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RELATIVE INJECTIVITY AND FLATNESS OF COMPLEXES

Bo Lu and Zhongkui Liu*

Abstract

A complex C is said to be FR-injective (resp., FR-flat) if Ext1ðD;CÞ ¼ 0 (resp.,

Tor1ðC;DÞ ¼ 0) for any finitely represented complex D. We prove that a complex C is

FR-injective (resp., FR-flat) if and only if C is exact and ZmðCÞ is FR-injective (resp.,

FR-flat) in R-Mod for all m A Z. We show that the class of FR-injective complexes

is closed under direct limits and the class of FR-flat complexes is closed under direct

products over any ring R. We use this result to prove that every complex have FR-flat

preenvelopes and FR-injective covers.

1. Introduction

The homological theory of complexes of modules has been studied by many
authors such as Avramov, Enochs, Foxby, Garcı́a Rozas, Goddard, Jenda,
Oyonarte and Xu (see [2, 5–7, 10, 11, 13]). As we know, the concepts of
direct products, direct sums and direct limits play important roles in the inves-
tigations of the category of complexes of modules. For example, if C is a finitely
accessible category and A is a class of objects of C closed under direct limits and
pure epimorphic images, then A is covering; if C is a finitely accessible additive
category with products and A is a class of objects of C closed under products
and pure subobjects, then A is a preenveloping class [3]. So it is an important
question to investigate the closure of the class of some complexes (such as
injective complexes, flat complexes) under direct products, direct sums and direct
limits.

Injective and flat complexes play important roles in the studies of the
category of complexes. It is well known that the direct sum of any family of
injective complexes of left R-modules is injective if and only if R is left
Noetherian; the direct product of any family of flat complexes of right R-
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modules is flat if and only if R is left coherent. Thus, the class of injective
complexes (resp. flat complexes) is not closed under direct sums (resp. direct
products) in general.

Our main purpose in this paper is to introduce and investigate a generaliza-
tion of injective complex (resp. flat complex) of modules which is closed under
direct limits (resp. direct products) over any ring. We call it FR-injective com-
plex (resp. FR-flat complex). We show that a complex C is FR-injective (resp.,
FR-flat) if and only if C is exact and ZmðCÞ is FR-injective (resp., FR-flat) in
R-Mod for all m A Z. We prove that (1) a complex C of right R-modules is
FR-flat if and only if Cþ is FR-injective; (2) a complex C of left R-modules is
FR-injective if and only if Cþ is FR-flat. We also show that a ring R is left
Noetherian if and only if any FR-injective complex of left R-modules is injective
and R is left coherent if and only if any FR-flat complex of right R-modules is
flat.

The existence of (pre)envelopes and (pre)covers, not just in the setting of
the categories of modules but for more general abelian categories, such as the
category of complexes of modules which is one of the important categories where
this problem could be studied. In this paper, we show that (1) every complex of
R-modules has an FR-injective (resp. FR-flat) preenvelope; (2) every complex of
R-modules has an FR-flat (resp. FR-injective) cover.

2. Preliminaries

Throughout this paper, R denotes a ring with unity, R-Mod denotes the
category of R-modules and CðRÞ denotes the abelian category of complexes of
R-modules. A complex

� � � �!d2 C1 �!
d1

C0 �!
d0

C�1 �!
d�1 � � �

of R-modules will be denoted by ðC; dÞ or C.
We will use subscripts to distinguish complexes. So if fCigi A I is a family of

complexes, Ci will be

� � � �!d2 Ci
1 �!

d1
Ci

0 �!
d0

Ci
�1 �!

d�1 � � � :

Given a left R-module M, we use the notation DmðMÞ to denote the
complex

� � � ! 0 ! M !id M ! 0 ! � � �

with M in the mth and ðm� 1Þth positions and set M ¼ D0ðMÞ. We also use
the notation SmðMÞ to denote the complex with M in the mth place and 0 in the
other places and set M ¼ S0ðMÞ.

Given a complex C and an integer m,
Pm

C denotes the complex such
that ð

Pm
CÞl ¼ Cl�m, and whose boundary operators are ð�1Þmdl�m. The lth

homology module of C is the module HlðCÞ ¼ ZlðCÞ=BlðCÞ where ZlðCÞ ¼
KerðdCl Þ and BlðCÞ ¼ ImðdClþ1Þ. We set H lðCÞ ¼ H�lðCÞ.
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Let C and D be complexes of left R-modules. We will use Hom�ðC;DÞ
to denote the usual homomorphism complex of C and D, and let HomðC;DÞ
¼ ZðHom�ðC;DÞÞ. Then HomðC;DÞ can be made into a complex with
HomðC;DÞm the abelian group of morphisms from C to S�mD and with
boundary operator given by f A HomðC;DÞm, then dmð f Þ : C ! S�ðm�1ÞD
with dmð f Þl ¼ ð�1ÞmdDfl for any l A Z. And we put Cþ ¼ HomðC;Q=ZÞ.
We note that the new functor HomðC;DÞ will have right derived functors
whose values will be complexes. These values will be denoted Ext iðC;DÞ. It is
easy to see that Ext iðC;DÞ is the complex

� � � ! Ext iðC;S�ðmþ1ÞDÞ ! Ext iðC;S�mDÞ ! Ext iðC;S�ðm�1ÞDÞ ! � � �

with boundary operator induced by the boundary operator of D.
Let C be a complex of right R-modules and D be a complex of left

R-modules, Cn� D denotes the usual tensor product of C and D. We define

CnD to be
ðCn� DÞ
BðCn� DÞ with the maps

ðCn� DÞm
BmðCn� DÞ !

