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AUTOMORPHISM GROUPS OF SMOOTH PLANE CURVES
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Abstract

The author classifies finite groups acting on smooth plane curves of degree at least
four. Furthermore, he gives an upper bound for the order of automorphism groups of
smooth plane curves and determines the exceptional cases in terms of defining equations.
This paper also contains a simple proof of the uniqueness of smooth plane curves with
the full automorphism group of maximum order for each degree.

1. Background and Introduction

This paper consists of six sections. Their contents are as follows:

1. Introduction
2. Main theorems
3. Preliminary results used for proving main theorems

4-6. Proof of main theorems

In this paper we study automorphism groups of smooth plane curves. They
are classically well understood for rational and elliptic curves. Thus we study
plane curves of degree at least four and consider the following problems:

ProBLEM. (1) Classify automorphism groups of smooth plane curves.

(2) Give a sharp upper bound for the order of automorphism groups of such
curves.

(3) Determine smooth plane curves with the group of automorphisms of
large order.

We shall give an answer for each problem in Theorem 2.3, Theorem 2.5 and
Theorem 2.7 respectively. These are the main results of this article.

There are many examples of smooth plane curves whose group of automor-
phisms are completely known, such as Fermat curves ([16]). In the joint works
with Komeda, Kato and Ohbuchi, the author gave a classification of smooth
plane curves with automorphisms of certain type ([8], [7]).
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However, there has been no general result on the structure of automorphism
groups of plane curves, even if they are smooth, as long as the author knows.

Theorem 2.3, roughly speaking, states that smooth plane curves are divided
into five kinds by their full automorphism group. Curves of the first kind are
smooth plane curves whose full automorphism group is cyclic. The second
kind consists of curves whose full automorphism group is the central extension
of a finite subgroup of Méobius group PGL(2,C) = Aut(P') by a cyclic group.
Curves of the third (resp. the fourth) kind are descendants of Fermat (resp. Klein)
curves (see Section 2 for the definition of this concept). For curves of the fifth
kind, their full automorphism group is isomorphic to a primitive subgroup of
PGL(3,C). It seems surprising that a smooth plane curve is a descendant of
Fermat curve or Klein curve unless its full automorphism group is primitive or
has a fixed point in the plane.

There are several by-products of Theorem 2.3 on automorphism groups of
smooth plane curves. We obtain, for example, a sharp upper bound of the order
of such groups in Theorem 2.5. For smooth plane curves, it is natural to expect
that there exists a stronger upper bound of the order of their automorphism
groups than Hurwitz’s one. Indeed, we show that the order of the full auto-
morphism group of a smooth plane curve of degree d # 4,6 is at most 642, which
is attained only by Fermat curves. Moreover, a smooth plane curve with the full
automorphism group of maximum order is unique up to projective equivalence
for each degree.

Our third main result, Theorem 2.7, is a classification of smooth plane curves
with automorphism groups of large order in terms of defining equations.

In the end of this section, we mention several works on automorphism
groups of plane curves related to ours.

Remark 1.1. (1) The group of automorphisms of an algebraic curve defined
over the complex number field is an old subject of research in algebraic geometry
and there are many works on the order of the group of automorphisms. Among
others, Hurwitz [9] gave an universal upper bound (see Theorem 3.1 for the
precise statement). It is an application of Riemann-Hurwitz formula. Follow-
ing the same line, Oikawa [15] proved another (and possibly better) upper bound
for the order of automorphism groups with invariant subsets. Later Arakawa
[1] proceeded further with a similar method (see Theorem 3.2 for their works).
Their results are very useful for our study on smooth plane curves.

(2) For plane curves, Yoshihara [18] defined Galois points and studied their
fundamental properties. They are deeply related to their automorphism groups.
For example, Miura [14] studied a relation between Galois points and Cremona
transformations. Recently, Fukasawa, Miura and Takahashi [6] generalized the
notion to quasi-Galois points. These works shows that (quasi-)Galois points are
also useful for studying automorphism groups of plane curves.

(3) For singular plane curves, Bradley and D’Souza [3] gave rough upper
bounds for the order of their automorphism groups and collineation groups in
terms of their degree and the number of singularities.
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2. Main results

First of all, we note a simple fact on automorphism groups of smooth plane
curves and introduce several concepts. Let G be a group of automorphisms of
a smooth plane curve C of degree at least four. Then G is naturally considered
as a subgroup of PGL(3,C) = Aut(P?). For an element ¢ € G represented by
a matrix 4 € GL(3,C) and a homogeneous polynomial F(X,Y,Z), we define
(A*F)(X,Y,Z)=F((X,Y,Z)'4). By abuse of notation, we also write 4*F as
¢*F if there is no harms.

Let F; be Fermat curve X9 + Y9+ Z? =0 of degree d. In this article we
denote by K, the smooth plane curve defined by the equation XY “~! + yZz9-!
ZX 91 =0, which is called Klein curve of degree d.

We introduce the following notions:

DErINITION 2.1.  For a non-zero monomial ¢cX'Y/Zk we define its exponent
as max{i, j,k}. For a homogeneous polynomial F, the core of F is defined as
the sum of all terms of F with the greatest exponent. A term of F is said to be
low if it does not belong to the core of F.

DerINITION 2.2, Let Cy be a smooth plane curve of degree at least four.
Then a pair (C,G) of a smooth plane curve C and a subgroup G C Aut(C) is
said to be a descendant of Cy if C is defined by a homogeneous polynomial whose
core is a defining polynomial of Cy and G acts on Cj in a suitable coordinate
system. We simply call C a descendant of Cy if (C,Aut(C)) is a descendant
of Co.

In this article, we denote by PBD(2,1) the subgroup of PGL(3,C) that
consists of all elements representable by a 3 x 3 complex matrix 4 of the
form

A
0 | (4" is a regular 2 x 2 matrix, o e C¥).
0 0 «

There exists a natural group homomorphism p:PBD(2,1) — PGL(2,C)
([4] — [A4]), where [M] denotes the equivalence class of a matrix M. Using
these concepts we state our first main result as follows:

THEOREM 2.3. Let C be a smooth plane curve of degree d > 4, G a subgroup

of Aut(C). Then one of the following holds:

(a-1) G fixes a point on C and G is a cyclic group whose order is at most
d(d —1). Furthermore, if d > 5 and |G| = d(d — 1), then C is projec-
tively equivalent to the curve YZ '+ X4 4+ Y4 =0.

(a-il) G fixes a point not lying on C and there exists a commutative
diagram
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1 —— C" —— PBD(2,1) -2~ PGL(2,C) —— 1 (exact)

] J

1 N G G’ 1 (exact),

where N is a cyclic group whose order is a factor of d and G’ is a
subgroup of PGL(2,C), ie., a cyclic group L, a dihedral group Dy,
the tetrahedral group As, the octahedral group Sy or the icosahedral
group As. Furthermore, m < d — 1 and if G' ~ Dy, then m|d —2 or
N is trivial.  In particular |G| < max{2d(d — 2),60d}.

(b-) (C,G) is a descendant of Fermat curve Fy: X4+ Y? +Z% =0. In this
case |G| < 6d>.

(b-ii) (C,G) is a descendant of Klein curve Ky : XY4~' 4 YZ4 1 4 Zx -1 =
0. In this case |G| <3(d*>—3d+3) if d>5On the other hand,
|G| < 168 if d = 4.

