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A SIMPLE MATHEMATICAL MODEL FOR HIGH TEMPERATURE
SUPERCONDUCTIVITY
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Abstract

There exists no established theory for high temperature superconductivity,
since Miiller and Bednorz’s discovery in 1986, although some partial theories have
been proposed. We will give a consistent mathematical theory of high temperature
superconductivity based on a theory of stochastic processes of Schrodinger and
Nagasawa.

1. Introduction

Kamerling Onnes discovered in 1911 an interesting phenomenon that the
electric resistance of Hg suddenly disappears at the absolute temperature 4.2 K
and the electric current flows continuously undisturbed. This phenomenon is
called “superconductivity”. After his discovery, metals with higher transition
temperatures were looked for, but the highest transition temperature was about
10 K.

A brake-through was made by Miiller and Bednorz in 1986. They dis-
covered that a ceramic La,CuO, (precisely speaking, some percent of La are
replaced by Sr:La,_ ,Sr,CuO4) shows the superconductivity at 40 K. This
phenomenon was called “high temperature superconductivity”. “High temper-
ature” means that the transition temperature 40 K is remarkably high compared
to the transition temperature 4.2 K of Hg. However, 40 K is still an extremely
low temperature compared to the normal temperature 300 K. Up to now the
highest transition temperature observed under normal pressure is 95 K of
YBayCu3O7_,. (Superconductors with higher transition temperatures have been
discovered under high pressure.)

The ceramic of Miiller and Bednorz consists of layers of copper oxide, which
will be called “yellow layers”, and layers without copper oxide, which will be
called “white layers”, as illustrated:
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Copper oxide layer
(conductive layer)

Copper oxide layer
(conductive layer)

Movable particles (electrons or positive holes of electrons) stay in a yellow
layer, which will be defined as R x [0,/], /> 0, and don’t move across white
layers.

There exists, however, no established theory for high temperature super-
conductivity, as far as my knowledge. We will, therefore, give a theory of high
temperature superconductivity based on a simple mathematical model.

2. Mathematical model of superconductivity

Electrons are fermions, and don’t obey Bose-Einstein statistics. Accord-
ingly, one can’t immediately apply the theory of Bose-Einstein condensation in
discussing the transition to superconductivity of electron gas. We need, there-
fore, additional ideas to solve the problem.

In an accepted theory of Bardeen-Cooper-Schrieffer (1957) for low temper-
ature superconductivity, two electrons are coupled and regarded as a boson, and
the theory of Bose-Einstein condensation was applied to these bosons. This is
an interesting idea, and was successful in discussing low temperature super-
conductors, but has not given comprehensive understanding of high temperature
superconductivity so far, because it is a difficult task to fit the crystal (layer)
structure of high-temperatue superconductors to BCS theory.

We will therefore put BSC aside, and take a different way to discuss
high temperature superconductivity. It is based on a simple mathematical
idea:

The layer structure of high-temperature superconductors might play a
decisive role for the occurrence of superconductivity. Based on this observation
we will look at ““the components of the motions of movable particles orthogonal
to the copper-oxide-layer” and regard the set of orthogonal components of the
motions of particles as “a set of one-dimensional bose particles”.

Let us denote a yellow layer as R?x[0,7/]. We regard the direction
orthogonal to the xy-plane R? as the z-axis. If we look at the crystal structure
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of the high-temperatur superconductor La,CuQOy in this coordinate system, we
find that the z-direction and x, y-direction play completely different roles. In
fact, there are upper and lower boundaries in the z-direction, while there is no
such restriction in the x, y-direction. Therefore, it is plausible to assume that
the superconductive current occurs on the xy-plane and the component along the
z-axis concerns the transition to superconductivity.

This can be pictured as follows: Imagine many needles are standing on
the xy-plane (a forest of needles), where lengths of needles are various and
changing in time. (“Needle” is just to help making an image, and has no further
meaning.) On each needlepoint sits a movable particle. If we watch arbitrarily
chosen two needles in the forest, they are allowed to have the same length and to
make the same up-down motion at the same time, because the xy-components of
our particles may be different. Therefore, even though movable particles are
fermions, their z-components may be treated as bosons.