ðCn� DÞm�1

Bm�1ðCn� DÞ ; xn y 7! dCðxÞn y;

where xn y is used to denote the coset in
ðCn� DÞm
BmðCn� DÞ . Then we get a complex.

Given a complex C of left R-modules. Then we have two functors
�nC : CR ! CZ and HomðC;�Þ : RC ! CZ, where CR (resp., RC) denotes
the category of complexes of right R-modules (resp., left R-modules). Since
�nC : CR ! CZ is a right exact functor, we can construct left derived functors,
which we denote by Tor1ð�;CÞ.

General background materials can be found in [5] or [11].
Let C be an abelian category with enough projectives and injectives. Given

a class F of objects of C, write F? ¼ fC A ObðCÞ jExt1ðF ;CÞ ¼ 0 for all F A Fg
and ?F ¼ fC A ObðCÞ jExt1ðC;F Þ ¼ 0 for all F A Fg. A pair ðA;BÞ of classes
of objects of C is called a cotorsion pair (cotorsion theory) [7] if A? ¼ B and
?B ¼ A. Two simple examples of cotorsion pairs in the category of R-modules
are ðProj, R-Mod) and (R-Mod, Inj), where Proj ðInjÞ is the class of projective
(injective) R-modules. A cotorsion pair ðA;BÞ is said to be hereditary [7] if the
following equivalent conditions are hold:

(1) If 0 ! L 0 ! L ! L 00 ! 0 is exact with L 0;L A B, then L 00 is also
in B;

(2) If 0 ! L 0 ! L ! L 00 ! 0 is exact with L 00;L A A, then L 0 is also
in A;

(3) If Ext iðA;BÞ ¼ 0 for all ib 1 and all A A A, B A B.
Given a class F of objects of C. Following [9], a morphism f : X ! F of C

is called an F -preenvelope of X if F A F and HomðF ;F 0Þ ! HomðX ;F 0Þ ! 0 is
exact for all F 0 A F . If, moreover, any f : F ! F such that f f ¼ f is an auto-
morphism of F then f : X ! F is called an F -envelope of X . An F -precover
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and an F -cover of X are defined dually. It is immediate that envelopes and
covers, if they exist, are unique up to isomorphism, and that if F contains all
injective (projective) objects, then F -(pre)envelopes (F -(pre)covers) are always
injective (surjective). We say a class F of objects of C is (pre)enveloping if
every object of C has an F -(pre)envelope. Dually, we have the concept of a
(pre)covering class.

3. n-Presented complexes and some isomorphisms

In this section, we first introduce and study the concept of n-presented
complexes. Moreover, some isomorphisms are established which will be used to
prove the main results of this paper.

Definition 3.1 ([11, Definition 4.1.1]). A complex C is called finitely
generated if, in the case where we can write C ¼

P
i A I D

i with Di A CðRÞ
subcomplexes of C, there exists a finite subset JJ I such that C ¼

P
i A J D

i.
A complex C is called finitely presented if C is finitely generated and for

every exact sequence of complexes 0 ! K ! L ! C ! 0 with L finitely gen-
erated, K is also finitely generated.

Lemma 3.2 ([11, Lemma 4.1.1]). A complex C is finitely generated if and
only if C is bounded and Cm is finitely generated in R-Mod for all m A Z.

A complex C is finitely presented if and only if C is bounded and Cm is finitely
presented in R-Mod for all m A Z.

It is clear that we have the following results:

Lemma 3.3. Let 0 ! A ! B ! C ! 0 be a short exact sequence of com-
plexes. Then the following statements hold:

(1) If A is finitely generated and B is finitely presented, then C is finitely
presented;

(2) If A and C are finitely presented, then so is B;
(3) If R is left coherent ring, and B, C are finitely presented, then so is A.

Recall that a complex P is said to be projective if P is exact and ZiðPÞ is
projective in R-Mod for all i A Z.

Lemma 3.4. Let C be a complex. Then the following statements are
equivalent:

(1) C is finitely presented;
(2) There exists an exact sequence 0 ! L ! P ! C ! 0 of complexes, where

P is finitely generated projective, and L is finitely generated;
(3) There exists an exact sequence P1 ! P0 ! C ! 0 of complexes, where

P0, P1 are finitely generated projective, and P0
m, P1

m are free for all m A Z.
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An R-module M is called n-presented if it has a finite n-presentation, i.e.,
there is an exact sequence

Fn ! Fn�1 ! � � � ! F1 ! F0 ! M ! 0

in which each Fi is finitely generated free.
Now, we extend the notion of n-presented modules to that of complexes and

characterize such complexes.

Definition 3.5. Let nb 0 be an integer. A complex C is said to be
n-presented if there is an exact sequence Pn ! Pn�1 ! � � � ! P1 ! P0 ! C ! 0
of complexes, where Pi is finitely generated projective, and Pi

m is free for i ¼ 0;
1; . . . ; n and all m A Z.

Remark 3.6. (1) A complex C is n-presented if and only if C is bounded
and Cm is n-presented in R-Mod for all m A Z;

(2) A complex C is n-presented if and only if there is an exact sequence of
complexes

0 ! Kn ! Pn�1 ! � � � ! P1 ! P0 ! C ! 0

where Pi is finitely generated projective, Pi
m is free for i ¼ 0; 1; . . . ; n� 1 and all

m A Z, Kn is finitely generated;
(3) A complex C is n-presented ðnb 1Þ if and only if there is an exact

sequence of complexes

0 ! K ! P ! C ! 0;

where K is ðn� 1Þ-presented and P is finitely generated projective.

