0+t hHh+t I+ I

say. We see now how to evaluate ¢, #,, #; and #,. The delicate point is
the justification of the exchanges required to deal with #, and #; (see §7 for the
details), whereas the computations needed for ¢, and ¢, are straightforward
and immediately follow by using the substitution s = Nz, by (3). This way we
get

19 n.l/Z 1'*(1//) Nk+l/2+1// 1’*(1//) Nk+1//
S S B vy, y7s R VAR s e sy

and

n'/? log(2n) log(27)
20 = LNFZ =T NE
(20) = Tk 3)2) otk + 1)
4.1. Evaluation of #,. Exchanging the sum over p with the integral (this
can be done for k > 0; see §7) and using the substitution s = Nz, we have

21 J=——>>> I'(L _J eNe—k=p/l=3/2 4,
. ’ 20 0\ 2mi )y
xl/2

1
=_—— ktp/l+1/2 s —k—p/l=3/2
57 a </)N i J(1) e’s ds

(p/?t) k+p/t+1/2
=— NFktP
/ZFk+3/2+p//) ’

again by (3). By the Stirling formula (30), we remark that the series in _#,
converges absolutely for k > —1/2.

4.2. Evaluation of #;. Arguing as in §7 with —k — 1 which plays the
role of —k —3/2 there, we see that we can exchange the sum with the integral
provided that k > 1/2. Hence, performing again the usual substitution s = Nz,
we can write
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1 AV N
22 _ (2 N+p//_J s —k—1 p/{d
( ) f3 2/; <(> 27i (1) €9 s

L(p/?) k+p/t
NETPIC,
2/21" (k+1+p/0)

By the Stirling formula (30), we remark that the series in #; converges absolutely
for k> 0.

5. Evaluation of .#; and conclusion of the proof of Theorem 1.1

We need k > 1 in this section. Using (16) and the definition of wj(n?/z)
(see (5)) we have

1 r(1//)J m\'/? s o
23 Sy = —— e Jint )z | Nz —k=1-1/¢ 4
( ) 2 271'i A (1/N) z Z : :

Jj=1

G (2 )( (3 Jee
- e/ TIE zPET(= ) ez dz
7] I e B DI [ DBV

IOg(ZW)J (”)1/2 —j?a%)z | Nz —k—1
- : - e/ TE ez dz = 45+ J6 + F7,
ami o \z > Is+ I+ 7

i=1

say. We see now how to evaluate %, ¢4 and _#;,. The proof in this section is
more delicate than in the previous one. We have to justify inversion as before,
but we are then faced with the problem of dealing with series containing values
of the Bessel functions, arising from the “modular” terms. We refer to §10 for a
detailed discussion of the problem.

5.1. Evaluation of #. By means of the substitution s = Nz, since the
exchange is justified in §8 for k > 1/2 —1//, we get

Is = 712 I(1/7) Nk+1/2+1//zij e.ye—_/znzzv/ss—k—3/2—1// ds.
{ 27

Setting u = 27jN'/? in (8), we obtain

N |
2ni (1)

S, nN/s

(24) J,(2mjN'?) = ele —~lds,

and hence we have

’s NKPAAC) T(1/£) = Tis1 /2410 (20N 1/?)
(25) Ss = sy / Z SR

j=1

The absolute convergence of the series in _# is studied in §10.
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5.2. Evaluation of #,. With the same substitution used before, since the
double exchange between sums and the line integral is justified in §9 for k > 1,
we see that

/2
__ - r Nk+1/2+p// J
go= TS (v 5

Using (24), we get

esesznzN/ssfk73/27/7// dS) )
(1)

(26) Jo=—

Nk/2+l/4 p /)/ (27) ij+1/2+/]// 27Z]N1/2)
k nrlt k+1/2+p/t
P

In this case, the absolute convergence of the series in # is more delicate; such
a treatment is again described in §10.

