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INVARIANTS OF AMPLE LINE BUNDLES ON PROJECTIVE

VARIETIES AND THEIR APPLICATIONS, III*†‡

Yoshiaki Fukuma

Abstract

Let X be a smooth complex projective variety of dimension n and let L1; . . . ;Ln�i

be ample line bundles on X , where i is an integer with 0a ia n� 1. In the first part,

we defined the ith sectional geometric genus giðX ;L1; . . . ;Ln�iÞ and the ith sectional

H-arithmetic genus wH
i ðX ;L1; . . . ;Ln�iÞ of ðX ;L1; . . . ;Ln�iÞ. In this third part, we will

investigate g2ðX ;L1; . . . ;Ln�2Þ and wH
2 ðX ;L1; . . . ;Ln�2Þ. Moreover we will give some

applications of the sectional invariants of multi-polarized manifolds.

Introduction

Let X be a projective variety of dimension n which is defined over the field
of complex numbers and let L be an ample (resp. nef and big) line bundle on
X . Then the pair ðX ;LÞ is called a polarized (resp. quasi-polarized ) variety.
Moreover if X is smooth, then ðX ;LÞ is called a polarized (resp. quasi-polarized)
manifold.

This is the continuation of [11] and [12]. The third part consists of Sections
7, 8 and 9. Let X be a smooth complex projective variety of dimension n and
let L1; . . . ;Ln�i be ample line bundles on X , where i is an integer with 0a
ia n� 1. In Section 7 we will give some results and definitions which will be
used in this paper. In Section 8 we will deal with the second sectional invariants
of multi-polarized manifolds ðX ;L1; . . . ;Ln�2Þ. By using the sectional invariants
of ðX ;L1; . . . ;Ln�2Þ we can get some statements for multi-polarized manifolds
which are considered to be a kind of generalization of well-known results in the
theory of projective surfaces. In particular, we will give two problems which
are multi-polarized manifolds’ version of Castelnuovo’s theorem and Bogomolov-
Miyaoka-Yau’s theorem, and we will investigate these. In Section 9, we will
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give two applications in this paper. In [10] and [13], we gave an application of
sectional geometric genus of multi-polarized manifolds to calculation of the
dimension of the global sections of adjoint bundles. As another application,
first, we will calculate the sectional geometric genus of complete intersections of
hypersurfaces in the projective space by using the sectional geometric genus of
multi-polarized manifolds. Next we will give the definition of the ith sectional
m-genus of multi-quasi-polarized manifolds, which is thought to be a generaliza-
tion of the m-genus of minimal projective variety of general type. Also we will
investigate this invariant, and we can get some results for i ¼ 1 and 2 which are
considered to be a generalization of results in the theory of curves and surfaces.
Here we note that we cannot define the ith sectional m-genus of quasi-polarized
manifold easily without the notion of the ith sectional geometric genus of multi-
quasi-polarized manifolds.

7. Preliminaries for the third part

Definition 7.1. Let X be a projective variety and let L be a line bundle on
X . Then L is said to be k-big if kðLÞb dim X � k, where k is an integer with
0a ka dim X .

Proposition 7.1 (Generalized Hodge Index Theorem). Let X be a projective
variety of dimension n, let k be a natural number and let Li be a line bundle on
X for 0a ia k. Assume that nb 2 and Li is nef for ib 1. If n1 þ � � � þ nk ¼
n� 1 and n1 b 1, then we have

ðL0L
n1
1 Ln2

2 � � �Lnk
k Þ2 b ðL2

0L
n1�1
1 Ln2

2 � � �Lnk
k ÞðLn1þ1

1 Ln2
2 � � �Lnk

k Þ:

Proof. See [1, Proposition 2.5.1]. r

Proposition 7.2. Let a polarized manifold ðX ;LÞ be a quadric fibration
over a normal variety Y. Set n :¼ dim X and m :¼ dim Y. Then the intersection
number f �ðN1Þ � � � f �ðNmÞLn�m is even for every line bundles N1; . . . ;Nm on Y.

Proof. Let p be a positive integer such that pL is very ample. By Bertini’s
theorem, there exists an m-dimensional projective variety T such that T is an
intersection of ðn�mÞ general members of jpLj. Then f jT : T ! Y is a surjec-
tive morphism with deg fT ¼ 2pn�m and

f �ðN1Þ � � � f �ðNmÞðpLÞn�m ¼ f �ðN1Þ � � � f �ðNmÞT
¼ ð f �ðN1ÞÞjT � � � ð f �ðNmÞÞjT
¼ ð f jTÞ

�ðN1Þ � � � ð f jTÞ
�ðNmÞ

¼ ðdeg f jTÞN1 � � �Nm

¼ 2pn�mN1 � � �Nm:
Therefore we get the assertion. r
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Lemma 7.1. Let X be a complete normal variety, and let D1 and D2 be
e¤ective Cartier divisors on X. Then h0ðD1 þD2Þb h0ðD1Þ þ h0ðD2Þ � 1.

Proof. See [5, Lemma 1.12] or [16, 15.6.2 Lemma]. r

Theorem 7.1. Let X be a smooth projective variety of dimension nb 3, and
let H1; . . . ;Hn�2 be ample Cartier divisors on X. Let B be an ample Q-Cartier
divisor on X such that KX þ nB is nef and ðn� 2Þ-big. Assume that kðXÞb 0.
Then

c2ðXÞH1 � � �Hn�2 b�ðn� 1ÞKXBH1 � � �Hn�2 �
n

2

� �
B2H1 � � �Hn�2:

Proof. See [8, Theorem 2.1] and [18, Corollary 6.4]. r

Notation 7.1. Let X be a smooth projective variety of dimension n and let
i be an integer with 1a ia n� 1. Let L1; . . . ;Ln�i be nef and big line bundles
on X . Assume that BsjLjj ¼ j for every integer j with 1a ja n� i. Then by
Bertini’s theorem, for every integer j with 1a ja n� i, there exists a general
member Xj A jLjjXj�1

j such that Xj is a smooth projective variety of dimension
n� j. (Here we set X0 :¼ X .)

8. The second sectional invariants

8.1. The second sectional geometric genus

Proposition 8.1.1. Let X be a smooth projective variety of dimension
nb 3. Let L1; . . . ;Ln�2 be line bundles on X. Then

g2ðX ;L1; . . . ;Ln�2Þ

¼ �1þ h1ðOX Þ þ
1

6

Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2 þ

1

4

X
1aj<kan�2

LjLk

 !
L1 � � �Ln�2

þ 1

4
KX

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2 þ

1

12
ðc2ðX Þ þ K 2

X ÞL1 � � �Ln�2:

Proof. We use [11, Corollary 2.7] for i ¼ 2. Here we see from the proof
of [11, Theorem 2.4] that the equality in [11, Corollary 2.7] is true for any line
bundles L1; . . . ;Ln�i. By [11, Corollary 2.7], we can describe g2ðX ;L1; . . . ;Ln�2Þ
by using the following four terms1

1For the definition of TkðXÞ, see [11, Definition 1.7].

322 yoshiaki fukuma



Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2;

X
1aj<kan�2

LjLk

 !
L1 � � �Ln�2

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2T1ðXÞ and L1 � � �Ln�2T2ðXÞ:

The coe‰cient of the above four terms are the following.

ð
Pn�2

j¼1 L2
j ÞL1 � � �Ln�2 ð

P
1aj<kan�2 LjLkÞL1 � � �Ln�2

ð�1Þ0=ð3!1! � � � 1!Þ ¼ 1=6 ð�1Þ0=ð2!2!1! � � � 1!Þ ¼ 1=4

ð
Pn�2

j¼1 LjÞL1 � � �Ln�2T1ðX Þ L1 � � �Ln�2T2ðXÞ

ð�1Þ1=ð2!1! � � � 1!Þ ¼ �1=2 ð�1Þ2=ð1! � � � 1!Þ ¼ 1

Since T1ðXÞ ¼ ð1=2Þc1ðXÞ ¼ �ð1=2ÞKX and T2ðXÞ ¼ ð1=12Þðc2ðXÞ þ c1ðX Þ2Þ,
we obtain the assertion. r

Theorem 8.1.1. Let X be a smooth projective variety of dimension nb 4.
Let L1; . . . ;Ln�2 be ample and spanned line bundles on X. If g2ðX ;L1; . . . ;Ln�2Þ
¼ h2ðOX Þ, then ðX ;Lsð1Þ; . . . ;Lsðn�2ÞÞ is one of the following: (Here s is an
element of the symmetric group Sn�2 of f1; . . . ; n� 2g.)

