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ASYMPTOTIC BEHAVIOUR OF GOOD SYSTEMS OF PARAMETERS
OF SEQUENTIALLY GENERALIZED COHEN-MACAULAY MODULES

Quy PHam Hung

Abstract

Let (R, m) be a commutative Noetherian local ring. A finitely generated R-module
M is called sequentially generalized Cohen-Macaulay module if there is a filtration
My<= M, <--- = M, =M of submodules of M such that 0 = dim M, < dim M; < ---
< dim M, and each M;/M;_; is a generalized Cohen-Macaulay module. In this paper
we study the asymptotic behavior of good systems of parameters, introduced in [N. T.
Cuong, D. T. Cuong, On sequentially Cohen-Macaulay modules, Kodai Math. J. 30
(2007), 409-428], of sequentially generalized Cohen-Macaulay modules.

1. Introduction

Throughout this paper, let (R,m) be a commutative Noetherian local ring
and let M be a finitely generated R-module of dimension d > 0. Let x=
X1,...,Xq be a system of parameters (s.0.p. for short) of M. It is well known
that M is a Cohen-Macaulay module if /(M /xM) = e(x; M) for every s.o.p. x,
where e(x; M) is the Serre multiplicity of M relative to x. A generalization of
Cohen-Macaulay module is the notion of generalized Cohen-Macaulay module
introduced in [5] by N. T. Cuong, P. Schenzel and N. V. Trung: M is a gen-
eralized Cohen-Macaulay module if the differences 1), (x) = /(M /xM) — e(x; M)
for every s.o.p. x are bounded above. In this case the number I(M)=
SUPy0p. Im(x) is called the Buchsbaum invariant of M, and it holds /(M) =

d—1 . .
Z,d: 01( . )/(H&(M)), where H! (M) is the i-th local cohomology module
i

with respect to m. Moreover, there exists a large enough integer n (n> 0 for
short) such that Iy, (x) = I(M) for every s.o.p. x =m” ([11, Proposition 2.10]).
A s.o.p. x satisfying Iy (x) =I(M) is called standard. An R-module M is
called Buchsbaum if every parameter ideal is standard. We recall that the
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index of reducibility of a parameter ideal (x) on M is defined as Ng((x), M) =
dimg/y, Soc(M /(x)M), where Soc(N) = 0 :y m = Hom(R/m, N) for an arbitrary
R-module N. It is well-known that if M is a Cohen-Macaulay module, then
Ngr((x), M) is independent of the choice of x. If M is a Buchsbaum module, S.
Goto and H. Sakurai have proved that Ng((x), M) is independent of the choice
of x € m” with n> 0 (cf. [7]). N. T. Cuong and H. L. Truong in [6, Theorem
1.1] extended Goto and Sakurai’s result for generalized Cohen-Macaulay mod-
ules. Recently, N. T. Cuong and the author reproved this result, based on a
splitting theorem for local cohomology ([4, Theorem 1.1, Corollary 4.2]).

Another generalization of Cohen-Macaulay module is the notion of sequen-
tially Cohen-Macaulay module introduced for graded rings by R. P. Stanley in
[10] and for modules over local rings by P. Schenzel in [9], and by N. T. Cuong
and L. T. Nhan in [3]. In [3], the authors also introduced the notion of sequen-
tially generalized Cohen-Macaulay modules: M is called a sequentially (general-
ized) Cohen-Macaulay module if there is a filtration % : My M, <. - <
M, = M of submodules of M such that 0 = dim My < dim M; < --- < dim M,
and each M;/M; ;| is (generalized) Cohen-Macaulay. Such a filtration Z is
called a (generalized) Cohen-Macaulay filtration. In order to study sequentially
(generalized) Cohen-Macaulay modules we can consider a filtration & : M <
M, c---= M, =M of submodules of M that satisfies the dimension condition
that 0 = dim My < dim M| < --- <dim M, =d. For such a filtration # with
d; = dim M;, the notion of good system of parameters with respect to F
introduced in [1] is useful for the study of sequential (generalized) Cohen-
Macaulayness of M. A s.0.p. x = Xxy,...,Xx4 is called good with respect to # if
M:N (xg415--.,X3)M =0 for all 0 <i<r¢—1. Then, xj,...,x4 is a s.0.p. of
M; for every 0 <i<t—1. In [1], N. T. Cuong and D. T. Cuong considered
the difference