Theorem 3.7. Let nb 1 be an integer and 0 ! K ! P ! C ! 0 an exact
sequence of complexes. Then

(1) If P is n-presented and K is ðn� 1Þ-presented, then C is n-presented;
(2) If K and C are n-presented, then so is P;
(3) If C is n-presented and P is ðn� 1Þ-presented, then K is ðn� 1Þ-presented.

Proof. It is similar to the proof of [12, Theorem 2.1.2] by Remark 3.6 (1).
r

Let I be a set. An R-module M is called I -graded if there exists a family
fMigi A I of submodules of M such that M ¼ 0

i A I Mi. A Z-graded module is
simply called a graded module. General background about graded modules can
be found in [4].

Lemma 3.8. Let fCigi A I be a family of complexes, D a finitely generated
complex. Then HomðD;0

i A I C
iÞG0

i A I HomðD;CiÞ as complexes.
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Proof. Firstly,

a : 0
i A I

Hom�ðD;CiÞ ! Hom� D;0
i A I

C i

 !

is an isomorphism by x ¼ ðxiÞi A I 7!
P

i A I Hom�ðD; e iÞðxiÞ ¼
P

i A I e
ixi, where x ¼

ðxiÞi A I A ð0
i A I Hom�ðD;CiÞÞl ¼ 0

i A I ðHom�ðD;CiÞÞl with xi A Hom�ðD;CiÞl
and e j : C j 7! 0

i A I C
i is the natural embedding (see [4, Proposition 2.5.16]).

Secondly, we will show that HomðD;0
i A I C

iÞG0
i A I HomðD;CiÞ. We

define a morphism

g ¼ aj0i A I HomðD;C iÞ : 0
i A I

HomðD;CiÞ ! Hom D;0
i A I

C i

 !
:

We claim that g is a graded isomorphism of graded modules with degree 0.
We first show that HomðD;0

i A I C
iÞG0

i A I HomðD;CiÞ as graded modules.

Note that HomðD;0
i A I C

iÞ ¼ ZðHom�ðD;0
i A I C

iÞÞGZð0
i A I Hom�ðD;CiÞÞG

0
i A I ZðHom�ðD;CiÞÞ ¼ 0

i A I HomðD;CiÞ since D is finitely generated. And
g ¼ aj0i A I HomðD;C iÞ is a monomorphism since a is a isomorphism. So g is a

graded isomorphism of graded modules with degree 0.
On the other hand, for any ðxiÞi A I A ð0

i A I HomðD;CiÞÞl ,

gd0i A I HomðD;C iÞðxiÞi A I ¼ ad0i A I HomðD;C iÞðxiÞi A I ¼ aðdHomðD;C iÞðxiÞÞi A I
¼
X
i A I

HomðD; e iÞdHomðD;C iÞðxiÞ

¼
X
i A I

e ið�1Þ ldC iðxiÞ ¼ ð�1Þ l
X
i A I

e idC
iðxiÞ;

and

dHomðD;0i A I C
iÞgðxiÞi A I ¼ dHomðD;0i A I C

iÞaðxiÞi A I ¼ dHomðD;0i A I C
iÞ
X
i A I

e ixi

 !

¼ ð�1Þ ld0i A I C
i
X
i A I

e ixi

 !
¼ ð�1Þ l

X
i A I

d0i A I C
i

e ixi

¼ ð�1Þ l
X
i A I

e idC
iðxiÞ:

Thus g is an isomorphism of complexes, and hence HomðD;0
i A I C

iÞG
0

i A I HomðD;CiÞ. r

Lemma 3.9. Let fCigi A I be a direct system of complexes, D a finitely
presented complex. Then HomðD; lim�! CiÞG lim�! HomðD;CiÞ.
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Proof. It follows from Stenström [15, Chap. V, Proposition 3.4] since CðRÞ
is locally finitely generated in the sense of [15]. r

Lemma 3.10. Let fCigi A I be a family of complexes, D a finitely presented
complex. Then Dn

Q
i A I C

i G
Q

i A I ðDnCiÞ as complexes.

Proof. Firstly,

a : Dn�
Y
i A I

C i !
Y
i A I

ðDn� CiÞ

is an isomorphism by x 7! ððDn� p iÞðxÞÞi A I , where x ¼ dn c A ðDn� Q
i A I C

iÞl
and p j :

Q
i A I C

i ! C j is the natural projection (see [4, Proposition 2.5.17).
Secondly, we will show that Dn

Q
i A I C

i G
Q

i A I ðDnCiÞ. Since we have
the following commutative diagram:

Dn�
Y
i A I

C i

 !
l

���! Dn� Q
i A I

C i

� �
l

Bl Dn� Q
i A I

C i

� � ���! 0

al

???y bl

???y
Y
i A I

Dn� Ci

 !
l

���!
Q
i A I

Dn� Ci

� �
l

Bl

Q
i A I

Dn� Ci

� � ���! 0;

where bl :

Dn� Q
i A I

C i

� �
l

Bl Dn� Q
i A I

C i

� �!

Q
i A I

Dn� Ci

� �
l

Bl

Q
i A I

Dn� Ci

� � is given by the assignment

dn cþ B Dn�
Y
i A I

C i

 !
! aðdn cÞ þ B

Y
i A I

Dn� Ci

 !

for any dn c A ðDn� Q
i A I C

iÞl , and let b be a graded homomorphism induced
by bl . Thus b is a graded isomorphism of graded modules with degree 0.
Moreover,

bdDn
Q

i A IC
i

dn cþ B Dn�
Y
i A I

C i

 ! !

