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Abstract

Let K ¼ Qð
ffiffiffiffi
m

p
Þ be a real quadratic number field, where m > 1 is a squarefree

integer. Suppose that 0 < y < p has rational cosine, say cosðyÞ ¼ s=r with 0 < jsj < r

and gcdðr; sÞ ¼ 1. A positive integer n is called a ðK; yÞ-congruent number if there is

a triangle, called the ðK; y; nÞ-triangles, with sides in K having y as an angle and nay
as area, where ay ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � s2

p
. Consider the ðK; yÞ-congruent number elliptic curve

En; y : y
2 ¼ xðxþ ðrþ sÞnÞðx� ðr� sÞnÞ defined over K. Denote the squarefree part of

positive integer t by sqfðtÞ. In this work, it is proved that if m0 sqfð2rðr� sÞÞ and

mn0 2; 3; 6, then n is a ðK; yÞ-congruent number if and only if the Mordell-Weil group

En; yðKÞ has positive rank, and all of the ðK; y; nÞ-triangles are classified in four types.

1. Introduction

A positive integer n is called a congruent number if it is the area of a right
triangle with rational sides. Finding all congruent numbers is one of the classical
problems in the modern number theory. We cite [8] for an exposition of the
congruent number problem, and [4] to see the first study of y-congruent numbers
as a generalization of the classic one. Let 0 < y < p has rational cosine cosðyÞ ¼
s=r with 0 < jsj < r and gcdðr; sÞ ¼ 1. Let ðU ;V ;WÞy denote a triangle with an
angle y between sides U and V . A positive integer n is called a y-congruent
number if there exists a triangle ðU ;V ;WÞy with sides in Q having area nay,
where ay ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � s2

p
. In other words, n is a y-congruent number if it satisfies

2rn ¼ UV ; W 2 ¼ U 2 þ V 2 � 2s

r
UV :

An ordinary congruent number is nothing but a p=2-congruent number. Clearly,
if n is a y-congruent number, then so is nt2, for any positive integer t. We shall
concentrate on squarefree numbers whenever y-congruent numbers concerned.
Let

En;y : y
2 ¼ xðxþ ðrþ sÞnÞðx� ðr� sÞnÞ
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be the y-congruent number elliptic curve, where r and s are as above. Theorem
2.4 gives an important connection between y-congruent numbers and the Mordell-
Weil group En;yðQÞ. For more information and recent results about y-congruent
numbers see [5, 3, 14].

The notion y-congruent number, which is defined over Q, can be extended in
a natural way over real quadratic number fields K. In this case, we refer to n as
a ðK; yÞ-congruent number and to the triangle ðU ;V ;WÞy as a ðK; y; nÞ-triangle.
When n is not a y-congruent number over Q, a question proposed naturally: Is
n a ðK; yÞ-congruent number for some real quadratic number field K? Tada [13]
answered this question in the case y ¼ p=2, by studying the structure of the
K-rational points on the elliptic curve En;p=2 : y

2 ¼ xðx2 � n2Þ. In this paper, we
answer the above question for any 0 < y < p and classify all ðK; y; nÞ-triangles.
Through the paper we shall consider K ¼ Qð

ffiffiffiffi
m

p
Þ to be a real quadratic field,

where m > 1 is squarefree. We denote the squarefree part of any positive integer
N by sqfðNÞ. The main results of this paper are the following theorems.

Theorem 1.1. Let n be a positive squarefree integer with gcdðm; nÞ ¼ 1 such
that mn0 2; 3; 6 and m0 sqfð2rðr� sÞÞ, where m, r, s are as before. Then n is
a ðK; yÞ-congruent number if and only if rankðEn;yðKÞÞ > 0. Moreover, n is a
ðK; yÞ-congruent number if and only if either n or mn is a y-congruent number
over Q.

Theorem 1.1 is an extension of Part (2) of Theorem 2.4 in the following.
Note that the non-equality conditions for mn and m in Theorem 1.1 are necessary.
For a counterexample, when n ¼ 1 and y ¼ 2p=3, we have r ¼ 2, s ¼ �1,
ay ¼

ffiffiffi
3

p
. Now taking m ¼ 3 ¼ sqfð2rðr� sÞÞ, there is a ðQð

ffiffiffi
3

p
Þ; y; 1Þ-triangle

with sides ð2; 2; 2
ffiffiffi
3

p
Þ and area

ffiffiffi
3

p
but using Theorem 2.1, rankðE1;yðQð

ffiffiffi
3

p
ÞÞÞ ¼

rankðE1;yðQÞÞ þ rankðE3;yðQÞÞ ¼ 0:
The following theorem classifies all types of ðK; y; nÞ-triangles.

Theorem 1.2. Assume that n is not a y-congruent number over Q and let s be
the generator of GalðK=QÞ. Then any ðK; y; nÞ-triangle with ðU ;V ;WÞ A ðK�Þ3
and ð0 < U aV < WÞ is necessarily one of the following types:

Type 1. U
ffiffiffiffi
m

p
;V

ffiffiffiffi
m

p
;W

ffiffiffiffi
m

p
A Q;

Type 2. U ;V ;W
ffiffiffiffi
m

p
A Q;

Type 3. U ;V A KnQ such that sðUÞ ¼ V , W A Q;
Type 4. U ;V A KnQ such that sðUÞ ¼ �V , W A Q.