1

I (x) = ((M/(x)M) =Y " e(xi, ..., Xq5 M),
i=0

They proved that Iz ,(x) is non-negative for every s.o.p. x that is good with
respect to %, and that M is a sequentially Cohen-Macaulay module if and only
if Iz a(x2) = 0 for some (and therefore all) s.o.p. x that is good with respect to
7, where x* =x]",...,x}" for any d-tuple of positive integers n = (ni,...,nq)
([1, Theorem 4.2]). Furthermore, N. T. Cuong and D. T. Cuong proved in
[2] that M is a sequentially generalized Cohen-Macaulay if and only if there
are a filtration # and a good s.o.p. x such that Iz ,(x”) is constant for all
ni,...,ng >0 ([2, Theorems 3.8, 5.2]).

The purpose of this paper is to show that the method used in [4] can be
applied to study the asymptotic behavior of good s.o.p. of sequentially gener-
alized Cohen-Macaulay modules. For a sequentially generalized Cohen-Macaulay
module M with a generalized Cohen-Macaulay filtration # we show that
Iz m(x) and Ng((x), M) are independent of the choice of good s.o.p. x of
M with respect to # contained in m” with n> 0. The main results will be
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proved in Section 3. In the next Section we recall briefly some facts about
filtrations satisfying the dimension condition, good systems of parameters, and
(sequentially) generalized Cohen-Macaulay modules.

2. Preliminaries

Let x =xi,...,x; be a s.o.p. of M. We consider the difference I,/(x) =
{(M/xM) — e(x; M), where e(x; M) denotes the Serre multiplicity of M relative
to x. Set I(M) = sup, Iy (x) where the supremum is taken over all systems of
parameters of M. -

DerFmITION 2.1. An R-module M is called a generalized Cohen-Macaulay
module if I(M) < oo.

Some basic facts of generalized Cohen-Macaulay modules can be found in
[5] and [11].

Remark 2.2. Let M be a generalized Cohen-Macaulay module. Then:
(i) There exists an integer n such that Iy (x) =1I(M) for every s.o.p.
x cm”’

(i1) The i-th local cohomology H! (M) has finite length for all i < d, and

1(M) = dz(d - I)AH;(M)).

=0 !

(iii) (cf. [6, Theorem 1.1], [4, Corollary 4.2]) The index of reducibility
of a parameter ideal (x) on M is defined by Ngr((x),M)=
dimg/,, Soc(M/(x)M), where Soc(N)=0:y m = Hom(R/m,N) for
an arbitrary R-module N. Then,

d

Nr((x), M) = Z(f) dimR/m SOC(H&(M))

i=0
for every s.o.p. x < m” with n> 0.

Next we recall briefly some basic facts about filtrations satisfying the dimen-
sion condition and good s.o.p. as defined in [1].

DEFINITION 2.3.
(i) We say that a finite filtration
F - MycM<c---=cM=M

of submodules of M satisfies the dimension condition if dim M, <
dim M; < ---<dim M,, and then % 1is said to have the length
t. For convenience, we always consider that dim M; > 0.
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(i) A filtration of submodules 2 : Dy = D) <---= D, =M of M is called
the dimension filtration of M if the following two conditions are

satisfied:
(a) D;—y is the largest submodule of D; with dim D, ; < dim D; for
i=t,t—1,...,1.

(b) Dy = H2(M) is the 0-th local cohomology module of M with respect
to the maximal ideal m.

DEerFNITION 2.4. Let & : My = My < --- < M, = M be a filtration satisfy-

ing the dimension condition. Put d; =dim M;. A s.o.p. x=x1,...,xg of M is
called a good system of parameters with respect to F if M; N (xg11,...,X3)M =0
for i=0,1,...,1—1. A good s.o.p. with respect to the dimension filtration is

simply called a good s.o.p. of M.

Remark 2.5 (see, [1]).

(i) The dimension filtration always exists and is unique. We will always
denote the dimension filtration of M by 9: Dy D, < --- = D, = M.

(i) A good s.o.p. of M is a good s.o.p. with respect to every filtration
satisfying the dimension condition.

