M. MOGHADDAM
KODAI MATH. I.
34 (2011), 16-30

ON 1ZUMI’'S THEOREM ON COMPARISON OF VALUATIONS
MOHAMMAD MOGHADDAM

Abstract

We prove that the sequence of MacLane key polynomials constructed in [7] and [3]
for a valuation extension (K,v) = (K(x),u) is finite, provided that both v and p are
divisorial and u is centered over an analytically irreducible local domain (R, m) = K|[x].
As a corollary, we prove Izumi’s theorem on comparison of divisorial valuations. We
give explicit bounds for the Izumi constant in terms of the key polynomials of the
valuations. We show that this bound can be attained in some cases.

1. Introduction

We give a proof of the finiteness of the sequence of MacLane key poly-
nomials of the extensions of the valuations, in the case of divisorial valuations
centered over an analytically irreducible domain (Theorem 3.6). As a result, we
are able to prove Izumi’s theorem:

THEOREM 1.1. Suppose u and p' are two divisorial k-valuations of a field
K/k such that K is the quotient field of an analytically irreducible local domain
(R,m) = K. Furthermore, suppose that u and u' are centered over (R, m) (with
common center m'). Then there exists a real number ¢ >0 such that u(y) <
ci'(y), for ye R\{0}. Therefore, the Izumi constant of these two valuations,

namely the number cg(p,u') == supyeR\{o}{l%}, is well-defined.

In [6] Izumi proved an analogous result of Theorem 1.1 in the case where R
is the local algebra of a point ¢ € X for a reduced and irreducible complex space
(X, 0x), and when y is the order function in the point & and g’ is the pullback
of x4 under a morphism ¢ : (Y,n) — (X, <) (However, notice that in this case the
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mappings # and g’ are not necessarily valuations). In [10] Rees stated Izumi’s
result in an algebraic setting and proved Theorem 1.1. In [5] Theorem 1.1 is
proved when (R,m) is an analytically irreducible excellent domain.

In Section 2 we describe the main results of the theory of key polynomials.

In Section 3 we prove the finiteness of the key polynomials of the divisorial
valuation extension (K,v) = (K(x),u), provided that x is centered over an analyti-
cally irreducible local domain (R, m) < K[x].

In Section 4 we use the theory of key polynomials to prove Izumi’s theorem
(Theorem 1.1). From a computational point of view, an interesting question is to
compute the Izumi constants. In [5], the [zumi constants are computed for some
special examples. In [11], the Izumi constants are used to give bounds for the
Artin functions which arise in the Artin approximation theory. Here, we give
explicit bounds for the Izumi constant ¢(u,u’) in terms of the key polynomials of
the valuation u. We show that in certain cases this bound is equal to the Izumi
constant; For example we compute c¢(y,ord, s) for any divisorial valuation u
which extends v (Theorem 4.3.(ii)).

Acknowledgments. 1 would like to thank Bernard Teissier for his helpful
comments and questions, Shahram Mohsenipour for discussions on the valuations
and Tirdad Sharif for his comments. Also, I would like to thank the referee for
pointing out a serious mistake in an earlier version of this paper, his helpful
comments and interesting examples.

2. Valuations and key polynomials

In this section we fix the notation and recall the main results of the theory of
key polynomials.

Throughout this section (K,v) is a field with a valuation v whose value
group is an ordered subgroup of the ordered group (R, <). However, the theory
presented in this section is generalized in [13] and [3] for valuations with value
groups of arbitrary rank. If we allow that the value v(y) of some nonzero ele-
ments y € K can be oo then we say that v is a pseudo-valuation. A k-valuation
v of a field K/k is a valuation of K such that v|.. =0. In this paper, all the
fields K that we consider are extensions of a base field k and all the valuations v
of K are k-valuations. We consider the field extension L = K(x). In the case
where x is transcendental over K we say L/K is of transcendental type, and when
x is algebraic over K we say L/K is of algebraic type. We assume u is a (not
necessarily divisorial) valuation on L extending v, i.e., (K,v) = (L,u). If L/K is
of algebraic type, we denote the minimal polynomial of x over K by P(X) (X is a
new variable transcendental over K), and assume deg P(X) = N. Notice that in
the algebraic type case we have L = K[X]/(P(X)), and every element y € L has
a unique representative y(X) € K[X] of degree strictly less than N. For y € L we
define deg y = deg y(X).