() G is conjugate to a finite primitive subgroup of PGL(3,C), namely, the
icosahedral group As, the Klein group PSL(2,7), the alternating group
Ag, the Hessian group Hjis of order 216 or its subgroup of order 36 or
72.  In particular |G| < 360.

We make some remarks on this theorem.

Remark 2.4. (1) In cases (a-1) and (a-ii), G fixes a point, say P. In fact G
also fixes a line not passing through P, which follows from Theorem 3.11.

(2) A point P in P? is called a Galois point for C if the projection 7p from C
to a line with center P is a Galois covering. A Galois point P for C is said to be
inner (resp. outer) if P e C (resp. P ¢ C). In the case (a-ii), if [N| =d then the
fixed point of G is an outer Galois point for C.

(3) The Klein group in the case (c) is the full automorphism group of Klein
quartic and the alternating group A¢ is that of Wiman sextic (see Theorem 2.5).
The Hessian group of order 216 is generated by the four elements 4; (i = 1,2,
3,4) represented by the following matrices:

01 0 1 0 O 1 1 1 1 0 O
00 1], 0 w 0 |, 1 o o? and 0 w 0],
1 00 0 0 w? 1 0 o 0 0 w

where o is a primitive third root of unity. This group is the full automorphism
group of a smooth plane sextic (see Remark 2.6 (2)). Its primitive subgroups of
order 36 and 72 are respectively equal to {hy,hy,h3)y and {hy, hy, h3,uy, where
u=hy'hih.

As a corollary of Theorem 2.3, we obtain a sharp upper bound for the
order of automorphism groups of smooth plane curves and classify the extremal
cases.
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THEOREM 2.5. Let C be a smooth plane curve of degree d >4. Then
|Aut(C)| < 6d? except the following cases:
(1) d =4 and C is projectively equivalent to Klein quartic XY* + YZ3 + ZX?
=0. In this case Aut(C) is the Klein group PSL(2,7), which is of order
168.
(i) d =6 and C is projectively equivalent to Wiman sextic

10X3Y34+9X°Z +9Y%Z —45X2Y?Z% — 135XYZ* +277° = 0.

In this case Aut(C) is equal to Ae, a simple group of order 360.
Furthermore, for any d # 6, the equality |Aut(C)| = 6d* holds if and only if C
is projectively equivalent to Fermat curve Fy: X+ Y4+ Z4 =0, in which case
Aut(C) is a semidirect product of Ss acting on Zf,. In particular, for each d > 4,
there exists a unique smooth plane curve with the full group of automorphisms of
maximum order up to projective equivalence.

Remark 2.6. (1) It is classically known that Klein quartic has the Klein
group PSL(2,7) as its group of automorphisms (see [2]). For the sextic in the
above theorem, Wiman [17] proved that its group of automorphisms is isomor-
phic to 4. 1In [4] it is shown that Wiman sextic is the only smooth plane sextic
whose full automorphism group has the maximum order 360. In Section 6 we
give a simple proof on the uniqueness of Klein quartic (resp. Wiman sextic) as a
smooth plane curve of degree four (resp. six) with the group of automorphisms
of maximum order.

(2) When d = 6, the smooth plane sextic defined by the equation

X+ Yo+ Z0 10Xy + Y322 + Z°x%) =0

also satisfies |Aut(C)| =216 = 6>. In this case Aut(C) is equal to the Hessian
group of order 216, therefore this curve is not a descendant of Fermat curve.

As another by-product of Theorem 2.3, we also give a stronger upper bound
for the order of automorphism groups of smooth plane curves and classify the
exceptional cases when d > 60:

THEOREM 2.7. Let C be a smooth plane curve of degree d = 60. Then
|Aut(C)| < d? unless C is projectively equivalent to one of the following curves:
(i) Fermat curve Fy: X9+ Y7+ Z4=0 (|Aut(F,;)| = 6d°).
(i) Klein curve Ky: XY '+ YZ9 '+ 7ZX4 1 =0 (JAut(Ky)| = 3(d*> —
3d +3)).
(iii) the smooth plane curve defined by the equation

Zd _|_ XY(Xd72 + Yd*Z) — 07

in which case |Aut(C)| = 2d(d — 2).
(iv) a descendant of Fermat curve defined by the equation

X3m + Y3m +Z3m _3Xmymzm — 07
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where d = 3m and J. is a non-zero number with J° # 1. In this case
|Aut(C)| = 2d>
(V) a descendant of Fermat curve defined by the equation

X2m + Y2m +Z2m _i_i(Xm ym + ymzm -‘erXm) — 0’

where d =2m and 1 #0,—1,42. In this case |Aut(C)|=6m?>=
(3/2)d>.

3. Preliminary results

Notation and Conventions

We identify a regular matrix with the projective transformation represented
by the matrix if no confusion occurs. When a planar projective transformation
preserves a smooth plane curve, it is also identified with the automorphism
obtained by its restriction to the curve.

We denote by [H|(X,Y,Z),H,(X,Y,Z),Hs(X,Y,Z)] a planar projective
transformation defined by (X : Y :2Z)— (H\(X,Y,Z): Hh(X,Y,Z): H;(X,Y,
Z)), where H,, H, and Hj are homogeneous linear polynomials.

A planar projective transformation of finite order is called a projective
reflection or simply a reflection if it is written in the form [X, Y,{Z] in a suitable
coordinate system, where { is a root of unity. A non-trivial reflection fixes a
unique line pointwise and a unique point not lying the line. They are respec-
tively called its axis and center.

A triangle means a set of three non-concurrent lines. Each line is called an
edge of the triangle.

The line defined by the equation X =0 (resp. ¥ =0 and Z =0) will be
denoted by L; (resp. L, and L3). We also denote by P; (resp. P, and P3) the
point (1:0:0) (resp. (0:1:0) and (0:0:1)).

For a positive integer m, we denote by Z,, (resp. Z,,) a cyclic group of order
m (resp. the direct product of r copies of Z,,).

In this section C denotes a smooth irreducible projective curve of genus
g = 2 defined over the field of complex numbers. Then the full group of its
automorphisms is a finite group and we have a famous upper bound of its order,
which is known as Hurwitz bound (see [9]):

THEOREM 3.1. Let G be a subgroup of Aut(C). Then |G| < 84(g—1).
More precisely,

q'—G|l—84,48,40,36,30 or % o 19 o4

Oikawa [15] and Arakawa [1] gave possibly stronger upper bounds under
the assumption that G fixes finite subsets of C (not necessarily pointwise). The
following theorem is an application of Riemann-Hurwitz formula:
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THEOREM 3.2 ([15, Theorem 1], [1, Theorem 3]). Let G be a subgroup of
Aut(C).
(1) (Oikawa’s inequality) If G fixes a finite subset S of C, i.e., GS = S, with
[S| =k =1, then |G| <12(g — 1) + 6k.
(2) (Arakawa’s inequality) If G fixes three distinct finite subsets S; (i =1,
2.3) of C with |Si| =ki =1, then |G| <2(g— 1) + ki + ko + k3.

As an application of the former inequality, we can determine the full auto-
morphism groups of Fermat curves and Klein curves. For Fermat curves,
Tzermias [16] verified Weil’s assertion on the structure of Aut(Fy) that the group
is a semidirect product of S3 acting on Zj in characteristic zero. We give
another proof of this fact.