5.3. Evaluation of #;. With the same substitution used before, since the
exchange between sum and the line integral is justified in §8 for k > 1/2, we see
that

2.2
]7 _ 1/2 10g(27l’ Nk+1/2 J eSe /T N/SS7k73/2 ds.
; 27i (1)

Using (24), we get

log 27z Jis12(2mjN'2)
(27) sr= Ay
j>1

The absolute convergence of the series in _#; is studied in §10.
Finally, inserting (19)—(27) into (18) and (17), we obtain

(28) S 1) s Nkzﬂ, 1 (V) + O/ (N5),

n<N

for k> 1. Theorem 1.1 follows dividing (28) by N*.

6. Lemmas

We recall some basic facts in complex analysis. First, if z=a+ iy with
a > 0, we see that for complex w we have

27" = |z| 7" exp(—iw arctan(y/a))
= |z ROI=BO) exp((—iR(w) 4+ S(w)) arctan(y/a)),
so that
(29) 127" = |2z| ) exp(S(w) arctan(y/a)).



368 ALESSANDRO LANGUASCO AND ALESSANDRO ZACCAGNINI

We also recall that, uniformly for x e [xj,x;], with x; and x, fixed, and for
|y| = 400, by the Stirling formula we have

(30) IT(x + iy)| ~ V2re ™2y 112,

see, e.g., Titchmarsh [18, §4.42].
We will need the following lemmas from Languasco and Zaccagnini
[15].

LemMa 6.1 (See Lemma 1 of [15]). Let />1 be an integer, z = a+ iy,
where a > 0 and y € R and let %;(z) be defined as in (16). Then S;(z) = %4(z) +
E(a,z,/) where

1 if |y <a
31 E(a,z,!/) <, 21/2{ :
1) @20 <V 4 1og2(Iyl/a) if 9] > a

LeEMMA 6.2 (See Lemma 2 of [15]). Let / =1 be an integer, let p =+ iy
run over the non-trivial zeros of the Riemann zeta-function and o> 1 be a
parameter. The series

S (- Larean 1) S
py>0 ¢ 1 P ¢ u) uthle

converges provided that o >3/2. For a<3/2 the series does not converge.
The result remains true if we insert in the integral a factor (logu), for any
fixed ¢ = 0.

LEmMMA 6.3 (See Lemma 3 of [15]). Let /> 1 be an integer, o> 1, z =
a+iy, ae(0,1) and yeR. Let further p =+ iy run over the non-trivial zeros
of the Riemann zeta-function. We have

Ble-1/2
J €eXp (Z arctan Z — E
YUY, / a 2

where Yy ={yeR:yy<0} and Y,={ye[—a,al:yy>0}. The result re-
mains true if we insert in the integral a factor (log(|y|/a))¢, for any fixed
c=0.

v

/

? dy BRIy
P

7. Interchange of the series over zeros with the line integral in ¢#,, 7;

We need k> 1/2 in this section. For #, we have to establish the con-

vergence of
r()|] e e,
’ (1/N)

(32) >

P
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where, as usual, p = f + iy runs over the non-trivial zeros of the Riemann zeta-
function. By (29) and the Stirling formula (30), we are left with estimating

ple-172
3 Y ? |y dy
‘ JR eXp (/ arctan(Ny) — = /‘) W .

l 2
p
We have just to consider the case yy > 0, |y| > 1/N since in the other cases the
total contribution is «; N¥*1/2+1// by Lemma 6.3 with « = k +3/2 and a = 1/N.
By symmetry, we may assume that y > 0. We have that the integral in (33)
is

(33)

(=1/2 e
<Ly Z‘ﬁ/ : JMO exp(—Z arctan L) %
|t 1N 4 Ny yk+3/2+5//
Bl{=1/2 p+o0
_ akt1/2 g7 7 1 du
=N Z N#/ </) L exp( ; arctan u) sy Ik

piy>0

For k > 0, this is < , N¥t1/2*1// by Lemma 6.2. This implies that the integrals
in (33) and in (32) are both <« , N¥*1/2%1// "and hence this exchange step for #,
is fully justified.

For #;, we have to consider

P z —K— —p/l
(34) ZF(Z)UW €272 dzl.

p
We can repeat the same reasoning we used for #, just replacing k + 3/2 with
k+1. This means that we need k > 1/2 here to get that the integral in (34) is
&g N¥+1/7and that this exchange step for #; is fully justified too.