Let #F: My My <---=< M, =M be a filtration satisfying the dimension
condition with d; = dim M;, and let x = xy,...,x; be a good s.0.p. of M with
respect to #. It is clear that x,...,x4 is a s.0.p. of M; for all i <¢. Therefore,
we can define

1

L m(x) = (M) (x)M) = e(x1,. .., xq5 M),
i=0

where e(xy,...,xg; M;) is the Serre multiplicity and e(xy, ..., xq4; Mo) = /(M) if
dim My =0. It should be noted here that Iz ,(x) is non-negative for every
good s.o.p. x with respect to % ([1, Lemma 2.6]). Finally, we recall the notions
of generalized Cohen-Macaulay filtrations and sequentially generalized Cohen-
Macaulay modules, and their relation to Iz p(x).

DEFINITION 2.6. Let # : My M; < --- < M, = M be a filtration of sub-
modules of M. Then, # is called a generalized Cohen-Macaulay filtration if
it satisfies the dimension condition, dim My =0 and M,/My,...,M,/M,_, are
generalized Cohen-Macaulay modules. Moreover, M is called a sequentially
generalized Cohen-Macaulay module if it has a generalized Cohen-Macaulay
filtration.

Of course, every generalized Cohen-Macaulay module of dimension d is a
sequentially generalized Cohen-Macaulay module with the generalized Cohen-
Macaulay filtration % : 0 < M. The following results can be found in [2].
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Remark 2.7. Let M be a sequentially generalized Cohen-Macaulay module
with a generalized Cohen-Macaulay filtration & : My M, <---= M, =M.
Then:

(i) The dimension filtration & of M is a generalized Cohen-Macaulay

filtration of length ¢. Moreover /(D;/M;) < oo for all i <t

(i) My and H;,(M/M;) have finite length for all i<7—1 and all

j S dlm MH_] - l

(iii) Put I7(M) = sup, Iz ym(x), where the supremum is taken over the set

of good systems of parameters of M with respect to % Then,

15 (M) = £(H),(M/ M)

+Zfdil(< ) () o)

i=0 j=1 ]

Moreover, if x is a good s.o.p. of M with respect to %, then
I,%M(ﬁﬂ) :If(M) for all ny,...,ng > 0.

3. The main results

First, we recall some results from [4] that play the key role in this paper.
Suppose we are given an integer ¢, an ideal a of R and a submodule U of
M. Set M = M/U. We say that an element x € a satisfies the condition (#)
if 0:y x=U and the short exact sequence

O—>M1>M—>M/XM—>0
induces short exact sequences
0 — Hy(M) — Ho(M/xM) — H{"' (M) — 0

for all i < ¢t— 1. In this is the case, we consider the above exact sequence as an
extension of H!(M) by HI*'(M), therefore as an element of Exty(H!*'(M),
HI(M)) (see [8, Chapter 3]). We denote this element by E!. Especially, if
H!(M) =~ H!(M), then we have a short exact sequence

0— H(M) — H (M /xM) — 0y, ) x — 0.
Suppose that the short exact sequence above induces a short exact sequence
0—0 :H“'*l(M) a—0 :Hﬂ”](M/XM) a—0 Hn’(/\7[) a— 0.

Then, we can consider this exact sequence as an element of Exth(0: Hi(it) @
0:p1(a) ), denoted by F!~ '. It should be noted here that an extension of
R- module A by an R- module C is split if it is the zero-element of Exth(C, A).

LemMmA 3.1 ([4] Theorem 2.2). Let M, U, M, a and t be as above, and let
x,yea Then, the following statements are true.
(i) Suppose that x, y satisfy the condition (#), and that 0 :y (x + y) = U.

Then, x + y also satisfies the condition (#), and E}, = E. + E, for all
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i<t—1. Furthermore, if H\(M)= H}(M) and F{"' and F/~' are de-
termined, then F}\, is also determined, and we have F\.), = F!"' + F/~!.

(i) Suppose that x satisfies the condition (#) and that 0 :jy xy = U. Then,
Xy also satisfies the condition (#), and E’ = yE! for all i<t—1.
Moreover, if H/(M) =~ H{(M) and F!~' is determmed then F’y1 is also
determined and FY’;1 = yFI-l Especlally, if yH(M) =0 for all i <1,
then F{J' = E[ =0 for all i <1—1.