We now collect all needles and put them on the z-axis. (Needles’ standing
points on the xy-plane no longer play any role.) We denote by z(¢) the value of
a needlepoint on the z-axis, and look at the up-down motion of the needlepoint
z(¢). What we observe is, therefore, the set of {all “needlepoints”}, that is, the
set Z = {z-components of all movable particles in a yellow layer R* x [0,/]}. 1f
the lengths of needles may become the same and make the same up-down motion
at the same time, the set of {all “needlepoints”} is a system of one-dimensional
bose particles.

The model considered above can be formulated with Schrédinger functions.
We assume that the Schrédinger function ,((x,y,z),,(x,»,2)5, (X, ¥,2)5,.-.)
which describes the motion of movable particles (electrons or positive holes
of electrons) in a yellow layer R? x [0,/] can be decomposed as

Y (e v 2) 1, (X, 2, 2)0, (%, 0, 2)3, )
=Y ((6 )15 (6 9)0, (X, )35+ ) X (21,22, 23, ),
and
v, ((x, ¥)1, (x, ¥),, (X, ¥)5,...) is antisymmetric,
while
W (z1,22,23,...) is symmetric.
Then, under this assumption of our mathematical model,

V,(z1, 22,23, .. .) is the Schréodinger function of the z-components of the motion
of movables particles in a yellow layer R* x [0,/], and it describes the motion of a
set of bose particles on the z-axis.

Accordingly, we can apply the Bose-Einstein statistics to our one-
dimensional boson gas on the z-axis, and discuss the Bose-Einstein condensation
of this boson gas on the z-axis.

Therefore, under the assumption above, we can conclude:
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The set Z = {z-components of all movable particles (electrons or positive
holes) in a yellow layer R* x [0,/]} is a boson gas and makes the Bose-Einstein
condensation.

With this fact in mind, we now look at the motion of movable particles in
a yellow layer. Then the random motion orthogonal to the xy-plane falls down
into the ground state at the time that the Bose-Einstein condensation occurs. What
remains after that is therefore the drift-motion on the xy-plane only. This drift-
motion which remains on the xy-plane is actually “the permanent electric current”
of our superconductor.

For the statement above see Proposition 1 in the following section.

Remark. The random motion of the z-component works as a disturbance
to the electric current on the xy-plane, i.e., as electric resistance. This implies
that if the z-component of the motion falls down into the ground state, it is the
minimal unavoidable disturbance to the current on the xy-plane. There exists
therefore no better state of existence for the electric current. This is the so-called
superconductivity.

3. High temperature superconductivity

We consider the ceramic La,CuQO4 of Miiller and Bednorz. A movable
particle (electron or positive hole of an electron) stays in a yellow layer
R? x [0,/], and doesn’t move across white layers, where / may be regarded
as a thickness of a yellow layer, which should be determined by the crystal
structure of each high temperature superconductor. (To determine the physical
quantity / of each superconductor is entrusted as a problem for physicists.)

Because of the crystal structure, the motion of every movable particle along
the z-axis is confined, but the motion on the xy-plane has no such restriction.
We will show that the z-component of the motion will fall down into the ground
state and work as the minimal electric resistance, while the xy-component of the
motion will be a (permanent) electric current. Thus our superconductor’s crystal
structure along the z-axis and xy-plane play different roles.

We will follow the observation above, and analyze first of all the z-
component of the motion of a movable particle, which is a one-dimensional
motion on the z-axis confined in an interval [0,/], £ > 0.

If we confine the motion of a particle on the z-axis in an interval [0,/], then
the eigenvalue problem of the motion is

d’®  2m

ﬁ‘i’?(ﬂ - V(Z))q) = 07

where the potential function V(z) is
V(z) =0,

0
V(z) =00, z¢][0,/].



A SIMPLE MATHEMATICAL MODEL FOR HIGH TEMPERATURE SUPERCONDUCTIVITY 251

In this case, eigenfunctions are

2 .
d):\/;smg, n=123,...,

(1) A=—n"—

and eigenvalues are
n=1,273 ...

These are possible energies of the random motion of z-components of movable
particles in a yellow layer R* x [0,/].
We now consider a set

Z = {z-components of all movable particles in a yellow layer R* x [0,/]}.

As explained in our mathematical model of superconductivity, we can assume
that Z is a set of independent bose particles.

Therefore, the mean number {n.» of particles with the energy ¢ is given by
the Bose-Einstein distribution

1
~exp((e— w)/ksT) — 1’

where u is the chemical potential, kp is the Boltzmann constant and 7T is the
temperature (cf. Einstein (1924, 1925)).
Then the mean number N of particles in excited states is given by

Nex = Z {ngy.

