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RELATIONSHIPS AMONG NON-FLAT TOTALLY GEODESIC

SURFACES IN SYMMETRIC SPACES OF TYPE A AND

THEIR POLYNOMIAL REPRESENTATIONS

Hideya Hashimoto, Misa Ohashi and Kazuhiro Suzuki

Abstract

We give computational systems of polynomial representations of the composition

maps of non-flat totally geodesic surfaces of the symmetric spaces of type A which are

obtained by K. Mashimo, and the Cartan imbeddings of symmetric spaces of type A

to SUðnÞ: We obtain the relationships among the non-flat totally geodesic surfaces in

symmetric spaces of types AI, AII and AIII by this methods.

1. Introduction

In [6], K. Mashimo classified non-flat totally geodesic surfaces in sym-
metric spaces of classical type. Since the induced metric on the symmetric
space by Cartan imbedding coincides with the normal metric (which comes
from Killing form on the symmetric space) up to positive constant, the com-
position map of Mashimo’s totally geodesic immersion and the Cartan im-
bedding is a totally geodesic immersion of two dimensional sphere S2 to
SUðnÞ.

We will show that this totally geodesic immersion is a some restriction of the
irreducible representation of the 3-dimensional simple Lie group SUð2Þ to SUðnÞ.
By using this, we give methods of the computation of this composition map
by taking account of polynomials very quickly (Theorems 5.1–5.3). From these
explicit representations of totally geodesic immersions of S2 of symmetric spaces
of type A, we obtain the relationships among non-flat totally geodesic immersions
of 3-types. Also we can compute the Gauss curvature of the totally geodesic
surface which is corresponding to the irreducible representation of SUð2Þ to
SUðnÞ, in the unified way.
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2. Irreducible representation of SUð2Þ

We give the complex irreducible representations of special unitary group
SUð2Þ. Let VðdÞ be the complex vector space of homogeneous polynomials
Pðz;wÞ of degree d in two variables ðz;wÞ of C2. That is

VðdÞ ¼ spanCfzkwd�k j k A f0; . . . ; dgg:

The Hermitian inner product h ; i on VðdÞ is given by

h f1; f2i ¼
Xd
k¼0

k!ðd � kÞ!akbk;ð2:1Þ

for f1ðz;wÞ ¼
Pd

k¼0 akz
kwd�k and f2ðz;wÞ ¼

Pd
k¼0 bkz

kwd�k A VðdÞ. We set

Pkðz;wÞ ¼
zkwd�kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k!ðd � kÞ!

p ;ð2:2Þ

for any k A f0; . . . ; dg. Then, ðP0 P1 � � � PdÞ is an orthonormal basis of
VðdÞ, with respect to (2.1).

Let rd : SUð2Þ ! EndfVðdÞg be the representation which is defined by

ðrdðgÞPÞðz;wÞ ¼ P tðg�1 z

w

� �
Þ

� �
¼ Pððz;wÞgÞ;ð2:3Þ

for any function P A VðdÞ, and g A SUð2Þ: Then the representation matrix
mdþ1ðgÞ of the representation rd with respect to the orthonormal basis is given
by

ðrdðgÞP0 rdðgÞP1 � � � rdðgÞPdÞ ¼ ðP0 P1 � � � PdÞmdþ1ðgÞ;

then mdþ1ðgÞ A SUðd þ 1Þ � Mðdþ1Þ�ðdþ1Þ. We put n ¼ d þ 1, then for any g ¼
a �b

b a

� �
A SUð2Þ and i; j A f1; . . . ; ng, the ði; jÞth entry of the matrix mnðgÞ is

given by

ðmnðgÞÞij ¼ hrn�1ðgÞPj�1;Pi�1ið2:4Þ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� iÞ!ði � 1Þ!
ðn� jÞ!ð j � 1Þ!

s X
ðs; tÞ

ð�1Þsðn�jCs � j�1CtÞaðn�j�sÞað j�1�tÞbsbt;

where s runs in the set f0; . . . ; n� jg and t runs in f0; . . . ; j � 1g with the relation
t ¼ j � i þ s:

3. Symmetric spaces of type A and Cartan imbeddings

In this section, we give the Cartan involutions of type A, and the decom-
position of the Lie algebra suðnÞ of SUðnÞ by these involutions. Let SUðnÞ be
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the special unitary group of degree n defined by

SUðnÞ ¼ fg A Mn�nðCÞ j hgu; gvi ¼ hu; vi for any u; v A Cn; detðgÞ ¼ 1g:

We denote by s the Cartan involution of SUðnÞ and K ¼ fg A SUðnÞ j sðgÞ ¼ gg
is the isotropy subgroup of s.

We write down the Cartan decomposition of the Lie algebra suðnÞ by
s. Since s is the Cartan involution, the di¤erential s�je at the identity ele-
ment e

s�je : suðnÞ ! suðnÞ

has two eigenvalues G1. Let p and k be the eigenvector space corresponding to
the eigenvalue �1 and þ1, respectively. Then the subspace p can be identified
with the tangent space TeKðSUðnÞ=KÞ at the origin eK A SUðnÞ=K : We recall
Cartan involutions of type A and the Cartan decomposition of suðnÞ by each
involution. To represent this, we put

J ¼ On�n �In

In On�n

� �
; Ip;q ¼

Ip Op�q

Oq�p �Iq

� �
:

Then, the Cartan involutions and decompositions are given by

Type Cartan involution k p

AI sI; nðgÞ ¼ g (outer) soðnÞ
ffiffiffiffiffiffiffi
�1

p
U

AII sII; 2nðgÞ ¼ JgJ�1 (outer) spðnÞ
Z1 Z2

Z2 �Z1

� �

AIII sIII; ð p; qÞðgÞ ¼ Ip; qgIp; q (inner) sðuðpÞl uðqÞÞ Op�p � tZ

Z Oq�q

 !

where U A Mn�nðRÞ satisfies tU ¼ U , tr U ¼ 0, Z1 A suðnÞ, Z2 A soðn;CÞ and Z A
Mq�pðCÞ. We give the definition of Cartan imbeddings as follows. For any
g A SUðnÞ, the map ~CCars : SUðnÞ ! SUðnÞ is defined by