Let A ¼ sqfðr2 � s2Þ, B ¼ sqfð2rðr� sÞÞ and C ¼ sqfð2rðrþ sÞÞ. The follow-
ing proposition shows when there is no ðK; y; nÞ-triangle of Types 2, 3 and 4.

Proposition 1.3. Let p be a prime number and the pair ðm;AÞ (resp. ðm;BÞ
and ðm;CÞ) can be written as ðpaa; pbbÞ, where a; b A f0; 1g and gcdðp; abÞ ¼ 1.
Then there is no ðK; y; nÞ-triangle of Type 2 (resp. Type 3 and Type 4) whenever
one of the following conditions hold.
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(1) p ¼ 2 : ða; bÞ ¼ ð0; 0Þ and ða; bÞ14 ð3; 3Þ,
ða; bÞ ¼ ð0; 1Þ and ða; bÞ18 ð3; 1Þ; ð3; 5Þ; ð7; 5Þ; ð7; 7Þ,
ða; bÞ ¼ ð1; 0Þ and ða; bÞ18 ð1; 3Þ; ð1; 5Þ; ð3; 5Þ; ð3; 7Þ; ð5; 3Þ; ð5; 7Þ; ð7; 3Þ;
ð7; 7Þ,
ða; bÞ ¼ ð1; 1Þ and ða; bÞ18 ð1; 3Þ; ð1; 5Þ; ð3; 1Þ; ð3; 3Þ; ð5; 1Þ; ð5; 7Þ; ð7; 5Þ;
ð7; 7Þ;

(2) p1
4
1 : ða; bÞ ¼ ð0; 1Þ and

a

p

� �
¼ �1, ða; bÞ ¼ ð1; 0Þ and

b

p

� �
¼ �1,

ða; bÞ ¼ ð1; 1Þ and
a

p

� �
b

p

� �
¼ �1;

(3) p1
4
3 : ða; bÞ ¼ ð0; 1Þ and

a

p

� �
¼ �1, ða; bÞ ¼ ð1; 0Þ and

b

p

� �
¼ �1,

ða; bÞ ¼ ð1; 1Þ and
a

p

� �
b

p

� �
¼ 1.

The next result settles a condition on n and mn to be y-congruent over Q.

Theorem 1.4. Let n be a positive squarefree integer such that gcdðm; nÞ ¼ 1
and mn0 2; 3; 6. Then the following statements are equivalent.

(1) There is a ðK; y; nÞ-triangle ðU ;V ;WÞy with 0 < U aV < W , W B Q and
W

ffiffiffiffi
m

p
B Q;

(2) The integers n and mn are y-congruent numbers over Q.

2. Preliminaries

Consider an elliptic curve E : y2 ¼ x3 þ ax2 þ bxþ c over Q. Recall that
the m-twist Em of E is an elliptic curve over Q defined by y2 ¼ x3 þ amx2 þ
bm2xþ cm3. The next result establishes a fact about ranks [10].

Theorem 2.1. Let E be an elliptic curve over Q. Then

rankðEðKÞÞ ¼ rankðEðQÞÞ þ rankðEmðQÞÞ:

We denote the torsion subgroup of the groups EðKÞ and EmðKÞ by TðE;KÞ
and TðEm;KÞ, respectively. Also, we write Tn;yðKÞ and Tm

n;yðKÞ, respectively, in
the case E ¼ En;y. The following proposition and theorem have essential roles
in the proof of our results.

Proposition 2.2 ([9, Proposition 1]). Let E be an elliptic curve over K.
Then the map

f : TðE;KÞ=TðE;QÞ ! TðEm;QÞ; fð ~PPÞ :¼ P� sðPÞ

is an injective map of abelian groups, where s is the generator of GalðK=QÞ.

354 ali s. janfada and sajad salami



Theorem 2.3 ([7, Theorem 4.2]). Let F be an algebraic number field and E
an elliptic curve over F defined by

y2 ¼ ðx� a1Þðx� a2Þðx� a3Þ; a1; a2; a3 A F:

Suppose that ðx0; y0Þ be an F-rational point of E. Then, there exists an F-rational
point ðx1; y1Þ with 2ðx1; y1Þ ¼ ðx0; y0Þ if and only if x0 � a1; x0 � a2; x0 � a3 are
squares in F.

The next results give important information about y-congruent numbers
over Q.

Theorem 2.4 (Fujiwara, [4]). Consider 0 < y < p with rational cosine.
(1) A positive integer n is a y-congruent number if and only if En;yðQÞ has a

point of order greater than 2;
(2) If n0 1; 2; 3; 6, then n is a y-congruent number if and only if En;yðQÞ has

positive rank.

All possibilities for the torsion subgroup of En;yðQÞ can be found in the next
result.

Theorem 2.5 (Fujiwara, [5]). Let Tn;yðQÞ be the torsion subgroup of the
y-congruent number elliptic curve En;y over Q.