Lemma 3.2 ([4] Lemma 3.1). Let (R,m) be a Noetherian local ring, a, b
ideals and py,...,p, prime ideals such that ab & p; for all j <n. Let x € ab with
x¢p; for all j<n. Then, there are elements ay,...,a, €a, by,...,b, €b such
that x = a\by + - - - + a,b,, and that a;b; ¢ hp and ayb; + -+ - + a;b; ¢ P foralli<r
and all j <n.

For the rest of this paper, let M be a sequentially generalized Cohen-
Macaulay module of dimension d >0 with a generalized Cohen-Macaulay
filtration #:Myc M, <---c M, =M. Let Z:H)(M)=Dy<D <
D,=M be the dimension filtration of M. Set ¢ =Ann M; for all i=
0,...,7, and let ny be a positive integer such that m™Hy, (M /M;) =0 for all

i<t—1and all j<d;—1.

Lemma 3.3, Let xe m™¢,_ and y e m"™ be parameters of M. For every
submodule N of M such that N < D, | and for all i <d — 1 we have an exact
sequence

0— H (M/N)— H.(M/(xyM + N)) — H*'(M/D, ;) — 0.

n n m

Proof. Notice that D,_1/M, | = m(M/M, 1). Hence,
0:y x20 m"oc,_l = (O ‘M C,_l) Ty () M,y mh = D,_y.
So, Dy EN:yxsDy:yx=D,y. Thus, N:yx=D,;, and hence
N:yxy=D,,. Put M=M/D, . The diagram

0 —— M 2 M/N 2 M/(xyM +N) —— 0

1 |
0—— M —=~ M/N -2 M/(xM+N) —— 0,
where p;, p, are the natural projections, commutes. By applying the functor

H (e) to the above diagram we get a commutative diagram

L HI(M) Y HI(M/N) ——

1

C—— Hi (M) —"— H(M/N) —— -,

m m
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where y;, ¢; are derived from the maps ]\z 2 m /N MM /N, respectively. It
is easily seen that H\ (M) =0 and H} (M) = H}(M/M,_,) for all i > 0. Thus,

yH! (M) =0 for all 0 <i<d since yem™. Hence, ;=0 for all i <d, and

nt
we have a short exact sequence

0 — Hy (M/N) — Hy(M/(xyM +N)) — Hy (M) — 0

m

for every i <d — 1. O

Suppose that for a parameter x e m**¢,_; and for i<t—1 and j<d —1,
the sequence
0— HI{I(M/MI) - HI{1(M/(XM + Ml)) - Hr{lJrl (M/Df—l) —0
is exact. We denote this short exact sequence by Ei/ e Exth(Hy' (M/D, 1),
Hi(M/M,)).

PROPOSITION 3.4. (i) Suppose that x e m*™¢, ;| is a parameter of M. Then,
E'J is determined for all i <t—1 and all j <d— 1.

(ii) Suppose that x e m*c,_y is a parameter of M. Then, E: =0 for all
i<t—1and all j<d-1

Proof. (i) It follows from Lemma 3.3 that whenever a e m™c¢._; and
bem™ are parameters of M, then E/ is determined for all i </—1 and all
j<d—1. By Lemma 3.2 for each parameter x in m?©¢,_, there are parameters
ay,...,apem™¢,_y and by,...,b, e m™ such that x =a;b; +--- + a,b, and that
arby + - + agby is parameter for every k <r. Hence, EL/ = E;’lf,l +-+ E;li
is determined for all i <¢—1 and all j <d —1 by Lemma 3.1 (i).

(i) By Lemma 3.2 there are parameters a,...,a, € m*¢,_ | and by,..., b,
e m"™ such that x =a;b; +---+ a.b, and that a\b; + --- + a;b; are parameters
for all k <r. It follows from Lemma 3.1 that

Ed =Ejiap, =D1E + -+ b =0
forall i<tr—1 and all j<d—1. O
Let x =xj,...,x; be a good s.o.p. of M with respect to #. By [2, Lemma

3.6] M /x4M is also a sequentially generalized Cohen-Macaulay module with the
generalized Cohen-Macaulay filtration

Fy: My = (M0—|—de)/deC e M, =~ (MS+XdM)/deC M/de,

where s=¢t—1 if d_1<d-1, and s=t—-2 if d,_; =d—1. Moreover,
Xl,...,X4-1 is a good s.0.p. of M/x;M with respect to Z,.

