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ITERATION METHOD FOR MULTIPLE
ROGERS-RAMANUJAN IDENTITIES

WENCHANG CHU AND WENLONG ZHANG

Abstract

Inspired by the recursive lemma due to Bressoud (1983), we present an iteration
process for constructing transformations from unilateral multiple basic hypergeometric
series to bilateral univariate one. Applications are illustrated to multiple series trans-
formation formulae and multiple Rogers-Ramanujan identities.

1. Introduction and motivation

Let N, Ny and Z stand respectively for the sets of natural numbers,
nonnegative integers and integers. For two indeterminate x and ¢, the shifted
factorial of x with base ¢ is defined by

(x;9)p=1 and (x;¢),=(1—x)(1 —xq)---(1 —xq"") for neN.
When |g| < 1, we have two well-defined infinite products

o0

(x:q),, = [[(1—¢"%) and (x;9), = (x;9)../(xq";:q).,-
k=0

With the multiparameter forms of shifted factorials being abbreviated to
B, vidl, = (0),(Bsa), - (i),

|:05,ﬂ7-~,y ‘q:| _ (a;q)n(ﬂ;Q);1“'(y;q)n .
A,B,....,C["],  (4:9),(B:q9), - (Ciq),’

we define the unilateral and bilateral basic hypergeometric series, respectively, by

.
ap, ai,....a,| | _ n (ysr| a0, ar,..ar| |
1+"¢X{ b b, W]nz;{(l) a9} {q, bi... b, QLZ’

1y
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+o
ai, az,...,dp| . _ _1\n (”) s—r|dy, d2y...,dy
f‘/’s[bl, by by W} = 2 {07 [bl, by b,
where the base ¢ will be restricted to |¢| < 1 for nonterminating g-series. More
comprehensive coverage of g-series theory can be found in three monographs by
Bailey [6, Chapter 8], Slater [30, Chapters 3, 5, 7] and Gasper-Rahman [20].

In 1983, utilizing the following well-known g-analogue of the binomial
theorem

1) ! =2H‘f— e [ 1] - (0

(ga;q), “=lm] (9a;q), (@ DT D

Bressoud [13, Lemma 2] devised ingeniously the recursive lemma on finite sums

2 2 2
Mk* Lk n m (A-1)k xk

n q X _ qm q
@ k;n (@D i G Dui mzz:o (@D k;m (@ Dt (G Dic

Iterating the last equation /-times and then putting 1 =/ + 1/2, he discovered the
following multiple series transformation theorem [13, Theorem)]

24 m2 4t
(3a) Z g (xs q),, (9/%59),,
n>my=my>-->my >0 (q’ q)”—ml (q’ q)ml—mz e (C], q)m/—l—m/ (q’ q)Zm/
. 2 ] g*+G)
(3b) - Z(—l)k[ n }q
K=—n n+k] (q:9),

The limiting case n — oo of the last formula yields easy proofs and general-
izations of the celebrated Rogers-Ramanujan identities (cf. Watson [34] and Slater
[29, Eqs 14 and 18])

0 qnz [ 5
(@ 9). = (4:9), (@ 9).. “—~(4:9),

There exist numerous identities expressing infinite series in terms of infinite
products in g-series, generally called Rogers-Ramanujan identities. Slater [28,
29] has made a collection of 130 such identities by means of Bailey’s lemma |8,
9]. For the multiple g-series, there are less identities of Rogers-Ramanujan type,
that scattered mainly in the following literatures [1, 2, 4, 12, 14, 15, 18, 22, 23,
26, 27, 31-33]. Inspired by the recursive approach of Bressoud [13], we shall
establish another remarkably useful transformation theorem involving an arbi-
trary sequence {Wi},.,. By specifying the W-sequence, several transformation
formulae from unilateral multiple series to bilateral univariate one will be derived.
Their limiting cases lead to numerous multiple Rogers-Ramanujan identities with
most of them having not appeared previously.
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The paper will be organized as follows. The next section will be devoted to
the main theorem of this paper, which transforms a unilateral multiple series to
a bilateral univariate series. Then we shall present, in the third section, its
applications to terminating and nonterminating multiple series transformation
formulae as well as multiple Rogers-Ramanujan identities. The identities exam-
ined in this paper show that the iteration process is efficient and simple for
dealing with multiple Rogers-Ramanujan identities, just like Bressoud’s approach
to the classical Rogers-Ramanujan identities.

2. The main theorem and proof

Recall the ¢-Chu-Vandermonde-Gauss theorem (cf. Gasper-Rahman |[20,
11-7))
a’, al ., (¢/a;q),
20 4:9"c/ a} ="
1{ ¢ (c:9),
which can explicitly be expressed in terms of the following g-binomial convo-
lution

. (e o 1) ol ()"

(a), = (€ )

This formula plays the similar role as (1) for deriving multiple series trans-
formations. In fact for m - m—k, n - n—k, a= —g*t1+9/2 and ¢ = ¢!+
with 0 = 0,1, the last equation may be reformulated as

1+5)/2;Q)n - {” - k} (—q(1+5)/2§Q>m (m—k)(m+k+6)/2

(—4' _
(¢; Q)n+k+()‘ ok LT — k (¢ Q)n1+k+{3

Let { Wi}, be an arbitrary sequence. Multiplying by Wi/(q;¢q),_, across the
last equation, we may manipulate the following bilateral finite sum with respect
to k over —n—90 <k <n

~ (=" q), Wi

[ —— (Q7 Q)n—k (Q7 Q)11+/c+(5
_ i: Wi zn: { n—k } (—¢ D (k) (k462

k——n—5 (qv Q)n—k m=k m—k (q’ q)m+k+5
2’7: q(n1)(m+5)/2 m (_q(1+(3)/2; q)mqf(k)(kJré)/Z
N Pe—— (qa q)n—m k=—n—o5 (q7 q)m—k(q; q)111+k+(5
1 glmm+o)/2 - (_q(1+f5)/2;q)mq—(k)(k+f5)/2
G D s (GD (6D s

(149)/2

Wi

Wi



474 WENCHANG CHU AND WENLONG ZHANG

where the last line has been justified by the fact that the innermost summand
vanishes for m < 0 and k < —m —9. Replacing k by —k in the two extreme
sums with respect to k, we find the following generalized recursive lemma.

LemMa 1 (Recursive sums).

n+o (_q(1+5)/2;q)n Wy _ n q(n1)(m+6)/2 m+o (—q(H‘;)/z;q)mq(k)(é’k)m "
k=—n (q’ q)n+k(q; q)n—k+(5 m=0 (q’ q)n—m k=—m ((]7 q)n1+k(q; q)m—k+(5

Iterating /-times the recursion in Lemma 1 leads to the following equation

B (=02 ) W 0N/ 2+ (r240) 2 17) 074+) 2

Dkl G D kvs  porar T nrs0 G Dun (G D,y (@39),, -,

r+0 (— q1+9)/2, (1),‘/ g*kO0=k2

X
k=—r, (q’ q)r/+k(q; q)r,—k+(5

In order to shorten the long expressions, we make the replacements on sum-
mation indices and fix the compact notations as follows

n—ry — moy

r— 1y — my m= (my,my, ..., my);

and

2
Fp—1 — Ty — My Mk:;mu (OSkS/)

ry — my

Further replacing W by (—l)kq(é)w‘/ k=02 in the last finite series trans-
formation, we may reformulate the result as the following main theorem of this
paper.