(1) ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ.
(2) nb 5 and ðPn;OPnð1Þ; . . . ;OP nð1Þ;OPnð2Þ;OPnð2ÞÞ.
(3) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð2ÞÞ.
(4) ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð3ÞÞ.
(5) ðQn;OQnð1Þ; . . . ;OQnð1ÞÞ.
(6) ðQn;OQnð1Þ; . . . ;OQnð1Þ;OQ nð2ÞÞ.
(7) X is a Pn�1-bundle over a smooth curve C and one of the following holds.

(Here F denotes its fiber).
(7.1) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 2.
(7.2) Lsð jÞjF ¼ OP n�1ð1Þ for every integer j with 1a ja n� 3 and

Lsðn�2ÞjF ¼ OPn�1ð2Þ.
(8) KX þ ðn� 1ÞLj ¼ OX for any j. In particular Lj ¼ Lk for any ð j; kÞ

with j0 k.
(9) There exist a smooth projective curve W and a surjective morphism

f : X ! W with connected fibers such that ðX ;LiÞ is a quadric fibration
over W with respect to f for every integer i with 1a ia n� 2.

(10) There exist a smooth projective surface S and a surjective morphism
f : X ! S with connected fibers such that f is a Pn�2-bundle over S
and ðX ;LjÞ is a scroll over S with respect to f for every integer j with
1a ja n� 2.

323invariants of ample line bundles



(11) Let ðY ;A1; . . . ;An�2Þ be a reduction of ðX ;L1; . . . ;Ln�2Þ. Then n ¼ 4
and ðY ;A1;A2ÞG ðP4;OP4ð2Þ;OP4ð2ÞÞ.

Proof. Here we use notation in Notation 7.1. Let ððXn�3Þ0; ðLn�2jXn�3
Þ0Þ be

a reduction of ðXn�3;Ln�2jXn�3
Þ. Since

g2ðXn�3;Ln�2jXn�3
Þ ¼ g2ðX ;L1; . . . ;Ln�2Þ ¼ h2ðOX Þ ¼ h2ðOXn�3

Þ;

KðXn�3Þ 0 þ ðLn�2jXn�3
Þ0 is not nef by [5, Corollary 3.5].

Here we note that KXn�3
þ Ln�2jXn�3

is not nef. (If KXn�3
þ Ln�2jXn�3

is
nef, then KXn�3

þ 2Ln�2jXn�3
is ample. Hence ðXn�3;Ln�2jXn�3

ÞG ððXn�3Þ0;
ðLn�2jXn�3

Þ0Þ. But this is impossible because KðXn�3Þ 0 þ ðLn�2jXn�3
Þ0 is not nef.)

Hence KX þ L1 þ � � � þ Ln�2 is not nef. By [12, Remark 5.2.4],
ðX ;Lsð1Þ; . . . ;Lsðn�2ÞÞ is one of the types above.

If ðX ;Lsð1Þ; . . . ;Lsðn�2ÞÞ is one of the above, then we can easily see that

g2ðX ;L1; . . . ;Ln�2Þ ¼ h2ðOX Þ:

Hence we get the assertion. r

Remark 8.1.1. (1) Theorem 8.1.1 has been also obtained by Lanteri [17,
Theorems (3.2) and (3.3)] (see also [10, Remark 3.1 (3)]).

(2) We can easily check that ðX ;L1;L2Þ in (11) of Theorem 8.1.1 is a simple
blowing up of ðY ;A1;A2Þ.

(3) In [17] Lanteri showed that if ðX ;L1; . . . ;Ln�2Þ is the type of (8) in
Theorem 8.1.1, then for any i with 1a ia n� 2 we see that 2aL4

i a 6 (resp.
2aLn

i a 5) if n ¼ 4 (resp. nb 5).

Theorem 8.1.2. Let X be a smooth projective variety of dimension nb 3.
Let L1; . . . ;Ln�2 be ample line bundles on X. Assume that kðX Þb 0. Then

g2ðX ;L1; . . . ;Ln�2Þb�1þ h1ðOX Þ þ
1

24
ðL2

1 þ � � � þ L2
n�2ÞL1 � � �Ln�2

þ 1

24
2þ 1

n

� �
ðL1 þ � � � þ Ln�2Þ2L1 � � �Ln�2:

Proof. By taking a reduction, if necessary, we may assume that KX þ
L1 þ � � � þ Ln�2 is nef and ðn� 2Þ-big by [12, Remark 5.2.4] and [12, Theorem
5.2.3] because kðXÞb 0. By Theorem 7.1 we get the following lower bound

c2ðXÞL1 � � �Ln�2 b�ðn� 1ÞKXBL1 � � �Ln�2 �
n

2

� �
B2L1 � � �Ln�2;

where

B ¼ 1

n
ðL1 þ � � � þ Ln�2Þ:
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So by Proposition 8.1.1, we obtain

g2ðX ;L1; . . . ;Ln�2Þ

b�1þ h1ðOX Þ þ
1

6

Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2 þ

1

4

X
1aj<kan�2

LjLk

 !
L1 � � �Ln�2

þ 1

4
KX

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2 þ

1

12
K 2

XL1 � � �Ln�2

� n� 1

12n
KXL1 � � �Ln�2

Xn�2

j¼1

Lj

 !
� n� 1

24n
L1 � � �Ln�2

Xn�2

j¼1

Lj

 !2

¼ �1þ h1ðOX Þ þ
1

12
KX ðKX þ L1 þ � � � þ Ln�2ÞL1 � � �Ln�2

þ 1

12
1þ 1

n

� �
KX ðL1 þ � � � þ Ln�2ÞL1 � � �Ln�2

þ 1

24
2þ 1

n

� �
ðL1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

þ 1

24
ðL2

1 þ � � � þ L2
n�2ÞL1 � � �Ln�2

b�1þ h1ðOX Þ þ
1

24
2þ 1

n

� �
ðL1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

þ 1

24
ðL2

1 þ � � � þ L2
n�2ÞL1 � � �Ln�2:

So we get the assertion. r

8.2. The second sectional H-arithmetic genus
Let n be an integer with nb 3. Let ðX ;L1; . . . ;Ln�2Þ be an n-dimensional

multi-polarized manifold of type ðn� 2Þ. Here we are going to propose some
conjectures which are induced by some results in the surface theory. Here
we note the following: let ðX ;L1; . . . ;Ln�2Þ be a multi-polarized manifold of
type ðn� 2Þ with dim X ¼ n. Assume that BsjLjj ¼ j for every integer j with
1a ja n� 2, and ðX ;L1; . . . ;Ln�2Þ is not the type (10) in [12, Remark 5.2.4].
Then by the same argument as in the proof of [9, Proposition 2.1], we see from
[12, Remark 5.2.4 and Theorem 5.2.3] that the following hold: (Here we use
Notation 7.1.)

(a) kðKX þ L1 þ � � � þ Ln�2Þb 2 if and only if kðXn�2Þ ¼ 2.
(b) kðKX þ L1 þ � � � þ Ln�2Þ ¼ 1 if and only if kðXn�2Þ ¼ 1.
(c) kðKX þ L1 þ � � � þ Ln�2Þ ¼ 0 if and only if kðXn�2Þ ¼ 0.
(d) kðKX þ L1 þ � � � þ Ln�2Þ ¼ �y if and only if kðXn�2Þ ¼ �y.
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By the same consideration as in [6] and [9], we can give the following
correspondences: let S be a smooth projective surface. Then the following cor-
respondences are considered.

Invariants of S. , Invariants of ðX ;L1; . . . ;Ln�2Þ.
h2ðOSÞ , g2ðX ;L1; . . . ;Ln�2Þ
h1ðOSÞ , h1ðOX Þ
wðOSÞ , wH

2 ðX ;L1; . . . ;Ln�2Þ
K 2

S , ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

kðSÞ ¼ k ,� kðKX þ L1 þ � � � þ Ln�2Þ ¼ k

kðSÞ ¼ 2 ,�� kðKX þ L1 þ � � � þ Ln�2Þb 2

(In (*), k ¼ �y; 0; or 1. In (*) and (**), the direction ) needs the
assumption that ðX ;L1; . . . ;Ln�2Þ is not the type (10) in [12, Remark
5.2.4].)