Lemma 3.5, Let d>1 and X' =xi,...,xq-1. Then, Iz yjcm(x') =
Iz, m(X).
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Proof. Tt suffices to show that e(x’; M/x;M) = e(x; M) if di_y <d — 1, and
e(x's M/xqM) =e(x; M) +e(x's M,—y) if d—y =d—1. By definition of Serre
multiplicity we have

e(x's M /x;M) = e(x; M) + e(x’;0 :pr x4).
As D, 1 is the largest submodule of M with dimension less than d, it holds
0:y x4 € D;—;. Obviously, M, =0:y x,. By Remark 2.7 (i) we have
dim M, =dim 0 :y x; and /((0:p x4)/M;—1) < oo. Thus, e(x’;0:y x4) =
e(x'; M,_). Therefore, e(x'sM/x;M)=e(x;M) if d_<d-1, and
e(x's M/xqM) =e(x; M) +e(x's M) if dy=d—1. O

The following is a generalization of [1, Theorem 4.3].

THEOREM 3.6. The following assertions are true

(i) For every good s.o.p. x=Xx1,...,xq of M with respect to F such that
Xj € m¥o¢ for all 0<i<t—1 and all d;i < j<dy then I7 m(x) =
Iz (M) and

I m(x) = £(HY (M My))

+§d§21(( T () Jeaionan)

i=0 j=1

() Iz x(x) = I7(M) for every good s.o.p. x =Xxi,...,xq of M with respect
to & contained in m" for n> 0.

Proof. (i) We prove the assertion by induction on d. The case d =1 is
trivial since M is a generalized Cohen-Macaulay module. Assume that d > 1
and that the assertion is proved for all smaller values of d. Notice that M /x;M
is also a sequentially generalized Cohen-Macaulay module with the generalized
Cohen-Macaulay filtration %,

Fy: My = (M()—I-de)/de c--c My~ (MS—deM)/de c M/de,

where s=¢t—1ifd_y <d—1,ands=t—2ifd,_; =d — 1. Since x; € m¥¢,_;
we have

HJ (M /(M;+ xqM)) = H],(M/M;) @ ] (M/D_y)

m

for all i<t—1 and all j<d-1 by Proposition 3.4. Hence,
m"Hy(M/(M; + x4M)) =0 for all i <s and all j <d;;; —1 and

C(HL(M [ (M; + xqM))) = £(H (M /M) + ¢ (H] (M /D))

m

A
((H}(M/My)) + ((H]T (M M,_y))

forall i<t—1and all j <d;y; — 1, since D,_1/M,_; has finite length. We will
denote /(H/ (o)) by hi(s). By Lemma 3.5 and the inductive hypothesis we have

m



584 QUY PHAM HUNG

Iz m(x) = Iz, p/xgm (X))
=h"(M /(Mo + xsM))

+Z;dzl((d1 1) <di;1>>h,i(M/(Mi+de))
+;{Zl:«dj2>_<ds;1))hj(M/(M+de))_

We now consider two cases

CasE 1. di_1<d-—1, then s=t—1. We have

Lz m(x) = h°(M/Mo) + h' (M /M)

+ZZ((d T () wongan o g
) Promeens
e (e
v ()45
EC) (e
o () (4
(MM, +dz(d

(( () o

hO(M |/ My) +Zdz ((d _1) (dj 1>>h.i(M/M,~).

)M/M)
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CasE 2. d,_1=d—1, then s=1t—2. We have
Ly v(x) = hO(M/My) +h' (M /M, )

" 22 ST () Yoian w0

J

= (M) My) + i Al ((diH C 1) —~ (di]_, 1)>hf(M/M,~)

RN M/ My) + YZ_:: S ((d"“ - 1) - (dij 1)>hj+1(M/Mt1)

=0 =1 J J

d-1

d-2

(977 Jwan

N T
t—1 dig1—1

{ dig1 — 1 di—1 .
=h"(M/Mp) +) (( o )( . ))hf(M/Mi).
=0 j=1 J J
Notice that Iz _,(y”) is a non-decreasing function in n = (ni,...,ny) e N4

for every good s.o.p. y = yi,..., ya with respect to F (cf. [1, Proposition 2.9]).
Thus we have Iz ,(x) = I7(M).
(i) By the Artin-Rees Lemma there exists an positive integer k such that

m'Ne = m”’k(mk Ne) < m" ¢



586 QUY PHAM HUNG

for all >k and all i=0,...,7—1. Therefore, it follows from (i) that
Iy 4(x) =17 (M) for every good s.o.p. x =xj,...,x; of M with respect to
Z contained in m3"tk, m