~CCarsðgÞ ¼ gsðg�1Þ:

The map ~CCars induces the imbedding

Cars : SUðnÞ=K ! SUðnÞ;

which is called Cartan imbedding. The image of this imbedding is a totally
geodesic submanifold in SUðnÞ. The table of Cartan imbeddings of type A is
given by
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Type Source Target Cartan imbedding

AI SUðnÞ=SOðnÞ SUðnÞ Cars I; n
ðg � SOðnÞÞ ¼ g tg

AII SUð2nÞ=SpðnÞ SUð2nÞ Cars II; 2n
ðg � SpðnÞÞ ¼ gJ tgJ�1

AIII SUðpþ qÞ=SðUðpÞ �UðqÞÞ SUðpþ qÞ Cars III; ð p; qÞ ðg � SðUðpÞ �UðqÞÞÞ ¼ gIp; q
tgIp; q

4. Lie triple system and the totally geodesic surfaces

In [6], K. Mashimo classified non-flat totally geodesic surfaces in symmetric
spaces of classical type. In this section, we briefly recall his result. For any l A
fI; II; IIIg, we define the map Ml : R

2 ! SUðnÞ=Kl as

Mlðt; sÞ ¼ exp tX l
2 exp sX l

3Kl ;

where Kl is the isotropy group with respect to the symmetric space of type Al:
Here X l

2 ;X
l
3 A pl defined in the below. Then we obtain non-flat totally geodesic

immersions Ml (surfaces) in symmetric spaces of type Al.
For Type AI, we set the two tangent vectors X I

2 ;X
I
3 A pI as follows

X I
2 ¼

ffiffiffiffiffiffiffi
�1

p Xn
i¼1

ðnþ 1� 2iÞEi; i;ð4:1Þ

X I
3; e ¼ �

ffiffiffiffiffiffiffi
�1

p Xn�2

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðn� iÞ

p
Si; iþ1 þ e

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Sn�1;n

" #
;ð4:2Þ

for

e ¼ 1 if n1 1 ðmod 2Þ;
G1 if n1 0 ðmod 2Þ;

�

where Ei; j is the n� n matrix whose ði; jÞ-th entry is 1 and all of whose other
entries are 0, and Si; j ¼ Ei; j þ Ej; i is the symmetric matrix. We put the subspace
m ¼ spanRfX I

2 ;X
I
3 g in pI: In fact, ½X I

2 ;X
I
3; e� A k ¼ soðnÞ, and the 2-dimensional

non-abelian subspace m in p is a Lie triple system. We obtain the relationship
between the two vectors X I

2 , X
I
3; e and the matrix of irreducible representation mn.

If we set the base of suð2Þ by

E1 ¼
0 �1

1 0

� �
; E2 ¼

ffiffiffiffiffiffiffi
�1

p
0

0 �
ffiffiffiffiffiffiffi
�1

p
� �

; E3 ¼
0

ffiffiffiffiffiffiffi
�1

pffiffiffiffiffiffiffi
�1

p
0

� �
;ð4:3Þ

then we can easily check that, for e ¼ þ1,

d

dt
mnðexpðtEiÞÞ

����
t¼0

¼ X I
i ;
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for any i A f1; 2g, and

d

dt
mnðexpðtE3ÞÞ

����
t¼0

¼ X I
3;þ1;

where X I
1 ¼ 1

2 ½X I
2 ;X

I
3 � A kI: For e ¼ �1, we set

AdðIn�1;1Þ
d

dt
mnðexpðtEiÞÞ

����
t¼0

� �
¼ X I

i ;

for any i A f1; 2g, and

AdðIn�1;1Þ
d

dt
mnðexpðtE3ÞÞ

����
t¼0

� �
¼ X I

3;�1:

In the same way, for type AII set the two tangent vectors X II
2 ;X

II
3 A pII

by

X II
2 ¼

Xn�1

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðn� iÞ

p
ðGi; iþ1 � Gnþi;nþiþ1Þ;ð4:4Þ

X II
3 ¼

ffiffiffiffiffiffiffi
�1

p Xn�1

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðn� iÞ

p
ðSi; iþ1 þ Snþi;nþiþ1Þ;ð4:5Þ

where Gi; j ¼ Ei; j � Ej; i is the skew-symmetric matrix. The 2-dimensional non-
abelian subspace m ¼ spanRfX II

2 ;X
II
3 g � pII is a Lie triple system.

Next, set the matrix Qn A OðnÞ as

Qn ¼

1

0 1

. ..

. .. 0

1

0
BBBBB@

1
CCCCCA A OðnÞ;ð4:6Þ

that is ðQnÞij ¼ dnþ1�i
j : We define the matrix of reducible representation mII;2nðgÞ

of SUð2Þ by

mII;2nðgÞ ¼ AdðIn lQnÞDmnðgÞð4:7Þ

¼ In On�n

On�n Qn

� �
mnðgÞ On�n

On�n mnðgÞ

� �
In On�n

On�n Qn

� ��1

:

By (4.3) and (4.6), we have
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d

dt
mII;2nðexpðtE1ÞÞ

����
t¼0

¼ X II
2 ;ð4:8Þ

d

dt
mII;2nðexpðtE3ÞÞ

����
t¼0

¼ �X II
3 ;ð4:9Þ

d

dt
mII;2nðexpðtE2ÞÞ

����
t¼0

¼ X II
1 ;ð4:10Þ

where X II
1 ¼ 1

2 ½X II
2 ;X

II
3 � A kII:

Lastly, for the symmetric space SUðpþ qÞ=SðUðpÞ �UðqÞÞ of Type AIII,
where p ¼ q or p ¼ qþ 1, set the two tangent vectors X III

2 ;X III
3 A pIII by

X III
2 ¼

Xq
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2i � 1Þðpþ qþ 1� 2iÞ

p
Gi;qþ1þið4:11Þ

þ
Xp�1

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2iðpþ q� 2iÞ

p
Gpþi; iþ1;