The valuation ring of the valuation v is denoted by R,; It is the ring
consisting of nonzero elements whose value is > 0, and the zero element. It is
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a local ring with maximal ideal m, = {y € R, : v(y) > 0}. The residue field of

4

the valuation v is by definition equal to the field x, = —. Let R be an integral

domain, and suppose v is centered on the ring R, which means R = R,. In this
situation the center of the valuation v over the ring R is defined to be the ideal
p =m,NR. By defenition, in the case v is centered on the local ring (R, m) the
center of the valuation over R is equal to m. A valuation v with value group
isomorphic to Z, centered over a local domain (R, m, k) is called divisorial if
tr.deg(x,/k) =dim R— 1. For ¢ R, set

P4(R) = {x € R|v(x) > ¢},
25 (R) = {x e R|v(x) > ¢},

where we agree that 0 € #; for all ¢, since its value is larger than any ¢, so that
by the properties of valuations the #; are ideals of R.

The graded algebra associated with the valuation v over the ring R is defined
as

er, R= B 24(R)/7} (R)
¢eR

See [12] for the foundational facts about this graded ring and its role in the
local uniformization problem.

For each non-zero element x € R, there is a unique ¢ € R such that xe
Py\?; ; the image of x in the quotient (gr, R), = 2#,/2 is the initial form in,(x)
of x.

DerINITION 2.1. A sequence of key polynomials for the extension (L, u)
of (K,v), with respect to a ring R = R,, is a well-ordered set U = {U;},_, = R,
where o is an ordinal number, which has the following properties: For each
f €R the additive group Zg(R) is generated by all the products of the form
c[li<, U, where ce K and a; =0 except for a finite number of i, such that
v(e) + .-, aip; = B, where B; = u(U;). Moreover, the set U is minimal with
this property.

For any i < o we define Ufj := [],_, U;", where a e N’ and @; = 0 except for
a finite number of j. All the sequences of key polynomials of the extension
(L,u)/(K,v) that we study are sequences of key polynomials with respect to the
ring R= K[x]. From now on, we simply call them the sequence of key
polynomials of the extension (L,u)/(K,v).

Next we define a combinatorial sequence of weighted polynomials of the ring
K[x], called a weighted basis of K[x]. We will see that the sequence of key
polynomials associated to a valuation extension (K,v) = (L,u) in [7], [13], and
[3], are also a weighted basis of K[x]. But the converse is not true in general
(See the discussion before Theorem 2.6). However, the notion of the weighted
basis simplifies the combinatorial part of the description of the extension of the
valuation (K,v).
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DEFINITION 2.2 A sequence of weighted polynomials U = {Ui}i<, = K[x], «
an ordinal, with weights w(U;) = f; € R, is called a weighted basis for K[x] with
respect to the valuation (K,v), when it satisfies the following conditions.

(a)
(1)

(e)

For every i < o we have
Ui+1 = Ul'mi + UiMiilfi,m,-fl R Uifl',l + ﬁ,Oa

where deg f; ; < deg U;, for j =0,...,m; —1. Moreover, we have ;| >
m;f;. In the case L/K is of algebraic type we have deg U; < N, for
<o

For every i <o and every f € L there exists expansions (called i-adic
expansions of f)

f= Zc/Uff,

where ¢, € K, a, e N/, as.; < m; for j < In the case that j is a limit
ordinal, and the set E(j)={/": ] <] J' +w7]7m],7 1} is non-
empty, we allow at most for one jj < ;' < j that a, < m;, where j,
is the first element of the well-ordered set E(j). And in the case L/K is
of algebraic type we have >, _,as;deg U < N.

For any i < o we define a welght map w; : K[x] — R as follows: For
any f € K[x]

a),(f) = min/{v(c/) + Z a/,/ﬂj},

J<i
where =), c/U[‘lf]/ , 1s an i-adic expansion of f. Then we have
wi(fi.j) + jB; = mip;,

for j=0,...,m; — 1 in the equation (1). In other words, all the compo-
nents in the right hand side of the equation (1) are of the same w;-weight.
When L/K is of transcendental type we have o < w?. In this case: If
o = o, either deg;_,, U; = oo, in which case we write U, = 0. Or, there
exists a natural number 7, such that for j > iy we have deg U; = deg Uj,
in which case we have
U, = lim U; e K[x].
—w

The field K is, by definition, the completion of K with respect to the
valuation v. Moreover, in this case f, = lim;_, f; = 0.