PrOPOSITION 3.3. Let d be an integer with d > 4. Then the full group of
automorphisms of Fermat curve Fy is generated by four transformations [(X, Y, Z],
[X,(Y,Z), [Y,Z,X] and [Y,X,Z], where { is a primitive d-th root of unity. It is
isomorphic to a semidirect product of S acting on Zj, in other words, there exists
a split short exact sequence of groups

1 — Zf, — Aut(F;) = S5 — 1.
In particular |Aut(Fy)| = 6d°.

Proof. Let H be the subgroup of Aut(F;) generated by four transforma-
tions [(X,Y,Z], [X,{Y,Z], [Y,Z,X] and [Y,X,Z]. This is a semidirect product
of S; acting on Z2. In particular we have the inequality |Aut(F,;)| > |H| = 6d>.
Thus it suffices to verify that |Aut(F,)| < 6d>.

Recall that Fermat curve F; has exactly 3d total inflection points. They

constitute a subset of F; fixed by its full group of automorphisms. Hence it
follows from Oikawa’s inequality that

|Aut(F,)| < 12(g — 1) + 6 - 3d = 6d°,
where g = (d — 1)(d —2)/2 is the genus of F,. O

We note the following fact on Fermat curves for later use.

LeMMA 3.4,  Assume that d > 4.  Then the order of each element of Aut(Fy)
is at most 2d.

Proof. Any element of Aut(Fy) is written as [oX,fY,Z], [«Y,5Z, X] or
[2Y,pX,Z], where o and f§ are d-th roots of unity. FEach of them has order at
most d, 3 or 2d respectively. ]

ProposITION 3.5. If d =5 then the full group of automorphisms of Klein
curve

Ky XY 4+ vz + Zzx 7 =0
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is generated by two transformations [5_(‘1_2)X75Y,Z] and |Y,Z,X), where £ is a
primitive (d*> — 3d + 3)-rd root of unity. It is isomorphic to a semidirect product
of L3 acting on L,2_3,,3, in other words, there exists a split short exact sequence
of groups

1 — Zd273d+3 — Aut(Kd) — Z3 — 1.

In particular |Aut(Ky)| = 3(d*> — 3d + 3).

Proof. Let H be the subgroup of Aut(K,) generated by two transforma-
tions [Y,Z, X] and [~ "2 X Y, Z], where & is a primitive (d? — 3d 4 3)-rd root
of unity. This is a semidirect product of Z; acting on Z,:_3,,3. In particular
|Aut(K,)| is a multiple of |H| = 3(d? — 3d + 3).

It remains to show that |Aut(K,)| <3(d?>—3d+3). Kato proved that
Klein curve K; has exactly three (d — 3)-inflection points Py = (1:0:0), P, =
(0:1:0) and P3=(0:0:1) (see [10, Lemma 2.3]). They constitute a subset
of K; fixed by its full group of automorphisms. It follows from Oikawa’s
inequality that

|Aut(Ky)| < 12(g — 1) +6-3 = 6(d* — 3d + 3),

where g = (d — 1)(d —2)/2 is the genus of K;. Hence it is sufficient to verify
that Aut(K,) is of odd order.

Suppose that K; has an involution i. Then it fixes at least one (d — 3)-
inflection point. Without loss of generality, we may assume that : fixes Ps.
Then it also fixes the tangent line L, : ¥ =0 to K; at Ps, the set of the remain-
ing two (d — 3)-inflection points {P;, P,} and the set {L;,L3}. Therefore : =
[O‘XaﬂY7Z} ((O(7ﬁ) = (1771)7 (717 1) or (71771)) or [yY7yXaZ] (y = il) It is
easy to check that such an involution does not fix K;. Hence K; has no involu-
tion, or equivalently, Aut(K,) is of odd order. O

The following is a well-known classical result (see [12, Chapter III Proposi-
tion 3.1]):

PrROPOSITION 3.6. If a subgroup G of Aut(C) fixes a point on C, then G is
cyclic.

For smooth plane curves, we have an upper bound for the order of cyclic
groups of their automorphisms. First we note a simple observation on projective
transformations.

Lemma 3.7. Let o be a non-trivial planar projective transformation of finite
order. Then it is represented by a diagonal matrix in a suitable coordinate system.
Furthermore, the following hold:

(i) If o is a reflection, then its fixed points consist of its center and all points

on its axis. In particular, every triangle whose set of vertices is pointwise
fixed by o contains its center as a vertex.
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(i) If o is not a reflection, then it fixes exactly three points. In particular,
there exists a unique triangle whose set of vertices is pointwise fixed
by o.

Proof. Let A be a matrix representing . Then A" = AE for some n > 1
and e C*. In particular the minimal polynomial of 4 has no multiple roots,
which implies that 4 is diagonalizable. Hence o is represented by a diagonal
matrix in a suitable coordinate system.

The claim (i) follows from the definition of a reflection. For the claim (ii),
we may assume that o = [oX,Y,Z] (o, € C*). If ¢ is not a reflection, then
o,f #1 and a # . Thus the fixed points of ¢ are (1:0:0), (0:1:0) and
(0:0:1). O

By using this lemma we show the following.

LemMA 3.8. Let C be a smooth plane curve of degree d, G a cyclic subgroup
of Aut(C). Then |G| <d(d—1). Furthermore, if G is generated by a reflection
with center P, then |G| is a factor of d — 1 (resp. d) if P€ C (resp. P¢ C). The
equality |G| =d — 1 (resp. |G| = d) holds if and only if P is an inner (resp. outer)
Galois point for C and G is the Galois group at the point.

Proof. Let o be a generator of G and g = (d — 1)(d —2)/2 the genus of
C. We may assume that o is represented by a diagonal matrix. Then G fixes
each of three lines L; : X =0, L, : Y =0 and L3 : Z = 0 and each of three points
Pi=(1:0:0), P,=(0:1:0)and P3=(0:0:1). SetS;:=CnL;fori=1,2
and 3 and V := {P;, P, P3}. Each S; is a non-empty subset of C of order at
most d and is fixed by G.

There are three cases according to the intersection of C and V.

Casi (a) |CNV|>2. We may assume that P;, P, € C. Then at least one
of the three sets S1\{P2}, S2\{P1} and S;\{Py, P»} is a non-empty subset of C
of order at most d — 1 and is fixed by G. Hence it follows from Arakawa’s
inequality that

Gl <2(g-D+1+14+d—1=d(d-2)+1<dd-1).

Case (b) |CNV|=1. We may assume that P; € C and P,,P; ¢ C. Then
either S»\{P;} or S5\{P;} is a non-empty subset of C of order at most ¢ — 1 and
is fixed by G. Note that G also fixes {P,} and S}, each of which is distinct from
the above sets. By using Arakawa’s inequality again

G| <2(g—-1)+d-1)+1+d=d(d—-1).
Cask (¢c) C and V are disjoint. Then we may assume that C is defined

by a homogeneous polynomial whose core is X¢ + Y? + Z?. Take a diagonal
matrix diag(x, 8, 1) representing o. Since o fixes the monomial X¢ + Y¢ 4 Z¢
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up to a constant, we see that a¢ = [)’d = 1, which implies that ¢ =1, i.e., |G| is a
factor of d.

Assume that ¢ is a reflection. Then we may assume that ¢ = [X, Y, {Z],
where ( is a root of unity. Its center is P; and its axis is L;. Letzn:C — C/G
be the quotient map, 7p, : C — P! the projection with center Ps (7p,((X : Y : Z))

= (X :Y)). Then y:C/G — P! ([x] — np,(x)) is well-defined, where [x] is the
equivalence class of xe C. We thus have a commutative diagram

C\—>/C/G

In particular |G| = deg 7 is a factor of deg np,, which is equal to d — 1 (resp. d) if
P3 e C (resp. P3¢ C).