X III
3 ¼

ffiffiffiffiffiffiffi
�1

p
"Xq

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2i � 1Þðpþ qþ 1� 2iÞ

p
Spþi; ið4:12Þ

þ
Xp�1

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2iðpþ q� 2iÞ

p
Siþ1;pþi

#
:

Then the non-abelian 2-dimensional subspace m ¼ spanRfX III
2 ;X III

3 g � pIII is a Lie

triple system. We give the relationship between the basis X III
2 , X III

3 and the
matrix of irreducible representation mIII; ð p;qÞðgÞ. We set the matrix Q 0 A Oðpþ qÞ
by

ðQ 0Þij ¼
d2i�1
j ð1a ia pÞ;
d
2ði�pÞ
j ðpþ 1a ia pþ qÞ:

(
ð4:13Þ

Let mIII; ðp;qÞðgÞ be the matrix of irreducible representation of SUð2Þ defined by

mIII; ðp;qÞðgÞ ¼ AdðQ 0ÞmpþqðgÞ ¼ Q 0mpþqðgÞðQ 0Þ�1:ð4:14Þ
By (4.3), we have

d

dt
mIII;2nðexpðtE1ÞÞ

����
t¼0

¼ X III
2 ;ð4:15Þ

d

dt
mIII;2nðexpðtE3ÞÞ

����
t¼0

¼ �X III
3 ;ð4:16Þ

d

dt
mIII;2nðexpðtE2ÞÞ

����
t¼0

¼ X III
1 ;ð4:17Þ

where X III
1 ¼ 1

2 ½X III
2 ;X III

3 � A kIII:
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5. Composition of Cartan imbedding and mn

In this section, we give the new methods of construction of non-flat totally
geodesic surfaces in symmetric spaces of type A. Since the images of the Cartan
imbeddings of type A are totally geodesic submanifolds and the irreducible
representation are the totally geodesic immersions of S2 into symmetric spaces of
type A, the composition map of these two maps is the immersion of S2 to SUðnÞ.
In this case, we can show that the image of the composition map is a non-flat
totally geodesic surface (which is di¤eomorphic to S2 or RP2) in SUðnÞ. The
purpose of this paper is to give the system of computation of the representations
of these maps by polynomials. In order to show our result (Theorem 5.1), we
start by showing the following Lemma.

Lemma 5.1. Let mn : SUð2Þ ! SUðnÞ be the irreducible matrix representa-
tion of SUð2Þ and sI;n : SUðnÞ ! SUðnÞ be the Cartan involution of type AI.
Then

sI;n � mnðgÞ ¼ mn � sI;2ðgÞ;
for any g A SUð2Þ:

Proof. For any g ¼ a �b

b a

� �
A SUð2Þ, the ði; jÞth entry of the matrix

mnðgÞ is given by

ðsI;n � mnðgÞÞij ¼ ðmnðgÞÞij

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� iÞ!ði � 1Þ!
ðn� jÞ!ð j � 1Þ!

s X
ðs; tÞ

ð�1Þsðn�jCs � j�1CtÞaðn�j�sÞað j�1�tÞbsbt

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� iÞ!ði � 1Þ!
ðn� jÞ!ð j � 1Þ!

s X
ðs; tÞ

ð�1Þsðn�jCs � j�1CtÞaðn�j�sÞað j�1�tÞbsbt

¼ ðmnðgÞÞij ¼ ðmn � sI;2ðgÞÞij ;

for any i; j A f1; . . . ; ng. Hence we obtain the desired result. r

Theorem 5.1. Let ~CCarsI; n
: SUðnÞ ! SUðnÞ be the map defined by

~CCarsI; n
ðhÞ ¼ hsI;nðh�1Þ ¼ h th;

for any h A SUðnÞ. Then the composition map ~CCarsI; n
� mn : SUð2Þ ! SUðnÞ sat-

isfies

~CCarsI; n
� mnðgÞ ¼ mn � ~CCarsI; 2

ðgÞ

for any g A SUð2Þ where mn : SUð2Þ ! SUðnÞ is the irreducible matrix represen-
tation of SUð2Þ of SUðnÞ:
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Proof. We see that

~CCarsI; n
� mnðgÞ ¼ mnðgÞsI;nððmnðgÞÞ

�1Þ ¼ mnðgÞsI;nðmnðg�1ÞÞ:ð5:1Þ

By Lemma 5.1 and mn is a homomorphism, we get

mnðgÞsI;nðmnðg�1ÞÞ ¼ mnðgÞmnðsI;2ðg�1ÞÞ ¼ mnðgsI;2ðg�1ÞÞ ¼ mn � ~CCarsI; 2
ðgÞ:ð5:2Þ

By (5.1),(5.2), we obtain the desired result. r

Corollary 5.1. Let ~CCarsI; n
� mn be the map defined as above (in Theorem

5.1), then we can define the immersion jI : SUð2Þ=SOð2ÞðFS2Þ ! SUðnÞ as

jI � pIðgÞ :¼ ~CCarsI;n � mnðgÞ;

for any g ¼ a �b

b a

� �
A SUð2Þ where pI : SUð2Þ ! SUð2Þ=SOð2Þ in the natural

projection. By Theorem 5.1, the immersion is given by

jI � pIðgÞ ¼ jIðg � SOð2ÞÞ ¼ mn

a
ffiffiffiffiffiffiffi
�1

p
uffiffiffiffiffiffiffi

�1
p

u a

� �� �
;

where

a
ffiffiffiffiffiffiffi
�1

p
uffiffiffiffiffiffiffi

�1
p

u a

� �
¼ a2 þ b2 ab� ab

ab� ab a2 þ b2

� �
¼ ~CCarsI; 2

a �b

b a

� �� �
:

Here a ¼ a2 þ b2 A C and u ¼ �
ffiffiffiffiffiffiffi
�1

p
ðab� abÞ A R satisfy u2 þ aa ¼ 1:

Next, to prove Theorem 5.2, by (4.6) we prepare the following two
Lemmas.