THEOREM 2 (Multiple series transformation). For an arbitrary bilateral
sequence { Wi}, q, there holds the multiple series transformation

. ))/2. 4 y 0 —my—6
(Sa) Z (qa q)2n+(5(_q<1+(>)/27 q)m/ - q(Mt)(Ml+o>/2 & qk(M/+5) (q " (); q)k Wk
= @GOG D5 w1 GDw (q"*;q)y
(5b) = (146)/2. ) ”ZM( l)k 2n+0o (§)+(k/)(k—5)/2W
={—q 39)n szn n+k q k
where the multiple sum on the left runs over (mg,my,...,my) € Né# subject to the

condition My =my+my +---+my =n.
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This theorem is remarkably useful for deriving concrete multiple transformation
formulae and multiple Rogers-Ramanujan identities. Here we illustrate two
examples by utilizing Ramanujan’s identity of bilateral jiy,-series [20, 11-29]

al 1 [q, ¢/a, az, q/az

q] where |c/a| < |z| < 1.

More applications will systematically be exhibited in the next section.
First, letting 6 = 1 and W; = x* in Theorem 2 and then evaluating the sum
with respect to k displayed in (5a) by means of the terminating form of (6) as

li:m qk(1+m) Dk _ G Dn( G D (53910 (95 D
— l+m q)k (6]§ q)1+2m

we derive the following variant of Bressoud’s theorem stated in (3).

THEOREM 3 (Terminating series transformation).

N n+k

1+M;
§ Olava/xidl, 2d (—q9), Z 1)t {M l}q@wuk
= @G 8), 1(G)y, 1 —x =

Letting n — oo and then factorizing the last sum through Jacobi’s triple product
identity [21] (see [5, P497] for historical notes)

+00

(7) 4 %,q/x:q],, = Y (~1)* L)t

k=—o
we establish the nonterminating multiple series identity.
ProposITION 4 (Multiple series identity).
/ l+’\/l,

qx q/x qm/ 7q)oo 1+/ 1+ 1+/ 1+/
= g X g X
mZN: (44%)14m, 1:[ D, <M> -

For the rest of this paper, [Z] will denote the Gaussian binomial coefficient

under the base change ¢ — ¢”" for m € N. For the sake of brevity, we shall also
fix ¢ =+1 and 6, ,, the usual Kronecker symbol.

Similarly, letting 6 =0 and W, = x* in Theorem 2, we can evaluate the
corresponding sum with respect to k displayed in (5a) by means of (6) as

m

m 2

Z km (q ; q)k k _ (q7 q)m(x; Q)m(q/xv q)m
( 1+m. ) X = ( . )

k=—m q 34k q:49)om
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Making further the replacements ¢ — ¢> and x — gx, we derive another variant
of Bressoud’s theorem stated in (3).

THEOREM 5 (Terminating series transformation).

3 (4% 4%)sla% ax, q/x; 4%],,, H/ g™
= @50, (5.4%),, (4%54%) 0, 1 (4%547) 0,
n 2” 5
2 _1\k k*(14¢) .k
= ; 1 X",
(=447, Y_ (=1 { } K

k=—n n+k q
Its limiting case n — oo leads analogously to the multiple series identity.
ProposITION 6 (Multiple series identity).

5 (4>, 9x,9/x:4%],, ﬁ M (—4:4%),,

242/ 1+ 1+ 242/
g X x5 qT
(@), (@* q*)m, 1 ( (qz;qz>m °

q

lq

o
meNg

It is interesting to observe that when /=1, Propositions 4 and 6 reduce
respectively to the instances of the g-analogue of Gauss’ ,F (3)-sum

s a, b 1 [aa qb
202\ Jaab, —/qab " " T g, qab|?

and the g-analogue of Bailey’s >} (})-sum

[ ol [ %l

c ¢, qc

qz}
o0

due to Andrews [3, Eqs 1.8 and 1.9] (cf. Gasper-Rahman [20, 1I-10 and II-11]).

3. Transformations and multiple series identities

Following the two examples shown in the last section, this section will
systematically present applications of Theorem 2 to multiple series transformation
formulae and multiple Rogers-Ramanujan identities.

This will be realized through the following procedure. First by specifying
concretely W-sequence, we shall evaluate the corresponding finite sum displayed
in (5a) by Bailey’s summation formula of very well-poised ¢/4-series [7] (see also
[20, 1I-33])
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q\/a7 _q\/aa b7 ¢, da e . qazj|
\/‘_17 _\/57 qa/b7 qa/c, qa/da qa/e & bcde
q,qa,q/a,qa/bc,qa/bd, qa/be,qa/cd, qa/ce, qa/de q]
qa/b,qa/c,qa/d,qale,q/b,q/c,q/d,q/e,qa*/bede ||,

provided that |ga®/bcde| < 1 for convergence, together with two particular cases
essentially due to Bailey [10] (cf. Chu [17, Eqgs 3.16a-b-c|)
]
o0

9) EE b, ¢ d | q]_T[ 4 a/bc, q/bd, q/cd
4w, q/b, /e, qfd |V bed)  La/b, qle, q/d, q/bed

o

(8b) -|

u, qu, b, ¢, d

(10) S%Vu, qv, 1/b, 1/c, 1/d
_ w-—1/q q, 1/bc, 1/bd, 1/cd

T T-w—v) [q/b, afe. q/d, g Jbed qL'

Then we shall factorize the limiting case n — oo of bilateral sum (5b) by invoking

Jacobi’s triple product identity (7), its variant, in view of the parity of summation
index, due to Bailey [11, Eq 4.1]

-1
i
e bcd]

+o0
2
(11) 4% qv.a/vid’), = D> {1 =g "™y

n=—00

as well as the quintuple product identity [16, 19, 35]

(12) 4,2,q/7: 4], % l42%,4/2% 47, = i {1-2¢"1¢*0)(g2%)".

n=—0o0

The contents will be divided into sixteen subsections. Each subsection will
consist of two main transformation formulae of terminating and nonterminating
multiple series as well as a few exemplified multiple Rogers-Ramanujan identities.

§3.1. For 0 =0, taking W in Theorem 2 as

l—wgk[ b, d k
w1t J (4
L—w |q/b, q/d|" |, \bd
we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral 4i,-series identity (9) as
i: o 0 l—qu{ b, d M (i)k:{ 4, q/bd’q]
(¢ q) 1 —w La/b, q/d|" |, \bd a/b, q/d "],

k=—m

Making further the replacement ¢ — ¢°, we derive the following transformation.
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THEOREM 7 (Terminating series transformation).