If |G| = deg =, then 7 coincides the quotient map, which implies that P is a
Galois point for C and G is the Galois group at P;. O

Combining Proposition 3.6 and Lemma 3.8, we obtain a characterization of
the plane curve YZ9 ! + X4+ Y9 =0.

PrROPOSITION 3.9. For d =5, let F; 41 be the smooth plane curve defined by
the equation YZ' + X+ Y4 =0. Then Aut(Fy q-1) is isomorphic to Zg_y),
a cyclic group of order d(d —1). Moreover, Fy 4_, is the only smooth plane curve
of degree d with an automorphism of order d(d — 1).

Proof. First note that this curve has the unique inner Galois point (0:0: 1)
(cf. [18, Theorem 4]), which is fixed by Aut(Fy,_i). Hence Aut(Fyq_1) is
cyclic by virtue of Proposition 3.6. In particular |Aut(Fyq-1)| <d(d—1) by
Lemma 3.8. On the other hand, F;,_; has automorphisms [{;X,Y,Z] and
[X,Y,(,_1Z], where (; is a primitive k-th root of unity. Thus Aut( d.d—1)
contains Zy x Zy_1 ~ Zgy—1), which implies that Aut(Fya-1) ~ Zgg—1).

Let C be a smooth plane curve of degree d with an automorphism ¢ of order
d(d —1). We may assume that o is represented by a diagonal matrix and from
the proof of Lemma 3.8 we may further assume that P; e C and Py, P, ¢ C.
Then C is defined by a homogeneous polynomial F of the form YZ !+ X9 +
Y + (other terms) after a suitable change of the coordinate system if necessary,
because C is smooth at Ps.

Assume that o = [0X,Y,Z]. Since it fixes F up to a constant we see that
p =0 =p which implies that § = {,_; and « = ,_,{y, where {4_; (resp. {y) is
a primitive (d — 1)-th (resp. d-th) root of unity. Then it is clear that C has two
automorphisms [(,X,Y,Z] and [X,Y,{,_1Z].

Let X'Y/Z¥ (i+ j+k =d) be any term of F without its coefficient. It is
fixed by these automorphisms since they fixes X 4+ Y¢. Therefore () = (& | =
1, which shows that i=0 (modd) and k=0 (modd—1). Thus (i,k)=
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(0,d — 1), (d,0) or (0,0), or equivalently, F = ¥YZ9 !+ X4 4+ Y. Hence the
conclusion follows. O

Remark 3.10. Kontogeorgis [11] determined the group of automorphisms of
the function field F, ,, of the curve x” 4+ y” + 1 =0 in arbitrary characteristic #
2,3 by using a different method.

In the end of this section, we refer to a theorem on finite groups of planar
projective transformations, which is a basic tool to prove Theorem 2.3.

THEOREM 3.11 ([13, Section 1-Section 10], [5, Theorem 4.8]). Let G be a
finite subgroup of PGL(3,C). Then one of the following holds:
(@) G fixes a line and a point not lying on the line;
(b) G fixes a triangle; or
(c) G is primitive and conjugate to the icosahedral group As, the Klein group
PSL(2,7) (of order 168), the alternating group A, the Hessian group Hjje
of order 216 or its subgroup of order 36 or 72.

Remark 3.12.  To be precise, Mitchell [13] proved that G fixes a point, a line
or a triangle unless G is primitive and isomorphic to a group as in the case
(c). In fact, the first two cases are equivalent. Indeed, if G fixes a point (resp. a
line) then G also fixes a line not passing through the point (resp. a point not lying
the line). It is a direct consequence of Maschke’s theorem in group represen-
tation theory. Combining this fact with Mitchell’s result we obtain the above
theorem.

4. Automorphism groups of smooth plane curves: Case (A)

In what follows C always denotes a smooth plane curve of degree d > 4 and
let G be a finite subgroup of Aut(C), which is also considered as a subgroup of
PGL(3,C). We identify an element o of G with the corresponding planar pro-
jective transformation, which is also denoted by o.

The following two sections are wholly devoted to prove Theorem 2.3. From
Theorem 3.11 there are three cases:

(A) G fixes a line and a point not lying on the line.

(B) G fixes a triangle and there exists neither a line nor a point fixed by G.

(C) G is primitive and conjugate to a group described in Theorem 3.11.
Note that the last case leads us to the statement (c) in Theorem 2.3. We argue
the other cases one by one and consider the first case in this section.

Cask (A): G fixes a line L and a point P not lying on L.

If P e C then Aut(C) is cyclic by virtue of Proposition 3.6. Hence (a-i) in
Theorem 2.3 follows from and Lemma 3.8 and Proposition 3.9.

In what follows we assume that P ¢ C and prove that the statement (a-ii) or
(b-i) in Theorem 2.3 holds. We may further assume that L is defined by Z =0
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and P=(0:0:1). Then G is a subgroup of PBD(2,1). Let p be the restric-
tion of the natural map from PBD(2,1) to PGL(2,C). Then there exists a short
exact sequence of groups

1 -N—=G2 G —1,

where N = Ker p and G’ = Im p.

CLamm 1. The subgroup N is a cyclic group whose order is a factor

of d.

Proof. For each element # of N, there exists a unique diagonal matrix of
the form diag(1,1,{) that represents #. Then the homomorphism ¢ : N — C*
(n — {) is injective. Hence N is isomorphic to a finite subgroup of C*, which
implies that N is a cyclic group generated by a reflection. Our assertion on the
order of N follows from Lemma 3.8. Ul

Let = [X, Y,{Z] be a generator of N, where { is a root of unity. On the
other hand, it is well known that G’, a finite subgroup of PGL(2,C), is isomor-
phic to Z,,, Dy, A4, Sy or As.

In what follows we assume that G’ ~ Z,, or D, and give an upper bound
for m. There exists an element ¢ such that p(o) =¢’ is of order m. Let
H = (o) be the cyclic subgroup of G generated by . We see that o = [0X,
pY,Z], where o and f§ are roots of unity such that o/f is a primitive m-th root of
unity. Then the fixed points of ¢ on L are Py =(1:0:0) and P, =(0:1:0).
If G' ~ Z,, then G is generated by # and &, which implies that G fixes two points
Py and P,.

Additionally, when G’ ~ D,,,, we may assume that there exists an element ¢
such that ¢’ and 7’ = p(7) generate G’ with ¢/ = [Y, X]. Then G is generated by
7, o and 7.

Let F be a defining homogeneous polynomial of C and ¢ the intersection
multiplicity ip, (C,L) of C and L at P, (k=1,2). Note that e; = ¢, if G' is a
dihedral group.

For the triviality of N, we have the following:

Cram 2. Ife;>2 or ey =2, then N is trivial.

Proof. Without loss of generality, we may assume that e; > 2. Then, since
C is smooth at P; = (1:0:0), its defining polynomial F contains a term of the
form ¢X?"'Z (¢ #0). Then F is written as

F=X2Y"F(X,Y)+cX"'Z 4 (other terms),

where F] is a homogeneous polynomial of X, Y such that neither X nor Y is its
factor. Therefore

WF=X2Y"F(X,Y)+{cX"'Z + (other terms),
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which implies that { = 1, since #*F is equal to F up to a constant. That is to
say, N is trivial. O

Next we distinguish two subcases:

(A-1) CN L contains a point distinct from P; and P;.
(A-2) CNL C{Py, P}

We give a simple remark on these assumptions.