Lemma 5.2. For any g A SUð2Þ, we have

AdðQnÞðmn � sI;2ðgÞÞ ¼ mn � sIII; ð1;1ÞðgÞ:

Proof. By (2.2), we have

rn�1ðQ2ÞðP0 � � � Pn�1Þ ¼ ðP0 � � � Pn�1ÞQn:ð5:3Þ

Therefore, we obtain

mnðQ2Þ ¼ Qn:ð5:4Þ

We can easily see that

AdðQ2ÞðsI;2ðgÞÞ ¼ sIII; ð1;1ÞðgÞ:ð5:5Þ

By (5.5), we get
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AdðQnÞðmnðsI;2ðgÞÞÞ ¼ AdðmnðQ2ÞÞðmnðsI;2ðgÞÞÞð5:6Þ
¼ mnðAdðQ2ÞðsI;2ðgÞÞÞ
¼ mnðsIII; ð1;1ÞðgÞÞ

By (5.6), we get the desired result. r

Lemma 5.3. Let mII;2n : SUð2Þ ! SUð2nÞ be the reducible matrix represen-
tation of SUð2Þ in (4.7) and sII;2n : SUð2nÞ ! SUð2nÞ be the Cartan involution of
type AII. Then

sII;2n � mII;2nðgÞ ¼ mII;2n � sIII; ð1;1ÞðgÞ;

for any g A SUð2Þ, where sIII; ð1;1Þ : SUð2Þ ! SUð2Þ is the Cartan involution of
type AIII.

Proof. By Lemma 5.2, we have

sII;2n � mII;2nðgÞ ¼ Ad
On�n �In

In On�n

� �� �
Ad

In On�n

On�n Qn

� �� �
mnðgÞ On�n

On�n mnðgÞ

� �

¼ Ad
In On�n

On�n Qn

� �� �
Ad

On�n �Qn

Q�1
n On�n

� �� �
mnðgÞ On�n

On�n mnðgÞ

� �

¼ Ad
In On�n

On�n Qn

� �� �
AdðQnÞmnðsI ;2ðgÞÞ On�n

On�n AdðQnÞmnðsI ;2ðgÞÞ

� �

¼ Ad
In On�n

On�n Qn

� �� �
mn � sIII; ð1;1ÞðgÞ On�n

On�n mn � sIII; ð1;1ÞðgÞ

� �
¼ mII;2n � sIII; ð1;1ÞðgÞ:

Hence we obtain the desired result. r

Theorem 5.2. Let ~CCarsII; 2n
: SUð2nÞ ! SUð2nÞ be the map given by

~CCarsII; 2n
ðgÞ ¼ gsII;2nðg�1Þ ¼ gJgJ�1:

Then the composition of two maps ~CCarsII; 2n
� mII;2n : SUð2Þ ! SUð2nÞ satisfies

~CCarsII; 2n
� mII;2nðgÞ ¼ mII;2n � ~CCarsIII; ð1; 1Þ ðgÞ;

for any g A SUð2Þ, where mII;2n : SUð2Þ ! SUð2nÞ be the reducible matrix rep-
resentation of SUð2Þ.

Proof. We see that

~CCarsII; 2n
� mII;2nðgÞ ¼ mII;2nðgÞsII;2nððmII;2nðgÞÞ

�1Þ ¼ mII;2nðgÞsII;2nðmII;2nðg�1ÞÞ:ð5:7Þ

By Lemma 5.3 and mII;2n is a homomorphism, we get
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mII;2nðgÞsII;2nðmII;2nðg�1ÞÞ ¼ mII;2nðgÞmII;2nðsIII; ð1;1Þðg�1ÞÞð5:8Þ

¼ mII;2nðgsIII; ð1;1Þðg�1ÞÞ

¼ mII;2n � ~CCarsIII; ð1; 1Þ ðgÞ:

By (5.7),(5.8), we obtain the desired result. r

Corollary 5.2. Let ~CCarsII; 2n
� mII;2n be the map defined as above (in Theorem

5.2), then we can define the immersion jII;2n : SUð2Þ=SðUð1Þ �Uð1ÞÞ ! SUð2nÞ
as

jII;2n � pIIIðgÞ :¼ ~CCarsII; 2n
� mII;2nðgÞ;

for any g ¼ a �b

b a

� �
A SUð2Þ where pIII : SUð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞ is

the natural projection. By Theorem 5.2, the immersion is given by

jII;2n � pIIIðgÞ ¼ jII;2nðg � SðUð1Þ �Uð1ÞÞÞ ¼ mII;2n
a �b

b a

� �� �
;

where

a �b

b a

� �
¼ jaj2 � jbj2 �2ab

2ab jaj2 � jbj2

 !
¼ ~CCarsIII; ð1; 1Þ

a �b

b a

� �� �
:

Here a ¼ jaj2 � jbj2 A R and b ¼ 2ab A C , satisfy a2 þ bb ¼ 1.

Lastly, to prove Theorem 5.3, we prepare the following Lemma.

Lemma 5.4. Let mIII; ðp;qÞ : SUð2Þ ! SUðpþ qÞ be the irreducible matrix rep-
resentation of SUð2Þ and sIII; ðp;qÞ : SUðpþ qÞ ! SUðpþ qÞ be the Cartan involu-
tion of type AIII, where p ¼ q or p ¼ qþ 1. Then

sIII; ðp;qÞ � mIII; ðp;qÞðgÞ ¼ mIII; ðp;qÞ � sIII; ð1;1ÞðgÞ;

for any g A SUð2Þ.