By using these correspondences, we can propose many problems. Before we
propose conjectures, we state the following some fundamental results in the
surface theory.

(A) wðOSÞ > 0 if kðSÞ ¼ 2.
(B) wðOSÞb 0 if 0a kðSÞa 1.
(C) wðOSÞ ¼ 1� qðSÞ if kðSÞ ¼ �y.
(D) 8wðOSÞbK 2

S if kðSÞ ¼ �y and S is not isomorphic to P2.

(E) 9wðOSÞbK 2
S if kðSÞb 0.

By using the above correspondences, we can propose the following conjec-
ture.

Conjecture 8.2.1. Let ðX ;L1; . . . ;Ln�2Þ be an n-dimensional multi-polarized
manifold of type ðn� 2Þ. Then

(1) wH
2 ðX ;L1; . . . ;Ln�2Þ > 0 if kðKX þ L1 þ � � � þ Ln�2Þb 2.

(2) wH
2 ðX ;L1; . . . ;Ln�2Þb 0 if 0a kðKX þ L1 þ � � � þ Ln�2Þa 1.

(3) wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� qðX Þ if kðKX þ L1 þ � � � þ Ln�2Þ ¼ �y and

ðX ;L1; . . . ;Ln�2Þ is not the type (10) in [12, Remark 5.2.4].
(4) 8wH

2 ðX ;L1; . . . ;Ln�2Þb ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 if kðKX þ
L1 þ � � � þ Ln�2Þ ¼ �y and ðX ;L1; . . . ;Ln�2Þ is neither ðPn;OP nð1Þ; . . . ;
OP nð1ÞÞ nor the type (10) in [12, Remark 5.2.4].

(5) 9wH
2 ðX ;L1; . . . ;Ln�2Þb ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 if kðKX þ

L1 þ � � � þ Ln�2Þb 0.

If n ¼ 3, then this conjecture is equivalent to [9, Conjecture 2.1]. So in this
paper we consider the case where nb 4. First we will study (2) in Conjecture
8.2.1.
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Theorem 8.2.1. Let n be an integer with nb 4. Let ðX ;L1; . . . ;Ln�2Þ be
an n-dimensional multi-polarized manifold of type n� 2. Assume that kðKX þ
L1 þ � � � þ Ln�2Þ ¼ 0 or 1. Then wH

2 ðX ;L1; . . . ;Ln�2Þ > 0.

Proof. By taking a reduction of ðX ;L1; . . . ;Ln�2Þ if necessary, we may
assume that the multi-polarized manifold ðX ;L1; . . . ;Ln�2Þ is a reduction of itself
(see [11, Proposition 2.3]). Then KX þ L1 þ � � � þ Ln�2 is nef but not ample.
Let F : X ! W be the nef value morphism of ðX ;L1 þ � � � þ Ln�2Þ. Then
dim W ¼ 0 (resp. dim W ¼ 1) if kðKX þ L1 þ � � � þ Ln�2Þ ¼ 0 (resp. 1).

If dim W ¼ 0, then KX þ L1 þ � � � þ Ln�2 ¼ OX . Hence h0ðKX þ L1 þ � � � þ
Ln�2Þ ¼ 1 and h1ðOX Þ ¼ 0. Therefore by [11, Example 2.1 (G)] we have
g2ðX ;L1; . . . ;Ln�2Þ ¼ 1 and wH

2 ðX ;L1; . . . ;Ln�2Þ ¼ 2.
If dim W ¼ 1, then ðX ;L1; . . . ;Ln�2Þ is a Del Pezzo fibration over a smooth

curve W . In this case KX þ L1 þ � � � þ Ln�2 ¼ F�ðHÞ for an ample line bundle
H on W . Then

g2ðX ;L1; . . . ;Ln�2Þ ¼ h0ðKX þ L1 þ � � � þ Ln�2Þ

¼ h0ðHÞ

¼ h1ðHÞ þ 1� gðWÞ þ degðHÞ:

Since degðHÞ > 2gðWÞ � 2 by [5, Lemma 1.13 (2)], we have

g2ðX ;L1; . . . ;Ln�2Þ ¼ h1ðHÞ þ 1� gðWÞ þ degðHÞ

> h1ðHÞ þ 1� gðWÞ þ 2gðWÞ � 2

¼ h1ðHÞ þ gðWÞ � 1:

Therefore, since gðWÞ ¼ h1ðOX Þ,

wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� h1ðOX Þ þ g2ðX ;L1; . . . ;Ln�2Þ

> h1ðHÞb 0:

This completes the proof. r

Next we consider (1) in Conjecture 8.2.1 for kðX Þb 0.

Theorem 8.2.2. Let ðX ;L1; . . . ;Ln�2Þ be an n-dimensional multi-polarized
manifold of type n� 2. Assume that nb 4 and kðX Þb 0. Then

wH
2 ðX ;L1; . . . ;Ln�2Þb

1

24
ðL2

1 þ � � � þ L2
n�2ÞL1 � � �Ln�2

þ 1

24
2þ 1

n

� �
ðL1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

> 0:
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Proof. Since

wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� h1ðOX Þ þ g2ðX ;L1; . . . ;Ln�2Þ;

we get the assertion by Theorem 8.1.2. r

Next we consider (3) and (4) in Conjecture 8.2.1.

Theorem 8.2.3. Let n be an integer with nb 4. Let ðX ;L1; . . . ;Ln�2Þ be
an n-dimensional multi-polarized manifold of type n� 2. Assume that kðKX þ
L1 þ � � � þ Ln�2Þ ¼ �y. Then the following hold.

(1) wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� qðX Þ if ðX ;L1; . . . ;Ln�2Þ is not the type (10) in

[12, Remark 5.2.4].
(2) 8wH

2 ðX ;L1; . . . ;Ln�2Þb ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 if ðX ;L1; . . . ;
Ln�2Þ is neither ðPn;OPnð1Þ; . . . ;OPnð1ÞÞ nor the type (10) in [12, Remark
5.2.4].

(3) If ðX ;L1; . . . ;Ln�2ÞG ðPn;OPnð1Þ; . . . ;OP nð1ÞÞ, then

9wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 9:

Proof. Assume that kðKX þ L1 þ � � � þ Ln�2Þ ¼ �y and ðX ;L1; . . . ;Ln�2Þ
is not the type (10) in [12, Remark 5.2.4]. Then KX þ L1 þ � � � þ Ln�2 is not nef,
and ðX ;L1; . . . ;Ln�2Þ is one of the types in [12, Remark 5.2.4] other than the type
(10) in [12, Remark 5.2.4]. Here, by using [11, Corollary 2.3], we calculate
g2ðX ;L1; . . . ;Ln�2Þ, wH

2 ðX ;L1; . . . ;Ln�2Þ and ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2.
(a) If ðX ;L1; . . . ;Ln�3;Ln�2ÞG ðPn;OPnð1Þ; . . . ;OPnð1Þ;OPnð3ÞÞ, then g2ðX ;

L1; . . . ;Ln�2Þ ¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 3 and wH
2 ðX ;L1; . . . ;

Ln�2Þ ¼ 1 ¼ 1� qðX Þ.
(b) If ðX ;L1; . . . ;Ln�4;Ln�3;Ln�2ÞG ðPn;OP nð1Þ; . . . ;OPnð1Þ;OP nð2Þ;OP nð2ÞÞ,

then we see that g2ðX ;L1; . . . ;Ln�2Þ ¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 4
and wH

2 ðX ;L1; . . . ;Ln�2Þ ¼ 1 ¼ 1� qðXÞ.
(c) If ðX ;L1; . . . ;Ln�3;Ln�2ÞG ðPn;OP nð1Þ; . . . ;OP nð1Þ;OP nð2ÞÞ, then g2ðX ;

L1; . . . ;Ln�2Þ ¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 8 and wH
2 ðX ;L1; . . . ;

Ln�2Þ ¼ 1 ¼ 1� qðX Þ.
(d) If ðX ;L1; . . . ;Ln�2ÞG ðPn;OP nð1Þ; . . . ;OP nð1ÞÞ, then g2ðX ;L1; . . . ;Ln�2Þ

¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 9 and wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1 ¼

1� qðX Þ. Hence 9wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2.