Remark 4.1. 1If G' ~Z,,, we may assume that the former one is the case.
Indeed, suppose that CNL C {P;, P,}. Then G fixes each of P; and P, and
at least one of them are lying on C, that is to say, G fixes a point on C.
Hence (a-i) in Theorem 2.3 follows from the argument in the beginning of this
case.

SuBcasE (A-1): CN L contains a point Q distinct from P; and P;.
We show the following claim:

CLAaM 3. The order m of o' divides d — ey — e;.  Furthermore, if m = d then
(C,G) is a descendant of Fermat curve F,.

Proof.  Suppose that ¢/ fixes Q for some j. Then it fixes three points on
L, namely, Q, P; and P,. Hence it fixes L pointwise, that is to say, o/ € N.
In other words, (¢’)’ =1, which shows that m|j. On the other hand, it is
obvious that ¢ fixes Q. It follows that the order of the orbit of Q by H
is equal to |H/{c™)| =m. Therefore we conclude that m|d —e; — e, using
Bézout’s theorem.

Assume that m =d. Then e; = e, =0, which implies that neither P; nor
P, lies on C. 1t follows that C is defined by a polynomial whose core is
X9+ Y9+ Z% in a suitable coordinate system. Recall that G is generated by 7
and o (resp. #, ¢ and 7) when G' ~ Z,, (resp. G’ ~ D,,,). Hence every element
of G fixes the polynomial X + Y¢ + Z¢ up to a constant, in other words, G is a
subgroup of Aut(Fy;). Thus (C,G) is a descendant of Fermat curve F;. [J

We obtain the assertion of Theorem 2.3 by using Claim 1, Claim 2 and
Claim 3 as follows.

First N is a cyclic group whose order is a factor of d by Claim 1.
Furthermore, when G’ ~Z,, the inequality m <d —1 holds or (C,G) is a
descendant of Fermat curve F; by Claim 3. Hence (a-ii) or (b-i) in Theorem
2.3 holds. On the other hand, when G’ ~ D,,,, note that e¢; = e¢,. Therefore
combining Claim 2 with Claim 3 we come to the following conclusion.

(1) m|d—2 if ] 28221.

(i) m<d—4 and N is trivial if e; = ey > 2.

(iii) (C,G) is a descendant of Fermat curve F; if ej = ey = 0.

That is to say, (a-ii) or (b-i) in Theorem 2.3 follows in this case also. Thus we
complete the proof in this subcase.
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SuBcast (A-2): CNLC{P, P}, or equivalently, e + e =d.

As we noted in Remark 4.1, we may assume that G’ ~ D,,,. Furthermore,
it follows from our assumption that e; = e, = d/2 > 2, which implies that N is
trivial by virtue of Claim 2.

It remains to prove that m <d — 1. In fact we can show the following
claim.

CLamm 4. m|d —1.

Proof. Since C passes through Py =(1:0:0) and P, =(0:1:0) and C is
smooth, F, the defining polynomial of C, contains two terms of the form ¢cX 17
and ¢'Y?'Z (¢,¢’ #0). We then have the following equalities:

F=cX"'Z 4+ 'Y Z + (other terms),
o'F =o' leX ' Z 4 g1 Y971 Z + (other terms).

Since ¢ preserves F up to a constant, we obtain the equality «?' = %!, 1In
other words, (¢/)*"' =1, which implies that m|d — 1. O

Thus the assertion (a-ii) in Theorem 2.3 holds in this subcase, which com-
pletes our proof in Case (A).

5. Automorphism groups of smooth plane curves: Case (B)

In this section we show the statement (b-i) or (b-ii) in Theorem 2.3 holds in
Case (B).

Case (B): G fixes a triangle A and there exists neither a line nor a point
fixed by G.

We may assume that A consists of three lines L;: X =0, L,: Y =0 and
Ly;:Z=0. Let V be the set of vertices of A, i.e., V ={Py, Py, P3}. Then
G acts on V transitively because otherwise G fixes a line or a point, which
conflicts with our assumption. It follows that either C and V' are disjoint or C
contains V.

Let F be a defining homogeneous polynomial of C. We note a trivial but
useful observation:

OBSERVATION. Each element of G gives a permutation of the set {X,Y,Z}
of the coordinate functions up to constants.

If C contains V', we denote by 7; the tangent line to C at P, (i=1,2,3).
Note that these lines are distinct and not concurrent by our assumption. Fur-
thermore, G fixes the set {7, T, T3} and acts on it transitively. Thus Case (B)
is divided into three subcases:
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(B-1) C and V are disjoint.
(B-2) C contains V and each of T;’s (i =1,2,3) is an edge of A.
(B-3) C contains ¥ and none of 7T;’s (i =1,2,3) is an edge of A.

SuBcasg (B-1): C and V are disjoint.

We show that (C,G) is a descendant of Fermat curve F;: X9 + Y9+ 74 =
0 in this subcase. By our assumption the defining polynomial F of C is of the
form

F=aX?+bY?+cZ9+ (low terms) (a,b,c #0).

Furthermore, we may assume that a =b=c =1 after a suitable coordinate
change if necessary. Then the core of F is X9 + Y9+ Z9 which is fixed by
each element of G up to a constant from the above observation. It follows that
G also acts on Fermat curve Fy, in other words, G is a subgroup of Aut(Fy).
Thus we conclude that (C,G) is a descendant of Fj.

SuBcaseE (B-2): C contains V' and each 7; (i=1,2,3) is an edge of A.

We show that (C, G) is a descendant of Klein curve Ky : XY~ 4 yZ9-1 4
ZX% 1 =0 in this subcase. Without loss of generality we may assume that
T)=1Ls, To=L, and T35 = L,. Then the defining polynomial F of C is of the
form

F=aXY" ' 4 pyZ? ' 4 cZX" " + (low terms) (a,b,c #0).

Again we may assume that a = b =c¢ =1 after a suitable coordinate change if
necessary. Then the core of F is XY9~! + YZ4~! + ZX 91 which is fixed by
each element of G up to a constant from the above observation. Hence G also
acts on Klein curve Ky, that is to say, G is a subgroup of Aut(K,). Thus (C,G)
is a descendant of Kj.

SuBcasg (B-3): C contains V' and no 7; (i=1,2,3) is an edge of A.

We show that this subcase does not actually occur.

Let V' ={P{,P;, Py} be the set of the intersection points of 77, 7> and
T3, where P] is the intersection point of 7; and Tj with {i,j k} ={1,2,3}.
They are pairwise distinct because otherwise 77, 7> and 73 are concurrent
and the intersection point of them is fixed by G, which conflicts with our
assumption. Thus T}, T, and T constitute a triangle A’, which is fixed by G
and V' is the set of its vertices. Furthermore, V' and V' are disjoint by our
assumption.

Any element ¢ € G can be written in the form ¢ = [0.X;, X, yX)]| with some
constants o, f and p, where {i,j, k} ={1,2,3}, X1 =X, X, =Y and X3 =Z.
Hence we have the natural homomorphism p : G — S5 defined by

o-(137)
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Then Im p is isomorphic to Zs3 or S, since there exists neither a line nor a point
fixed by G.