(%972 [ —4. ¢*/bd g™
Z 2 7 H 2. 2

= @507, L /b, ?/d | ], (@707,
n 1= wa?* [ 2n b, d K2 (1+4)+k
= ), Z(‘l)kliq[ k} [ /b, ¢ d‘qz} ot
= —w |n+kl.lq°/b, 7/ k (bd)

Letting n — oo, we get the nonterminating multiple series transformation.
ProrosiTION 8 (Nonterminating series transformation).

3 [ ~q, ¢*/bd qz} ﬁ g
q*/b, ¢*/d (@%9%),

me Né my =1

- ; :;o Z kl_Wq |: b, d ‘ 2:| qk2(1+/)+k
- 4 1w e, ¢/l )t

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

CorOLLARY 9 (b=w=—1, d — 0).

) l 2
Z (_1)m/ (=44 )m/ H qu _ (_q;qz)oo [qZK q/ q/.q2/]
oy (=a% 4%, i@ a),, (@547, °°

COROLLARY 10 (b= —ge, d — 0).
2

Z <_£>m/ (_q; qz)m/ ﬁ qu _ (7q;q2)% [612/ qfflg ql+/8. qZ/]
q) (—q&q? (@ aD) . (@597, ’ .

e 48:9%)m, 1

CoRrROLLARY 11 (b= —ge, d =w= —1: Chu [18, Example 17]).

/ MZ

3 (g8:9%) m, H (—4:9%) .,
(q;—

meN/ 2m/ :1 (qz;qz)oc

2427 1+/ 1+¢ ... 242/
[ g e, q e g7 ]

0"

I . Stembridge [32, Eq b] _
COROLLARY 12 (b= —qe, d — co:  (m > 33, Thm 4. 4 for ¢ =1).

2 / M

Z( qsq)}:;H

- 2. 42
rheN/ fe= 1 )mk (q 5 q )g;

_ (=4 qz)oo[ 4420 ql#s q3+/£. q4+2f]

0"
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COROLLARY 13 (b=w=—1, d — c0o: Chu [18, Example 18]).

. q2 / 2
3 (=4:4%), 11 A ' T PP I
) (=4%9%), i (@50, (@547, ”
CoroLLARY 14 (b,d — ).
2 a qME (—61’612) 6+20 240 A+, 642/
(—4:97), =2 g
,h% ” ,1:[1 (@4, (4% 4%)s ”

When 7 = 1, the last corollary reduces to the analytic version of the first Gollnitz-
Gordon partition identity (cf. Slater [29, Eq 36] and Stanton [31]).

§3.2. For 6 =0, taking W) in Theorem 2 as

l—g*w[ b, d g\
Wi =—"— =
T w [1/1), l/de<bd
we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral sys-series identity (10) as
i 4 (G"™q) 1—qg*w[ b, d ‘ q k _1-wg"[ g, 1/bd J
(" g 1 —w [1/b, 1/d ]| \bd L—w [q/b, q/d "],

k=—m

Making further the replacement ¢ — ¢>, we derive the following transformation.
THEOREM 15 (Terminating series transformation).

/ qM}
2
1 } 11 (@),

my =1

> 1 —wg® (q%;4%),, [ —q, 1/bd
Moy=n I—w (q2;q2)mo qz/ba qZ/d

n 1— g %w[ 2n b, d gk (+0k
o 1 klL—qg™w ) 2 £
o, 2 V5 kL e, 1al ) G

Letting n — oo, we get the nonterminating multiple series transformation.

ProposITION 16 (Nonterminating series transformation).

Z 1 — wg?m [ —q, 1/bd qz] ﬁ g™

1 - W qz/ba qz/d my =1 (qz;qz)m,

(447, i () 1 —q‘”w[ b, d ‘qz] gk )k
(q27q2)o(, k=—o0 I—w l/ba l/d k (bd)k

~ 12
meN,
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Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 17 (b= -1, d — 0, w=0).
/ Mk2

(—4;4%) q (—4;9%) :
-1 my my q—2m/ — ’ 0 qZK’q/—27q2+/; q2/ .
2 (1 (=4%4%),, g@%q% (@%9%)., [ ke

- ‘
meN,

CoOROLLARY 18 (b= —1, w=—d = ge).

3 -1
Z[“’q g

/L4 —q
meN] ’

/ M? 2
2 gt (—4:9 )oo[ 2426 L1, 3L, 2420
|| = /B N A/ il P
L,kl (@95, (@547, o

CoroLLARY 19 (h,d — 0 and w — o0).

/ M? 2
—m2—m qF (=497 ) 0t 202 12 4. 22
(=D (=) g "™ = e U L Y e
,;;6 ' ,Bl (@47, (4% 4%)., ”
CoroLLARY 20 (b,d — 0, w=0).
l M?
—m2— Ly q k
> D" (447,07 "HW
meN] I\
_ (—4:4%) 62 ¢4 ¢ g,
(4% 4%, ”
CoROLLARY 21 (b= -1, d = o0, w— o0).

.2 ‘ 2
Z (=4:97)m, qu/H g™ _ (—¢; 612)3@ Ul Y AaadY I
(=% 4%, =@, (@47 R -

meN{ ©

COROLLARY 22 (b,d — o0, w — o0).
M

20 w4 (490 6020 1 61, 612
> ;) 8" [ [ = a2 [0 47 ¢ 4] .
rhENg " k=1 (q q )mk (q 3 q )w ©

When ¢/ =1, the last corollary reduces to the analytic version of the second
Gollnitz-Gordon partition identity (cf. Slater [29, Eq 34| and Stembridge [32, Eq
3.10)).
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§3.3. For 0 =1, taking W in Theorem 2 as
(1 — ug")(1 - vg") [ b, d

1 \K
uv — g1 1/b, 1/d qL(qle)
we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral sys-series identity (10) as

<2 (g ), (1= ugh) (1 — vg¥) {
= (@), u — g

I/Vk:

o L6 -t

According to Theorem 2, we have the following transformation.

THEOREM 23 (Terminating series transformation).

>y (4 Dany [ —q, 1/bd M f[ A7)
Moy=n (q; q)mﬂ (]/b, q/d my =1 (q; q)m,

R k20 1 (A —ug ) (I —ug) [ b d [Ty,
= q,q)nk;n( b [n—l—k] (uv — g1 (gbd)* {1/177 l/d'q}kq

Letting n — oo, we get the nonterminating multiple series transformation.

PrOPOSITION 24 (Nonterminating series transformation).
Z |:_q7 1/[’)(,1" :| ﬁ q(1+2M1)
q A
q/b, q/d (4 9),

meN{ me =1

(@9, “~—, (uv — ¢~ 1)(gbd)"

(—4:9),, <= | k(luqk)(lvqk){ b, d ' } (5)+0).
K

1/b, 1/d

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.
COROLLARY 25 (b=—-1,d -0, u=v=0).

14+M),

V" g% D s sy
3 (q) g(q;q)mf @a). 9" q,q" 54" ],

o
meNg

COROLLARY 26 (b,d — 0, u=v=0).