(2) {ngy

2 2

. h . . .
In equation (2) we set ¢ = 2—712% as obtained in equation (1), and u = 0.
m ¢

Then the mean number N, of particles in excited states is given by

2m

= 1
Nex = Zl hz n2 .

" exp —nzﬁ/kBT -1
2

/] 1 . . .
We denote a = Tnzﬁ/kBT « 1 and replace summation by integration
m

n=1

o0
1
N =  ———
ex Zexp(anz) -1

«© 1
—d
Jl exp(ax?) — 1 *
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and set y = exp(ax?)

1 r 1 1
= d
2v/a)e y(y —1) \/log y g

Then, since the only y near by e? contributes mainly to the integral, we

have
1 (* 1
SN

T 2a).y(y-1)
where the indefinite integral of _r l+ is log r
yoy=1 y y-1 ’
1 y—101%
= — 1  —
oo 5.
_ 1 lo ¢
“2q Bl 1)
o,
where a=5-7 /—2/kBT « 1 and
1 1
~ — log —
2a Oga
Therefore,
1 kgT kT
3 Ney ~ = lo .
(3) a X397 1 8
m” /2 " /2

Now let N be the number of particles per unit volume. If the temperature
T is high enough and N, > N, then all particles are in excited states. We now
lower the temperature 7. Then N decreases and will be N < N.

We denote the critical temperature by 7. at which N,x = N. Then

P ,1 2N

4 T~ —7n"— ———
“) kol S T og I

that is, the critical temperature T, is determined by a structure constant /> of our
crystal and the number N of particles in our electron gas.

According to Einstein (1924, 1925), the gas of particles is saturated at the
temperature 7= T,. Since the number N is less than N at T' < T, the number

No =N — N

of particles must be condensed into the state of the lowest energy. This is the so-
called Bose-Finstain condensation. In other words, the motion along the z-axis
falls down into the lowest energy state.
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DeriNiTION 1. We will call the critical temperature 7, given in equation (4)
“the transition temperature for high temperature superconductivity”.

The transition temperature 7, of a high temperature superconductor depends
1 . . .
on 7 that is, on its crystal structure and the number N of moveable particles

per unit volume.

Remark. About the Bose-Einstain condensation in lower dimensions we
refer to e.g. Gorlitz et al. (2001), section 2.6 of Pethick-Smith (2002).

If the temperature goes down, then the kinetic energies of particles decrease,
but in our model the kinetic energy of the motion along the z-axis goes down
to the lowest energy state at the transition temperature 7., that is, the spatial
symmetry of the motion of particles remarkably breaks down.

We now consider the motion of movable particles in a yellow layer
R? x [0,/] at the temperature T < T..

Let the motion of particles be determined by a complex evolution function
(Schrédinger function)

) _ eR(t,x.,y,Z)+iS(t‘x,y,z)

)

l//t (X, y7 z
or, what is the same, by a pair of evolution functions

¢r(x7 ¥, Z) _ eR(t,x,y.Z)JrS(t,x,y‘z)7 ¢At(x’ y, Z) — eR(t,x,y.,:)fS(t,x,y.z).

To be precise, ,(x, y,z) or a pair {¢,(x, y,2),4,(x, y,z)} determines the motion
of the set of movable particles (electron gas) in a yellow layer R* x [0,/] as
follows: )

If Y, (x, y,z) or a pair {¢,(x, y,z),$,(x, y,z)} is given, then a pair of functions
R(t,x,y,z) and S(¢,x, y,z) determine the so-called ‘‘evolution-drift”

a(t,x, y,z) = °V(R(t,x, y,2) + S(t,x, 3, 2)),
and “‘time-reversed evolution-drift”

d([a X, ¥, Z) = GZV(R(Z7 X, Y, Z) - S(l7 X, J/»Z))a
. h
with ¢? = where they are defined by

a(t,x, y,z) = a*V log ¢,(x,y,z) and a(t,x,p,z)= Y log qft()g V,Z).