¼ bðdDðdÞn cÞ ¼ aðdDðdÞn cÞ ¼ ðdDðdÞn p iðcÞÞi A I
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and

d
Q

i A I ðDnC iÞb dn cþ B
Y
i A I

Dn� Ci

 ! !

¼ d
Q

i A I ðDnC iÞ aðdn cÞ þ B
Y
i A I

Dn� Ci

 ! !

¼ d
Q

i A I ðDnC iÞaðdn cÞ ¼ ðdDnC i

aðdn cÞÞi A I ¼ ðdDðdÞn p iðcÞÞi A I :

Therefore, b is an isomorphism of complexes. r

Theorem 3.11. Let nb 1 be an integer, D an n-presented complex
and ðCiÞi A I a direct system of complexes. Then Extn�1ðD; lim�! CiÞG
lim�! Extn�1ðD;CiÞ.

Proof. We do an induction on n. If n ¼ 1, then the result follows from
Lemma 3.9.

Let n ¼ 2 and D be an 2-presented complex. Then there exists an exact
sequence of complexes 0 ! L ! P ! D ! 0 with P finitely generated projec-
tive and L finitely presented. Thus there is a commutative diagram with exact
rows:

HomðP; lim�! CiÞ ���! HomðL; lim�! CiÞ ���! Ext1ðD; lim�! CiÞ ���! 0

G

???y G

???y
???y

lim�! HomðP;CiÞ ���! lim�! HomðL;CiÞ ���! lim�! Ext1ðD;CiÞ ���! 0:

Since HomðP; lim�! CiÞG lim�! HomðP;CiÞ and HomðL; lim�! CiÞG lim�! HomðL;CiÞ
by Lemma 3.9, we have Ext1ðD; lim�! CiÞG lim�! Ext1ðD;CiÞ:

If n > 2, then it follows from the standard homological method. Therefore,
Extn�1ðD; lim�! CiÞG lim�! Extn�1ðD;CiÞ. r

Theorem 3.12. Let nb 1 be an integer, D an n-presented complex and
ðN aÞa A I a family of complexes. Then Torn�1ð

Q
a A I N

a;DÞG
Q

a A I Torn�1ðN a;DÞ.

Proof. We do an induction on n. If n ¼ 1, then the result follows from
Lemma 3.10.

Let n ¼ 2 and D be an 2-presented complex. Then there exists an exact
sequence of complexes 0 ! L ! P ! D ! 0 with P finitely generated projec-
tive and L finitely presented. Thus there is a commutative diagram with exact
rows:
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0 ���! Tor1
Y
a A I

N a;D

 !
���! Y

a A I

N a

 !
nL ���! Y

a A I

N a

 !
nP???y G

???y G

???y
0

Y
a A I

Tor1ðN a;DÞ
Y
a A I

ðN a nLÞ
Y
a A I

ðN a nPÞ:����! ����! ����!
Since ð

Q
a A I N

aÞnLG
Q

a A I ðN a nLÞ and ð
Q

a A I N
aÞnPG

Q
a A I ðN a nPÞ by

Lemma 3.10, we have Tor1ð
Q

a A I N
a;DÞG

Q
a A I Tor1ðN a;DÞ:

If n > 2, then it follows from the standard homological method. Therefore,
Torn�1ð

Q
a A I N

a;DÞG
Q

a A I Torn�1ðN a;DÞ. r

Lemma 3.13 ([11, Lemma 4.2.2]). Let R and S be rings, L a complex of right
S-modules, K a complex of ðR;SÞ-bimodules and P a complex of left R-modules.
Suppose that P is finitely presented and L is injective as complexes of right
S-modules. Then HomðK ;LÞnPGHomðHomðP;KÞ;LÞ as complexes. This
isomorphism is functorial in P, K and L.

Theorem 3.14. (1) Let R and S be rings, n a fixed positive integer, A
an n-presented complex of left R-modules, B a complex of ðR;SÞ-bimodules,
C an injective complex of right S-modules. Then HomðExtn�1ðA;BÞ;CÞG
Torn�1ðHomðB;CÞ;AÞ:

(2) Let R and S be rings, n a fixed positive integer, A a complex of left
R-modules, B a complex of right ðR;SÞ-bimodules, C an injective complex of right
S-modules. Then ExtnðA;HomðB;CÞGHomðTornðB;AÞ;CÞ:

Proof. (1) We do an induction on n. If n ¼ 1, then the result follows from
Lemma 3.13.

Let n ¼ 2 and A be an 2-presented complex. Then there exists an exact
sequence of complexes 0 ! K ! P ! A ! 0 with P finitely generated projective
and K finitely presented in CðRÞ. Thus we have the commutative diagram with
exact rows by Lemma 3.13:

0 �! HomðExt1ðA;BÞ;CÞ �! HomðHomðK ;BÞ;CÞ �! HomðHomðP;BÞ;CÞ???y G

???y G

???y
0 �! Tor1ðHomðB;CÞ;AÞ HomðB;CÞnK HomðB;CÞnP:���! �����!
Hence, HomðExt1ðA;BÞ;CÞGTor1ðHomðB;CÞ;AÞ:

If n > 2, then it follows from the standard homological method. Therefore,
HomðExtn�1ðA;BÞ;CÞGTorn�1ðHomðB;CÞ;AÞ:

(2) It follows by similar arguments since HomðAnB;CÞG
HomðA;HomðB;CÞÞ for any complex A, B and C. r
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Remark 3.15. It is not hard to see that

Hom D;
Y
i A I

C i

 !
G
Y
i A I

HomðD;CiÞ;

Dn 0
i A I

C i G 0
i A I

ðDnCiÞ;

Extn D;
Y
i A I

C i

 !
G
Y
i A I

ExtnðD;CiÞ;

and

Torn 0
a A I

C i;D

� �
G 0

a A I

TornðCi;DÞ

Tornðlim�! N a;DÞG lim�! TornðN a;DÞ

for a fixed positive integer n, any complex D, any family fCigi A I of com-
plexes and direct system fN aga AL by analogy with the proof of the above
results.