1+M,
k
’ 2

M Caa. |
5 (1) i) T = gt g g1,
k=1 1 1 my, ? /0

- /
meNg
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COROLLARY 27 (b= -1, d — o0, u=0v=0: Stembridge [32, Eq a]).
/ 1+Mk)

f]( S (—61;61)30 24/ 144, 24/
> = > 9,94 47
(@D, (9,

ANy k=1

COROLLARY 28 (b,d — o0, u=v=0).

1+Mk

3 H R G T PR
}’;IENO/ " k=1 (q; q)mk (q§ q)oc oo

COROLLARY 29 (h=u=¢q'? d -0, v=0|q— ¢?).

2. ,2 / 2
Z o (54734 ), g MM _ (=4%4%)., ¥, —q,—q¥ " q¥]
(G4 1m, 2 (@0, (@547,

rheNS
§3.4. For 6 =0, replacing ¢ by ¢> and then taking W in Theorem 2 as

14+¢*[ b, d k
We=—% [ b M (‘q>
_q/ ) _q/d k bd

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral ¢¢-series identity (8a—8b) as

zm: 7 (" q%) 1+4%* { b, d ’q] (i)k
= @)y 20 [ —q/b, —q/d ]\ bd
qz} :

_ (=4/bd; q),, [ ¢, ¢
According to Theorem 2, we derive the following transformation.

(@D La?/b% ¢*/d?

THEOREM 30 (Terminating series transformation).
g™

5 /
1 } H(qz;q2>m,

my =1

Z (qZ;qZ)zn (_q/bd;q)Zm/ [ -9, qZ
= (@) (@D, LGP0 ¢P)d?

LI qzk on b, d qk2(1+/)
= (4%, ) — q| —
=, n+klpl—q/b, —q/d|"]; (bd)

Letting n — oo, we get the nonterminating multiple series transformation.
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ProposiTION 31 (Nonterminating series transformation).

/ qMIZ
2
q e
} 11 (@ 9%),,

my =1

Z (_Q/bd7q)2m/ |: —q, q2
rheN/ (q’ q)Zm/ q2/b25 qZ/dZ

{ b, d ‘ ] qk2(1+/)
q| ———— -
—q/b, —q/d|"|; (bd)"

f

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 32 (b=+V—-1, d — 0).

S ¢ SRR N e WP
(@ =Dam, i (@547, ;

- ‘
meNg

COROLLARY 33 (b= —d = ,/—¢q).

lq’” 14" (95q2)\ 22 0 24, 242
Z ( /H A, (g% z)m[q+’>—q,—6]+';q+ loo-
eN] 7:9 m/ k:l my 97397 )

COROLLARY 34 (b=+V—-1, d — ).

N >
Z (=4:47)m, g™ _ (=4 )y [—g % g\t g Y
(q; _q)Zm/ k=1 (qZ; qz)mk (qZ; qz)oo

- 2
meNg

§3.5. For ¢ = 1, replacing ¢ by ¢> and then taking W in Theorem 2 as

q+q*[ b d LY
Wk = q —_—
2 | —1/b, —1/d|?|,\" qba

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral ¢¢-series identity (8a—8b) as

15":1 q2km —2— Zm’q ) q+q2k b, d . q k
a*tmig?), 20 =1/, =1/d 7]\ bd

k=—m
_ lwbd (=q/bd:q)s, (050740 1
(1 +b)(1 +d) (q7 q)1+2m [qz/b27q2/d2;q2]m'

According to Theorem 2, we derive the following transformation.
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THEOREM 35 (Terminating series transformation).

Z (Clz;qz)an (—q/bd; ‘1)2m/ (4% ﬁ M M
= @47, (@D, [67/0% 2/612 o, 1 (

14D+ d), 5 o, gt [+
201+ bd) (~a*:4"), " 2= (gbd)F [n+k] [

b d )
) (K2=k)(147)
~1/b, —wM 1 '

Letting n — oo, we get the nonterminating multiple series transformation.
PropOSITION 36 (Nonterminating series transformation).

Z (_q/bd7 q)Zm/ ( m/ f[ M +M,
rheN[; (q7 q)1+2m/ [ 2/b2 2/d2 m/ ,:1

_ (1451 +4d) (-¢%47) . X~ q+92k[ b, d M S+,
2(1+bd)  (¢%9%), = (qgbd)* | —1/b, —1/d

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 37 ( =+/—q'|q— ¢'/* Chu [18, Example 7]).

) y 1My,
Z (—Q»Q)m/ (]( ) _ (-9, [q”/ _q1+/ —ql”'ql”]
(@I 1im 2 G Dy (G ’

o
meN]
COROLLARY 38 (h=+/—¢q7 !, d = 0|q— ¢'/?).
/ |+Mk)

L) =4 , ("
> L) (.9261)»1, Hq

ol (G im 1 @D, (@0

(—4:9) ,
_ 0 [ 2+4/, q/7q2+3/; q2+4/]

o

COROLLARY 39 (b= +/—q 1, d — w0 |q— ¢q'?).

1+Mk)

Z ( q7q)m/ 2 q( 2 :(_q’q)oo
(G 1m i G D, (@9,

6+4/ 240 443/,  6+4/
AR RN AR A

o0 *
- /
meNg

COROLLARY 40 (b,d — oo:  Chu [18, Example 27]).

0"

2.2
Z (—=4%:9°),, (IM"+M" _ (—qz;qz)oo [q4+2/ g _q3+2/,q4+2/]
(q;qz)Hm/ o @5, (@4,

-~ ’
meNg

The univariate case of Corollary 39 can be found in Slater [29, Eq 45].
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§3.6. For 6 =0, replacing ¢ by ¢> and then taking W in Theorem 2 as
w, = 12wt (6o (_g)k
L—w (q/c;q) \ ¢

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral 4i,-series identity (9) as

m

k
)9 qzkm a2 g 1—wg* (cq), ( q) - (—q/C;q)zm(qz;qz)m.

g T=w (@/aap \ o) (~a:0)m(4*/c%dP),,

¢
According to Theorem 2, we have the following transformation.

k=—m

THEOREM 41 (Terminating series transformation).

4

(4% %) ( q/¢49) o, M;
A;,, (@4, (—4%4%),,(q%/c*5q m,g ),

"1 —wgk[ 2n e q), kD
= (_qa qz)n Z |: :| (( )k .

e L=w [n+k](q/cq) ck

Letting n — oo, we get the nonterminating multiple series transformation.

ProposiTION 42 (Nonterminating series transformation).

Z ( Q/ q2m/ ﬁ 2
g (T4 (@) 2%),, 1 (07547,
(—4:0%)., <2 1—wgk (c;q), ¢F0+)

(4%6%)., =, 1—-w (q/c;q); cF

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 43 (¢ — 0).

2y 2
3 (=D)™q™ 11 " (447, " gl g™ g
o (=a% 9%, 5 (@547, (@%547), "“‘

COROLLARY 44 (¢ =w = —1).
2 ‘ 2
Z (g9 )m/ H ‘IM"’ _ (“]%qz)oo[q2+2/ q1+/ q1+{’.q2+2f] )
(=a% %), 22 (@4, (@%547), o ”

SN/
meNg
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COROLLARY 45 (¢ — o0).