(e) If ðX ;L1; . . . ;Ln�3;Ln�2ÞG ðQn;OQnð1Þ; . . . ;OQnð1Þ;OQ nð2ÞÞ, then g2ðX ;

L1; . . . ;Ln�2Þ ¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 4 and wH
2 ðX ;L1; . . . ;

Ln�2Þ ¼ 1 ¼ 1� qðX Þ.
(f ) If ðX ;L1; . . . ;Ln�2ÞG ðQn;OQnð1Þ; . . . ;OQ nð1ÞÞ, then g2ðX ;L1; . . . ;Ln�2Þ

¼ 0, ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 8 and wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1 ¼

1� qðX Þ.
(g) Let ðX ;L1; . . . ;Ln�2Þ be the type (9) in [12, Remark 5.2.4]. Let

f : X ! W be its morphism. Then KX þ L1 þ � � � þ Ln�2 þ Li ¼ f �ðAiÞ and
KX þ L1 þ � � � þ Ln�2 þ Lj ¼ f �ðAjÞ for any i and j with i0 j, where Ak A
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PicðWÞ for any k. Therefore Li � Lj ¼ f �ðAi � AjÞ, that is, Li ¼ Lj þ
f �ðAi � AjÞ. Then KX þ L1 þ � � � þ Ln�2 ¼ KX þ ðn� 2ÞL1 þ f �ðA2 þ � � � þ
An�2 � ðn� 3ÞA1Þ. We may assume that degðAiÞb deg A1 for any i. Here
we set A :¼ A2 þ � � � þ An�2 � ðn� 3ÞA1. Then deg Ab 0. Here we note that
ðX ;L1Þ is a quadric fibration over W . Let E1 :¼ f�ðL1Þ. Then E1 is a locally
free sheaf of rank nþ 1 and X A j2HðE1Þ þ p�ðBÞj for some B A PicðWÞ, where
p : PW ðE1Þ ! W , and KX ¼ �ðn� 1ÞL1 þ f �ðKW þ c1ðE1Þ þ BÞ. We set
a :¼ deg A, ai :¼ deg Ai, b :¼ deg B and e :¼ deg c1ðE1Þ. Here we note that
a ¼

Pn�2
i¼2 ai � ðn� 3Þa1 and Ln

1 ¼ 2eþ b > 0. Then

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

¼ ð�L1 þ ð2gðWÞ � 2þ eþ aþ bÞF Þ2

� L1ðL1 þ ða2 � a1ÞFÞ � � � ðL1 þ ðan�2 � a1ÞFÞ

¼ Ln
1 � 2ð2gðWÞ � 2þ eþ aþ bÞLn�1

1 F þ ða2 þ � � � þ an�2 � ðn� 3Þa1ÞLn�1
1 F

¼ 8� 8gðWÞ � 2e� 2a� 3b:

Claim 8.2.1. 2eþ 3b > 0.

Proof. If bb 0, then 2eþ 3b ¼ ð2eþ bÞ þ 2b > 0. So we assume that
b < 0. Since 2eþ ðnþ 1Þbb 0 by [2, (3.3)] and nb 4, we see that 2eþ 3bb
�ðn� 2Þb > 0. Therefore we get the assertion. r

Since g2ðX ;L1; . . . ;Ln�2Þ ¼ 0 and wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� gðWÞ by [11,

Example 2.1 (I)], we get

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ 8� 8gðWÞ � 2e� 2a� 3b < 8ð1� gðWÞÞ

¼ 8wH
2 ðX ;L1; . . . ;Ln�2Þ

because ab 0 and 2eþ 3b > 0.
(h) Assume that KX þ ðn� 1ÞLi ¼ OX for every i with 1a ia n� 2 and

Li ¼ Lj for i0 j. Then by [11, Example 2.1 (G)], we have g2ðX ;L1; . . . ;Ln�2Þ ¼
0 and wH

2 ðX ;L1; . . . ;Ln�2Þ ¼ 1. Here we note that by [4, (8.11) Theorem] Ln
i a 8

for every i because ðX ;LiÞ is a Del Pezzo manifold for every i. Then

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 ¼ ðKX þ ðn� 2ÞLiÞ2Ln�2
i ¼ Ln

i a 8

¼ 8wH
2 ðX ;L1; . . . ;Ln�2Þ:

(i) Let ðX ;L1; . . . ;Ln�2Þ be the type (7.1) in [12, Remark 5.2.4]. Then by
[11, Example 2.1 (H)], we have g2ðX ;L1; . . . ;Ln�2Þ ¼ 0 and wH

2 ðX ;L1; . . . ;Ln�2Þ
¼ 1� gðWÞ. Let F : X ! W be a Pn�1-bundle over W such that LijF G
OPn�1ð1Þ for every i. Then we may assume that there exists an ample vector
bundle E on W such that L1 ¼ HðEÞ and there exists Bj A PicðWÞ such that
Lj ¼ L1 þF�ðBjÞ for every j with 2a ja n� 2. We set bj :¼ deg Bj and
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e :¼ c1ðEÞ. Then

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

¼ �2HðEÞ þF� KW þ c1ðEÞ þ
Xn�2

j¼2

Bj

 ! !2
HðEÞ

Yn�2

j¼2

ðHðEÞ þF�ðBjÞÞ

¼ 4HðEÞn þ 4
Xn�2

j¼2

bj

 !
� 4 2gðWÞ � 2þ eþ

Xn�2

j¼2

bj

 !

¼ 8ð1� gðWÞÞ

¼ 8wH
2 ðX ;L1; . . . ;Ln�2Þ:

( j) Let F : X ! W be a Pn�1-bundle over a smooth curve W such that
LijF GOP n�1ð1Þ for every i with 1a ia n� 3 and Ln�2jF GOPn�1ð2Þ. Then
ðX ;KX þ L1 þ � � � þ Ln�3 þ 2Ln�2Þ is a scroll over W . We set E :¼ F�ðKX þ
L1 þ � � � þ Ln�3 þ 2Ln�2Þ. Then E is a locally free sheaf of rank n on W such
that X ¼ PW ðEÞ and KX þ L1 þ � � � þ Ln�3 þ 2Ln�2 ¼ HðEÞ. On the other hand,
we can express Li as Li ¼ HðEÞ þF�ðAiÞ and Ln�2 ¼ 2HðEÞ þF�ðBÞ, where
Ai;B A PicðWÞ. We set ai :¼ deg Ai for every integer i with 1a ia n� 3 and
b :¼ deg B. We calculate ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2.

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

¼ ð�HðEÞ þF�ðKW þ c1ðEÞ þ A1 þ � � � þ An�3 þ BÞÞ2

� ðHðEÞ þF�ðA1ÞÞ � � � ðHðEÞ þF�ðAn�3ÞÞð2HðEÞ þF�ðBÞÞ

¼ 2e� 4ð2gðWÞ � 2Þ � 4e� 4
Xn�3

i¼1

ai

 !
� 4bþ 2

Xn�3

i¼1

ai

 !
þ b

¼ �2eþ 8ð1� gðWÞÞ � 2
Xn�3

i¼1

ai

 !
� 3b:

On the other hand

0 < ðL1 � � �Ln�3ÞL3
n�2

¼ ðHðEÞ þF�ðA1ÞÞ � � � ðHðEÞ þF�ðAn�3ÞÞð2HðEÞ þF�ðBÞÞ3

¼ 8
Xn�3

i¼1

ai

 !
þ 8eþ 12b:

Hence 2ð
Pn�3

i¼1 aiÞ þ 2eþ 3b > 0. Since ðX ;L1; . . . ;Ln�3;Ln�3;Ln�2Þ is a quadric
fibration over W , by [11, Example 2.1 (I)], we have

g2ðX ;L1; . . . ;Ln�2Þ ¼ 0

330 yoshiaki fukuma



and

wH
2 ðX ;L1; . . . ;Ln�2Þ ¼ 1� gðWÞ:

Therefore we obtain

8wH
2 ðX ;L1; . . . ;Ln�2Þ � ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

¼ 2
Xn�3

i¼1

ai

 !
þ 2eþ 3b

> 0:

By above we get the assertion of Theorem 8.2.3. r

Next we consider the case where ðX ;L1; . . . ;Ln�2Þ is the type (10) in [12,
Remark 5.2.4]. Namely, assume that there exist a smooth projective surface S
and a surjective morphism p : X ! S with connected fibers such that p is a Pn�2-
bundle over S and ðX ;LjÞ is a scroll over S with respect to f for every integer
j with 1a ja n� 2. For every integer i with 0a ia n� 2, let ti be a non-
negative integer with t1 þ � � � þ tn�2 ¼ n� 2. Then we set

f ðt1; . . . ; tn�2Þ :¼ ðKX þ t1L1 þ � � � þ tn�2Ln�2Þ2Lt1
1 � � �Ltn�2

n�2

and

An�2 :¼ ða1; . . . ; an�2Þ
���� 0a ai A Z;

Xn�2

j¼1

aj ¼ n� 2

( )
:

Lemma 8.2.1. Let i and j be two distinct natural numbers such that
1a i; ja n� 2 and Li 2Lj. Then for every ða1; . . . ; an�2Þ, ðb1; . . . ; bn�2Þ,
ðc1; . . . ; cn�2Þ A An�2 with

bi ¼ ai � 1;

bj ¼ aj þ 1;

bk ¼ ak; if k0 i; j

8<
:

ci ¼ ai þ 1;

cj ¼ aj � 1;

ck ¼ ak; if k0 i; j;

8<
:

we can prove that either f ða1; . . . ; an�2Þ < f ðb1; . . . ; bn�2Þ or f ða1; . . . ; an�2Þ <
f ðc1; . . . ; cn�2Þ holds.

Proof. Here we may assume that i ¼ 1 and j ¼ 2 without loss of generality
and then we also assume that L1 2L2. By assumption, we see that ðX ;L1Þ is a
scroll over S. Hence there exists an ample vector bundle E on S of rank n� 1
such that X ¼ PSðEÞ and L1 ¼ HðEÞ. Then for every integer p with 2a pa
n� 2, we get

Lp ¼ HðEÞ þ p�ðTpÞ;
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where Tp A PicðSÞ. Here we note that

KX ¼ �ðn� 1ÞHðEÞ þ p�ðKS þ c1ðEÞÞ:
So we have

f ða1; . . . ; an�2Þ ¼ ðKX þ a1L1 þ � � � þ an�2Ln�2Þ2La1
1 � � �Lan�2

n�2ð1Þ

¼ ð�HðEÞ þ p�ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2ÞÞ2

�HðEÞa1ðHðEÞ þ p�ðT2ÞÞa2 � � � ðHðEÞ þ p�ðTn�2ÞÞan�2

¼ HðEÞn � ð2KS þ 2c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þc1ðEÞ

þ ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þ2

� 2ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þ
� ða2T2 þ � � � þ an�2Tn�2Þ

þ
X
2ai<j

aiajTiTj þ
Xn�2

i¼2

ai

2

� �
T 2
i :

Here we set b1 ¼ a1 � 1, b2 ¼ a2 þ 1 and bk ¼ ak (k0 1; 2). Then by (1) we
have

f ðb1; . . . ; bn�2Þ
¼ HðEÞn � ð2KS þ 2c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þc1ðEÞ

þ ðKS þ c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ2

� 2ðKS þ c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ
� ðða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ

þ ða2 þ 1Þ
Xn�2

j¼3

aj

 !
T2Tj þ

X
3ai<j

aiajTiTj þ
a2 þ 1

2

� �
T 2
2 þ

Xn�2

i¼3

ai

2

� �
T 2
i :

Here we note that

ð2KS þ 2c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þc1ðEÞ
¼ ð2KS þ 2c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þc1ðEÞ þ T2c1ðEÞ;

ðKS þ c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ2

¼ ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þ2

þ 2ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2ÞT2 þ T 2
2 ;

and
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2ðKS þ c1ðEÞ þ ða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ
� ðða2 þ 1ÞT2 þ a3T3 þ � � � þ an�2Tn�2Þ

¼ 2ðKS þ c1ðEÞ þ a2T2 þ � � � þ an�2Tn�2Þða2T2 þ � � � þ an�2Tn�2Þ

þ 2ðKS þ c1ðEÞ þ 2a2T2 þ � � � þ 2an�2Tn�2ÞT2 þ 2T 2
2 :

Therefore

f ða1; . . . ; an�2Þ � f ðb1; . . . ; bn�2Þð2Þ

¼ T2c1ðEÞ þ 2ða2T2 þ � � � þ an�2Tn�2ÞT2 �
Xn�2

j¼3

ajT2Tj � a2T
2
2 þ T 2

2

¼ T2c1ðEÞ þ ða2 þ 1ÞT 2
2 þ ða3T3 þ � � � þ an�2Tn�2ÞT2

¼ ðL2 � L1ÞLa1
1 La2þ1

2 La3
3 � � �Lan�2

n�2 :

In order to prove Lemma 8.2.1, we assume that both f ða1; . . . ; an�2Þb
f ðb1; . . . ; bn�2Þ and f ða1; . . . ; an�2Þb f ðc1; . . . ; cn�2Þ hold. Then by (2) we have

La1
1 La2þ2

2 La3
3 � � �Lan�2

n�2 bLa1þ1
1 La2þ1

2 La3
3 � � �Lan�2

n�2

and

La1þ2
1 La2

2 La3
3 � � �Lan�2

n�2 bLa1þ1
1 La2þ1

2 La3
3 � � �Lan�2

n�2 :

Hence by [1, Proposition 2.5.1 and Corollary 2.5.4], we see that L1 1L2. But
this contradicts the assumption that L1 2L2. Therefore we get the assertion of
Lemma 8.2.1. r

Theorem 8.2.4. Let ðX ;L1; . . . ;Ln�2Þ be the type (10) in [12, Remark 5.2.4].
Then there exists an integer i such that

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 a ðKX þ ðn� 2ÞLiÞ2Ln�2
i :

Proof. Let ða1; . . . ; an�2Þ A An�2. Then we will prove the following.

Claim 8.2.2. If ai and aj satisfy ai b 1 and aj b 1 for some i and j, then
either f ða1; . . . ; an�2Þa f ðb1; . . . ; bn�2Þ or f ða1; . . . ; an�2Þa f ðc1; . . . ; cn�2Þ holds,
where

bi ¼ 0;

bj ¼ ai þ aj;

bk ¼ ak; if k0 i; j;

8<
:

ci ¼ ai þ aj;

cj ¼ 0;

ck ¼ ak; if k0 i; j:

8<
:

Proof. If Li 1Lj, then f ða1; . . . ; an�2Þ ¼ f ðb1; . . . ; bn�2Þ and f ða1; . . . ; an�2Þ
¼ f ðc1; . . . ; cn�2Þ hold. So we may assume that Li 2Lj. Then we apply
Lemma 8.2.1, and we see that one of the following holds.
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(A) f ða1; . . . ; an�2Þ < f ða1; . . . ; an�2Þ.
(B) f ða1; . . . ; an�2Þ < f ðb1; . . . ; bn�2Þ.

Here

ai ¼ ai � 1;

aj ¼ aj þ 1;

ak ¼ ak; if k0 i; j;

8<
:

bi ¼ ai þ 1;

bj ¼ aj � 1;

bk ¼ ak; if k0 i; j:

8><
>:

Assume that the case (A) holds. If ai ¼ 0, then this is done. So we may assume
that ai b 1. Then aj b 1 and Lemma 8.2.1 implies that one of the following
holds.

(A 0) f ða1; . . . ; an�2Þ < f ðg1; . . . ; gn�2Þ.
(B 0) f ða1; . . . ; an�2Þ < f ðd1; . . . ; dn�2Þ.

Here

gi ¼ ai � 1;

gj ¼ aj þ 1;

gk ¼ ak; if k0 i; j;

8<
:

di ¼ ai þ 1;

dj ¼ aj � 1;

dk ¼ ak; if k0 i; j:

8<
:

But since ðd1; . . . ; dn�2Þ ¼ ða1; . . . ; an�2Þ, the case (B 0) cannot occur because
f ða1; . . . ; an�2Þ < f ðd1; . . . ; dn�2Þ from (A) and (B 0). By repeating this process,
we find that f ða1; . . . ; an�2Þ < f ðb1; . . . ; bn�2Þ holds.