For any i < o we have f, | > m;f; (As a result, for any j <i we have

B> (H/s_/"<i mj)f;).

2

w is the ordinal type of the set of natural numbers.
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The existence of the i-adic expansions is a result of the Euclidean division
algorithm ([7], [13], [3], [8]): Given an element f € L, by successive division of f
with U; one can write

(6) S=Ufi++ Ui + fo,

where deg f; < deg U;,. Now, for any f; let j/ be the largest index such that
deg f; = deg U;/, and repeat the same procedure for f; and Uy. This produces
the i-adic expansion of f in the equation (2). This algorithm shows that in the
i-adic expansion we have a,y < my, for i’ <i.

For i < o a monomial of i-adic form is a product cUf;, such that a; < m;, for
j<iand ce K. Thus equation (2) shows that every element f € L has a unique
expansion in terms of the monomials of i-adic form.

Remark 2.3. (i) We have deg U;;; = m; deg U..

(i) When L/K of algebraic type, in the construction of [3] the key
polynomial U, is obtained by lifting to L of the minimal polynomial
of in U; (which is an element of a suitable graded ring), so, in general
the key polynomials can have degree N. Some times we consider the
reduced form of the U;, denoted by U; which are the unique
representations of the U; of degree < N — 1 (we get U, after dividing
U; by the minimal polynomial of x over K). Notice that if deg(U;) < N
then U; = U;. For an adic expansion y_; M;(U) we define the reduced
form of the adic expansion by replacing every U; by Uj;, in every adic
monomial M;(U).

(i) For any j > i it is not necessarily true that the j-adic expansion of U; is
itself (For example if m; =1 then Uy = U; — fi 0, and the (i + 1)-adic
expansion of U; is equal to U1 + fio); However, we have w;(U;) = ;.

(iv) If deg f < deg U; then for any j > i the j-adic expansion and i-adic
expansion of f are identical. Thus, we have w;(f) = w;(f).

(v) For any i < o we have w;(f) < wiy1(f), for any feL.

(vi) For i <a any expansion f =3, ¢, Uf, for aeN' and without any

restriction on a;, is called an i-expansion of the element f.

The main result of the theory of the key polynomials clarifies the relation
between the totality of the extensions (K,v) = (L,u) and the weighted bases of
K[x] with respect to the valuation (K,v).

THEOREM 2.4 ([7], [13], [3]). Given a valuation extension (K,v) = (L,u), such
that (K,v) is divisorial, there exists a weighted basis U of K[x|, with weights
o(U;) = u(U;), which is at the same time a sequence of key polynomials for .
Moreover, if L/K is of transcendental type (resp., if L/K is of algebraic type)
for this valuation the weight maps w; are valuations of the field L (resp., of the
field K(X), where X is a new variable) extending (K,v); We have w(f) <
o (f) < <wu(f), for any f e L, and we have u= w,.
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We remark that Theorem 2.4 is valid without the assumption of (K, v) being
divisorial (see [13] and [3]). One of the technical subtleties of the construction of
the key polynomials is in the case of key polynomials indexed with limit ordinals.
Later we show that in the course of extending divisorial valuations (K,v) to
divisorial valuations (L,u) we do not meet limit ordinals, provided that v is
centered over an analytically irreducible domain (R, m) < K.

Remark 2.5. We have:

(i) In the case L/K is of algebraic type for i < a the valuations (K(X),w;)
are not valuations of the field L (in general). But for any element f € L
if the initial of the i-adic expansion is equal to the initial of its i 4+ 1-adic
expansion then for i < j < a we have w;(f) = w,(f) = u(f). In other
words, the i-adic expansion of such elements suffices to determine the
value of f.

(i) The converse of theorem 2.4 is not true, i.e., it is not true that to every
weighted basis {U;; §;},., of K[x] one can associate a valuation extension
(K,v) = (L,u) such that u = w,. More precisely, in general the weight
maps w; associated to a weighted basis U are not valuations of the field L.

In the construction of key polynomials of [3], only the last weight map will
be a valuation of L. This gives a class of examples of weights maps which are
not valuations, when L/K is of algebraic type. When L/K is of transcen-
dental type the situation seems to be different; We have a sufficient algebraic
condition of MacLane for weights to be valuations. But, it is not clear whether
MacLane’s condition is automatically satisfied by any weighted basis or not.