(1) Tn;yðQÞGZ2 lZ8 if and only if there exist integers a; b > 0 such that
gcdða; bÞ ¼ 1, a and b have opposite parity and satisfy either of the
following conditions.
(i) n ¼ 1, r ¼ 8a4b4, r� s ¼ ða� bÞ4, ð1þ

ffiffiffi
2

p
Þb > a > b,

(ii) n ¼ 2, r ¼ ða2 � b2Þ4, r� s ¼ 32a4b4, a > ð1þ
ffiffiffi
2

p
Þb;

(2) Tn;yðQÞGZ2 lZ6 if and only if there exist integers u; v > 0 such that
gcdðu; vÞ ¼ 1, u > 2v and satisfy one of the following conditions:
(i) n ¼ 1, r ¼ 1

2 ðu� vÞ3ðuþ vÞ, rþ s ¼ u3ðu� 2vÞ,
(ii) n ¼ 2, r ¼ ðu� vÞ3ðuþ vÞ, rþ s ¼ 2u3ðu� 2vÞ,
(iii) n ¼ 3, r ¼ 1

6 ðu� vÞ3ðuþ vÞ, rþ s ¼ 1
3 u

3ðu� 2vÞ,
(iv) n ¼ 6, r ¼ 1

3 ðu� vÞ3ðuþ vÞ, rþ s ¼ 2
3 u

3ðu� 2vÞ;
(3) Tn;yðQÞGZ2 lZ4 if and only if either of the following holds.

(i) n ¼ 1, 2r and r� s are squares but not satisfy (i) of Part (1),
(ii) n ¼ 2, r and 2ðr� sÞ are squares but not satisfy (ii) of Part (1);

(4) Otherwise, Tn;yðQÞGZ2 lZ2.

Remark 2.6. For any squarefree integer m > 1, the m-twist Em
n;y of the

elliptic curve En;y is defined by y2 ¼ xðxþ ðrþ sÞmnÞðx� ðr� sÞmnÞ which is
equal to Emn;y, as seen. Therefore Em

n;yðQÞ ¼ Emn;yðQÞ, and hence Tm
n;yðQÞ ¼

Tmn;yðQÞ.
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3. Proofs

Appealing to Proposition 2.2, we first settle all possibilities for the torsion
subgroup of En;yðKÞ. Let h, k; and d be integers such that 2r ¼ h2 sqfð2rÞ,
r� s ¼ k2 sqfðr� sÞ and 2rðr� sÞ ¼ d 2m, where m ¼ sqfð2rðr� sÞÞ.

Proposition 3.1. Assume that m > 1 and n are squarefree positive integers
such that gcdðm; nÞ ¼ 1 and mn0 2; 3; 6. Let Tn;yðKÞ be the torsion subgroup of
En;yðKÞ.

(1) If m ¼ sqfð2rðr� sÞÞ and n ¼ sqfð2rÞ, then

Tn;yðKÞ ¼
�
y; ð0; 0Þ; ð�ðrþ sÞn; 0Þ; ððr� sÞn; 0Þ;

ðnhÞ2 � nd
ffiffiffiffi
m

p
;G

d 2mn

h
� n2hd

ffiffiffiffi
m

p� �� �
;

ðnhÞ2 þ nd
ffiffiffiffi
m

p
;G

d 2mn

h
þ n2hd

ffiffiffiffi
m

p� �� ��
;

(2) If m ¼ sqfð2rðr� sÞÞ and n ¼ sqfðr� sÞ, then

Tn;yðKÞ ¼
�
y; ð0; 0Þ; ð�ðrþ sÞn; 0Þ; ððr� sÞn; 0Þ;

ðnkÞ2 � nd
ffiffiffiffi
m

p
;G

d 2mn

k
� n2kd

ffiffiffiffi
m

p� �� �
;

ðnkÞ2 þ nd
ffiffiffiffi
m

p
;G

d 2mn

k
þ n2kd

ffiffiffiffi
m

p� �� ��
;

(3) Otherwise, Tn;yðKÞ ¼ fy; ð0; 0Þ; ð�ðrþ sÞn; 0Þ; ððr� sÞn; 0Þg.

Proof. The 2-torsion subgroup of En;yðKÞ is:

En;y½2�ðKÞ ¼ fy; ð0; 0Þ; ð�ðrþ sÞn; 0Þ; ððr� sÞn; 0Þg:

Therefore, we have Tn;yðKÞIEn;y½2�ðKÞGZ=2ZlZ=2Z: By Remark 2.6 and
Theorem 2.5, Tm

n;yðQÞ ¼ Tmn;yðQÞGZ=2ZlZ=2Z. Since Tn;yðQÞGZ=2Zl
Z=2Z, by Proposition 2.2 and [9, Theorem 1] we have

Tn;yðKÞGZ=2ZlZ=2Z or Z=2ZlZ=4Z:

First let Tn;yðKÞGZ=2ZlZ=4Z. Then there exists a point P ¼ ðx0; y0Þ of
order 4 in Tn;yðKÞ. Then 2P must be one of the points ð0; 0Þ, ð�ðrþ sÞn; 0Þ and
ððr� sÞn; 0Þ. If 2P ¼ ð0; 0Þ then both ðrþ sÞn and �ðr� sÞn are squares in K,
which is impossible since K is a real quadratic number field and hence �1 is not
a square in K. Similarly, if 2P ¼ ð�ðrþ sÞn; 0Þ, then �ðrþ sÞn and �2rn are
squares in K, again a contradiction by the same reason. If 2P ¼ ððr� sÞn; 0Þ,
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then ðr� sÞn and 2rn are squares in K. Since n is squarefree, these integers are
squares in K if m ¼ sqfð2rðr� sÞÞ. By a simple computation using the dupli-
cation formula we obtain (1) and (2). Now, Tn;yðKÞGZ=2ZlZ=2Z implies
(3), and the proof is completed. r

Proof of Theorem 1.1. Consider the two sets

S ¼ fðU ;V ;WÞ A ðK�Þ3 : 0 < U aV < W ;UV ¼ 2rn and

U 2 þ V 2 � 2sUV=r ¼ W 2g;

T ¼ fðu; vÞ A 2En;yðKÞnfyg : vb 0g:
There is a one to one correspondence between the two sets S and T via the two
mutually inverse maps j : S ! T and c : T ! S defined by

jðU ;V ;WÞ :¼ ðW 2=4;WðV 2 �U 2Þ=8Þ;
cðu; vÞ :¼ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uþ ðrþ sÞn

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� ðr� sÞn

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uþ ðrþ sÞn

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� ðr� sÞn

p
; 2

ffiffiffi
u

p
Þ:

Clearly, En;yðKÞnEn;y½2�ðKÞ0j if and only if S0j.
Suppose that m0 sqfð2rðr� sÞÞ and mn0 2; 3; 6. Then by proposition

3.1, we have Tn;yðKÞ ¼ En;y½2�ðKÞ. Therefore, rankðEn;yðKÞÞ > 0 if and only
if En;yðKÞnEn;y½2�ðKÞ0j. So rankðEn;yðKÞÞ > 0 if and only if either
rankðEn;yðQÞÞ > 0 or rankðEm

n;yðQÞÞ > 0, by Theorem 2.1. The second part
of the theorem follows from Remark 2.6. r

Proof of Theorem 1.2. Assume n is a ðK; yÞ-congruent number and
ðU ;V ;WÞy is the corresponding ðK; y; nÞ-triangle with area nay such that 0 <
U aV < W . As in the proof of the Theorem 1.1, there is a point P ¼ ðx; yÞ in
En;yðKÞnEn;y½2�ðKÞ such that cðPÞ ¼ ðU ;V ;WÞ. Substituting P by Pþ ð0; 0Þ,
Pþ ð�ðrþ sÞn; 0Þ or Pþ ððr� sÞn; 0Þ, if necessary, we may assume that x >

½ðrþ sÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rðr� sÞ

p
�n. Putting 2P ¼ ðu; vÞ and using the map c in the proof of

Theorem 1.1, we obtain

U ¼ 2rnx=jyj; V ¼ x2 þ 2snx� ðr2 � s2Þn2=jyj; W ¼ x2 þ ðr2 � s2Þn2=jyj;

where x; y A K and j � j is the usual absolute value induced from the embedding
i : K ,! R with ið

ffiffiffiffi
m

p
Þ positive. Suppose s is a generator of GalðK=QÞ and put

sðPÞ ¼ ðsðxÞ; sðyÞÞ. Since Pþ sðPÞ is an element of En;yðQÞ and n is not a
y-congruent number, Pþ sðPÞ A Tn;yðQÞ ¼ fy; ð0; 0Þ; ð�ðrþ sÞn; 0Þ; ððr� sÞn; 0Þg.
Hence, one of the following cases necessarily happens:

I. Pþ sðPÞ ¼ y. In this case, sðxÞ ¼ x and sðyÞ ¼ �y. So, x; y
ffiffiffiffi
m

p

and hence U
ffiffiffiffi
m

p
, V

ffiffiffiffi
m

p
and W

ffiffiffiffi
m

p
are rational and we obtain a

ðK; y; nÞ-triangle of Type 1.
II. Pþ sðPÞ ¼ ð0; 0Þ. We have sðxÞ=x ¼ sðyÞ=y, which we denote by a.