If x e m*¢,_; is a parameter, then since E!/ is determined for all i <7 —1
and all j <d — 1, hences the short exact sequences

0— M5 M/M; — M/(M;+xM) — 0
for i <t— 1, where M = M/D, i, induce short exact sequences

0 — H{\(M/My) — HE(M/(M; 4+ xM)) = 0 :pyg(y x — 0

m

for i <t—1 by Proposition 3.4(i). Suppose that these sequences indece exact
sequences

0= 0ggrqaryany M= 0t arjaaary) M= 0 tggary m— 0

for i <t— 1. We shall denote these exact sequences by Exi’dfl for i<rtr—1.

ProrosiTiON 3.7. (i) Suppose that xem?¢,_; and yem are parameters
of M. Then, F’ =1 is determined for all i <t— 1.

(i) Suppose that x & m2n+le ¢_1 is a parameter of M. Then FL47' is
determined for all i <t— 1.

Proof. (i) For i <t—1 we consider the commutative diagram

0 —— M —— M/M; -2~ M/(M;+xM) —— 0

{

0o—— M 2 M/ M; 2, M/(M;+xyM) —— 0,
where M = M /D, | and p; and p, are the natural projections. This diagram
induces a commutative diagram
0 —— HIY(M/M;) —— HZ'(M/(M;+xM)) —— 0:5a3nx — 0

m m

| | |

0 —— HIY(M/M;) —— HZ'(M/(M; + xyM)) —— 054y Xy —— 0.

m m f

By applying the functor Ext}(R/m, o) to this diagram we obtain a commutative
diagram

- —— 0oy m —— Extp(R/m, HI-N(M/M;)) ——

| ]

0y M —— Exth(R/m, HEN(M/M,) —— -,

m m
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where o, f are connecting homomorphisms. Thus, f=yoa=0 since yem.
Hence, F);‘~! is determined for all i <7— 1.

(ii) follows form (i) by using the same method as in the proof of Proposition
3.4 (i). O

COROLLARY 3.8. Let xem® ¢, be a parameter of M, and let M =
M/D,_1. Then,

dimg,,, Soc(HJ (M /(xM + M;)))
= dimg/,, Soc(HJ (M /M;)) + dimpgy, Soc(HL (M)

m

Jorall i<t—1 and all j<d-1
Proof. This follows from Proposition 3.4 (ii) and Proposition 3.7 (ii). [

By using Corollary 3.8 and the same method as in the proof of Theorem 3.6
we get the following result.

THEOREM 3.9. Then the following assertions are true

(i) For every good s.o.p. x=Xx1,...,xq of M with respect to F such that
xpem¥ e, for all 0<i<t—1 and all d; < j<dy1, the index of
reducibility of (x) on M is independent of the choice of x, and it holds

Ng((x), M) = dimp/,, Soc(H,,(M))

+ i%((d’*‘ ) - (d)> dim g SOC(HJ (M /M;)).

=0 j=1 J J

(i) Let x =xi,...,Xq be a good s.o.p. of M with respect to F contained in
m" for n>0. Then, the index of reducibility of the parameter ideal (x)
on M is independent of the choice of x.

Notice that if M is a sequentially Cohen-Macaulay module, then the Cohen-
Macaulay filtration is unique and is just the dimension filtration 2 of M (cf.
[1]). In this case, Hiy(M/D;) =0 for all j < d;;; and H%'(M/D;) = H%+ (M).

By applying Theorem 3.9 for sequentially Cohen-Macaulay module we obtain the
main result of [12].

COROLLARY 3.10. Let M be a sequentially Cohen-Macaulay module of di-
mension d. Then there is a positive integer n such that for every good s.o.p.
X=X1,...,Xq of M contained in m" the index of reducibility Ngr((x); M) is
independent of the choice of x and

Nr((x); M) = Zd: dimg/, Soc(H,,(M)).
i=0
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