THEOREM 2.6 ([7] Theorem 4.2, and [13], Theorem 1.2). Suppose {U;};_, is
a weighted basis of K[x] with respect to the (not necessarily divisorial) valuation
(K,v). Suppose for some i < o, when L/K is of transcendental type (respectively,
when L/K is of algebraic type) all the weight maps w; are valuations of the field
L (respectively, are valuations of the field K(X)). If in,,(Ui1) is irreducible in
gr,,, K[x] and of minimal degree (in the sense that if for some f € K[x] we have
ing, (Uit1) |ing, (f) then deg(f) > deg(Uiy1)) then the weight map w;y is a valua-
tion of the field L, when L/K is of transcendental type, and a valuation of the field
K(X), when L/K is of algebraic type.

A sufficient combinatorial condition for w; to be a valuation can be given.
Suppose {U;; B;}, ., 1s a weighted basis of K[x] with respect to the (not necessarily
divisorial) valuation (K,v). Let ®; = (v(K),f;,...,8;) =R be the group gen-
erated by the first i-weights. Set n; = [®;: ®;_;]. Note that we must have

(7) m; = n;p;,

for some p; € N (m; is defined in (1)) and moreover equation (1) should be of the
form:

i Di i(pi—1 n
(8) Ui = Ui”'p’ + Uin v )fl\'li(Pi—l) +-+ U fl}”i Jrf,‘7().
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THEOREM 2.7. With the notation of the last paragraph, if m; = n; then the
weight maps w; are valuations.

Proof. The proof of Theorem 4.7 of [8] can be adapted to this situation.
O

In the special case where K = k((y)), where k is algebraically closed, we
have a complete combinatorial characterization of the weighted bases of K[x]
which correspond to the key polynomials. In [1], Chapter 3, Favre and Jonsson
give an explicit construction of the key-polynomials of the K[x]. In our settings,
they show that any weighted basis of K|[x] corresponds to a valuation only if
m; = n; (See [1], Corollary 2.5, and Theorem 2.29). Thus, we have

THEOREM 2.8. In the case where K = k((y)), and k is algebraically closed,
the converse of Theorem 2.7 is true, i.e., if {U;; p;};, is a weighted basis of K|x]
such that the corresponding weight maps w; are valuations then m; = n;.

DerINITION 2.9. Let o be an ordinal. Let us denote by K[U] the poly-
nomial ring K[Uy,...,U,]. We define a sequence @; of Gauss valuations on the
fields K(Uy, ..., U;) as follows: Fixing values @;(U;) = ;, for j <o, we extend
@; to f(U) = Z/c/U[‘;’] e K[Uy,..., U] by

ai(f(U)) = min/{v(c/) + Za/,jﬁj}-

i<i

The valuation @; defines a weight map on the space of the i-expansions
of the elements of K[x]. More precisely, if fi =3, c¢,Uf is an i-expansion of
the element f € K[x] then we define @;(f1) = @:i(3_, ¢,Uf;). Notice that a;(f), is
not well-defined for an element f € K[x]. The next theorem gives an algorithm
to get the adic expansion of the elements of K[x] without making divisions
(Although being general, we explain the algorithm only in the case of finitely
many key polynomials, which is the case we will use later).

THEOREM 2.10.  Suppose {U;; f;}:.,, % € N, is a weighted basis of K[x] with
respect to the valuation (K,v), and let f € K[x]. Then we have:
(W) If fo=>_,caU" where aeN', is the i-adic expansion of f then the
(i + D)-adic expansion of [ can be obtained by the following algorithm:
(@) In fo replace any occurrence of U™ by its (i+ 1)-adic expansion:

) U™ = Uit = U fimer == = Uiy = fio-
Suppose fi =3, c,UP, where beN "1 s the resulting expansion of
(b) In N, for any j < i replace any occurrence of Ujm/ by its (j+ 1)-adic

expansion. Suppose f> € K[U] is the resulting expansion of f.
(c) Iterate step (b), as far as possible.
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(i) If fo =3, caU" where ae N is the (i +1)-adic expansion of f then
the i-adic expansion of f can be obtained by the following algorithm:
(@) In fy replace any occurrence of Uiy by its i-adic expansion:

(10) U1 = U + U fimet + -+ Uit + fio-
Suppose fi =", c,U", where beN " s the resulting expansion of

(b) In fi for any j <i replace any occurrence of U/-m’ by its (j+ 1)-adic
expansion. Suppose f> € K[U] is the resulting expansion of f.