Then,

sðyÞ2 ¼ a2y2 ¼ a2x3 þ 2sna2x2 � ðr2 � s2Þn2a2x:
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Since sðPÞ is a point on En;y, we get

sðyÞ2 ¼ sðxÞ3 þ 2snsðxÞ2 � ðr2 � s2Þn2sðxÞ

¼ a3x3 þ 2sna2x2 � ðr2 � s2Þn2ax:

Clearly, a0 0; 1 and x0 0, which implies xsðxÞ ¼ ax2 ¼ �ðr2 � s2Þn2.
Therefore,

V ¼ xðxþ 2snþ sðxÞÞ=jyj; W
ffiffiffiffi
m

p
¼ xðx� sðxÞÞ

ffiffiffiffi
m

p
=jyj:

Since x=y ¼ sðx=yÞ and x > ½ðrþ sÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2rðr� sÞ

p
�n, then x=jyj is ratio-

nal and hence U ¼ 2rnx=jyj, V and W
ffiffiffiffi
m

p
are rational, which gives a

ðK; y; nÞ-triangle of Type 2.
III. Pþ sðPÞ ¼ ððr� sÞn; 0Þ. We have sðx� ðr� sÞnÞ=ðx� ðr� sÞnÞ ¼

sðyÞ=y; which we denote by b. Put z ¼ x� ðr� sÞn. Then,

sðyÞ2 ¼ b2½z3 þ ð3r� sÞnz2 þ 2rðr� sÞn2z�:

Since sðPÞ is a point on En;y, we get

sðyÞ2 ¼ b3z3 þ ð3r� sÞnb2z2 þ 2rðr� sÞn2bz:

Now b0 0; 1 and z0 0, which implies bz2 ¼ 2rðr� sÞn2: Substituting
this equation and x ¼ zþ ðr� sÞn in U , V and W , we obtain

U ¼ zðsðzÞ þ 2rnÞ
jyj ; V ¼ zðzþ 2rnÞ

jyj ; W ¼ zðzþ 2ðr� sÞnþ sðzÞÞ
jyj :

Since z=y ¼ sðz=yÞ and z > 0, then z=jyj and hence W is rational and
sðUÞ ¼ V . This time we obtain a ðK; y; nÞ-triangle of Type 3.

IV. Pþ sðPÞ ¼ ð�ðrþ sÞn; 0Þ. Put w ¼ xþ ðrþ sÞn. As in Case III, w=jyj
and

W ¼ wðw� 2ðrþ sÞnþ sðwÞÞ=jyj

are rational and sðUÞ ¼ �V , where

U ¼ wð2rn� sðwÞÞ=jyj; V ¼ wðw� 2rnÞ=jyj:

Therefore, we obtain a ðK; y; nÞ-triangle of Type 4. r

Proof of Proposition 1.3. If we suppose that there is a ðK; y; nÞ-triangle
of Type 2, say ðU ;V ;WÞy ¼ ðu; v;w

ffiffiffiffi
m

p
Þ with u; v;w A Qþ, then ðx; y; zÞ ¼

ðru� sv; v;mrwÞ is a non-zero solution of the equation

z2 ¼ mx2 þmðr2 � s2Þy2:ð3:1Þ
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And, if there is a ðK; y; nÞ-triangle of Type 3, say ðU ;V ;WÞy ¼ ðu� v
ffiffiffiffi
m

p
;

uþ v
ffiffiffiffi
m

p
;wÞ such that sðUÞ ¼ V , then ðx; y; zÞ ¼ ðu; v; rwÞ is a non-zero solution

of

z2 ¼ 2rðr� sÞx2 þ 2mrðrþ sÞy2:ð3:2Þ
Similarly, if ðU ;V ;WÞy ¼ ð�uþ v

ffiffiffiffi
m

p
; uþ v

ffiffiffiffi
m

p
;wÞ is a ðK; y; nÞ-triangle of Type

4 such that sðUÞ ¼ �V , then ðx; y; zÞ ¼ ðu; v; rwÞ satisfies

z2 ¼ 2rðrþ sÞx2 þ 2mrðr� sÞy2:ð3:3Þ
By the Hasse local-global principle, the equations (3.1), (3.2) and (3.3) have
solutions in Q if and only if they have a solution in Qp for every prime p,
where Qp is the field of p-adic numbers. We assume that A ¼ sqfðr2 � s2Þ, and
for a prime p the pair ðm;AÞ (ðm;BÞ, and ðm;CÞ, resp.) can be written as
ðpaa; pbbÞ, where a; b A f0; 1g and gcdðp; a; bÞ ¼ 1. Then, using Hilbert symbols
[11, Theorem 1, III], the equations (3.1), (3.2) and (3.3) have solutions in Q2

if and only if one of the following cases happens:

i) ða; bÞ ¼ ð0; 0Þ and ða; bÞD
4

ð3; 3Þ;
ii) ða; bÞ ¼ ð0; 1Þ and ða; bÞD

8

ð3; 1Þ; ð3; 5Þ; ð7; 5Þ; ð7; 7Þ;
iii) ða; bÞ ¼ ð1; 0Þ and ða; bÞD

8

ð1; 3Þ; ð1; 5Þ; ð3; 5Þ; ð3; 7Þ; ð5; 3Þ; ð5; 7Þ; ð7; 3Þ;
ð7; 7Þ;

iv) ða; bÞ ¼ ð1; 1Þ and ða; bÞD
8

ð1; 3Þ; ð1; 5Þ; ð3; 1Þ; ð3; 3Þ; ð5; 1Þ; ð5; 7Þ; ð7; 5Þ;
ð7; 7Þ.