Proof. Let ðP 0
0 � � � P 0

pþq�1Þ be the basis of Vðpþ q� 1Þ defined by,

ðP 0
0 � � � P 0

pþq�1Þ ¼ ðP0 � � � Ppþq�1ÞðQ 0Þ�1ð5:9Þ

where Q 0 is defined in (4.13). Then we have

rð�I1;1ÞðP 0
0 � � � P 0

pþq�1Þ ¼ ðP 0
0 � � � P 0

pþq�1ÞðIp;qÞ:ð5:10Þ

By (5.9),(5.10), we get

AdðQ 0ÞmpþqðI1;1Þ ¼ Ip;q:ð5:11Þ
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Therefore, by (4.14) and (5.11),

sIII; ðp;qÞ � mIII; ðp;qÞðgÞ ¼ AdðIp;qÞ AdðQ 0ÞmpþqðgÞð5:12Þ

¼ AdðQ 0mpþqðI1;1ÞðQ 0Þ�1Þ AdðQ 0ÞmpþqðgÞ

¼ AdðQ 0Þ AdðmpþqðI1;1ÞÞmpþqðgÞ

¼ AdðQ 0ÞmpþqðAdðI1;1ÞðgÞÞ

¼ AdðQ 0ÞmpþqðsIII; ð1;1ÞðgÞÞ

¼ mIII; ðp;qÞ � sIII; ð1;1ÞðgÞ:

By (5.12), we obtain the desired result. r

Theorem 5.3. Let ~CCarsIII; ð p; qÞ : SUðpþ qÞ ! SUðpþ qÞ be the map given
by

~CCarsIII; ð p; qÞ ðhÞ ¼ hsIII; ðp;qÞðh�1Þ ¼ hIp;q
thIp;q;

for any h A SUðpþ qÞ. Then the composition map ~CCarsIII; ð p; qÞ � mIII; ðp;qÞ : SUð2Þ !
SUðpþ qÞ satisfies

~CCarsIII; ð p; qÞ � mIII; ðp;qÞðgÞ ¼ mIII; ðp;qÞ � ~CCarsIII; ð1; 1Þ ðgÞ;

for any g A SUð2Þ where mIII; ðp;qÞ : SUð2Þ ! SUðpþ qÞ be the matrix of irreduc-
ible representation of SUð2Þ.

Proof. We see that

~CCarsIII; ð p; qÞ � mIII; ðp;qÞðgÞ ¼ mIII; ðp;qÞðgÞsIII; ðp;qÞððmIII; ðp;qÞðgÞÞ
�1Þð5:13Þ

¼ mIII; ðp;qÞðgÞsIII; ðp;qÞðmIII; ðp;qÞðg�1ÞÞ:

By Lemma 5.4 and mIII; ðp;qÞ is a homomorphism, we get

mIII; ð p;qÞðgÞsIII; ðp;qÞðmIII; ðp;qÞðg�1ÞÞ ¼ mIII; ðp;qÞðgÞmIII; ðp;qÞðsIII; ð1;1Þðg�1ÞÞð5:14Þ

¼ mIII; ðp;qÞðgsIII; ð1;1Þðg�1ÞÞ

¼ mIII; ðp;qÞ � ~CCarsIII; ð1; 1Þ ðgÞ:

By (5.13),(5.14), we obtain the desired result. r

Corollary 5.3. Let ~CCarsIII; ð p; qÞ � mIII; ðp;qÞ be the map defined as above (in

Theorem 5.3), then we can define the immersion jIII : S
2 ¼ SUð2Þ=SðUð1Þ �Uð1ÞÞ

! SUðpþ qÞ as

jIII � pIIIðgÞ :¼ ~CCarsIII; ðp;qÞ � mIII; ðp;qÞðgÞ;
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for any g ¼ a �b

b a

� �
A SUð2Þ and pIII : SUð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞ is a

natural projection. By Theorem 5.3, the immersion is given by

jIII � pIIIðgÞ ¼ jIIIðg � SðUð1Þ �Uð1ÞÞÞ ¼ mIII; ðp;qÞ
a �b

b a

� �� �
;

where

a �b

b a

� �
¼ jaj2 � jbj2 �2ab

2ab jaj2 � jbj2

 !
¼ ~CCarsIII; ð1; 1Þ

a �b

b a

� �� �
:

Here a ¼ jaj2 � jbj2 A R and b ¼ 2ab A C , satisfy a2 þ bb ¼ 1.

By Corollaries 5.1 and 5.3, we obtain the topological structure of the image of
the totally geodesic surfaces.

Proposition 5.1. If n is odd, then the non-flat totally geodesic surface which
is corresponding to the irreducible representation of type AI or AIII in SUðnÞ is
di¤eomorphic to a 2-dimensional real projective planes. If n is even, the non-flat
totally geodesic surface of the same type in SUðnÞ is di¤eomorphic to a
2-dimensional sphere.

6. Isomorphism from the totally geodesic 2-sphere S2 in SUð2Þ to
the complex projective space P1ðCÞ

Let C : SUð2Þ ! SUð2Þ be the map defined by

CðgÞ ¼ AdðK0Þg :¼ K0gK
�1
0 ¼ 1

2

1 i

i 1

� �
g

1 �i

�i 1

� �

for g A SUð2Þ; and K0 ¼
1ffiffiffi
2

p 1 i

i 1

� �
(see [3]). Then the map C is an inner

automorphism of SUð2Þ, and satisfies

C g
cos y �sin y

sin y cos y

� �� �
¼ CðgÞ eiy 0

0 e�iy

� �
:ð6:1Þ

The map C induce the map

c : SUð2Þ=SOð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞðFP1ðCÞÞ:ð6:2Þ
Therefore we get the following diagram;

SUð2Þ SUð2Þ

pI

???y l

???ypIII

SUð2Þ=SOð2Þ ���!
c

SUð2Þ=SðUð1Þ �Uð1ÞÞ

������������!C
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that is, they satisfy

pIII �C ¼ c � pI:ð6:3Þ

By (6.1), we also obtain

C � ~CCarsI; 2
¼ ~CCarsIII; ð1; 1Þ �C:ð6:4Þ

6.1. Relationship between totally geodesic surfaces of type AI and
type AIII

By (6.3), we note that the map c : SUð2Þ=SOð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞ
is a di¤eomorphism and satisfies

cðpIðgÞÞ ¼ AdðK0ÞpIðgÞð¼ pIII �CðgÞÞ

for g A SUð2Þ. If n ¼ pþ q ( p ¼ q or p ¼ qþ 1), then we define the map
FIII : SUðnÞ ! SUðnÞ ¼ SUðpþ qÞ as

FIIIðhÞ ¼ AdðQ 0mnðK0ÞÞðhÞ:

for h A SUðnÞ: We note that the map FIII is a di¤eomorphism. Then we
have

Theorem 6.1. Let FIII : SUðnÞ ! SUðnÞ ¼ SUðpþ qÞ, for n ¼ pþ q ( p ¼ q
or p ¼ qþ 1), and c : SUð2Þ=SOð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞ be maps defined as
above, then

FIII � jI ¼ jIII � c:

Or equivalently,

jIII ¼ FIII � jI � c�1:

where two maps jI and jIII are defined in §5.