4. FR-injective complexes and FR-flat complexes

In the following, we use the word ‘‘finitely represented’’ instead of
‘‘2-presented’’ in R-Mod.

Definition 4.1. We will say that a complex C is finitely represented (i.e.
2-presented) if there is an exact sequence of complexes 0 ! K ! P ! C ! 0 with
P finitely generated projective, K is finitely presented.

Let R be a ring. A left R-module M is said to be FR-injective if
Ext1ðF ;MÞ ¼ 0 for any finitely represented module F ; a right R-module N is
called FR-flat if Tor1ðN;F Þ ¼ 0 for any finitely represented module F . These
modules have been studied by Ding, Mao and Zhou (see [14, 16]). Note that in
[16], FR-injective (resp., FR-flat) is called ð2; 0Þ-injective (resp., ð2; 0Þ-flat).

We now want to define an FR-injective (FR-flat) complex. For such a
definition, we have two options. We could define such a complex by analogy
with the definition of FR-injective (resp., FR-flat) modules (i.e., Definition 4.2),
or we could use a modification of the definition of injective complexes (resp., flat
complexes). Recall that a complex C is called injective (resp., flat) if C is exact
and Cm is injective (resp., flat) for all m A Z. The following results (Theorem 4.9
and Theorem 4.10) will show that the two definitions are equivalent.

Definition 4.2. (1) A complex C is called FR-injective if Ext1ðD;CÞ ¼ 0
for any finitely represented complex D;
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(2) A complex C is called FR-flat if Tor1ðC;DÞ ¼ 0 for any finitely repre-
sented complex D.

Remark 4.3. (1) It is obvious that injective complexes are FR-injective and
flat complexes are FR-flat. However, the converse is not true in general. See
Example 4:12 or Theorem 4:11;

(2) It is clear that the class FR-injective complexes is closed under direct
products and the class of FR-flat complexes is closed under direct limits by
Remak 3.15;

(3) A complex C is FR-injective if and only if Ext1ðF ;CÞ ¼ 0 for any finitely
represented complex F .

Proof. Here we only prove (3) of the Remark 4.3. Note that Ext1ðF ;CÞ is
the complex

� � � ! Ext1ðF ;S�ðmþ1ÞCÞ ! Ext1ðF ;S�mCÞ ! Ext1ðF ;S�ðm�1ÞCÞ ! � � �

and also is the complex

� � � ! Ext1ðSðmþ1ÞF ;CÞ ! Ext1ðSmF ;CÞ ! Ext1ðSðm�1ÞF ;CÞ ! � � � :

So if Ext1ðF ;CÞ ¼ 0, then Ext1ðF ;CÞ ¼ 0. Now we prove the converse. Let
Ext1ðF ;CÞ ¼ 0 for any finitely represented complex F . Then Ext1ðSmF ;CÞ ¼ 0
since SmF is finitely represented for all m A Z. Therefore Ext1ðF ;CÞ ¼ 0. r

Proposition 4.4. Let R be a ring and 0 ! A ! B ! C ! 0 an exact
sequence of complexes. Then:

(1) If A and C are FR-injective, then so is B;
(2) If A and C are FR-flat, then so is B.

Proof. It is obvious by the definitions. r

Proposition 4.5. Let fBigi A I and fCigi A I be families of complexes of
R-modules. Then

(1)
Q

i A I C
i is FR-injective if and only if each C i is FR-injective;

(2) 0
i A I B

i is FR-flat if and only if each Bi is FR-flat.

Proof. (1) It follows from the isomorphism Ext1ðN;
Q

i A I C
iÞGQ

i A I Ext
1ðN;CiÞ, where N is a complex of R-modules.

(2) It follows from the isomorphism Tor1ð0i A I B
i;NÞG0

i A I Tor1ðBi;NÞ,
where N is a complex of R-modules. r

It is well known that a complex C is flat if and only if Cþ is injective over
any ring R, and a ring R is left Noetherian if and only if a complex C of left
R-modules being injective is equivalent to that Cþ being flat.

Here we have the similar result over any ring R.
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Theorem 4.6. Let R be a ring. Then
(1) A complex C of right R-modules is FR-flat if and only if Cþ is FR-

injective;
(2) A complex C of left R-modules is FR-injective if and only if Cþ is FR-

flat.

Proof. (1) It follows from the isomorphism Ext1ðD;CþÞGTor1ðC;DÞþ for
any complex D.

(2) Note that Tor1ðCþ;DÞGExt1ðD;CþÞ for any finitely represented com-
plex C by Theorem 3.14. Hence C is FR-injective if and only if Cþ is FR-flat.

r

Proposition 4.7. Let C be a complex of left R-modules. Then C is FR-
injective if and only if Cm is FR-injective in R-Mod for all m A Z and Hom�ðF ;CÞ
is exact for any finitely represented complex F.

Proof. ð)Þ Suppose that ðC; dÞ is FR-injective and let

0 ! Cm !a X ! G ! 0ð1Þ

be an extension in R-Mod, where G is a finitely represented module. We will
show that the sequence (1) splits.