We show that Ker p is trivial. Let ¢ be any element of Ker p. Then it can
be written in the form [¢X,fY,Z] (o, #0). Hence it fixes ¥ pointwise, which
implies that it fixes each 7; (i =1,2,3). In particular it fixes V'’ also pointwise.
Then it follows from Lemma 3.7 that o is the identity. Thus Ker p is trivial, or
equivalently, G ~Im p ~Z;3 or S;.

If G is isomorphic to Z3, then G fixes a line, which contradicts our assump-
tion. Thus G is isomorphic to S;. Hence we may assume that G is generated
by #=[Y,Z,X] and another element 7 of order two with wr =#"" after a
suitable coordinate change if necessary. We may further assume that 7 fixes
L;:Z =0 and exchanges L, : X =0 and L, : Y =0, since 7 fixes A = {XYZ =
0}. Then 7= [wY,w 'X,Z] for some w € C* and the relation w7t = 1~! shows
that w® = 1. Hence both 7 and 7 fixes the same point (1 : w?: ). Therefore G
also fixes this point, which conflicts with our assumption again. It follows that
this subcase is excluded.

Thus we complete the proof of Theorem 2.3 thoroughly.

6. Smooth plane curves with automorphism groups of large order

In this section we shall prove Theorem 2.5 and Theorem 2.7. First we
consider primitive groups acting on smooth plane curves.

PROPOSITION 6.1. Let C be a smooth plane curve of degree d > 4, G a finite
subgroup of Aut(C). If G is primitive, then |G| < 6d? except the following
cases:
(i) d =4 and C is projectively equivalent to Klein quartic XY* + YZ* + ZXx?

=0 and G ~ Aut(Ky) ~ PSL(2,7).

(i) d =6 and C is projectively equivalent to Wiman sextic W, which is
defined by

10X3Y? +9(X° + Y°)Z —45X°2Y?Z? — 135XYZ* +272° =0
and G ~ Aut(Ws) ~ As.

Proof. First note that Aut(C) is also primitive, which implies that |G| <
|Aut(C)| < 360 by Theorem 3.11. Hence |G| < 6d? if d > 8.

Assume that d <7. If d =5 or 7, then we have the inequality |G| < 6d?
except for (d,|G|) = (5,168),(5,216),(5,360) or (7,360) again by Theorem 3.11.
It is easy to check by Theorem 3.1 that these four exceptional cases do not occur.

Assume that d = 6. If |G| < 360, then |G| <216 = 64> by Theorem 3.11.
Suppose that |G| = 360 and C is not projectively equivalent to Wiman sextic Ws.
Since G is conjugate to A, we may assume that G acts on both C and Wg. It
follows from Bézout’s theorem that C N Wy is a non-empty subset of C with
|C N We| <62 =36, which is fixed by G. Applying Oikawa’s inequality we
come to the conclusion that 360 = |G| < 12-9 4 6-36 = 324, a contradiction.
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When d =4, we have the inequality |G| < 168 by Hurwitz’s theorem. If
|G| < 168, then |G| < 72 < 6d* by Theorem 3.11. Suppose that |G| = 168 and C
is not projectively equivalent to Klein quartic K4. Then the same argument as
above leads a contradiction as follows. Since G is conjugate to the Klein group
PSL(2,7), we may assume that G acts on both C and K4. In particular C N Ky
is fixed by G. This is a non-empty subset of C with |C N Ws| < 6% = 36, by
Bézout’s theorem. It follows from Oikawa’s inequality that 168 = |G| < 12-2 +
6-16 =120, a contradiction. O

We show Theorem 2.5 by using Theorem 3.11 and Oikawa’s inequality.

Proof of Theorem 2.5. We may assume that Aut(C) is not primitive by
virtue of Proposition 6.1. Then it follows from Theorem 3.11 that Aut(C) fixes
a line or a triangle. First suppose that Aut(C) fixes a line L. Then S:=CNL
is a non-empty set of order at most d, which is also fixed by Aut(C). Applying
Theorem 3.2 (1) we obtain the inequality

|Aut(C)| < 12(g — 1) + 6|S| < 6d(d — 3) + 6d = 6d(d — 2) < 6d>.

Next suppose that Aut(C) fixes a triangle A. Then CNA is a non-empty set of
order at most 3d, which is also fixed by Aut(C). Thus we have the inequality
|Aut(C)| < 6d* by the same argument as above.

Finally assume that |Aut(C)| = 642. From Proposition 6.1 and the above
argument Aut(C) fixes a triangle and does not fix a line. Then C is a de-
scendant of Fermat curve F,; by virtue of Theorem 2.3. Comparing the order of
two groups we know that G = Aut(F;). Let X'Y/Z* (i+ j+k =d) be a term
of F without its coefficient. Note that [(X,Y,Z] and [X,(Y,Z] ({ is a primi-
tive d-th root of unity), which are elements of G, preserve F. Hence they also
preserve the monomial X'Y/Z*. Then (' = ¢/ = 1, which implies that (i, j, k) =
(d,0,0),(0,d,0) or (0,0,d). It follows that F = X+ Y44 7z O

In the rest of this section we show Theorem 2.7. Before starting our proof,
we determine the full automorphism groups of curves in three exceptional cases
(iii), (iv) and (v) in the theorem. First we show the following.

PROPOSITION 6.2.  Assume that d > 4 and C is the smooth plane curve defined
by the equation Z¢ + XY (X972 + Y92) = 0.

(i) If d #4,6, then Aut(C) is a central extension of Dyy_z by Z, In
particular |Aut(C)| = 2d(d — 2).

(i) If d=6, Aut(C) is a central extension of Sy by Ze¢. In particular
|Aut(C)| = 144.

(iii) If d =4, then C is isomorphic to Fermat quartic Fs. In particular
Aut(C) ~ 72 % S3 (JAut(C)| = 96).

Proof. First assume that d > 5 and d # 6. Note that G = Aut(C) contains
three elements o = [éX,«f*(d*UY, Z), t=1Y,X,Z] and n = [X,Y,(Z], where &
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(resp. {) is a primitive d(d — 2)-nd (resp. d-th) root of unity. Then H = {(g,1,%)
is a subgroup of PBD(2,1). This is a central extension of H' = {(¢’,7') ~
Dy(y4—2) by () ~Z,, where ¢’ (resp. t') is the image of & (resp. 7) by the natural
homomorphism p : PBD(2,1) — PGL(2,C).

Next we note that C has an outer Galois point P = (0:0:1). Since o is of
order d(d —2) > 2d for d > 4, it follows from Lemma 3.4 that C is not isomor-
phic to Fermat curve F;. Hence P is the unique outer Galois point for C (see
[18, Theorem 4’, Proposition 5’]). In particular G fixes P. Then it follows from
Remark 2.4 that G also fixes a line not passing through P, which is L3 :Z =0
since it is the only line fixed by H. Thus G C PBD(2,1), from which we have
the short exact sequence

1> N=Kerp— G5 G =Imp— 1.

By virtue of Theorem 2.3, the kernel N coincides with <{n» ~ Z;. On the other
hand, G’ is a finite subgroup of PGL(2,C) containing H' ~ Dy,_. Hence
G’ = H' or G’ isomorphic to A4, S4 or As again by Theorem 2.3. We show that
G’ = H' by excluding the latter case.