If we assume that the case (B) holds, then by the same argument as above
f ða1; . . . ; an�2Þ < f ðc1; . . . ; cn�2Þ holds. So we get the assertion of Claim 8.2.2.

r

We go back to the proof of Theorem 8.2.4. By using Claim 8.2.2 repeatedly,
there exist ðd1; . . . ; dn�2Þ A An�2 and an integer i such that di ¼ n� 2 and dj ¼ 0
for every j with j0 i and f ða1; . . . ; an�2Þa f ðd1; . . . ; dn�2Þ. Therefore we get
the assertion of Theorem 8.2.4. r

Theorem 8.2.5. Let ðX ;L1; . . . ;Ln�2Þ be the type (10) in [12, Remark 5.2.4].
Then the following inequality holds.

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2
a 8wH

2 ðX ;L1; . . . ;Ln�2Þ if kðSÞ0 2;

< 9wH
2 ðX ;L1; . . . ;Ln�2Þ if kðSÞ ¼ 2:

�

Proof. By Theorem 8.2.4, there exists an integer i such that

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2 a ðKX þ ðn� 2ÞLiÞ2Ln�2
i :

On the other hand, by [9, Theorem 3.1.1 (4)], we have

ðKX þ ðn� 2ÞLiÞ2Ln�2
i

a 8wH
2 ðX ;LiÞ if kðSÞ0 2;

< 9wH
2 ðX ;LiÞ if kðSÞ ¼ 2:

�
Here we note that h1ðOX Þ ¼ h1ðOSÞ, g2ðX ;LiÞ ¼ h2ðOX Þ ¼ h2ðOSÞ and

g2ðX ;L1; . . . ;Ln�2Þ ¼ h2ðOX Þ ¼ h2ðOSÞ by [11, Example 2.1 (H)]. Hence
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wH
2 ðX ;LiÞ ¼ 1 � h1ðOX Þ þ g2ðX ;LiÞ ¼ wðOSÞ ¼ 1 � h1ðOX Þ þ g2ðX ;L1; . . . ;Ln�2Þ

¼ wH
2 ðX ;L1; . . . ;Ln�2Þ, and we get the assertion of Theorem 8.2.5. r

Finally we are going to investigate (5) in Conjecture 8.2.1.

Theorem 8.2.6. Let ðX ;L1; . . . ;Ln�2Þ be an n-dimensional multi-polarized
manifold of type n� 2 with nb 4. Assume that kðX Þb 0. Then

12wH
2 ðX ;L1; . . . ;Ln�2Þ > ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2:

Proof. By taking a reduction of ðX ;L1; . . . ;Ln�2Þ, we may assume that
KX þ L1 þ � � � þ Ln�2 is nef and ðn� 2Þ-big by [12, Remark 5.2.4] because
kðXÞb 0. Hence by using Theorem 7.1 (setting B :¼ ðL1 þ � � � þ Ln�2Þ=n), we
see that

wH
2 ðX ;L1; . . . ;Ln�2Þ

¼ 1� h1ðOX Þ þ g2ðX ;L1; . . . ;Ln�2Þ

¼ 1

6

Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2 þ

1

4

X
1aj<kan�2

LjLk

 !
L1 � � �Ln�2

þ 1

4
KX

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2 þ

1

12
ðc2ðXÞ þ K 2

X ÞL1 � � �Ln�2

b
1

6

Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2 þ

1

4

X
1aj<kan�2

LjLk

 !
L1 � � �Ln�2

þ 1

4
KX

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2 þ

1

12
K 2

XL1 � � �Ln�2

� n� 1

12n
KX

Xn�2

j¼1

Lj

 !
L1 � � �Ln�2 �

n� 1

24n

Xn�2

j¼1

Lj

 !2
L1 � � �Ln�2

¼ 1

12
ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

þ 1

12n
KX ðL1 þ � � � þ Ln�2ÞL1 � � �Ln�2 þ

1

24n

Xn�2

j¼1

Lj

 !2

L1 � � �Ln�2

þ 1

24

Xn�2

j¼1

L2
j

 !
L1 � � �Ln�2

>
1

12
ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2:
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Here we note that KX ðL1 þ � � � þ Ln�2ÞL1 � � �Ln�2 b 0 because kðXÞb 0. So we
get the assertion. r

9. Applications

In this section, we will provide two applications.

9.1. The sectional geometric genus of complete intersections of
hypersurfaces in PN

By using the notion of the sectional geometric genus of multi-polarized
manifolds, we calculate the sectional geometric genus of ðX ;LÞ, where X is a
complete intersection of hypersurfaces in PN and L :¼ OPN ð1ÞjX .

Theorem 9.1.1. Let X be a projective variety such that X is a complete
intersection of hypersurfaces Dj of PN with Dj A jOPN ðdjÞj for any j with
1a ja r. Let n :¼ dim X ¼ N � r and L :¼ OPN ð1ÞjX . Then for every integer
i with 0a ia n� 1 ¼ N � r� 1

giðX ;LÞ ¼
Xr
u¼1

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

rþ i

� �
:

Here

SðrÞu ¼ fðp1; . . . ; prÞ j pm A Z; 0a pm a 1;afm j pm ¼ 1g ¼ ug:

Proof. Here we note that X and Dj are not smooth in general. First we
will prove the following:

Claim 9.1.1. giðX ;LÞ ¼ giðPN ;D1; . . . ;Dr;H; . . . ;H|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N�i�r

Þ, where H :¼ OPN ð1Þ.

Proof. By the Bertini theorem we can take a general member D 0
j A jOPN ðdjÞj

for any j such that the following holds: X 0
k :¼ D 0

1 V � � �VD 0
k is a smooth

projective variety of dimension N � k for every k with 1a ka r. Set X 0 :¼
D 0

1 V � � �VD 0
r.

Then by using [11, Theorem 2.3] we have

giðX 0;HjX 0 Þ ¼ giðPN ;D 0
1; . . . ;D

0
r;H; . . . ;HÞ:

Let NX 0=PN (resp. NX=PN ) be the normal bundle to X 0 (resp. X ) in PN . Then
cðNX 0=PN Þ ¼

Q r
k¼1ð1þ dkHjX 0 Þ and cðNX=PN Þ ¼

Qr
k¼1ð1þ dkHjX Þ. Since

cðTX 0 Þ ¼ ð1þHjX 0 ÞNþ1

�Yr
k¼1

ð1þ dkHjX 0 Þ
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(see [14, Example 3.2.12]), by [7, Theorem 2.1] we get

giðX 0;HjX 0 Þ ¼ aðHjX 0 ÞN�r þ ð�1Þ iþ1 wðOX 0 Þ �
Xn�i

k¼0

ð�1Þn�k
hn�kðOX 0 Þ

 !
;

where a A Q. On the other hand since

cðTX Þ ¼ ð1þHjX Þ
Nþ1

�Yr
k¼1

ð1þ dkHjX Þ;

by [7, Theorem 2.1] we have

giðX ;HjX Þ ¼ aðHjX Þ
N�r þ ð�1Þ iþ1 wðOX Þ �

Xn�i

k¼0

ð�1Þn�k
hn�kðOX Þ

 !
:

Here we note that h0ðOX Þ ¼ h0ðOX 0 Þ ¼ 1 and h jðOX Þ ¼ h jðOX 0 Þ ¼ 0 for every j
with 0 < j < n (see also [15, Chapter I, Section 3, Theorem 3.4 (a) and Chapter
III, Section 5, Exercise 5.5 (c)]). Since

wðOX 0 Þ �
Xn�i

k¼0

ð�1Þn�k
hn�kðOX 0 Þ ¼ wðOX Þ �

Xn�i

k¼0

ð�1Þn�k
hn�kðOX Þ;

ðHjX 0 ÞN�r ¼ ðHjX Þ
N�r

and Dk is linearly equivalent to D 0
k, we see that

giðX ;LÞ ¼ giðX ;HjX Þ
¼ giðX 0;HjX 0 Þ

¼ giðPN ;D 0
1; . . . ;D

0
r;H; . . . ;HÞ

¼ giðPN ;D1; . . . ;Dr;H; . . . ;HÞ:

This completes the proof of Claim 9.1.1. r

Next by using [11, Corollary 2.3], we calculate giðPN ;D1; . . . ;Dr;H; . . . ;H|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N�i�r