By the factor theorem (see [1, Theorem 3.6]), we have the following
commutative diagram:

Cm�1 ���!h CokerðdmÞ ���! 0

dm�1

???y y

Cm�2

::::::::::::::::::b

where h : Cm�1 ! CokerðdmÞ is the natural epimorphism. We form the pushout

of Cm !a X and Cm !dm Cm�1 to obtain a commutative diagram:

0 Cm X G ���! 0

dm

???y m

???y
����

0 Cm�1 P G ���! 0

h

???y g

???y
CokerðdmÞ CokerðdmÞ???y

???y
0 0:

������! ���������!a ������!
�����! ���������!n ������!

So we have the commutative diagram:
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???y
???y

???y
0 ���! Cmþ2 ���!id Cmþ2 ���! 0

dmþ2

???y dmþ2

???y
???y

0 ���! Cmþ1 ���!id Cmþ1 ���! 0

dmþ1

???y admþ1

???y
???y

0 Cm X G ���! 0

dm

???y m

???y
����

0 ���! Cm�1 P G ���! 0

dm�1

???y yg

???y
???y

0 ���! Cm�2 ���!id Cm�2 ���! 0

dm�2

???y dm�2

???y
???y

0 ���! Cm�3 ���!id Cm�3 ���! 0???y
???y

???y

����! �����!a ����!
����!n ����!

and can form the complex

W ¼ � � � ! Cmþ2 ! Cmþ1 ! X ! P ! Cm�2 ! � � � :

Thus we have an exact sequence of complexes

0 ! C ! W ! DmðGÞ ! 0:ð2Þ

Since G is a finitely represented module, we may deduce from Remark 3.6 that
DmðGÞ is a finitely represented complex. By our hypothesis the sequence (2)
splits in the category of complexes and so the sequence (1) splits in the category
of modules. Therefore Cm is an FR-injective module.

For a finitely represented complex F we have that Hom�ðF ;CÞ is exact if and
only if for each m, each morphism of complexes

f : F ! S�mC

is homotopic to 0. This is equivalent to the requirement that for each m and
each morphism of complexes

f : F ! S�mC;

the sequence

0 ! S�mC ! Mð f Þ ! S�1F ! 0
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splits, or, equivalently, for each m and each morphism of complexes

f : F ! S�mC

the sequence

0 ! C ! SmMð f Þ ! Sm�1F ! 0

splits where Mð f Þ denotes the mapping cone of f . Since F is finitely repre-

sented, so is Sm�1F . By hypothesis, Ext1ðSm�1F ;CÞ ¼ 0. Hence the sequence
0 ! C ! SmMð f Þ ! Sm�1F ! 0 splits and Hom�ðF ;CÞ is an exact complex.

ð(Þ. Suppose Cm is an FR-injective module for all m A Z and Hom�ðF ;CÞ is
exact for every finitely represented complex F . An exact sequence

0 ! C ! W ! F ! 0

of complexes with F finitely represented splits at the module level. So this
sequence is isomorphic to

0 ! C ! Mð f Þ ! F ! 0;

where f : S1F ! C is a morphism of complexes. Since Hom�ðS1F ;CÞ is exact,
the sequence

0 ! C ! Mð f Þ ! F ! 0

splits by [11, Lemma 2.3.2], so

0 ! C ! W ! F ! 0

also splits. r

Proposition 4.8. Let C be an exact complex of left R-modules such that
ZtðCÞ is FR-injective in R-Mod for all t A Z. Then Hom�ðF ;CÞ is exact for any
finitely represented complex F.

Proof. If F is a finitely represented complex, then F is bounded by Remark
3.6. Hence we can assume that F has the following form:

� � � ! 0 ! Fm ! Fm�1 ! � � � ! F2 ! F1 ! F0 ! 0 ! � � � :

Now consider the complex

Hom�ðF ;CÞ ¼ � � � ��!dmþ1
Y
i AZ

HomðFi;CmþiÞ ��!dm Y
i AZ

HomðFi;Cm�1þiÞ ��!dm�1 � � � :

It is enough to show that Kerðdm�1ÞJ ImðdmÞ for each m A Z. Let g A
Kerðdm�1Þ. Then dm�1ðgÞ ¼ ðdCm�1þtgt � ð�1Þm�1

gt�1d
F
t Þt AZ ¼ 0. In the fol-

lowing procedure we are going to construct a morphism f satisfying f A
Hom�ðF ;CÞm ¼

Q
i AZ HomðFi;CmþiÞ and dmð f Þ ¼ ðdCmþt ft � ð�1Þmft�1d

F
t Þt AZ ¼
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ðgtÞt AZ. Since gt ¼ 0 for ta�1, we take ft ¼ 0 if ta�1. If t ¼ 0, then
dCm�1g0 ¼ 0, and so Im g0 JKerðdCm�1Þ ¼ ImðdCm Þ. Since ZmðCÞ is FR-injective
and F0 is a finitely represented module, there exists a homomorphism f0 : F0 !
Cm such that dCm f0 ¼ g0. That is, the diagram

F0

f0

???yg0

0 ���! ZmðCÞ ���! Cm ���!
dCm

Zm�1ðCÞ ���! 0

::::::::::::::::::b

commutes.
If t ¼ 1, then dCm ðg1 � ð�1Þm�1

f0d
F
1 Þ ¼ dCmg1 � ð�1Þm�1dCm f0d

F
1 ¼ 0, and so

Imðg1 � ð�1Þm�1
f0d

F
1 ÞJKerðdCm Þ. Set h1 ¼ g1 � ð�1Þmþ1

f0d
F
1 . Since Zmþ1ðCÞ

is FR-injective and F1 is a finitely represented complex, we have the following
commutative diagram.