Suppose that G’ isomorphic to 44, S4 or As. Since G fixes the line L : Z =
0, the set S=CNL is a non-empty subset of C with |S| <d. It follows from
Oikawa’s inequality that

G| < 12(g— 1)+ 6-d = 6d(d — 2), (%)

where g = (d — 1)(d —2)/2 is the genus of C.

The order of an element of G’ is at most four (resp. five) if G’ ~ A4 or Sy
(resp. G’ ~ As). On the other hand, ord ¢’ =d — 2. It follows that d = 5 (resp.
d<T7) if G' ~ Ayq or Sy (resp. G’ ~ As).

If G' ~ A5, then 60d = |G| < 6d(d — 2) from (*), which implies that d > 12,
a contradiction.

If d=5 and G' ~ Sy, then 24-5=|G| <6-5-3 from (x) again, which is
absurd.

If d=5 and G’ ~ A4, then H' ~ Dy is isomorphic to a subgroup of A4 of
index two, which is impossible since A4 has no such subgroup. Thus we exclude
this case.

Next assume that d = 6. We prove that G = Aut(C) is a central extension
of S4 by Z¢. It suffices to show that G’ ~ S4. Since G’ contains H', a sub-
group of order eight, G’ cannot be 44. Then we only have to find an element
of G’ of order three for verifying that G’ ~ S;. Converting slightly the defining
polynomial of C, we may assume that C is defined by Z® — XY (X* — Y*%) = 0.
Then it is easy to verify that G’ has an element of order three. Indeed, a 3 x 3
matrix
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gives an automorphism ¢ of C for a suitable constant ¢. Then &' = p(¢) is of
order three.

Finally assume that d =4. Set F=Z*4+ XY(X?+ Y?). Substituting
X +V—=1Y (resp. X —+v/—1Y) for X (resp. Y), F is converted to

F=Z'4+(X+V=1Y)(X = V1Y) (X + V=1Y)* + (X = V=1Y)?)
=Z' 4+ (X*+ YY) 2X*-Y?
=Z* 42X — ¥4,
Then it is clear that the curve defined by F is isomorphic to Fermat quartic Fj.
]
Next we consider the curves
F): X34 Y3 4 23 —3)X"Y"Z™ =0
(d=3m,2#0,2>#1) and
Fd” . XZm + Y2m _|_22m + )»(Xm " + ymzm + Zme) =0
(d=2m, 2 #0,—1,42).
The following propositions shows that F, and F] are descendants of F,.
ProOPOSITION 6.3.  For a positive integer d =3m >9, the curve Fj is a
descendant of Fermat curve Fy and Aut(F)) is generated by five transformations

Cx,Y,27], [X,0°Y,2Z), (X, ('Y, 2], [Y,Z,X] and [Y,X,Z], where { is a
primitive d-th root of unity. In particular |Aut(F))| = 2d*

Proof. Let H be a subgroup of G = Aut(F)) generated by five transforma-
tions [°X, Y, Z|, [X,0’Y,Z], [¢X,.7'Y,Z], [Y,Z,X] and [X,Z,Y]. Note that
H also acts on Fermat curve Fy. It is easy to check that |H| = 3m?- 6 = 2d?,
which divides the order of G. In particular G is not isomorphic to any group in
Theorem 2.3 (c) since d >9. On the other hand, |G| is a proper factor of 6d>
from Theorem 2.5. Thus |G| = 2d>, which implies that G = H. Hence C is a
descendant of Fermat curve Fj. O

PROPOSITION 6.4.  For a positive even integer d =2m > 8, the curve F) is a
descendant of Fermat curve Fy and Aut(F)) is generated by four transformations
[CZX, Y, Z], [X,C2 Y,Z), Y, Z,X] and |Y, X, Z), where { is a primitive d-th root of
unity. It is isomorphic to a semidirect product of S3 acting on Z,i, in other words,
there exists a split short exact sequence of groups

1 — Z2 — Aut(F)) — S; — 1.

In particular |Aut(F})| = 6m? = (3/2)d>.
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Proof. Let H be a subgroup of G = Aut(F)) generated by four transfor-
mations [CZX, Y,Z], [X,CZY,Z], [Y,Z,X] and [Y,X,Z]. This is a semidirect
product of S acting on Z2. In particular |G| is divided by |H| = 6m>. Then it
is easy to verify that G is not isomorphic to any group in Theorem 2.3 (c), since
m >4 and H is not isomorphic to the Hessian group Hjs. Furthermore, since
H fixes no point, neither does G. Thus we conclude that F; is a descendant of
Fermat curve F; or Klein curve K; by using Theorem 2.3. Since G has an even
order, the latter is not the case. Hence Fj is a descendant of Fermat curve F,.

Suppose that G contains an element of Aut(F,;) outside H. Then it can be
converted by H to the transformation [(X, Y, Z]. This transformation, however,
does not act on C, which shows that G = H. O

Next we classify descendants of Fermat curve with automorphism groups of
large order. Let d be an integer at least four, { a primitive d-th root of unity.
In what follows we denote the projective transformations [(X, Y, Z], [X,(Y,Z]
and [X,Y,{Z] by #n,, n, and 55, respectively.

LemMmA 6.5. Let C be a descendant of Fermat curve F; (d >4) and G =
Aut(C). Then there exists a commutative diagram

1l —— ZyxZ, —— Aut(Fy) s (exact)

| .

1 H G G’ 1 (exact),

where H = Ker(p|;) and G' =Im(p|).
(1) If G contains two of three n,’s then it contains the other and C is pro-
Jectively equivalent to F.
(2) If G' is of order at least three and G contains an n, for some t (1 <t < 3),
then G contains all n,’s and C is projectively equivalent to Fy.

Proof. (1) It is clear that G contains all #,’s, since #,77; = ;' for {i, j,k} =
{1,2,3}. Take a defining polynomial of C whose core is X9 + Y+ Z9. Let
X'Y/Z* (i+j+k=d) be any term of the polynomial without its coefficient.
Since it is invariant for the action of each 7,, we have the equality ' ={/ =
¢k =1, or equivalently (i, j, k) = (d,0,0), (0,d,0) or (0,0,d), which implies the
assertion.

(2) Assume that |G'| > 3 and G contains an 7, for some ¢ (1 <1 <3). We
may assume that ¢ = 1 without loss of generality. Noting that G’ ~ Z3 or S3
since G’ is a subgroup of S;, we may further assume that G contains an element
of order three represented by a projective transformation [(“7Y, tzx ], where a
and b are integers with 0 < a,b < d. Then G contains [¥,(’Z, X] since #, € G,
which implies that (7;')°[Y,(°Z, X)*(y;")? = [Z,X, Y] e G. Thus G contains
n, and [Z, X, Y], which implies that it also contains #,. In particular C is pro-
jectively equivalent to F,; from (1). O
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By using the above lemma we obtain a characterization of two descendants
F) and F] of Fermat curve.

LemMA 6.6. For d > 8, two curves F) and Fj are the only descendants of
Fermat curve F; whose group of automorphisms has order greater than d* up to
projective equivalence, except Fy itself.

Proof. Let C be a descendant of F; such that C is not isomorphic to Fy
and G = Aut(C) has order greater than d>. Then G is a proper subgroup of
Aut(F,;) from Theorem 2.5, which implies that |G| = 3d?,2d?,(3/2)d> or (6/5)d>.
Recall the commutative diagram in Lemma 6.5:

1 —— ZyxZy —— Aut(F)) —— S5 —— 1 (exact)

|

1 H G G’ 1 (exact),

where H = Ker(p|;) and G’ =Im(p|s).