Þ.
Here we note that

XN�i

j¼0

ð�1ÞN�i�j
hN�jðOPN Þ ¼ 0

for any ib 1. First we consider the case where N � i � r ¼ 1. Then i ¼
N � r� 1 ¼ n� 1 and by [11, Corollary 2.3] we have
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gn�1ðPN ;D1; . . . ;Dr;HÞ

¼
Xrþ1

u¼1

ð�1Þrþ1�u
X

ðp1;...;pr;qÞ ASðrþ1Þu

h0ðKPN þ p1D1 þ � � � þ prDr þ qHÞ

8<
:

9=
;

¼
Xrþ1

u¼1

ð�1Þrþ1�u
X

ðp1;...;pr;qÞ ASðrþ1Þu

d1 p1 þ � � � þ drpr þ q� 1

N

� �

¼
Xrþ1

u¼1

ð�1Þrþ1�u
X

ðp1;...;prÞ ASðrÞu�1

d1 p1 þ � � � þ drpr

N

� �8<
:

9=
;

þ
Xr
u¼1

ð�1Þrþ1�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

N

� �

¼
Xr
u¼0

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr

N

� �

�
Xr
u¼1

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

N

� �

¼
Xr
u¼1

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr

N

� �
� d1 p1 þ � � � þ drpr � 1

N

� �� �
:

(Here we note that if u ¼ 0, then ð�1Þr
P

ðp1;...;prÞ ASðrÞ0
d1 p1 þ � � � þ drpr

N

� �
¼ 0.)

Hence

gn�1ðPN ;D1; . . . ;Dr;HÞ

¼
Xr
u¼1

ð�1Þ r�u
X

ð p1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr

N

� �
� d1 p1 þ � � � þ drpr � 1

N

� �� �

¼
Xr
u¼1

ð�1Þ r�u
X

ð p1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

N � 1

� �

¼
Xr
u¼1

ð�1Þ r�u
X

ð p1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

rþ n� 1

� �
:

Next we consider the case where N � i � rb 2 and we calculate giðPN ;
D1; . . . ;Dr;H; . . . ;H|fflfflfflfflfflffl{zfflfflfflfflfflffl}

N�i�r

Þ. Here we note that by [11, Theorem 2.3]

giðPN ;D1; . . . ;Dr;H; . . . ;H|fflfflfflfflfflffl{zfflfflfflfflfflffl}
N�i�r

Þ ¼ giðP rþiþ1;OP rþiþ1ðd1Þ; . . . ;OP rþiþ1ðdrÞ;OP rþiþ1ð1ÞÞ:
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On the other hand, by above

giðP rþiþ1;OP rþiþ1ðd1Þ; . . . ;OP rþiþ1ðdrÞ;OP rþiþ1ð1ÞÞ

¼
Xr
u¼1

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

rþ i

� �
:

Hence

giðPN ;D1; . . . ;Dr;H; . . . ;HÞ ¼
Xr
u¼1

ð�1Þr�u
X

ðp1;...;prÞ ASðrÞu

d1 p1 þ � � � þ drpr � 1

rþ i

� �
:

So we get the assertion. r

9.2. The sectional m-genus of multi-polarized manifolds
Here we define the ith sectional m-genus of multi-quasi-polarized manifolds.

Definition 9.2.1. Let m be an integer with mb 2. Let ðX ;L1; . . . ;Ln�iÞ
be an n-dimensional multi-quasi-polarized manifold of type n� i, where i is an
integer with 0a ia n� 1. Let F be a coherent sheaf on X .

(1) Assume that KX þ L1 þ � � � þ Ln�i is nef and ðn� iÞ-big. Then the ith
sectional m-genus pi

mðX ;L1; . . . ;Ln�i;FÞ is defined by the following:

pi
mðX ;L1; . . . ;Ln�i;FÞ

:¼
gi�1ðX ; ðm� 1ÞðKX þ L1 þ � � � þ Ln�iÞ;L1; . . . ;Ln�i;FÞ

þ giðX ;L1; . . . ;Ln�i;FÞ � hi�1ðFÞ if 1a ia n� 1;

g0ðX ;L1; . . . ;Ln;FÞ if i ¼ 0:

8><
>:

(2) If F ¼ OX , then we set pi
mðX ;L1; . . . ;Ln�iÞ :¼ pi

mðX ;L1; . . . ;Ln�i;OX Þ.
(3) If F ¼ OX and L ¼ L1 ¼ � � � ¼ Ln�i, then we set pi

mðX ;LÞ :¼ pi
mðX ;

L; . . . ;L;OX Þ.

Theorem 9.2.1. Let m, n, and i be integers with mb 2, nb 2 and 1a ia
n� 1. Let ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-quasi-polarized manifold
of type ðn� iÞ. Assume that nb 2, KX þ L1 þ � � � þ Ln�i is nef and ðn� iÞ-big
and jLjj is base point free for every j with 1a ja n� i. Here we use notation in
Notation 7.1. Then

pi
mðX ;L1; . . . ;Ln�iÞ ¼ h0ðmKXn�i

Þ:

Proof. By definition and the proof of [11, Theorem 2.3] we get

pi
mðX ;L1; . . . ;Ln�iÞ

¼ gi�1ðX ; ðm� 1ÞðKX þ L1 þ � � � þ Ln�iÞ;L1; . . . ;Ln�iÞ

þ giðX ;L1; . . . ;Ln�iÞ � hi�1ðOX Þ

¼ gi�1ðXn�i; ðm� 1ÞKXn�i
Þ þ hiðOXn�i

Þ � hi�1ðOXn�i
Þ:
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Since KX þ L1 þ � � � þ Ln�i is nef and ðn� iÞ-big, we see that KXn�i
is nef and big

because ðKX þ L1 þ � � � þ Ln�iÞ iL1 � � �Ln�i > 0 by [1, Lemma 2.5.8]. Hence by
[5, Theorem 2.3] we have

gi�1ðXn�i; ðm� 1ÞKXn�i
Þ ¼ h0ðKXn�i

þ ðm� 1ÞKXn�i
Þ � hiðOXn�i

Þ þ hi�1ðOXn�i
Þ

¼ h0ðmKXn�i
Þ � hiðOXn�i

Þ þ hi�1ðOXn�i
Þ:

Therefore we get the assertion. r

Theorem 9.2.2. Let m be an integer with mb 2. Let ðX ;L1; . . . ;Ln�1Þ
be an n-dimensional multi-quasi-polarized manifold of type ðn� 1Þ. Assume that
nb 2 and KX þ L1 þ � � � þ Ln�1 is nef and ðn� 1Þ-big. Then

p1mðX ;L1; . . . ;Ln�1Þb 2m� 1:

Proof. By definition we get

p1mðX ;L1; . . . ;Ln�1Þ ¼ g0ðX ; ðm� 1ÞðKX þ L1 þ � � � þ Ln�1Þ;L1; . . . ;Ln�1Þ

þ g1ðX ;L1; . . . ;Ln�1Þ � h0ðOX Þ

¼ 2m� 1

2
ðKX þ L1 þ � � � þ Ln�1ÞL1 � � �Ln�1:

On the other hand, since KX þ L1 þ � � � þ Ln�1 is nef and ðn� 1Þ-big, we see
that ðKX þ L1 þ � � � þ Ln�1ÞL1 � � �Ln�1 > 0 by [1, Lemma 2.5.8]. Moreover
ðKX þ L1 þ � � � þ Ln�1ÞL1 � � �Ln�1 is even. Hence we get the assertion. r

Remark 9.2.1. If dim X ¼ 1, mb 2 and KX is nef and big, then by the
Riemann-Roch theorem

h0ðmKX Þ ¼ ð2m� 1Þðh1ðOX Þ � 1Þ:

Since KX is nef and big, we have h1ðOX Þb 2. Hence we get h0ðmKX Þb 2m� 1.
So Theorem 9.2.2 can be regarded as a generalization of this result.

Theorem 9.2.3. Let ðX ;LÞ be a polarized manifold of dimension nb 3, and
let m be an integer with mb 2. Assume that KX þ ðn� 1ÞL is nef and ðn� 1Þ-
big. If p1mðX ;LÞ ¼ 2m� 1, then ðX ;LÞ is one of the following types.