The evolution-drift a(z, x, y, z) is an extension of the notion of velocity in classical
mechanics to the random motion of particles. Therefore, paths of a particle
X, = (x;, y1,2z;) obey a stochastic differential equation

t
(5) X, =X,+0B_,+ J a(s, Xy) ds,

a

where B, = (B!, B?,B}) is a three dimensional Brownian motion.
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For details of the dynamic theory of systems of random particles, cf., e.g.
Nagasawa (1993, 2000, 2002, 2007, 2012*), or Appendix of Nagasawa (2012) for
a short explanation.

Remark. The “evolution-drift” is first defined for the motion of a single
particle. However, since a Schrodinger function describes also a system of
particles (cf. Nagasawa (1990, 2012%*)), the evolution-drift can be regarded as “the
evolution-drift vector of a system of particles”.

We now assume 7 < 7, and analyze the motion of movable particles in a
yellow layer R? x [0,/] for some details.
Because of the Bose-Einstein condensation, the motion along the z-axis is in

the lowest energy state
2 nz
() =4/-sin —.
(2) \/;sm /

In this case the z-component of the evolution-drift is given by

0 log @y(z) T nz
27 — 2_ N
g oz g 7 cot 7

Therefore, the motion along the z-axis is strongly repelled at the boundary points
/ . .
z=0 and ¢, and attracted to z = 3 by the evolution-drift azg cot %, and hence

randomly oscillates at z = 5
Moreover,

OR(t,x,y,z) 0S(t,x,y,z) = nz

(6) P A
OR(t,x,y,z) 0S(t,x,y,z) = nz
) 0z B 0z T/ cot o/

must hold. We have, therefore,

0R(t,x,y,z)
0z

B 0S(t,x,y,z) = nz
(8) =0, 2 =7 cot 7

Thus we have shown:

LemMmA 1. The evolution-drift vector a(t,x, y,z) of movable particles (elec-
trons or positive holes) in a yellow layer is given by

) 626(R(faan’)+S(laan’)) Uza(R(tva)""S(t’x’y)) 22X ot
ox ’ ay s/ ‘)
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where ¢° = E If
m
Y1, x, y,z) = e EM1RE)H(S(x.p)Hog(\/2//sin(nz/ 1))

then on the xy-plane there exists a flow

R R
(10) a(x, y) = (0’2 a( (X, y)ajc— S(x7 y)) ’0_2 a( ()C7 y)aj}— S(x7 y)))
of movable particles (electrons or positive holes). The z-component 02; cot % of

the drift vector in equation (9) no longer disturbs the flow a(x, y) in equation (10),
and hence the flow a(x,y) is a permanent electric current.

Lemma 1 implies, therefore,

PROPOSITION 1. A permanent electric current a(x, y) in equation (10) occurs
at the transition temperature T, given by equation (4) (see equation (5) for the
motion of particles), because the z-components of movable particles (electrons or
positive holes) in a yellow layer R? x [0,7] fall down into the lowest energy state at
T., and no longer disturb the electric current a(x, y).

Remark. According to the general theory of random motion, the kinetic
energy of a particle is given by

K(t%,3,2) = 51 B(VR(%,,2))? + (V80,3 7,2))%).

Therefore, if the kinetic energy is constant and the z-component of the evolution-
drift vector becomes larger, then the xy-component decreases naturally, i.e., the
z-component of evolution-drift vector works as electric resistance to the electric
current a(x,y) on the xy-plane given in equation (10).

This is the reason why we observed the z-component of the motion of
particles and its Bose-Einstein condensation first of all.

One of characteristic phenomena of superconductors is the so-called
Meissner-Ochsenfeld effect, that is, if a magnetic field is weak, it can’t invade
into superconductors. This effect can be explained in our model as follows.
Suppose a magnetic field invades into a superconductor. Then new momentum
is induced to the motion along the z-axis. Consequently, the motion stays
no longer in the lowest energy state. This means that the superconductivity is
destroyed by the magnetic field. Therefore, in order to keep being a supercon-
ductor, any invasion of magnetic fields must be prevented.

If a magnetic field in the enviroment becomes stronger, it will then invade
gradually from the surface of the superconductor and the superconductivity will
be destroyed.



256 MASAO NAGASAWA

4. Low temperature superconductivity

Our mathematical model of superconductivity can be applied also to the
low temperature superconductivity, i.e., the case with no white layers. In this
case we may choose the z-axis arbitrarily. We assume Hooke’s potential for the
motion along the z-axis, so that the motion makes random harmonic oscillation.
This is a model hypothesis.