/ MZ

Z = H _ (=g qz)oc [q3+2l7q1+/7q2+/;q3+2/]oo'

meN{ m/ k:l (qz;qz)co

1/2

COROLLARY 46 (c = —¢'%|q — ¢?).

(@90, o4 M —¢% q* :
Z / H _ ( )OC [ 4+4/7ql+2/,q3+2/;q4+4f]

(4% =4)am, 5 (@50, (g%54%).,

S

0"

rﬁeN((
The univariate case of Corollary 45 has been discovered by Rogers [24, 1894].

§3.7. For 6 =1, replacing ¢ by ¢*> and then taking W in Theorem 2 as

Wi =

(1 —ug")(1-vg") (c9), < 1 )k
uv — g1 (I/esq) \ gc

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral sy s-series identity (10) as

li’fj qzkm 2"1’ )k (1 — uqk)(l B qu) (C’ q)k (q>k

2+2m q2)k uy — qfl (I/C; q)k

k=—m

_ (—(]/C; q)Zm(qz; q2)1+)11
(4D 132m(@* /547,

According to Theorem 2, we establish the following transformation.

THEOREM 47 (Terminating series transformation).

/ M +M,

247yt (=4/¢ @) s,
SLET SR TS ¥

Mo=n (q yq )mo (_qu )1+m/< 2/02,q my ,:1

2o (1 = ug®)(1 —vgk) [2n+1 (G Dk i)t
= Y e LHJ (/ciq) '

Letting n — oo, we get the nonterminating multiple series transformation.



ITERATION METHOD FOR MULTIPLE ROGERS-RAMANUJAN IDENTITIES 487

ProposiTION 48 (Nonterminating series transformation).

3 (—=4/¢ D)o, ﬁ g MM

rhEN/( q;4 )l+m/ q /(’ 7([ my ,:1

_ (%547 A (L—ugh)(1—vg") (c19); (K2-k)(1+0)
(¢%9% ., =, (uv—q*l)(qc)k (1/e;q)i

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 49 (¢ — 0).

(—D)" g™ o gMitM G PRy 2. 1420
Z (7 . 2) ( ) - (2_ 2) [(1 q,47 34 ]oo
n7l€N6 qu 1+my k=1 q 7q my q aq o0
COROLLARY 50 (¢ — 0).
1 L gMit M (—612§q2)oc 342/ 242/, 3420
Yo 11 =
rﬁeN(f (_q’q )l+m/ k=1 (q yq )m/\. (q i q )oc
COROLLARY 51 (c=u=—¢q"'2 v=0|q— ¢?).
(45 4%) 1 2m, Top q*Mi+2Me (—q%4Y) s 344/, Atds
> : (g g, gt

4. 8 4.4 T
meN{ (7% q )1+m/ k=1 (g% q )mk (¢*4%).,

§3.8. For 6 =0, replacing ¢ by ¢*> and then taking W in Theorem 2 as

k
Wk _ 1 — 2 22k (wc;q)k (C]>
1-w? (qo/c;q);

where  := ¢>™/3 is the cubic root of unity, we can evaluate the sum with
respect to k displayed in (5a) by means of the bilateral ¢/4-series identity (8a—8b)
as

3km m;q3) l-o 2 2k (wc;q)k ﬁkf (([/C;([)3m((]3§(13)37
>0 ) <> (

= 3”’” ) 1—602 (go/c; q) (@%@ ),

Making further the replacement ¢ — ¢°, we derive the following transformation.
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THEOREM 52 (Terminating series transformation).

Yo e

M():n (q

2

;qé)zn (q /C q )3m/ ﬁ
’q )m() (q q )m/( q q )m/ 6/C ?q my l:l m,

n

= (—4¢%4°) Z(l)“—‘ozq‘"‘{ i } G
) nszn 1 — w? n+k q6(q2w/c§q2)k (qc)k .

Letting n — oo, we get the nonterminating multiple series transformation.

PropoSITION 53 (Nonterminating series transformation).

2

(/)3 ‘
2 <q s, U

rizeNO/ (q q )m/ m/ 1:1

3k2(1+4)

_(=9%4%), Z kl—wzq4k (we; 4%, ¢
) 1 l—? (Fo/ce) (g0)f

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 54 (¢ — 0|gq — ¢'/3).

2m 2 M 2

2 (49 )m,

P
meNg

o | =

m/ k:l

4+6/ / 4+50, 4+6/]

:W[q 4 q iq 4487 4+4/ 8+12/]

AR AR

e

> H .

)

et (4:9 )m,( U
_(—%qz)m 8+6/ 24/ 645/, 846/ 1248/ A+4/. 16412/
=g T g T T g loo-



ITERATION METHOD FOR MULTIPLE ROGERS-RAMANUJAN IDENTITIES 489

COROLLARY 56 (¢ = ge).

(ge:0°) g
D T e L e

iy (@340, (=4%50%), (45 4%) 53 (450D,
_ ((qq qQ)) [q6+6/,q1+3/8’q5+3{8; q6+6/}®_
) 0
COROLLARY 57 (¢ =¢).
Z (ng' qz)3m, ﬁ Mz
iy (@750, (=45 4%), (45545, 123 (454D,
= ((_q‘qu‘é;)@ (57, ¥ e, g+ e g5
’ o0

When 7 = 1, the two identities in quintuple products become respectively Bailey
[11, Eq 4.3] and Slater [29, Eq 117], while Corollary 57 reduces to Bailey [9, Eq
7.5]. However, the identity displayed in Corollary 56 seems new even for / = 1.

§3.9. For 6 =1, replacing ¢ by ¢° and then taking W) in Theorem 2 as
k
(@ q) (4
Wi = (g™ — qo) o 722 (T
=1 e \ e

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral ¢¢-series identity (8a—8b) as

m — k
li: o 3%, (2 gar) (06 D (‘ﬁ)
o (q3+3m’ q3)k (CO/C, q)k 4

_ 1- w2 (q/c; q)l+3m(q3; q3)l+m

-/ (=567, (@ 40 (@5 a),,
According to Theorem 2, we derive the following transformation.

THEOREM 58 (Terminating series transformation).

1+M;
Z (@ 4™ ) g1 (9/¢4)143m, . q%( )
Moy=n (q3;q3)mo (q q )l+m/ q /(’ ’q nmy 1:1 mz
n+l1 1-2k k
l—¢*w[2n+1 q\" (wc;q) (14,
=(1-— —g% [ — _ 1) oAk 3(2)(1+/)'
(1 - w/e)( q,q)nk;n — LHCL}( C) g

Letting n — oo, we get the nonterminating multiple series transformation.
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ProposITION 59 (Nonterminating series transformation).

Z (q/c q 14+3m,y f[ 3(1+’\/h)
rizeNg (q3aq )1+m 3/03 =1
1 2% ¢ (we; q) ( q>k .
1—-—w/c Ak [ 2 3(2)(1+f)_
=0l gy, k; o (e ¢)?