(1) KX þ ðn� 3ÞL ¼ OX .
(2) X is a double covering of Pn with branch locus being a smooth hyper-

surface of degree 6 and L is the pull-back of OPnð1Þ.
(3) ðX ;LÞ is a simple blowing up of the type (2) above. In this case n ¼ 3.
(4) ðX ;LÞ is a scroll over a smooth surface, and one of the types in [3, (3.4)

Theorem].
(5) ðX ;LÞ is a quadric fibration over a smooth curve, and one of the types in

[2, (3.7) and (3.30) Theorem].
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Proof. By the proof of Theorem 9.2.2, we see that ðKX þ ðn� 1ÞLÞLn�1 ¼
2. Hence g1ðX ;LÞ ¼ 2. So by the classification of ðX ;LÞ with g1ðX ;LÞ ¼ 2
(see [2, (1.10) Theorem]), ðX ;LÞ is one of the above types because KX þ ðn� 1ÞL
is nef and ðn� 1Þ-big. r

Theorem 9.2.4. Let n be an integer with nb 3. Let ðX ;L1; . . . ;Ln�2Þ be an
n-dimensional multi-polarized manifold of type n� 2. Assume that one of the
following conditions holds:

(a) n ¼ 3 and KX þ L1 is nef and 1-big.
(b) nb 4, kðXÞb 0 and KX þ L1 þ � � � þ Ln�2 is nef.

Then for any integer m with mb 2 we have

p2mðX ;L1; . . . ;Ln�2Þb 1þmðm� 1Þ
2

:

Proof. By definition we get

p2mðX ;L1; . . . ;Ln�2Þ ¼ g1ðX ; ðm� 1ÞðKX þ L1 þ � � � þ Ln�2Þ;L1; . . . ;Ln�2Þ

þ g2ðX ;L1; . . . ;Ln�2Þ � h1ðOX Þ

¼ 1þmðm� 1Þ
2

ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

þ wH
2 ðX ;L1; . . . ;Ln�2Þ � 1:

On the other hand by assumption we have ðKX þ L1 þ � � � þ Ln�2Þ2L1 � � �Ln�2

> 0 by [1, Lemma 2.5.8]. Moreover wH
2 ðX ;L1; . . . ;Ln�2Þb 1 by [9, Theorem

3.3.1(2)] and Theorem 8.2.2. Hence we get the assertion. r

Remark 9.2.2. If dim X ¼ 2, mb 2 and KX is nef and big, then by the
Riemann-Roch theorem and the Kawamata-Viehweg vanishing theorem we have

h0ðmKX Þ ¼
mðm� 1Þ

2
K 2

X þ wðOX Þ:

Since KX is nef and big, we have wðOX Þb 1. Hence we get h0ðmKX Þb

1þmðm� 1Þ
2

. Therefore Theorem 9.2.4 can be regarded as a generalization of

this result.

Theorem 9.2.5. Let ðX ;LÞ be a polarized manifold of dimension 3, and let m
be an integer with mb 2. Assume that KX þ L is nef and 1-big. Then p2mðX ;LÞ
¼ 1þ ðmðm� 1Þ=2Þ if and only if OðKX Þ ¼ OX , h1ðOX Þ ¼ 0, h0ðLÞ ¼ 1 and
L3 ¼ 1.

Proof. First we are going to prove the ‘‘only if ’’ part. By the proof of
Theorem 9.2.4, we see that ðKX þ LÞ2L ¼ 1.
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Assume that ðKX þ LÞ3 > 0. Then by Proposition 7.1, we have ðKX þ LÞL2

¼ 1. Again by using Proposition 7.1, we also have L3 ¼ 1. Hence
ðKX þ 2LÞL2 ¼ 2. Therefore g1ðX ;LÞ ¼ 2. By the classification of ðX ;LÞ with
g1ðX ;LÞ ¼ 2 (see [2, (1.10) Theorem]) we see that OðKX Þ ¼ OX and h1ðOX Þ ¼ 0
because KX þ L is nef and 1-big. Moreover since p2mðX ;LÞ ¼ 1þ ðmðm� 1Þ=2Þ,
we see from the proof of Theorem 9.2.4 that wH

2 ðX ;LÞ ¼ 1. Hence g2ðX ;LÞ ¼ 0
because h1ðOX Þ ¼ 0. Therefore by [11, Corollary 2.3] or [5, Theorem 2.3] we
have h0ðLÞ ¼ h0ðKX þ LÞ ¼ 1 since h3ðOX Þ ¼ 1 and h2ðOX Þ ¼ h1ðKX Þ ¼ h1ðOX Þ
¼ 0.

Assume that ðKX þ LÞ3 ¼ 0. Then ðX ;LÞ is a quadric fibration over a
normal surface S. Then there exists a surjective morphism f : X ! S with con-
nected fibers such that KX þ L ¼ f �ðAÞ for some ample line bundle A on S.

Since ðKX þ LÞ2L ¼ 1, we get ð f �ðAÞÞ2L ¼ 1. But by Proposition 7.2, this is
impossible in this case.

Next we prove the ‘‘if ’’ part. If OðKX Þ ¼ OX , h1ðOX Þ ¼ 0, h0ðLÞ ¼ 1 and
L3 ¼ 1, then easy calculations show that p2mðX ;LÞ ¼ 1þ ðmðm� 1Þ=2Þ holds.

r

Remark 9.2.3. There exists an example of a polarized 3-fold ðX ;LÞ with
OðKX Þ ¼ OX , h1ðOX Þ ¼ 0, h0ðLÞ ¼ 1 and L3 ¼ 1. (See [2, (2.7) and Remark
(2.13)].)

Furthermore we can prove the following.

Theorem 9.2.6. Let m, n and i be integers such that mb 2, nb 2 and
1a ia n� 1. Let ðX ;L1; . . . ;Ln�iÞ be an n-dimensional multi-quasi-polarized
manifold of type n� i. Assume that KX þ L1 þ � � � þ Ln�i is nef and ðn� iÞ-
big, and BsjLj j ¼ j for every integer j with 1a ja n� i. Then

pi
mðX ;L1; . . . ;Ln�iÞbmgiðX ;L1; . . . ;Ln�iÞ � ðm� 1Þ:

Proof. Here we note that giðX ;L1; . . . ;Ln�iÞb 0 by [12, Theorem 4.1].
Since

pi
mðX ;L1; . . . ;Ln�iÞb 0

by Theorem 9.2.1, the assertion is true if giðX ;L1; . . . ;Ln�iÞ ¼ 0. So we may
assume that giðX ;L1; . . . ;Ln�iÞb 1. Here we use Notation 7.1. Then we note
that

giðX ;L1; . . . ;Ln�iÞ ¼ h0ðKXn�i
Þ and pi

mðX ;L1; . . . ;Ln�iÞ ¼ h0ðmKXn�i
Þ:

Now we are going to prove the assertion by induction on m. First we
consider the case where m ¼ 2. Since h0ðKXn�i

Þ ¼ giðX ;L1; . . . ;Ln�iÞb 1 by
assumption, we have h0ð2KXn�i

Þb 2h0ðKXn�i
Þ � 1 by Lemma 7.1. Therefore

we get the assertion for m ¼ 2.
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Next we assume that the assertion is true for m ¼ k with kb 2. Then

pi
kðX ;L1; . . . ;Ln�iÞb kgiðX ;L1; . . . ;Ln�iÞ � ðk � 1Þ

holds by assumption, and giðX ;L1; . . . ;Ln�iÞb 1 implies that h0ðkKXn�i
Þ ¼

pi
kðX ;L1; . . . ;Ln�iÞb 1. Since h0ðKXn�i

Þ ¼ giðX ;L1; . . . ;Ln�iÞb 1, by Lemma
7.1 we obtain

pi
kþ1ðX ;L1; . . . ;Ln�iÞ ¼ h0ððk þ 1ÞKXn�i

Þ

b h0ðkKXn�i
Þ þ h0ðKXn�i

Þ � 1

¼ pi
kðX ;L1; . . . ;Ln�iÞ þ giðX ;L1; . . . ;Ln�iÞ � 1

b kgiðX ;L1; . . . ;Ln�iÞ � ðk � 1Þ þ giðX ;L1; . . . ;Ln�iÞ � 1

¼ ðk þ 1ÞgiðX ;L1; . . . ;Ln�iÞ � k:

So we get the assertion for m ¼ k þ 1, and this completes the proof. r
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