8. Interchange of the series over j with the line integral in 75, /7

We need k> 1/2 in this section. For # we have to establish the con-
vergence of

(35) J |eN2| |Z|7k73/271//e7n I R(1/z
Z (1/N)

=1

A trivial computation gives

(36) w1y =N {N if |y] <1/N,

1+ N2y? 1/(Ny*) if |y| > 1/N.
By (36), we can write that the quantity in (35) is

o o=/ (Ny?)

UN PN
(37) < ZJ k+3/2+1// dy + ZJ —aaay W=U+ U,

j=1 l/N| |
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say, since the 7> factor in the exponential function is negligible. Using (14)—(15),
we have

(38) U <, Nk+1/2+1//w2(N) <, Nk+1/{’
and
oo o7/ (Ny?)
39) U< ;JI/N Y327 dy
J
1 N

J

kj24+1/441/(20) LRI23/441/20)

<N Z]jk+1/2+1// Jo “du
>

2k + 1420\ it /art /o 1 k/2+1/4+1/(2/
gr<f>N/ / /HZIW«“N/ Ja1/00)
i=

provided that k > 1/2—1//, where we used the substitution u= j2/(Ny?).
Inserting (38)—(39) into (37) we get, for k > 1/2—1//, that the quantity in
(35) is « N¥*1/7 and so it is for g.

For #; we have to establish the convergence of

(40) Z J |eN:| |Z|—k—3/2€—nz_/2%(l/z) |dZ|
(1/N)

jz1

We can repeat the same reasoning we used for # just replacing k+3/2+1//
with k+3/2. This means that we need k > 1/2 here to get that the integral in
(40) is <, N*, and that this exchange step for ¢, is fully justified too.

9. Interchange of series with the line integral in 7

We need k£ > 1 in this section. We first have to establish the convergence of

TSSO

j=1
Using the Prime Number Theorem and (31), we first remark that

(42) Zp: r@zﬂ/f

y (36) and (42), we can write that the quantity in (41) is

Nz| |Z|7k73/2€7n2j2%(1/z>|d2|.
(1/N)

<, NV 4+ 12| 1og®(2N|y)).

N
(43) <</NWZJ dy + WZJ el/<})dy
|1 k+3/2 k+3/2
=1do |z =1 N |z
=%/ (Ny?)

j>1
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say. Vi can be estimated exactly as U; in Section 8 and we get V| «¢ N kt1/¢
For V>, we can work analogously to U, thus obtaining

e/ 72
V2 < NWZJ TR dy < /N"/ZH/““//Z A+1/2J U234 gy
J=
2k +1 /
<hr F< : )Nk/z+1/4+1//z <y NWEVE

]>l

provided that k > 1/2, where we used the substitution u = j?/(Ny?). Hence,
we have

(44) Vi+ W Lkt NkJrl/{,

provided that k& > 1/2.
Using the substitution u = j?/(Ny?), we obtain

e/
V3 <k s ZJ log 2Ny)71 dy
j=>1 y
N¥2 1 szN ‘ 452
= — /2= 1log < )e du.
8 ;]k 0 u

Hence, a direct computation shows that

. 2
k/2 log*(jN) [ k/2-1 —u
(45) Vs <p,r N Zi'k uk2= e dy
' =1 0
+Nk/zz J u*2=V log? (u)e™ du
]>l

j=>1

+ N¥/2 <<;€7/Nk/2 log2 N

provided that k > 1. Inserting (44)—(45) into (43) we get, for k > 1, that the
quantity in (41) is <, N<F/7,
Now we have to establish the convergence of

@ ZSIr)]], et e,

j=z1 p
By symmetry, we may assume that y>0. For ye(—00,0] we have

y arctan(y/a) —gy < —gy. Using (36), (15) and the Stirling formula (30), the
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quantity we are estimating becomes