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 60 (¢ = &).

’ (M
Z (g¢;9) 1+3m/ H q ( ) (—q3;‘13)oo[ Y e, e
(@34%)1.m, (@& 47) (@5q7), T T s e
rﬁeNg ? 1+m, my k:1 ’ ['s)
COROLLARY 61 (¢ = ¢ '/?|q — ¢?).
(q; qz)z o 4 qSM,er}Mk _q6;q6 . ) i
Z +3my _ ( ) 0 [q6+6/’ q, q5+6/; q6+6z]%'

(@3 0%) 1 4m, (4%5 4" 1, 2 (0%540),, (4%4°),,

~ 3
meN,

COROLLARY 62 (¢ — 0|gq — ¢'/3).

D

meN{

1+My,

qm}er/ ‘ q( 2 )
(qv q2)1+m/ k=1 (qa q)mk

_ (49,

_ 230 I 12 243
(4:9)

¢, 4" ¢ q ENAY

Llaq" g

0"

COROLLARY 63 (¢ — o0 |q — ¢'/?).

Z 1

rhENg (Q7 q )1+m/ k=1 (qa Q)mk

/ 1+M,\.)

q(z

(=4:9) ., / ,
_ o0 [ 443/ 1+ q3+2/,q4+3/]

— ’ 7 7 ¢ g gt
(4:9).,

w[ ? ) ool

The last two corollaries generalize the identities in quintuple products respectively
due to Slater [29, Eq 63] and Rogers [25, 1917].



ITERATION METHOD FOR MULTIPLE ROGERS-RAMANUJAN IDENTITIES 491

§3.10. For 0 =0, taking W} in Theorem 2 as
L—wg® (q*) (4 ,
L—w (¢*/c;4%), \c
we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral 4,-series identity (9) as

Wiys1 =0 and Wy =

vom @D L= wi™ (e (4N @)/ aP)
; @ gy 1—w (¢2/c;q7) () (@:4%) @/ )

Making further the replacement ¢ — ¢, we derive the following transformation.

THEOREM 64 (Terminating series transformation).

(4% 4%), (@*/c;q*),, g
Do / H S

= @07y (@507),, (4% )0, 21 (@767),,

1 —wg* [ 2n gty ¢*Fan
= (g5, S Gl
T —w [n+2k],.(q% ¢ q%), ¢

Letting n — oo, we get the nonterminating multiple series transformation.

ProposiTION 65 (Nonterminating series transformation).

( Z/C my £ '2
> _ed) Il

- N/ (q,q )m/( 2/ q my ,:1 m,
—(], +Z°° 1— wq (c; q4) q4k2(1+/)
_ 4 k
)or o 1=w q*/c;q%), ¢

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 66 (¢ — 0).

qufmf

/ 2
Z H qM" (—q; qz)oo [q4+8/ q4/ q4+4/,q4+8/]
(60, i3 @55 0D), (@%4%)., R

- 2
meN;

o

COROLLARY 67 (c = —q°e).

.4 / 2
Z (—87‘] )m/ H qu _ (*q; qz)ao [q8+8/ q2+4/’6 q6+4/£'q8+8”] .
meN/ (=& _qg)Zm/ k=1 (qz.qz)m]( (9%9%),, ©
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COROLLARY 68 (¢ =w = —1).
2. 4y ( 2

Z (—9%4 )WH qu ( q;4q ) [q8+8/ q4+4/ q4+4/.q8+8/] '
rheN(; (q7 _q)2m/ k=1 (qz;qz)mk (q q )oo ”

COROLLARY 69 (¢ — co: Warnaar [33, Thm 4.4]).

/ 2

3 1 11 g™ :(—q;qz)w[qlzw/ g BT 128
(@GP, i @5 d) (@547, ’ ’ ’ °°

meN{
The case /=1 of the last corollary was first discovered by Rogers [24, 1894].

§3.11. For 0 =1, taking W) in Theorem 2 as
L—g*w (¢ (4 K
[—w (1/aad) \c
we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral sys-series identity (10) as

k m . .
Z q2km (q 7q)2k 1 - W (C; qz)k (q_3) — 1 - wq (q’ q)l+m (q/c’ qz)m
("5 q) o 1 —w  (1/e;q%), L—w (g% m(a/¢ D)

Wiyt =0 and Wy =

k

According to Theorem 2, we have the following transformation.

THEOREM 70 (Terminating series transformation).

/ 1+M,)

> L= wg™ (45 D)ani1 (=0 D, (2/¢4%)m, H
L=w (@) (G911, (2D, -7 (G0,

M():ﬂ

(. L—g*wl2n+1](q\ (%) )+

k
Letting n — oo, we get the nonterminating multiple series transformation.

ProrosiTiON 71 (Nonterminating series transformation).

/ 1+M,)

3 1 —wqg™ (=4;q),,, (/¢ 47) m,H

n’leNg I—w (%q )l+m/ q/C q my 1:1

+o0

_ )., S 1= g %w (q\ (4% 050,
( L—w \c) (1/c;¢*),

OOk—oo
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Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

COROLLARY 72 (¢ — 0, w =0).

y 1+Mk)

q(Z

T o) (=% D, _ (49,

_ 2R G2 G g
(Ga)1im i G D, (@59),

Sl /A N A

e

qd 4 q

meN{
COROLLARY 73 (¢ = —1, w — o0).
.2 ¢ (M
Z 7" (=49 ), ‘1( ") _ (—‘I§Q)oo[ Il A A
g2

o (G v, 5 G D, (@9, “
COROLLARY 74 (c =¢/q, w = qe).
l+’|/l
( q; Q)m q & q m, 4 k) (_q’q) 4 / ’
T 4 T 4 H = @0 0 [q4+4/’ —quﬁ, _q3+3/6; q4+4/]oo.
WIGNO/ ’ 14+my my k:1 mk 4/ o0
COROLLARY 75 (¢ = —1, w=0).
/ 1+My
Z (49 )m/ H q( ) _ (—CI;CI)OO[ ddt 24/ q2+3f,q4+4/} .
e (G 1m i G D, (@9, °°
COROLLARY 76 (¢ — o0, w — o0).
1+My
gD, 70 ) a9 g :
Z q 1 _ 0 [q6+4/7q/,q6+3/; q6+4/}m.

(Q7 q >l+m/ k=1 (q7 q)mk a (q7 q)oc

meNy
§3.12. For 0 =1, taking W) in Theorem 2 as

q4k_q|: b, d q2:|
(gbd)* L q/b, q/d|" |,

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral ¢¢-series identity (8a—8b) as

Wy =0 and Wy =

2k(14+m) i 7q)2k |: b’ d
Zq ”’",q) q/b, q/d|?

2} 0" —q _ (6:9)1.,(a/bd;4),,
(gbd)*  (=a:9),,la/b,q/d;ql,,

According to Theorem 2, we have the following transformation.
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THEOREM 77 (Terminating series transformation).