We set u=1hv in equation (1). Since the energy of the one-dimensional
harmonic oscillation is & = (}H—%)hv, the mean number of particles in excited
states is

= 1
(1 Nex = Zexp(nhv/kBT) -1

n=1

We set @ = hv/kpT in equation (11) and replace the summation by integration

- 1
- Zexp(an) -1

By changing variable as exp(ax) = y, we have
1J°C‘ 1
alea y(y=1)
where the indefinite integral of G-1) is log r ,
1 _ 0
- [10g y-1 }
a i
1 o e’
a g e —1
where a = hv/kgT « 1 and
1 1
~ — log —.
a
Thus we have
kgT kT
(12) Nex >~ W log —v

Let N be the number of particles per unit volume. If the temperature 7 is
high enough and N > N, then all particles are in excited states. We now lower
the temperature 7. Then N decreases and will be N < N.
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We denote the critical temperature by 7. at which N, = N. Then

N
(13) kBTC _hVIOgN.
Therefore, the critical temperature 7. is determined by a structure constant v of
our superconductor and the number N of movable particles.
According to Einstein (1924, 1925), the gas of particles is saturated at the
temperature 7= T,. Since the mean number N is less than N at T < T, the
number

No =N — Nex

of particles must be condensed into the state of the lowest energy, that is, the
Bose-Einstain condensation occurs. In other words, the motion along the z-axis
falls down into the lowest energy state.

DeriNiTION 2. The critical temperature 7, given in equation (13) is “the
transition temperature for low temperature superconductivity”.

The motion along the z-axis is in the lowest energy state, and the z-
component of the evolution-drift is —a?Ahvz. Therefore, equations (6), (7) and (8)

hold with —Avz in place of ; cot %, and we have

LemMMA 2. For low temperature superconductors, the evolution-drift vector
a(t,x, y,z) of movable particles (free electrons) is given by

(14) (0_2 (3(R(l, ) y)ajc_ S(t7 ) y)) 70_2 a(R(lv X, y)a:'}_ S(lv X, y)) , —O'thZ>7

hi X
where o> =—. If
m

l//(l, X, 9, Z) _ ei(E/h)teR(x,y)Jri(S(x.y)f(1/2)hv;2)

)

then on the xy-plane there exists a flow

(15) a(x, y) = <02 IR, y)a;r St 2) 2 AR, y)(;yr S(x, y))>

of movable particles (free electrons). The flow a(x,y) is a permanent electric
current, since it is not disturbed by the z-component —a*hvz.

Therefore, Lemma 2 implies

PROPOSITION 2. For low temperature superconductors, a permanent electric
current a(x,y) in equation (15) occurs at the transition temperature T, given
by equation (13) (see equation (5) for the motion of electrons), because the
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z-components of movable particles (free electrons) fall down into the lowest energy
state at T., and no longer disturb the electric current a(x,y).

The transition temperature 7, in equation (13) contains a parameter v, which
is a structure constant of a superconductor, for instance, Hg.

5. Remarks

Remark 1. Low temperature superconductors such as Hg have no structure
of yellow and white layers as in high temperature superconductors such as
La; ,Sr,CuO4. A comparison of their transition temperatures

B ,1 2N

N =
Ty~ v igh) kpT. ~ !
(low) kgT, ~ hv and  (high) kg m” 72 log 2N

log N’
2

/] 1 .
suggest that the lowest energy %nzﬁ of high temperature superconductors

is higher than the lowest energy /v of low temperature superconductors. We
should notice that both transition temperatures depend also on the number N of
particles per unit volume.

Remark 2. Tt is known (cf., e.g. Fukuyama (1997)) that the occurrence of
superconductivity and the transition temperature 7. of La, ,Sr,CuQO,4 depend not
only on the crystal structure but on the doping x sensitively as illustrated:

T
a0l .....,_‘E'etragonal
200 gorthorhombicg"".,..'
TC
. SC |
0.1 0.2 X
“1/8 ”

1 7% ,1 2N
We denote T, = f(x). Then T ™ 72 log 2N
fore, the crystal structure constant /> and the number N of movable particles
(electrons or positive holes) in yellow layers must be functions of x and

1 7 1 2N(x)
16 ~—— gt
(16) /() ks 2m" /?(x) log 2N(x)

Namely, the function f(x) is a result of a mixture of /(x) and N(x).

~ f(x) in our model. There-
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