(47) 25 ( >WH/2 exp <—g ;)

j=1 p:y>0

0 ' —UN - o=/ (Np?)
« J NKF3/2HB/7 o =I*N gy J —_— dy)
( e e R

N BlE—1/2 7y
<<"v/Nk+1/2+l//Z —j2N Z ( ) exp<_§ 2)

j=1 piy>0
NB/C) Bl=1/2 Ty
k/241/4
+ N Z k+1/22 I () exp<—2 /)
j>1 py> >0

i2

J°N
o J URI23ABIQ0) g,
0

e NFFV 4 ( max F(b += i + 1>)Nk/2+1/4+1/2/

0<bh<l 20 2 4
plr-1/2
Ty
x Zﬂm/z > ( ) eXp(_§ })
Jj=1 pi7>0

<<k,/ ]\[k#»l//7

provided that k > 1/2, where we used the substitution u = —j?/(Ny?), (14) and

standard density estimates.

Let now y > 0. Using the Stirling formula (30) and (36), we can write that

the quantity in (46) is

B/E—1/2 7\ [N e i°N
@ w3 (5] e

Jj=1py>0

BI—=1/2 ptoo =%/ (Ny?)
y n e
+ E E ( ) J exp (— (arctan(Ny) — —)) ——dy
=1 piy>0 1/N 4 2 |Z|k+3/2+ﬁ//
= W)+ W,

say. Using (15) and (14), we have that

B/{-1/2
T
(49) W <, /N"“/z“/‘”Ze*/zN Z( ) CXP<—Z ;) Lp,t N

Jj=1 piy>0

by standard density estimates. Moreover, we get
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Pl e k—3/2-)¢ Y 2
e ()] e (- ) @

j=1py>0 1/N

N0 B/11)2
k/24+1/4 V
<k N ij+1/2 Z FG

j=>1 py>0

N , o
X J V2B exp (—.— — vz> do,
0 iV N

in which we used the substitution v> = j?/(Ny?). We remark that, for k > 1,
we can set ¢ = ¢(k) = (k — 1)/2 >0 and that k —¢= (k+1 )/2 > 1. We further
remark that max,(vffe~") is attained at vy = ((k — )/2) , and hence we
obtain, for N sufﬁc1ently large, that

NBICOBI=1/2 JN_

k/2+1/4
Wa <ke N Z k+1/2 Z B
j=>1 J >0 J

Bl=1/2+e oy (_ Y )d
0 P\

Making the substitution u = yv/(jv/N), we have

. 1 NFBIZ (7 .
(50) W cpy NE2H20e2 5 L J U112 gy,
;]k ap;o yl-‘rs 0

b 1
k/2+1/241//+¢/2
<<k/N ’ Z kfzy1+£<o<b<lr</+2+e)>

Jj=1 J piy>0
«p.p NOAIHI/4+1/2
by standard density estimates and the definition of &. Inserting (49)—(50) into
(48) and recalling (47), we get, for k > 1, that the quantity in (46) is < , N*+1/7

10. Absolute convergence of 75, 7, and 7,

Using, for v > 0 fixed, u € R and u — +o0, the estimate
(51) |, (u)| <, u1/?

which immediately follows from (10), and performing a direct computation, we
obtain that # converges absolutely for k > —1// (and for N sufficiently large)
and that s < , N*/271/C0),

Again using (51) and performing a direct computation as in the previous
case, we obtain that #; converges absolutely for k > 0 (and for N sufficiently
large) and that #; <, N¥/2.

For the study of the absolute convergence of the series in %, we have a
different situation. In this case it is better to come back to the Sonine represen-
tation of the Bessel functions (8) on the line $(s) = 1. Using the usual substitu-
tion s = Nz, we are led to consider the quantity
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>

P

r P N?/) Z Jk+l/2+p//(27Tle/2)
/ Pl />1 jk+1/2+p/f

«p NK2-1/4 Z r (;)

p
which is very similar to the one in (46); the only difference is that the sums are
interchanged. The argument used in (46)—(50) can be applied in this case too
thus showing that the double series in #; converges absolutely for k£ > 1.

We thank the Referee for a very careful reading of the first version of this

paper.
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