Also, the equations (3.1), (3.2) and (3.3) have solutions in Qp with p1
4
1 if and

only if one of the following happens:

i) ða; bÞ ¼ ð0; 1Þ and
a

p

� �
¼ 1;

ii) ða; bÞ ¼ ð1; 0Þ and
b

p

� �
¼ 1;

iii) ða; bÞ ¼ ð1; 1Þ and
a

p

� �
b

p

� �
¼ 1.

Proof of Theorem 1.4. Case 1. n and mn are ðQ; yÞ-congruent numbers.
Consider the ðQ; y; nÞ-triangle ðU1;V1;W1Þy and the ðQ; y;mnÞ-triangle
ðU2;V2;W2Þy, where

0 < U1 aV1 < W1; 2rn ¼ U1V1; U 2
1 þ V 2

1 � 2sU1V1

r
¼ W 2

1 ;

0 < U2 aV2 < W2; 2rmn ¼ U2V2; U 2
2 þ V 2

2 � 2sU2V2

r
¼ W 2

2 :

Hence, ðU2=
ffiffiffiffi
m

p
;V2=

ffiffiffiffi
m

p
;W2=

ffiffiffiffi
m

p
Þy is a ðK; y; nÞ-triangle. Recall the maps j and

c in the proof of Theorem 1.2 and put

P ¼ ðu; vÞ ¼ jððU1;V1;W1ÞÞ þ jððU2=
ffiffiffiffi
m

p
;V2=

ffiffiffiffi
m

p
;W2=

ffiffiffiffi
m

p
ÞÞ:
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Then the additive law on En;yðKÞ implies u ¼ aþ b
ffiffiffiffi
m

p
, where

a ¼ m3W 2
1 ðV 2

1 �U 2
1 Þ

2 þW 2
2 ðV 2

2 �U 2
2 Þ

2

4mðW 2
2 �mW 2

1 Þ
2

� W 2
1

4
þW 2

2

4m
þ 2sn

� �
> 0;

b ¼ �W1W2ðV 2
1 �U 2

1 ÞðV 2
2 �U 2

2 Þ
ffiffiffiffi
m

p

2ðW 2
2 �mW 2

1 Þ
2

:

We may assume vb 0. Since ðu; vÞ A T , then cððu; vÞÞ A S which indicates the
sides of a ðK; y; nÞ-triangle ðU ;V ;WÞy. In fact, if we suppose U ¼ u1 þ u2

ffiffiffiffi
m

p
,

V ¼ v1 þ v2
ffiffiffiffi
m

p
and W ¼ w1 þ w2

ffiffiffiffi
m

p
; where u1, u2, v1, v2, w1, w2 are rational,

then

w1 ¼G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðaG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 �mb2

p
Þ

q
; w2 ¼

2b

w1
;

and

U ¼ ða1 � b1Þ þ ða2 � b2Þ
ffiffiffiffi
m

p
; V ¼ ða1 þ b1Þ þ ða2 þ b2Þ

ffiffiffiffi
m

p
;

where

a1 ¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ ðrþ sÞnÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ ðrþ sÞnÞ2 �mb2

q
2

vuut
; a2 ¼

b

2a1
;

b1 ¼G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� ðr� sÞnÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� ðr� sÞnÞ2 �mb2

q
2

vuut
; b2 ¼

b

2b1
:

Conversely, suppose to the contrary that n or mn is not y-congruent over Q.
First, assume n is not y-congruent over Q but mn is y-congruent over Q. By
Theorem 1.2 (1), there is no ðK; y; nÞ-triangle ðU ;V ;WÞy satisfying the conditions
0 < U aV < W , W B Q and W

ffiffiffiffi
m

p
B Q.

Case 2. mn is not y-congruent over Q but n is ðK; yÞ-congruent. Let
ðU ;V ;WÞy denotes the sides of the corresponding ðK; y; nÞ-triangle. Multiplying
the three sides by

ffiffiffiffi
m

p
, we get the ðK; y;mnÞ-triangle ðU

ffiffiffiffi
m

p
;V

ffiffiffiffi
m

p
;W

ffiffiffiffi
m

p
Þy. For

the positive integer mn, we define the map j 0 in the same way as j. Put

2P 0 ¼ j 0ððU
ffiffiffiffi
m

p
;V

ffiffiffiffi
m

p
;W

ffiffiffiffi
m

p
ÞÞ

for some point P 0 A Emn;yðKÞ. For the generator s of GalðK=QÞ, since P 0 þ sðP 0Þ
is an element in Emn;yðQÞ and mn is not y-congruent over Q, we have

P 0 þ sðP 0Þ A Tmn;yðQÞ ¼ fy; ð0; 0Þ; ð�ðrþ sÞmn; 0Þ; ððr� sÞmn; 0Þg:

Therefore, by the same way as in the proof of Theorem 1.2, one of the following
cases necessarily happens:
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Type 1. U ;V ;W A Q;
Type 2. U

ffiffiffiffi
m

p
;V

ffiffiffiffi
m

p
;W A Q;

Type 3. U ;V A KnQ such that sðUÞ ¼ V , W
ffiffiffiffi
m

p
A Q;

Type 4. U ;V A KnQ such that sðUÞ ¼ �V , W
ffiffiffiffi
m

p
A Q.