F1

f1

???yh1

0 ���! Zmþ1ðCÞ ���! Cmþ1 ���!
dCm�1

ZmðCÞ ���! 0:

::::::::::::::::::b

That is, g1 ¼ dCm�1 f1 � ð�1Þmf0dF1 . Repeating this procedure, we deduce that
f A Im dm and dmð f Þ ¼ g. r

Theorem 4.9. Let C be a complex of left R-modules. Then C is FR-
injective if and only if C is exact and ZmðCÞ is FR-injective in R-Mod for all
m A Z.

Proof. ð)Þ: Suppose that C is an FR-injective complex. Since H iðCÞ ¼
Ext1ðS1�iðRÞ;CÞ for all i A Z and S1�iðRÞ is finitely represented, then C is exact.
We only need to prove that Ext1ðG;ZmðCÞÞ ¼ 0 for every finitely represented
module G. Consider the exact sequence

0 ! K ! P ! G ! 0

with P a finitely generated projective module and K a finitely presented module.
It yields an exact sequence of complexes

0 ! SmðKÞ ! SmðPÞ ! SmðGÞ ! 0:

By the hypothesis Ext1ðSmðGÞ;CÞ ¼ 0. So

HomðSmðPÞ;CÞ ! HomðSmðKÞ;CÞ ! 0

is exact.
Let f : K ! ZmðCÞ be an R-homomorphism. We define am : K ! Cm by

am ¼ lf where l is the inclusion map and aj ¼ 0 for j0m. In this way we
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obtain a morphism of complexes a : SmðKÞ ! C. Then there exists a morphism
b : SmðPÞ ! C such that the diagram

SmðKÞ ���! SmðPÞ

a

???y b

C

::::::::::::::::::b

commutes. Hence we have the commutative diagram

K ���! P

lf

???y bm

Cm

::::::::::::::: b

and dmbm ¼ 0, which implies that Im bm JKerðdmÞ. So we define g : P !
KerðdmÞ by g ¼ bm. Thus the sequence

HomðP;ZmðCÞÞ ! HomðK ;ZmðCÞÞ ! 0

is exact.
On the other hand, we have an exact sequence

HomðP;ZmðCÞÞ ! HomðK ;ZmðCÞÞ ! Ext1ðG;ZmðCÞÞ ! 0:

Therefore, Ext1ðG;ZmðCÞÞ ¼ 0 and we have established our result.
ð(Þ. Since C is exact we have an exact sequence

0 ! ZmðCÞ ! Cm ! Zm�1ðCÞ ! 0

for each m A Z. Now ZmðCÞ and Zm�1ðCÞ are FR-injective which implies that
Cm is FR-injective. The result now follows from Propositions 4.7 and 4.8.

r

Theorem 4.10. Let C be a complex of left R-modules. Then C is FR-flat if
and only if C is exact and ZmðCÞ is FR-flat in R-Mod for all m A Z.

Proof. ð)Þ: Since C is FR-flat, Cþ is FR-injective. Then Cþ is exact and
ZmðCþÞGZ�m�1ðCÞþ is FR-injective in R-Mod by Theorem 4.9. And so C is
exact and ZmðCÞ is FR-flat in R-Mod for all m A Z.

ð(Þ. Let C be exact with ZmðCÞ FR-flat in R-Mod for all m A Z. Then
Cþ is exact and ZmðCÞþ ¼ B�mðCþÞGZ�m�1ðCþÞ is FR-injective in R-Mod for
all m A Z. Thus Cþ is FR-injective by Theorem 4.9. Hence C is FR-flat by
Theorem 4.6. r

As we know, the direct limit of injective complexes need not be injective and
the direct product of flat complexes is not necessarily flat in general. Here we
give an interesting result which establishes the transfer of the FR-injectivity to the
direct limit and the FR-flatness to the direct product.
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Theorem 4.11. The following are true for any ring R.
(1) Every direct limit of FR-injective complexes of left R-modules is FR-

injective;
(2) Every direct product of FR-flat complexes of right R-modules is FR-

flat;

Proof. (1) Since lim�! Ext1ðF ;CiÞGExt1ðF ; lim�! CiÞ for any finitely repre-
sented complex F and any direct system fCigi A J of complexes of left R-modules
by Theorem 3.11, then every direct limit of FR-injective complexes of left R-
modules is FR-injective.

(2) Since Tor1ð
Q

N a;FÞG
Q

Tor1ðN a;F Þ for any finitely represented com-
plex F and any family fN aga AL of complexes of right R-modules by Theorem
3.12, then every direct product of FR-flat complexes of right R-modules is FR-
flat. r

Example 4.12. If R is not Noetherian, then we can form a direct limit
lim�! Mi of injective R-modules fMigi A I which is not injective, but is necessarily

FR-injective. Hence D0ðlim�! MiÞ is an FR-injective complex but is not an injec-
tive complex by Theorem 4:9.

It is clear that if R is left Noetherian then the class of FR-injective left
R-modules coincides with the class of injective left R-modules and if R is left
coherent then the class of FR-flat left R-modules coincides with the class of flat
left R-modules.

Corollary 4.13. Let R be a ring. Then the following conditions are
equivalent:

(1) R is left Noetherian;
(2) A complex C of left R-modules is FR-injective if and only if C is injective.