First we show that G’ coincides with S3. Indeed, if G’ is a proper subgroup
of S3, then G’ ~Z, or Zs.

If G' ~ Z, then H = Z,; x Z, since |G| > d?, which implies that C is projec-
tively equivalent to F; from Lemma 6.5 (1), a contradiction.

If G' ~7Z; then H=7Z,4 x Z, or H is a subgroup of Z; x Z, of index two.
In the former case C is projectively equivalent to F,; again from Lemma 6.5 (1),
a contradiction. In the latter case o> e H for any ¢ € Zy x Z4, which implies
that H contains a subgroup {#?,72), which is of order (d/2)* = d*/4. There-
fore there exists an extra element of H, which is written as {55, where a or b
is odd. Then H also contains #;, 7, or 17, = 57!, or equivalently, H contains
at least one #,, which implies a contradiction from Lemma 6.5 (2). Thus G’
coincides Ss.

Next we consider the group H, which is a subgroup of Z; x Z; of index less
than six. Let F be a defining homogeneous polynomial of C. We may assume
that F is written as

F=X"4+Y%4+ 274 (low terms).

Let X'Y/ZF (i+j+k=d,0<i,jk<d) be any low term of F without its
coefficient.

Consider two projections wj : Z((ll) X fo) — Zfll) (nin3 — i) and w; : ZEIU X
20— 7 (gent — pb) and their restriction @ |, : H — Z" and w,|, : H —
Z!Y. There are two cases:

d
(i) wi|y or waly is surjective.
(i) Neither w;|, nor wsy|, is surjective.

Cast (i) We may assume that o[y is surjective. In this case H contains
an element [(X,(°Y,Z] (0 <e<d). It fixes the polynomial X'Y/Z* which
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implies that i+¢/ =0 (modd). Since G’ ~ S;, we also see that j+ ek =
k+ei=j+ei=0 (modd). It follows from these congruences that i=j=k
(mod d), which implies that i= j=k =d/3. Therefore F =X+ Y¥ 4
Z¥ 4 cXmYmzZ"  where d =3m and ¢ #0. Furthermore, we can write
¢ = —3), where /. is a non-zero number with 4> # 1 because C is non-singular.
Thus we see that C = F in this case.

Casg (ii) Neither w;|,; nor ws|, is surjective. Note that |Ker(w|,)| <
d/2 (i =1,2) since H does not contain #; or 77,. Then we see that |Ker(w|)|
= |Im(w|4)| = |Ker(wz|y)| = |Im(wa|,)| = d/2 because H is a subgroup of
Z, x Z; of index less than six. In particular d is an even integer, say d = 2m
and |H|=m? We also see that Ker(w|,) is a subgroup of Z; = {5,> of
index two, that is to say, Ker(cw;|y) = {#3>. Thus H contains #3. In the same
way we can show that H also contains »?. Then H contains the subgroup
<n}, 3>, which implies that H = {},n3) since both of them have the same
order m?.

Both #? and 73 fixes the monomial X'Y/Z*. Tt follows that 2i =2j=0
(mod d), which implies that (i, j, k) = (m,m,0), (m,0,m) or (0,m,m). Then it is
easy to show that F can be written as X" + Y2" 4 Z2" 4 J(X™Y™ 4 Y™Z™ +
Z"X™) (AL#0). Note that A # —1,+2 since C is non-singular. We thus con-
clude that C = FJ in this case. I

We also need to show the uniqueness of smooth plane curve of degree d
whose full automorphism group is of order 3(d”? — 3d + 3).

PropPoOSITION 6.7. Let C be a smooth plane curve of degree d =5, G a
subgroup of Aut(C). Assume that |G| = 3(d* —3d +3). Then C is projectively
equivalent to Klein curve K; and G = Aut(Ky).

Proof. Note that |G| =3(d? —3d + 3) is an odd integer greater than d>.
Hence (b-ii) in Theorem 2.3 only can occur. Thus (C,G) is a descendant of
Klein curve K;. Then C is defined by a homogeneous polynomial whose core
is XY ! 4 yZ9!' 4 ZX9" in a suitable coordinate system. Furthermore G =
Aut(Ky), since |G| = 3(d* —3d + 3) = |Aut(K,)|. Then G contains an element
=[x Y, Z] (¢ is a primitive (d> —3d + 3)-rd root of unity) from
Proposition 3.5.

Suppose that F contains a low term cX'Y/Z* (¢ #0,i+ j+k=d). We
then have following equalities:

F=XY" '3 yz ' 4 zx?' 4 cX'Y/Z* + (other low terms),
o F = XY 4 Yz 4 zx ) 4 gD x Ty I ZF 4 (other low terms).
d-2)i+j

Since they are equal up to a constant we see that & = ¢, which implies
that €2+l = 1 The indices i, j and k are at most d — 2 since the term
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cX'YIZ* is low. Hence —d+3<(d—2)i—j+1<(d-2)(d-1)+1=d*-
3d + 3, which shows that (d —2)i—j+1=0, ie., j=(d—2)i+ 1. Then we
see that i =0, j =1 and k = d — 1, which conflicts with our assumption that the
term ¢X'Y/Z* is low. Thus we conclude that F = XY ! 4+ yZ4-! + Zx -1,

O

Now we are ready to give a proof of Theorem 2.7.

Proof of Theorem 2.7. Let C be a smooth plane curve of degree d > 60, F
a defining homogeneous polynomial of C. Assume that a subgroup G of Aut(C)
is of order greater than d’.
Since d > 60, we have the inequalities |G| > 60d and |G| > 360. Then there
are only three possibilities from Theorem 2.3:
(i) G fixes a point P not lying on C and G is isomorphic to a central
extension of Dyy_z) by Zj.
(i) (C,G) is a descendant of Fermat curve F;: X9+ Y? 4 74 =0.
(iii) (C,G) is a descendant of Klein curve K, : XY ! + Yz + zxd-!
=0.

Case (i) In this case G also fixes a line L not containing P. We may
assume that P=(0:0:1) and L is defined by Z=0. Then G contains =
[X,Y,(Z] and 0 = [X,0Y,w'Z], where {, @ and o’ are certain roots of unity
and the order of { (resp. w) is d (resp. d —2). Since 5 preserves F up to a
constant, F is written as F = Z¢ + F(X,Y), where F(X,Y) is a homogeneous
polynomial of X and Y without multiple factors. Furthermore, C intersects
L transversally at Py = (1:0:0) and P, = (0:1:0) respectively, by virtue of
Claim 2 in Section 4. Hence F(X, Y) has a factor of the form X —cY (¢ #0).
Since ¢ preserves F(X,Y) up to a constant, we conclude that F(X,Y) =
IXYT 3 (X — wkeY) = AXY (X972 — ¢?2Y92) (LeC*). Thus it is clear that
C is projectively equivalent to the curve defined by Z9¢ 4+ XY (X924 Y92)
=0.

Cask (ii) From Lemma 6.6 we know that C is projectively equivalent to
Fy, Fj or F} in this case.

Cask (iii) In this case G is a subgroup of Aut(K,). Since Aut(K,) has an
odd order 3(d* — 3d +3), we know that G = Aut(K,) by our assumption that
|G| > d?. Tt follows from Proposition 6.7 that C is projectively equivalent to
Klein curve K. O
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