Hence, there is no ðK; y; nÞ-triangle ðU ;V ;WÞy with W B Q and W
ffiffiffiffi
m

p
B Q.

Case 3. Both n and mn are not y-congruent numbers over Q, where
mn0 2; 3; 6. If m0 sqfð2rðr� sÞÞ, by Theorem 1.1, n is not ðK; y; nÞ-congruent.
If m ¼ sqfð2rðr� sÞÞ and n is ðK; y; nÞ-congruent, we have U ¼ V for all ðK; y; nÞ-
triangles ðU ;V ;WÞy. Hence, there is no any ðK; y; nÞ-triangle ðU ;V ;WÞy with
W B Q and W

ffiffiffiffi
m

p
B Q. We have completed the proof of Theorem 1.4. r

4. Examples

In this section, we give some examples of ðK; yÞ-congruent numbers and verify
all four types of ðK; y; nÞ-triangles in Theorem 1.2 in the cases y ¼ p=3; 2p=3.
Given n, let ðU ;V ;WÞy be a ðK; y; nÞ-triangle. Then, we have

0 < U aV < W ; UV ¼ 2rn; W 2 ¼ U 2 þ V 2 � 2s

r
UV :

For any ðU ;V ;WÞy; jððU ;V ;WÞÞ ¼ ðW 2=4;WðV 2 �U 2Þ=8Þ is a point of
2En;yðKÞnfyg: Also, for any point ðu; vÞ A 2En;yðKÞnfyg;

cððu; vÞÞ ¼ ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uþ ðrþ sÞn

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� ðr� sÞn

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uþ ðrþ sÞn

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u� ðr� sÞn

p
; 2

ffiffiffi
u

p
ÞÞ:

In our computations we have used Cremona’s MWrank program [2] and the
number theoretic Pari software [1].

I) Case y ¼ p=3. In this case, we have r ¼ 2, s ¼ 1, and ay ¼
ffiffiffi
3

p
, and

hence the area of any ðK; p=3; nÞ-triangle is n
ffiffiffi
3

p
:

Example 4.1. Take n ¼ 3 and m ¼ 13. We have the following ðQð
ffiffiffiffiffi
13

p
Þ;

p=3; 3Þ-triangles of types 1, 2, 3 and 4 in Theorem 1.1 and the corresponding

points in the set 2E3;p=3ðQð
ffiffiffiffiffi
13

p
ÞÞnfyg:

Type 1. An easy computing shows that the rank of E39;p=3ðQÞ is 2, and the
generators of the group are P1 ¼ ½�9;�216� and P2 ¼ ½75;�720�.
We have

2P1 ¼ ½1894=16;�91805=64� A 2E39;yðQÞnfyg:

Now, using the map j and c, defined in the proof of the Theorem
1.1 we get a rational p=3-triangle ð13=2; 24; 43=2Þ with area 39,

which gives the following ðQð
ffiffiffiffiffi
13

p
Þ; p=3; 3Þ-triangle of Type 1:

ðU ;V ;WÞp=3 ¼ ð
ffiffiffiffiffi
13

p
=2; 24

ffiffiffiffiffi
13

p
=13; 43

ffiffiffiffiffi
13

p
=26Þ

which corresponds to the following point Q ¼ ð1894=208;
91805

ffiffiffiffiffi
13

p
=416Þ.
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Type 2. We have a ðQð
ffiffiffiffiffi
13

p
Þ; p=3; 3Þ-triangle ðU ;V ;WÞp=3 ¼ ð3; 4;

ffiffiffiffiffi
13

p
Þ of

type 2 with the corresponding point Q ¼ ð13=4; 7
ffiffiffiffiffi
13

p
=8Þ:

Type 3. Let U ¼ u� v
ffiffiffiffiffi
13

p
; V ¼ uþ v

ffiffiffiffiffi
13

p
and W ¼ w; where u; v;w A

Qnf0g. Then the pair ðu; vÞ satisfies the equation u2 � 13v2 ¼ 12.
An easy solution of this equation is ðu0; v0Þ ¼ ð5; 1Þ. Parametrizing
u and v in terms of t A Q we obtain u ¼ �5t2 þ 26t� 65=t2 � 13

and v ¼ t2 � 10tþ 13=t2 � 13: By putting these into w2 ¼ u2 þ 39v2

and taking t ¼ 13=4 one can see that w2 ¼ u2 þ 39v2 is a square in
Q. So, we obtain ðU ;V ;WÞp=3 ¼ ð41� 11

ffiffiffiffiffi
13

p
=3; 41þ 11

ffiffiffiffiffi
13

p
=3;

80=3Þ; with ðQð
ffiffiffiffiffi
13

p
Þ; p=3; 3Þ-triangle of type 3 with the correspond-

ing point Q ¼ ð1600=3; 18040
ffiffiffiffiffi
13

p
=9Þ.