§ @ (/b 7o)
Mo=n (q; q)m“ [q/b’ CI/d, q]mx =1 (q; Q)ml

Zq {2n+1][b d
(gbd)* Ln+2k | La/b, q/d|!

Letting n — oo, we get the nonterminating multiple series transformation.

z} ()0

ProposiTION 78 (Nonterminating series transformation).

5 (q/bd;q%),, lﬁ[ g=") ), 2 g% ¢ { . d
rFleNé [(]/[Lq/d,q]m/ =1 (Q7 q)m, ( go k=—o0 qbd 61/17 q/d

z} q(zzk)(lm_

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.
COROLLARY 79 (b = —d = ¢'/?).

14+M;,

Z (71;q2)m/1_/‘[q( 2 ) _(_q;q)oc[_ql+/ T l+/]

meN] (q; qZ)m( k=1 (q; q)mk B (CI; 61)00 o’
COROLLARY 80 (b= —¢'/?, d — 0|q — ¢?).
) ,
m qm/72m/ qM, + My (_qz; qz) ) /
Z (—1)"™ (¢ g2 g g

.92 - 2. 42
e (=439 )m, o @a%),, (@597,

COROLLARY 81 (b= ¢, d=q ' |q— ¢°).

Z (q23; q4)m/ ﬁ M M
e (98 %), (@541 1y 103 (4% 4% ),
2.2
—4%4%) /
_ <(q2'q2))oc e, —q,—q" ¥ e >,
’ 0

COROLLARY 82 (b= —¢'/?, d — o0 |q — ¢?).

> .

sy GG, m,f (42

3+2/ 2 142/, 342/
/A il P
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§3.13. For 0 =1, taking W} in Theorem 2 as
¢* —q (&),
(g2)* (@*/c;a®)

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral 61//6-series identity (8a—8b) as

Wik = Wipa =0 and Wy =

o @D (@) % —q @ Dunld/ad),
Zq 1+m7q)3k ( z/c;q3)k ck B (_q; q) ((’]v )m( /C Q)

According to Theorem 2, we have the following transformation.

THEOREM 83 (Terminating series transformation).

(454)2n+1 (q/¢ q3)m/ 4 q(HzM)
/\%::n (q; q)mo (q’ )m/( /C q)m/ =1 (% q)m,

q _q[zn+l}((c;q*)k (¥)a+0),

2¢) n+3k | (¢*/c;q%);

Letting n — oo, we get the nonterminating multiple series transformation.

ProposiTION 84 (Nonterminating series transformation).

/ 1+M;) +oo

(4/c;4%) ~4:49) 9% —q () #aw
Z (4%, (/¢ ql:[ Doy (q,q%c = (—q2) (4P d) '

Special cases of this transformation result in multiple Rogers-Ramanujan iden-
tities.

’”ZIq—sz)-

(_3 m 4
> o v I b

,;,ENO/( 49 )H-m/(q q m/kzl mk

COROLLARY 85 (¢ = —¢q

1‘42<h7141L

(=454,

— o [q6+6{’7q7 q5+6/;q6+6/}w[q8+6/7q4+6/; q12+12/]
(@97,

0"

COROLLARY 86 (¢ — 0).

>

SN/
meN

1+Mk)

ﬁq(?.

(@GP e G D, (49).,

qm/z —my

( f]a‘]) [2+3/ 143/ 2+3/]

q,q .q q4+3/ q3/. q4+6/]

(‘C[ I ) o0 "
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COROLLARY 87 (¢ = —¢q).

( 1; my 4
2. o) H

iy CL D, (@42, 5 (45 Do,

1+wk)

(—4;9) 343/ 243/ 3+3/}

= .47 5 q g g
(4:9)

COROLLARY 88 (¢ — o0).

|+wA

/
4:49) , vy s
Z H = AN Y Al A AV e T A
n m/ k:l mk (q7 Q)go

meN

The case / =1 of the last corollary was originally found by Rogers [25, 1917].
§3.14. For 6 =1, taking Wj in Theorem 2 as
Wig1 = Wiy =0 and W3 =1

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral 4i,-series identity (9) as

Z q3k(1+m) (qilim; q)Sk _ (q; q)1+m(q3; q3)m
T (@™ q) 3 (@D 112m

According to Theorem 2, we have the following transformation.

THEOREM 89 (Terminating series transformation).

1+M;
Z (q7 q)2n+l (q?’;q3)m/ 4 q( 2 )
= G Dy (G D, (4G 1 4m, 7 (@D,

= (—q:9), > _(-1)F [i’:;]lc]q(?)m/).

k

Letting n — oo, we get the following multiple Rogers-Ramanujan identity.

COROLLARY 90 (Multiple series identity).

(@5 4%),,
> — =

i G D (G 9 iom 1 (G D, (459

/ 1+Mk)

q(z

_ (—q; q)oo[ 949/ 343/ q6+6/;q9+9f]

) ’ 0"
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§3.15. For 0 =0, taking W} in Theorem 2 as

1 —wg*

Wikt = Wik =0 and Wy = T

we can evaluate the sum with respect to & displayed in (5a) by means of the
bilateral 4,-series identity (9) as

> qgkm ,qgk Lwg™ (G D@ D1
")y L—w (4 Dam-115,,,

Making further the replacement ¢ — ¢°, we derive the following transformation.

THEOREM 91 (Terminating series transformation).

S @)y, @54 1is,, li[ g™
My=n (qzvq )mo ((’Lq )m/(q4;q4)m/71+6(]7,,,/ 1:1 )m,
1 — W ok 27’1 3k 2,
_ L2 k q 2(3) 49k
= (— [y 1 2 .
(—4:97), Ek D", [n+3kL2q

Letting n — oo, we obtain the following multiple Rogers-Ramanujan identity.

COROLLARY 92 (Multiple series identity).

6. ,6 2
Z (q 4 )"7/_1+(50./r1/ 4 M
s b H
meN{ (:9

)m/ ((] q )m/—1+50,;;1/ k:l

= ((;g;;!zz))w 18180, 4659 41249, f18+18/]

0"

The last corollary may be considered as an extension of an identity in quintuple
product due to Bailey [8, Eq C3] (see also Slater [29, Eq 114]).

§3.16. For 0 =1, taking W) in Theorem 2 as
Wii1 = Waro = Ways =0 and Wy = ¢* — g%

we can evaluate the sum with respect to k displayed in (5a) by means of the
bilateral ¢¢-series identity (8a—8b) as

. 2. .2
ZC]“k(H—m)m q1—4k) = (q’ q)Hm(_q 4 )minO‘m
e ( 1+m ) (—6], C])m(q; qz)m

According to Theorem 2, we have the following transformation.
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THEOREM 93 (Terminating series transformation).

2. 1+M
Z (4 Q)zn+1 (—q q my—1400,m, H q k)
= @), (@9)m, it (459,
— (g 2+ 1] (0o, ak _ 1-ak
= ( q,q)nzk:{n+4k}q (g™ = ¢'=*%).

Letting n — oo, we obtain the nonterminating multiple series identity.