Proof. ð1Þ ) ð2Þ: It follows from Theorem 4.9 since a complex C is injec-
tive if and only if C is exact and ZmðCÞ is injective in R-Mod for all m A Z.

ð2Þ ) ð1Þ: It follows from Theorem 4.11 and the fact that a ring R is left
noetherian if and only if every direct limit of injective left R-modules is injective.

r

Corollary 4.14. Let R be a ring. Then the following conditions are
equivalent:

(1) R is left coherent;
(2) A complex C of right R-modules is FR-flat if and only if C is flat.

Proof. Note that a ring R is left coherent if and only if every direct product
of flat right R-modules is flat. Then the result is clear by Theorem 4.10 and
Theorem 4.11 since a complex C is flat if and only if C is exact and ZmðCÞ is flat
in R-Mod for all m A Z. r
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Recall from [11] that a exact sequence 0 ! S ! C ! C=S ! 0 in CðRÞ
is pure if 0 ! HomðP;SÞ ! HomðP;CÞ ! HomðP;C=SÞ ! 0 is exact for any
finitely presented complex P. In this case, S is said to be a pure subcomplex of
C and C=S is said to be a pure quotient complex of C.

Proposition 4.15. The class of all FR-injective complexes and the class of all
FR-flat complexes are closed under pure subcomplexes and pure quotient com-
plexes.

Proof. Let B be a pure subcomplex of an FR-injective complex A and D a
finitely represented complex. Then we have the exact sequence

0 ! HomðD;BÞ ! HomðD;AÞ ! HomðD;A=BÞ ! 0.

Thus Ext1ðD;BÞ ¼ 0 since Ext1ðD;AÞ ¼ 0. Therefore, B is FR-injective.
Let S be a pure subcomplex of an FR-flat complex C. Then the pure exact

sequence 0 ! S ! C ! C=S ! 0 induces the split exact sequence 0 ! ðC=SÞþ
! Cþ ! Sþ ! 0. Thus Sþ is FR-injective since Cþ is FR-injective by Theorem
4.6. So S is FR-flat by Theorem 4.6 again.

Let C be a pure quotient complex of an FR-injective complex A. Then we
have an exact sequence 0 ! K ! A ! C ! 0. Then Cþ is FR-flat by Theorem
4.6. So C is FR-injective by Theorem 4.6 again. It is easy to see that the class
of all FR-flat complexes is also closed under pure quotient complexes. r

Lemma 4.16 ([3]). (1) Let C be a finitely accessible category and A a class of
objects of C closed under direct limits and pure epimorphic images. Then A is
covering.

(2) Let C be a finitely accessible additive category with products and A a class
of objects of C closed under products and pure subobjects. Then A is pre-
enveloping.

Theorem 4.17. The following are true for any ring R.
(1) Every complex of left R-modules has an FR-injective preenvelope;
(2) Every complex of right R-modules has an FR-flat cover;
(3) Every complex of left R-modules has an FR-injective cover;
(4) Every complex of right R-modules has an FR-flat preenvelope.

Proof. It follows from Theorem 4.11, Proposition 4.15, Lemma 4.16 and
Remark 4.3 since CðRÞ is finitely accessible in the sense of [3]. r

In the following, FF (resp. FIÞ denotes the class of all FR-flat complexes
(resp. FR-injective complexes). Then ð?FI;FIÞ and ðFF;FF?Þ are cotor-
sion theories for the category of complexes without any conditions.

Theorem 4.18. The following are equivalent for a ring R:
(1) ð?FI;FIÞ is a hereditary cotorsion theory;
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(2) ðFF;FF?Þ is a hereditary cotorsion theory;
(3) Ext2ðD;CÞ ¼ 0 for any finitely represented complex D and any FR-

injective complex C of left R-modules;
(4) Tor2ðB;DÞ ¼ 0 for any finitely represented complex D and any FR-flat

complex B of right R-modules.

Proof. (1) ) (2) Let 0 ! A ! B ! C ! 0 be an exact sequence of com-
plexes with B and C FR-flat. Then we have an induced exact sequence 0 !
Cþ ! Bþ ! Aþ ! 0: Since Bþ and Cþ are FR-injective by Theorem 4.6, so
is Aþ by (1). Hence A is FR-flat. Therefore, ðFF;FF?Þ is a hereditary
cotorsion theory.

(2) ) (1) Let 0 ! A ! B ! C ! 0 be an exact sequence of complexes with
A and B FR-injective. Then we get an exact sequence 0 ! Cþ ! Bþ ! Aþ !
0. By Theorem 4.6, Aþ and Bþ are FR-flat, and so Cþ is FR-flat by (2).
Hence C is FR-injective by Theorem 4.6 again. Therefore, ð?FI;FIÞ is a
hereditary cotorsion theory.

(1) ) (3) It follows from [11, Theorem 1.2.10].
(3) ) (1) Let 0 ! A ! B ! C ! 0 be an exact sequence of complexes with

A and B FR-injective. For any finitely represented complex D, we have the
exact sequence

0 ¼ Ext1ðD;BÞ ! Ext1ðD;CÞ ! Ext2ðD;AÞ ¼ 0

Then Ext1ðD;CÞ ¼ 0, and so C is FR-injective.
(2) ) (4) For any FR-flat complex of right R-modules N, there is an exact

sequence 0 ! K ! P ! N ! 0 with P projective. Then K is FR-flat by (2), and
so Tor2ðN;DÞGTor1ðK ;DÞ ¼ 0 for any finitely represented complex D.

(4) ) (2) Similar to (3) ) (1). r
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