(c) Iterate step (b), as far as possible.
Both algorithms stop after a finite number of steps and in both cases they generate
a sequence of expansions for f: fi, fa,..., fi, where te N. In the case (i), f; is
equal to the (i + 1)-adic expansion of f, and in the case (ii), f; is equal to the i-adic
expansion of f. Moreover, in the case (i), we have @iy1(f1) < @i () < -+ <
@i+1(f1) = wiv1(f), where @;y1 is the valuation of the ring K[U,, ..., U], defined
in Definition 2.9, and w;.| is the weight map associated to the weighted basis
{Ui: B;}i<, in Definition 2.2.  And in the case (i), we have &;(fi) < @i(f2) <--- <
oi(fr) = onlf).

Proof. The proof of Proposition 3.10 of [8] can be adapted to this situation
(See also Lemma 6.5 of [9]). O

3. Finiteness of key polynomials

There are delicate relations between valuations over a local domain (R, m)
and its (possible) extensions to the m-adic completion (R,mR). In general, such
an extension need not exist and in case of the existence, such extensions are far
from being unique and the classical invariants of the extension may change in
general [2], [12], and [4]. However, in the case of divisorial valuations, centered
over an analytically irreducible local domain, such extensions exist and are
unique. The local domain (R, m) is called analytically unramified (resp., analyti-
cally irreducible) if the m-adic completion (R,mR) does not contain nilpotent
elements (resp., is a domain).

Lemma 3.1 ([5], Lemma 1.1). Let (R,m) be an analytically irreducible
domain.  Then every divisorial valuation, centered over (R, m), extends naturally
to a divisorial valuation centered over (R, mR), where R is the m-adic completion
of R.

ProposITION 3.2.  Suppose v is a valuation of rank 1, centered over the
Noetherian local domain (R, m). Assume that v extends to a valuation p of rank
1, centered over the local ring (R,mR), where R is the m-adic completion of
R Then such an extension is unique. Moreover, given any 0 # f = {fi},.n € R,
where f; is a Cauchy sequence in R, there exists iy € N such that for all j > iy we

have u(f) = v(f).
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Proof. As (R, m) is Noetherian v(m) > 0 exists. Choose iy € N such that
ipv(m) > u(f) = 0. We have f — f; em/. Thus, for j > iy we have u(f — f;) >
u(f), which shows that u(f) = u(f;) = v(f). O

The last two results give us:

COROLLARY 3.3. Let (R,m) be an analytically irreducible domain. Then for
every divisorial valuation centered over (R, m) there is a unique extension of v to a
divisorial valuation centered over (R,mR).

Here we mention an obvious result

THEOREM 3.4. Let v be a divisorial valuation centered over an analytically
irreducible local domain (R,m). Then R, is analytically irreducible.

Here, we notice an easy consequence of the commuting of the completion
with the quotient:

LemMA 3.5. Suppose R[x| is an analytically irreducible local domain, and K
is the quotient field of R.  Assume that x is algebraic over K. Let S (resp., R) be
the completion of R[x] (resp., the completion of R) with respect to their (respective)
maximal ideals. And, assume that K is the quotient field of R.  Then, the min-
imal polynomial of the element x € R over K is identical to the minimal polynomial
of xe S over K.

Finally, we are ready to prove the finiteness result:

THEOREM 3.6. If (K,v) < (L,u) is a valuation extension and {U;f;};., is a
weighted basis of K[x] with respect to (K,v) such that u = w, and v, u be divisorial
valuations. Moreover, assume that u is centered over an analytically irreducible
domain (R,m) < L. Then the number of key polynomials of the divisorial valua-
tion (L,u) is finite, i.e., we have o < .

Proof. As (K,v) is a divisorial valuation, we have dim v = tr.deg; x, =
tr.deg, K —1. Suppose we have o > w. As the extended valuation y is discrete,
we see that o < (f, > lim;, f; = ). Thus, we only need to consider the
case o = . We distinguish the two cases of the transcendental and algebraic
type:

« If L/K is of transcendental type, and « = w, we show that

(11) dimy x, = dim; x, = tr.deg; L — 2.