Proof. In fact, for any g A SUð2Þ, we have

FIII � jI � pIðgÞ ¼ FIII � mn � ~CCarsI; 2
ðgÞ

¼ ðQ 0mnðK0ÞÞmnð~CCarsI; 2
ðgÞÞðQ 0mnðK0ÞÞ�1

¼ Q 0mnðK0
~CCarsI; 2

ðgÞK�1
0 ÞQ 0�1

¼ mIII; ðp;qÞ �C � ~CCarsI; 2
ðgÞ

¼ mIII; ðp;qÞ � ~CCarsIII; ð1; 1Þ �CðgÞ

¼ jIII � pIII �CðgÞ
¼ jIII � c � pIðgÞ: r
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We note that if p ¼ qþ 1, therefore n ¼ 2qþ 1, then

FIIIðgÞ ¼ AdðQ 0mnðK0ÞÞðgÞ
for ðg A SUðnÞÞ:

6.2. Relationship between totally geodesic surfaces of type AI and
type AII

We define the map FII : SUðnÞ ! SUðnÞ � SUðnÞ ð� SUð2nÞÞ as

FIIðhÞ ¼ AdðmnðK0ÞlQnmnðK0ÞÞDh
¼ AdðmnðK0Þl mnðQ2K0ÞÞDh

for h A SUðnÞ: Then FII is a di¤eomorphism from SUðnÞ to its image of FII.
We have

Theorem 6.2. Let FII : SUðnÞ ! SUðnÞ � SUðnÞ ð� SUð2nÞÞ and
c : SUð2Þ=SOð2Þ ! SUð2Þ=SðUð1Þ �Uð1ÞÞ be maps defined as above, then

FII � jI ¼ jII � c:
Or eqivalently

jII ¼ FII � jI � c�1:

where two maps jI and jII are defined in §5.

Proof. In fact, for any g A SUð2Þ, we have

FII � jI � pIðgÞ ¼ FII � mn � ~CCarsI; 2
ðgÞ

¼ AdðIn lQnÞDðAdmnðK0Þmnð~CCarsI; 2
ðgÞÞÞ

¼ AdðIn lQnÞDmnðAdðK0Þð~CCarsI; 2
ðgÞÞÞ

¼ AdðIn lQnÞDðmn �C � ~CCarsI; 2
ðgÞÞ

¼ AdðIn lQnÞDðmn � ~CCarsIII; ð1; 1Þ �CðgÞÞ

¼ jII � pIII �CðgÞ
¼ jII � c � pIðgÞ: r

7. Gauss curvature of the non-flat totally geodesic surface in SUðnÞ=K

In order to define a bi-invariant Riemannian metric h ; i on SUðnÞ, we set
the metric on TeSUðnÞ as

hX ;Yie ¼ Reðtrð tXY ÞÞ;ð7:1Þ
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for any X ;Y A TeSUðnÞ: We extends this metric whole on SUðnÞ by the left-
translation of SUðnÞ. By (4.1),(4.2), we put

X I
2 ¼ d

dt
mnðexpðtE2ÞÞjt¼0 ¼

ffiffiffiffiffiffiffi
�1

p Xn
i¼1

ðnþ 1� 2iÞEi; i;

X I
3;þ1 ¼

d

ds
mnðexpðsE3ÞÞjs¼0 ¼ �

ffiffiffiffiffiffiffi
�1

p Xn�2

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðn� iÞ

p
Si; iþ1 þ

ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
Sn�1;n

" #
:

Then hX I
2 ;X

I
3i0 ¼ 0. Define the map j0

I : R
2 ! SUðnÞ by

j0
I ðt; sÞ ¼ expðtX I

2 Þ expð2sX I
3;þ1Þ expðtX I

2 Þ:

The map j0
I is the local parametrization of the immersion jI. In order to

compute the induced metric, the local tangent vector fields along the immersion
j0
I are given by

j0
I�

q

qt

� �
¼ X I

2j
0
I ðt; sÞ þ j0

I ðt; sÞX I
2 ;ð7:2Þ

and

j0
I�

q

qs

� �
¼ 2 Adðexp tX I

2 ÞX I
3;þ1j

0
I ðt; sÞð7:3Þ

¼ 2j0
I ðt; sÞ Adðexpð�tX I

2 ÞÞX I
3;þ1:

Proposition 7.1. Let j0
I : R

2 ! SUðnÞ be the immersion defined as above.
Then the induced metric j0�

I h ; i is given by

j0�
I h ; i ¼ 2fkX I

2 k
2 þ hX I

2 ;Adðexpð�2sX I
3;þ1ÞÞX I

2ig dt2 þ 4kX I
3;þ1k

2
ds2:ð7:4Þ

The Gauss curvature K of image of j0
I with respect to the induced metric is given

by

K ¼
k½X I

2 ;X
I
3;þ1�k

2

4kX I
2 k

2kX I
3;þ1k

2
¼ 3

nðn� 1Þðnþ 1Þ :ð7:5Þ

where ½X I
2 ;X

I
3;þ1� ¼ X I

2X
I
3;þ1 � X I

3;þ1X
I
2 is a usual Lie bracket.