Type 4. Let U ¼ �uþ v
ffiffiffiffiffi
13

p
; V ¼ uþ v

ffiffiffiffiffi
13

p
and W ¼ w; where u; v;w A

Qnf0g: Then the pair ðu; vÞ satisfies 13v2 � u2 ¼ 12 with a solu-
tion ðu0; v0Þ ¼ ð1; 1Þ. A similar discussion as in the previous step,
taking t ¼ 8, leads us to a ðQð

ffiffiffiffiffi
13

p
Þ; p=3; 3Þ-triangle of Type 4, with

the corresponding point Q ¼ ð24964=51; 1002352
ffiffiffiffiffi
13

p
=51Þ.

Example 4.2. Let n ¼ 11 and m ¼ 5. One can see that n is p=3-congruent
over Q and there is a ðQ; p=3; 11Þ-triangle ðU1;V1;W1Þ ¼ ð55=12; 48=5; 499=60Þ.
Also, nm ¼ 55 is p=3-congruent over Q and ðU2;V2;W2Þ ¼ ð8; 55=2; 49=2Þ is a
rational p=3-triangle with area 11

ffiffiffi
3

p
. Dividing its sides by

ffiffiffi
5

p
, we obtain a

ðQð
ffiffiffi
5

p
Þ; p=3; 11Þ-triangle

ðU2=
ffiffiffi
5

p
;V2=

ffiffiffi
5

p
;W2=

ffiffiffi
5

p
Þ ¼ ð8

ffiffiffi
5

p
=5; 11

ffiffiffi
5

p
=2; 49

ffiffiffi
5

p
=10Þ:

Now, a calculations as in the proof of Theorem 1.4 leads to a ðQð
ffiffiffi
5

p
Þ; p=3; 11Þ-

triangle

ðU ;V ;WÞ ¼
�

1

310
ð1470þ 499

ffiffiffi
5

p
Þ; 88

5909
ð1470� 499

ffiffiffi
5

p
Þ;

1

183179
ð4145193� 12554399

ffiffiffi
5

p
Þ
�

satisfying in Theorem 1.4.
II) Case y ¼ 2p=3. In this case, we have r ¼ 2, s ¼ �1, and ay ¼

ffiffiffi
3

p
: So,

as in the case I, the area of any ðK; 2p=3; nÞ-triangle is n
ffiffiffi
3

p
.

Example 4.3. Take n ¼ 17 and m ¼ 13. By a similar way as in Example
4.1, we find the following ðQð

ffiffiffiffiffi
13

p
Þ; 2p=3; 17Þ-triangles with area 17

ffiffiffiffiffi
13

p
of types

1, 2, 3 and 4 preceding by their corresponding points in 2E17;2p=3ðQð
ffiffiffiffiffi
13

p
ÞÞnfyg.

Type 1. ðU ;V ;WÞ2p=3 ¼ ð17
ffiffiffiffiffi
13

p
=26; 8

ffiffiffiffiffi
13

p
; 217

ffiffiffiffiffi
13

p
=26Þ, Q ¼ ð47089=16;

9325575
ffiffiffiffiffi
13

p
=10816Þ;

Type 2. ðU ;V ;WÞ2p=3 ¼ ð1; 68; 19
ffiffiffiffiffi
13

p
Þ; Q ¼ ð13=4; 7

ffiffiffiffiffi
13

p
=8Þ;
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Type 3. ðU ;V ;WÞ2p=3 ¼ ð9�
ffiffiffiffiffi
13

p
; 9þ

ffiffiffiffiffi
13

p
; 16Þ; Q ¼ ð64; 72

ffiffiffiffiffi
13

p
Þ;

Type 4. ðU ;V ;WÞ2p=3 ¼ ð�5þ 7
ffiffiffiffiffi
13

p
=3; 5þ 7

ffiffiffiffiffi
13

p
=3; 44=3Þ, Q ¼ ð484=9;

770
ffiffiffiffiffi
13

p
=27Þ:

Example 4.4. Let n ¼ 19 and m ¼ 6: Then 19 is a 2p=3-congruent number
over Q and there is a ðQ; 2p=3; 6Þ-triangle ðU1;V1;W1Þ ¼ ð544=105; 1995=136;
254659=14280Þ with area 19

ffiffiffi
3

p
. Also, the integer nm ¼ 114 is a 2p=3-congruent

number over Q and ðU2;V2;W2Þ ¼ ð5; 912=10; 469=5Þ is a 2p=3-triangle with area
114

ffiffiffi
3

p
from which we obtain a ðQð

ffiffiffi
6

p
Þ; 2p=3; 19Þ-triangle

ð5
ffiffiffi
6

p
=6; 76

ffiffiffi
6

p
=5; 469

ffiffiffi
6

p
=30Þ:

By a similar methods as in Example 4.2, one can find a ðQð
ffiffiffi
6

p
Þ; 2p=3; 19Þ-triangle

ðU ;V ;WÞ2p=3 ¼ ðð25449816þ 4838521
ffiffiffi
6

p
Þ=4683550;

20ð4145193� 12554399
ffiffiffi
6

p
Þ=28499829;

7ð3589965612532� 2573211605723
ffiffiffi
6

p
Þ=1170880474675Þ;

satisfying Theorem 1.4.
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