Hence (L,x) cannot be a divisorial valuation (because if x4 was a divisor-
ial valuation then dimy x, = tr.deg, L —1). To prove equation (11) first
notice that as (L,u) is an extension of (K,v), we have x, € x,. It is
sufficient to show that x, is an algebraic extension of x,. Consider the
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CuUa
natural map 1: R, — x,. Clearly, it is sufficient to prove 1<TH> is
il

‘ Ca

algebraic over k,, for any i < o and a,b e N' such that U[b] eR, We
b

prove this by induction on i. Note that, without loss of generality, we can

assume «a; > 0 and b; = 0. Suppose the claim is proved for i — 1, we prove

#0. Write nif; = By + >_;;m;f;, where 0 <

) caU
it for i. Let M =1
CbU[]
m; < n; and f, e v(K), and set 4 =cU™ ---U™"', where v(c) =f,. As
M # 0, we have u(caUH) (chH) whlch shows that a; = n;q;, for some
c, A4UE B ¢ Uf
1 Notice that U

Uia[ ° CbU [;;] ’ B

B (q%) B (Uf") 5
M =1 7 |1 =1 7 | .
CbUm B CbU[i] A

. . . B
By the induction hypothesis, the factor z<

gieN. Set B=

€ R, and we have

b
U
i

/’1> is algebraic over r,.

) is algebraic over k.

Hence, we should only show that Z = 1(

Dividing both sides of equation (8) by A”, we have (notice that by
(7): mi = nip:)

) ﬁ.n-(p-fl) 1 ft n; fl Uit
Pi MY LA Pi A it b =
P+ l( Z 441 T Z+1 o) = P 0.

Notice that, by the induction hypothesis, the coefficients of equation (12)
are algebraic over x,. Thus (12) shows that Z is algebraic over k,.

« If L/K is of algebraic type and &« = w. By Theorem 3.4 the valuation ring

R, is analytically irreducible, thus the valuation x4 extends uniquely to a
valuation (denoted again by u) to the ni,-adic completion R,. We con-
struct a non-zero element U, € R, which is a coefficient-wise limit for the
sequence of the reduced key polynomials {U;},_ (Remark 2.3.(ii)). There
is some iy € N such that for i > iy we have m; = 1 (Suppose this is not the
case, so there are infinite number of i such that m; > 1, but by Definition
2.2.(e) we have S, > (I[;., m:)B;. Thus, we have v(U,) = f,, = oo which
is a contradiction). For i > iy, we set U; = a; y_1x¥ 1 + -+ 4+ a;1x + a0,
where a;, € K (Recall that N is degree of the minimal polynomial of the
element x over K). For i > iy, consider the equahty U1 =U; + fio (The
reduced form of equation (1)). Let fio=>_;¢; ;U be the reduced i-adic
expansion of fio. As my =1, for k > i, the power of Uy is zero in
any adic monomial Ui) of fio. So, for these adic monomials we have
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a),(U[( >) < > geiy(me = 1)B = B;. But, we have ff; — oo (i — w), so for
any j, we have v(¢; ;) — o (i — o). Now, for any t < N —1 we have
air1,r — @i € {c;jy;. This shows that for any 1< N —1 the sequence
{ai,+};cn 18 @ Cauchy sequence for the v-adic topology in R,. But, the

ring R, is complete for the mt,-adic topology, so by [12], Proposition
5.10, it is complete for the v-adic topology as well. Thus, we have
Ao, =1lim; ., a;, € Ry < R,, 1s well- deﬁned In consequence, the element
U, = aw,N,lxN Ty ta, 1X+do 0 € R,l is well-defined. Moreover,
by Lemma 3.5 the element U, is non-zero, and thus u(Uy) is finite. By
the construction of Uy, it is clear that for i > i, we have in,, (U,) = U;.
So, we have w;(Uy) = ff;. This shows that u(Uy) > lim;_, ff; = oo which
1S a contradiction. O

Remark 3.7. The proof shows that in the case L/K is of transcendental type
we do not need the analytical irreducibility condition to meet the finiteness result.

Here we give an example that shows that the analytical irreducibility is
necessary in the case L/K is of algebraic type’:

Example 3.8. Assume that char(k) # 2. Let K = k(y), v the y-adic valua-
tion. Let L be the field of fractions of the integral domain k[x, y]/(x*> — y*> — »?).
Then v admits two extensions to L; their value groups can both be identified with
Z, which we view as the value group of v. Let 1 be the extension characterized
by the fact that u(x+y) =2. Let /T+y=> 7 b;y' be the Taylor expans1on
of /14 y. Set Uy =x. Then the construction of the key polynomials gives an
infinite sequence U; —x—&-zl 1b 1y/, for i >2. One can show that u(U;) =
pi=1i, for ieN. This gives us an infinite sequence of key polynomials
{Us ﬂi},-eN for the valuation x. There does not exist any finite subsequence of

the key polynomials of this infinite sequence.