Proof. Since the immersion j0
I is a totally geodesic, the Gauss curvature K

of this surface coincides with the sectional curvature of the 2-dimensional sub-
space spanned by X I

2 and X I
3;þ1 of SUðnÞ (with respect to the bi-invariant metric

h ; i defined as above). That is, K is given by

K ¼
hRðX I

2 ;X
I
3;þ1ÞX I

3;þ1;X
I
2i

kX I
2 k

2kX I
3;þ1k

2
;ð7:6Þ
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where RðX ;YÞZ ¼ ð½‘X ;‘Y � � ‘½X ;Y �ÞZ ¼ � 1
4 ½½X ;Y �Z� is the curvature tensor

of SUðnÞ where ‘ is a Levi-Civita connection of the bi-invariant metric which
satisfies ‘XY ¼ 1

2 ½X ;Y � for left-invariants vector fields X , Y , Z on SUðnÞ (for
details see [1]). By (7.6) and Theorem (3.9) in [1], we obtain

hRðX I
2 ;X

I
3;þ1ÞX I

3;þ1;X
I
2i

kX I
2 k

2kX I
3;þ1k

2
¼

k½X I
2 ;X

I
3;þ1�k

2

4kX I
2 k

2kX I
3;þ1k

2
:ð7:7Þ

By (4.1),(4.2), we have

kX I
2 k

2 ¼ kX I
3;þ1k

2 ¼ nðn� 1Þðnþ 1Þ
3

;ð7:8Þ

and

k½X I
2 ;X

I
3;þ1�k

2 ¼ 4nðn� 1Þðnþ 1Þ
3

:ð7:9Þ

Therefore, we obtain

K ¼
k½X I

2 ;X
I
3;þ1�k

2

4kX I
2 k

2kX I
3;þ1k

2
¼ 3

nðn� 1Þðnþ 1Þ : r

By Proposition 7.1, we obtain

Corollary 7.1. The Gauss curvature of non-flat totally geodesic surfaces
which are corresponding to the irreducible representation of SUð2Þ to SUðnÞ, (with
the same codimension in SUðnÞ) in symmetric space of type AI and type AIII is the
same value

K ¼ 3

nðn� 1Þðnþ 1Þ :

Corollary 7.2. The Gauss curvature K of non-flat totally geodesic surface
of SUð2nÞ (which is corresponding to the irreducible representation of SUð2Þ of
SUðnÞ) in symmetric space of type AII is given by

K ¼ 1

2
� 3

nðn� 1Þðnþ 1Þ :

8. Examples

By Corollaries 5.1, 5.2 and 5.3, we obtain the following example.

8.1. Type AI
The subspace m which is spanned by the following matrices X I

2 , X
I
3;þ1 is a

Lie triple system of pI;
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X I
2 ¼

ffiffiffiffiffiffiffi
�1

p

4 0 0 0 0

0 2 0 0 0

0 0 0 0 0

0 0 0 �2 0

0 0 0 0 �4

0
BBBBBB@

1
CCCCCCA; X I

3;þ1 ¼ �
ffiffiffiffiffiffiffi
�1

p

0 2 0 0 0

2 0
ffiffiffi
6

p
0 0

0
ffiffiffi
6

p
0

ffiffiffi
6

p
0

0 0
ffiffiffi
6

p
0 2

0 0 0 2 0

0
BBBBBB@

1
CCCCCCA:

The matrix of irreducible representation of SUð2Þ in SUð5Þ is given by

m5ðgÞ ¼

a4 2a3b
ffiffiffi
6

p
a2b2 2ab3 b4

�2a3b a2ðjaj2 � 3jbj2Þ
ffiffiffi
6

p
abðjaj2 � jbj2Þ b2ð3jaj2 � jbj2Þ 2ab3ffiffiffi

6
p

a2b2
ffiffiffi
6

p
abðjbj2 � jaj2Þ jaj4 � 4jaj2jbj2 þ jbj4

ffiffiffi
6

p
abðjaj2 � jbj2Þ

ffiffiffi
6

p
a2b2

�2ab3 b2ð3jaj2 � jbj2Þ
ffiffiffi
6

p
abðjbj2 � jaj2Þ a2ðjaj2 � 3jbj2Þ 2a3b

b4 �2ab3
ffiffiffi
6

p
a2b2 �2a3b a4

0
BBBBBB@

1
CCCCCCA;

where g ¼ a �b

b a

� �
A SUð2Þ. Then the map from SUð2Þ=SOð2Þ to SUð5Þ is

given by

jIðpIðgÞÞ

¼ m5
a

ffiffiffiffiffiffiffi
�1

p
uffiffiffiffiffiffiffi

�1
p

u a

� �� �

¼

a4 �2
ffiffiffiffiffiffiffi
�1

p
a3u �

ffiffiffi
6

p
a2u2 �2

ffiffiffiffiffiffiffi
�1

p
u3a u4

�2
ffiffiffiffiffiffiffi
�1

p
a3u a2ðjaj2 � 3u2Þ �

ffiffiffiffiffiffiffi
�1

p ffiffiffi
6

p
auðjaj2 � juj2Þ �u2ð3jaj2 � u2Þ �2

ffiffiffiffiffiffiffi
�1

p
au3

�
ffiffiffi
6

p
a2u2

ffiffiffiffiffiffiffi
�1

p ffiffiffi
6

p
auðu2 � jaj2Þ jaj4 � 4jaj2ju2 þ u4 �

ffiffiffiffiffiffiffi
�1

p ffiffiffi
6

p
auðjaj2 � u2Þ �

ffiffiffi
6

p
a2u2

2
ffiffiffiffiffiffiffi
�1

p
au3 �u2ð3jaj2 � u2Þ

ffiffiffiffiffiffiffi
�1

p ffiffiffi
6

p
auðu2 � jaj2Þ a2ðjaj2 � 3u2Þ �2

ffiffiffiffiffiffiffi
�1

p
a3u

u4 2
ffiffiffiffiffiffiffi
�1

p
au3 �

ffiffiffi
6

p
a2u2 �2

ffiffiffiffiffiffiffi
�1

p
a3u a4

0
BBBBBB@

1
CCCCCCA;

where a ¼ a2 þ b2 and
ffiffiffiffiffiffiffi
�1

p
u ¼ ab� ab as above pIðgÞ A SUð2Þ=SOð2Þ. The

Gauss curvature K is given by

K ¼ 1

40
:

8.2. Type AIII
The subspace m which is spanned by the following matrices X III

2 , X III
3 is a

Lie triple system of pIII;

X III
2 ¼

0 0 0 2 0

0 0 0 �
ffiffiffi
6

p ffiffiffi
6

p

0 0 0 0 �2

�2
ffiffiffi
6

p
0 0 0

0 �
ffiffiffi
6

p
2 0 0

0
BBBBB@

1
CCCCCA; X III

3 ¼
ffiffiffiffiffiffiffi
�1

p

0 0 0 2 0

0 0 0
ffiffiffi
6

p ffiffiffi
6

p

0 0 0 0 2

2
ffiffiffi
6

p
0 0 0

0
ffiffiffi
6

p
2 0 0

0
BBBBB@

1
CCCCCA:

The matrix of irreducible representation of SUð2Þ in SUð5Þ is given by
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mIII; ð3;2ÞðgÞ

¼ mIII; ð3;2Þ
a �b

b a

� �� �

¼

a4
ffiffiffi
6

p
a2b2 b4 2a3b 2ab3ffiffiffi

6
p

a2b2 jaj4 � 4jaj2jbj2 þ jbj4
ffiffiffi
6

p
a2b2

ffiffiffi
6

p
abðjbj2 � jaj2Þ

ffiffiffi
6

p
abðjaj2 � jbj2Þ

b4
ffiffiffi
6

p
a2b2 a4 �2ab3 �2a3b

�2a3b
ffiffiffi
6

p
abðjaj2 � jbj2Þ 2ab3 a2ðjaj2 � 3jbj2Þ b2ð3jaj2 � jbj2Þ

�2ab3
ffiffiffi
6

p
abðjbj2 � jaj2Þ 2a3b b2ð3jaj2 � jbj2Þ a2ðjaj2 � 3jbj2Þ

0
BBBBBB@

1
CCCCCCA:

The map of SUð2Þ=SðUð1Þ �Uð1ÞÞ to SUð5Þ is given by

jIIIðpIIIðgÞÞ

¼ mIII; ð3;2Þ
a �b

b a

� �� �

¼

a4
ffiffiffi
6

p
a2b2 b4 2a3b 2ab3ffiffiffi

6
p

a2b2 a4 � 4a2jbj2 þ jbj4
ffiffiffi
6

p
a2b2

ffiffiffi
6

p
abðjbj2 � a2Þ

ffiffiffi
6

p
abða2 � jbj2Þ

b4
ffiffiffi
6

p
a2b2 a4 �2ab3 �2a3b

�2a3b
ffiffiffi
6

p
abða2 � jbj2Þ 2ab3 a2ða2 � 3jbj2Þ b2ð3a2 � jbj2Þ

�2ab3
ffiffiffi
6

p
abðjbj2 � a2Þ 2a3b b2ð3a2 � jbj2Þ a2ða2 � 3jbj2Þ

0
BBBBB@

1
CCCCCA;

where a ¼ jaj2 þ jbj2 and b ¼ 2ab: Then the Gauss curvature is constant and its
value is

K ¼ 1

40
:

From these two examples, we see that

FIII � jI � pIðgÞ ¼ jIII � pIII �CðgÞ:
This relation is a prototype of Theorem 6.1. We note that the following relation
holds

AdðQ 0Þm5ðgÞ ¼ mIII; ð3;2ÞðgÞ

where Q 0 ¼

1 0 0 0 0

0 0 1 0 0

0 0 0 0 1

0 1 0 0 0

0 0 0 1 0

0
BBBBB@

1
CCCCCA:

8.3. Type AII
The subspace m which is spanned by the following matrices X II

2 , X II
3 is a

Lie triple system of pII.
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X II
2 ¼

0 2 0 0 0

�2 0
ffiffiffi
6

p
0 0

0 �
ffiffiffi
6

p
0

ffiffiffi
6

p
0 O5�5

0 0 �
ffiffiffi
6

p
0 2

0 0 0 �2 0

0 �2 0 0 0

2 0 �
ffiffiffi
6

p
0 0

O5�5 0
ffiffiffi
6

p
0 �

ffiffiffi
6

p
0

0 0
ffiffiffi
6

p
0 �2

0 0 0 2 0

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

;

X II
3 ¼

ffiffiffiffiffiffiffi
�1

p

0 2 0 0 0

2 0
ffiffiffi
6

p
0 0

0
ffiffiffi
6

p
0

ffiffiffi
6

p
0 O5�5

0 0
ffiffiffi
6

p
0 2

0 0 0 2 0

0 2 0 0 0

2 0
ffiffiffi
6

p
0 0

O5�5 0
ffiffiffi
6

p
0

ffiffiffi
6

p
0

0 0
ffiffiffi
6

p
0 2

0 0 0 2 0

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

:

The following is the corresponding matrix of reducible representation of SUð2Þ
in SUð10Þ.

mII;10ðgÞ ¼
m5ðgÞ O5�5

O5�5 AdðQ5Þm5ðgÞ

 !
:ð8:1Þ

By (8.1), we obtain the map from SUð2Þ=SðUð1Þ �Uð1ÞÞ to SUð10Þ as

jII;10ðpIIIðgÞÞ ¼
m5 � pIIIðgÞ O5�5

O5�5 AdðQ5Þm5 � pIIIðgÞ

 !
;

where

ð8:2Þ
AdðQ5ÞjI � pIðgÞ

¼

a4 �2a3b
ffiffiffi
6

p
a2b2 �2ab3 b4

2a3b a2ðjaj2 � 3jbj2Þ
ffiffiffi
6

p
abðjbj2 � jaj2Þ b2ð3jaj2 � jbj2Þ �2ab3ffiffiffi

6
p

a2b2
ffiffiffi
6

p
abðjaj2 � jbj2Þ ðjaj4 � 4jaj2jbj2 þ jbj4Þ

ffiffiffi
6

p
abðjbj2 � jaj2Þ

ffiffiffi
6

p
a2b2

2ab3 b2ð3jaj2 � jbj2Þ
ffiffiffi
6

p
abðjaj2 � jbj2Þ a2ðjaj2 � 3jbj2Þ �2a3b

b4 2ab3
ffiffiffi
6

p
a2b2 2a3b a4

0
BBBBBB@

1
CCCCCCA:
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Here a ¼ jaj2 þ jbj2 and b ¼ 2ab as above pIII ðgÞ A SUð2Þ=SUðUð1Þ �Uð1ÞÞ.
By (8.2), we get the Gauss curvature as

K ¼ 1

80
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