4. Izumi’s Theorem

For any two rank one valuations u and ' of a field K with a common
center in a subring R of K, if there exists ¢ € R such that u(y) < cu/(p), for any
y € R, then we write x4 < cy’. In such situation we define cg(u, ') to be the
minimum of such constants ¢; We call it the Izumi constant of the valuations

i, 1'. When the ring R is clear from the context we denote the Izumi constant

by c(p, 1)
Through this section L is a field extension of a given field K/k, which is of
the form L = K(x), such that L/K is either of transcendental type or algebraic

type.

31 am grateful to the referee for pointing out this example.
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Remark 4.1. The following are immediate from the definition of the Izumi

constant.

(i) If both u and x4’ are centered over R with the ideal p as center then
cr,(u,p') exists provided that cp(u,u’) exists. Moreover, we have
cr, (1 1') = cr(p, 1t').

(i) For any three valuations w, w’, @” of a field K, such that all of them
are centered over a ring R < K, if cgp(w,w”) and cr(w”,w’) exist then
cr(w,w’) exists and we have

(13) cr(w,0") < cr(w,0")cr(0”, o).

DEFINITION 4.2.  Let v be a valuation of K. For e R™, we define ord, 4 to
be the Gaussian valuation extending v to a valuation of L with ord, s(x) = . In
other words, for f =) ¢;x' € K[x] we have

ord, 4(f) = min;{v(c;) + if}.

In the case L/K of algebraic type, this is a valuation of K(X) which we call it a
pseudo-valuation of L (See Remark 2.5.(i)).

THEOREM 4.3.  Suppose (L, ) is a valuation extending the divisorial valuation
(K,v). Assume that {U;; B}, @ € N, is a weighted basis of K[x] with respect to
(K,v) such that, with the notation of Definition 2.2, we have u = w,. Moreover,
assume that v is centered over the local ring R c K. Then:

() We have wj(Uf,) = ([Tie;mu)-LB;, for £ €N, and j <i<o.

(i) For j<ieN, the Izumi constant cgy(w;i1,w;) exists and we have

4ﬂi+l
(T k= ) -B;

Proof. For (i): We prove it for the case / = 1. The general case is similar.
Notice that U™ + U™ fi -1 +---+ Uifi1 + fio is the i-adic expansion of
Uis1. We have deg U = deg U™ and deg f; ; < deg U;. On the other hand,
in the algorithm of getting the (i — 1)-adic expansion of U, from its i-adic
expansion, the degree considerations shows that U™, which is generated in the
first step of the algorithm, never cancels in the process of the algorithm. In fact,
this is the unique monomial of degree equal to deg U;;; in the (i — 1)-adic
expansion of Uj;. Thus, the monomial U™ appears in the (i —1)-adic
expansion of U;yi; It has the least @;_;-weight (because it appears starting from
the first step of the algorithm). By induction, we reach to the following: The
" appears in the j-adic expansion of Uy; It has the least @;-
weight. Thus, we have proved ;(Ui1) = ([[i—, mu)B;-

For (ii): First we prove the claim when j=1i. Let us assume that M =
caU[‘}H] € K[Uy, ..., U] is a monomial of adic form. Then w; (M) = v(c,) +

CR[x] (@iy1, wj) =

m;

Zj’;l a;jf;.  Suppose My, ..., M, is the sequence of i-expansions of M generated

in the algorithm of getting i-adic expansion of M from its i 4+ 1-adic expansion.
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We have @;(M,) = v(c,) + Zj:l aif; + aipmif;. Set A =v(c,) + Zle a;f;. On
the other hand w;(M) = &;(M,) > @&;(M,). Thus, we have

wir1(M) < A+ a1 B - Bis
o (M) — A+maiaf; T mf;

Now, assume that /' =3_; M; is the i + 1-adic expansion of an element f € R[x].
Suppose that for iy we have w;1(f) = wi11(M;,). Then we have

wiy1(f) <wi+1(Mio) < Bisi
wi(f) T (M) T omif;

This proves c(w;;1, ;) < ﬂ’—“ On the other hand, by (i) we have @i (Uis1) =

- omip; wi(Uis1)
@ which shows that c(w;y1,w;) > @ Thus, we have c(w;;1, ;) :@.
For the general case, using (13) and the case j =i, we have c(wj;1,w;) <
B
(Hllc:j my).f5;
O

Bisi

(Hli:j mk)'ﬁj‘

Hence, we have the equality.

H,i:j (W41, 01) < But (i) shows that ¢(w;y1, ;) >

LeMMa 4.4. Suppose v and V' are valuations of a field K and both are
centered on the ring R such that the Izumi constant cg(v,v') exists. Then the
Izumi constant cgiy(ord, g, ord, p) exists and we have:

(i) We have cgpq(ord, g,ord, p) < <£,>CR(V, V'), where

(14) <ﬂﬁ> _ {lg when > '

otherwise.

(i) Suppose (K,v) = (L,u) then cgiq(ord, g, 1) < <$>

Proof. For (i): If M = ¢x’ € R[x] is a monomial then one can easily check
that ord, s(M) < <§,>c(v,v’) ord, p(M). Now, assume that /' =}, M; € R[x].

Suppose that ord, g(f) = ord, s(Mo) and ord, p(f)=ord, p(M;). Then we
have

(
)

ord, 4(f) = ord, g(My) < ord, s(M;) < <§>c(v, V') ord, g (M),
which shows that ord, s(f) < <//;,>c(v,v’) ord,: g(f).
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For (ii): Set u(x) = f'. TItis clear that c(ord, s, ) = 1. By (i) and Remark
4.1.(i1)) we have

c(ord, g, 1) < c(ord, g, 0rd, g)c(ord, g, u) < <[)€> O

THEOREM 4.5. Suppose that p and p' are two divisorial valuations of the field
L =K(x). Suppose {Us;p;}i_,, where n € N is a weighted basis of K[x| such that
wy = . Assume that py_=v, ,u"K =V, and v and V' are both centered over a
ring R, and both p and u' are centered over the ring R[x]. Moreover, suppose
cr(v,v") e R™ exists. Then cpq(p, p') exists and we have

, 1 1 I U"
R (1) < max{m’ﬂ/(x)}cR(v’v )(ile(g U)

Proof. Set = u(x) and B’ = u/(x). By (iii) of Theorem 4.3 and Lemma
4.4, the three Izumi constants cgp(u,0rd, 5), cgpy(ord, g, ord, p), and
cgiy(ord, g, u') exist. So, by Remark 4.1.(ii) the Izumi constant cgpq(p,n)
exists and we have

c(u,p') < e(u, ord, g)e(ord, g, ord, g)c(ord, 4, u')

#(Un) <£/>C(v7 ).

T deg U,.p\p
Now it is sufficient to note that <£>l— max{L ;} O
BB p(x) ' (x) )

Proof of Theorem 1.1. By Corollary 3.3 we can assume that R is
complete. By Cohen’s structure theorem we have R =~ k[[X1,...,X,]]/I. We
prove the result by induction on n. Set S =k[Xi,...,X,1]]/INk[[X,...,
X,-1]]). First, notice that if I=<{fi);_, 4 after a polynomial change of

coordinates (if necessary), we can assume that f;(0,...,0,X,) # 0 for any i < d.
Now, by Weirestrass’ preparation, we can assume that f; € k[[X], ..., X;—1]][Xu]-

—

This shows that R = (S[X,]/(INS[X,])), where the completion is taken with
respect to the maximal ideal of the origin. Set R; = S[X,]/(INS[X,]). By Cor-
ollary 3.3, to show that cgr(u,u') exists, it is sufficient to show that cg, (u|g,, #'[g,)
exists (In fact, by the same corollary we have cr(u,1') = cr, (¢g,,1'|g,))- But,
by the induction hypothesis the Izumi constant cg(u|g,4'|g) exists. So, by
Theorem 4.5 the Izumi constant cg, (u|g ,#'|,) exists. O

Remark 4.6. Instead of considering R as the totally ordered group that
contains all the value groups of divisorial valuations, one can fix a copy of L as the
value group of all valuations (this is the assumption of [5]). In this situation, as
u(x) =1 for any (L,p), we can make the bound of cpp(u, 1') sharper; This bound
“(Un)

does not depend on . In this case cry(p,p') < CR(v,v’)deg o
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