CoroLLARY 94 (Difference of infinite products).

(_qZ.q m/ 14300, m, ‘ q(
> e

e UL PP &

1+M/\)

m i

_ (_q; q)oo { [q16+16/’ _q6-&-10/7 _q10+6/; q16+16/]00}
q

(@), \—qlg'16, —g>+o/ | —qi4+107, gi6+ier]

There exist more identities expressing nonterminating multiple sums in terms of
differences of infinite products. For example, taking ¢ — ¢ in Proposition 84
leads to another identity of this type.

CoroLLARY 95 (Difference of infinite products).

/ 14+M), )

q(Z

Z 14+60,m, —q™ (6]3;93),”/
1 O0m =4 (45 0), (6 4, 5 (454D,

_ (_q; q)m { [q9+9/7 q6+3/’ q3+6(’; q9+9/]%}

(q; q)w _q[q9+9/7 q3/7 q9+6/; q9+9/]oo

However, we are not going to produce further identities involving differences of
infinite products due to the space limitation.

REFERENCES

[1] A. K. AGARWAL, G. E. ANDREWS AND D. M. Bressoup, The Bailey lattice, J. Indian Math.
Soc. (N.S.) 51 (1987), 57-73.

[2] A. K. AGARwWAL AND D. M. Bressoup, Lattice paths and multiple basic hypergeometric
series, Pacific J. Math. 136 (1989), 209-228.

[3] G. E. ANDREWS, On the g-analog of Kummer’s theorem and applications, Duke Math. J. 40
(1973), 525-528.

[4] G. E. ANDrREws, Multiple series Rogers-Ramanujan type identities, Pacific J. Math. 114
(1984), 267-283.



(19]
20]

[21]
22)
23]
24)
[25]
[26]
27]

(28]

ITERATION METHOD FOR MULTIPLE ROGERS-RAMANUJAN IDENTITIES 499

G. E. ANDREwS, R. Askey AND R. Roy, Special functions, Cambridge University Press,
Cambridge, 1999.

W. N. BaiLEy, Generalized hypergeometric series, Cambridge University Press, Cambridge,
1935.

W. N. BaILEy, Series of hypergeometric type which are infinite in both directions, Quart. J.
Math. (Oxford) 7 (1936), 105-115.

W. N. BalLEy, Some identities in combinatory analysis, Proc. London Math. Soc. (2) 49
(1947), 421-435.

W. N. BaiLey, Identities of the Rogers-Ramanujan type, Proc. London Math. Soc. (2) 50
(1948), 1-10.

W. N. Baiey, On the analogue of Dixon’s theorem for bilateral basic hypergeometric
series, Quart. J. Math., Oxford Ser. (2) 1 (1950), 318-320.

W. N. BaAILEY, On the simplification of some identities of the Rogers-Ramanujan type, Proc.
London Math. Soc. (3) 1 (1951), 217-221.

D. M. Bressoup, Analytic and combinatorial generalizations of the Rogers-Ramanujan
identities, Mem. Amer. Math. Soc. 24:227 (1980), 1-54.

D. M. Bressoup, An easy proof of the Rogers-Ramanujan identities, J. Number Theory 16
(1983), 235-241.

D. M. BressouDp, Lattice paths and the Rogers-Ramanujan identities, Lecture notes in math.
1395, Springer-Verlag, Berlin-New York, 1989, 140-172.

D. M. BressouD, M. IsMaIL AND D. STanTON, Change of base in Bailey pairs, Ramanujan J.
4 (2000), 435-453.

L. CARLITZ AND M. V. SuBBARAO, A simple proof of the quintuple product identity, Proc.
Amer. Math. Soc. 32 (1972), 42-44.

W. CHu, Basic almost-poised hypergeometric series, Mem. Amer. Math. Soc. 135:642 (1998),
1-99.

W. Cuu, The Saalschiitz chain reactions and multiple g-series transformations, Theory and
applications of special functions dedicated to Mizan Rahman: Developments in mathematics
13, (Ismail and Koelink, eds.), Springer, 2005, 99-122.

S. Cooper, The quintuple product identity, Int. J. Number Theory 2 (2006), 115-161.

G. GasPER AND M. RaHMAN, Basic hypergeometric series, 2nd ed., Cambridge University
Press, Cambridge, 2004.

C. G. J. Jacosl, Fundamenta nova theoriae functionum ellipticarum, Fratrum Borntrager
Regiomonti, 1829, Gesammelte werke, Erster Band, G. Reimer, Berlin, 1881.

J. McLAUGHLIN AND A. V. SiLLs, Ramanujan-Slater type identities related to the moduli 18
and 24, J. Math. Anal. Appl. 344 (2008), 765-777.

P. PAUuLE, On identities of the Rogers-Ramanujan type, J. Math. Anal. Appl. 107 (1985),
255-284.

L. J. RoGers, Second memoir on the expansion of certain infinite products, Proc. London
Math. Soc. 25 (1894), 318-343.

L. J. RoGers, On two theorems of combinatory analysis and some allied identities, Proc.
London Math. Soc. 16 (1917), 315-336.

A. SCHILLING AND S. O. WARNAAR, A higher level Bailey lemma: proof and application,
Ramanujan J. 2 (1998), 327-349.

U. B. SiNGH, Certain bibasic hypergeometric transformation formulae and their application to
Rogers-Ramanujan identities, J. Math. Anal. Appl. 198 (1996), 671-684.

L. J. SLATER, A new proof of Rogers’s transformations of infinite series, Proc. London Math.
Soc. (2) 53 (1951), 460-475.



500
[29]
(30]

(31]

(32]
(33]
(34]

35]

L.J. SL
54 (1
L.J. SL
1966.

D. StantOoN, The Bailey-Rogers-Ramanujan group,

WENCHANG CHU AND WENLONG ZHANG

ATER, Further identities of the Rogers-Ramanujan type, Proc. London Math. Soc. (2)

952), 147-167.

ATER, Generalized hypergeometric functions,

Cambridge University Press, Cambridge,

g-series with applications to combina-

torics, number theory, and physics, Urbana, IL, 2000, Contemp. Math. 291, Amer. Math.

Soc.,

J. R. STEMBRIDGE,
identities,
S. O. WARNAAR,

Providence, RI, 2001, 55-70.

Discrete Math. 272 (2003), 215-258.
G. N. WatsoN, A new proof of the Rogers-Ramanujan identities, J. London Math. Soc. 4
(1929), 4-9.

G. N. WATSON,

London Math. Soc. 4 (1929), 39-48.

Wenchang Chu

SCHOOL OF MATHEMATICAL SCIENCES
DALIAN UNIVERSITY OF TECHNOLOGY
DALIAN 116024

P. R. CHINA

CURRENT ADDRESS
DIPARTIMENTO DI MATEMATICA
UNIVERSITA DEL SALENTO
LEcce-ArNEsaNO P. O. Box 193
Lecce 73100

ItALY

E-mail: chu.wenchang@unile.it

Wenlong Zhang

SCHOOL OF MATHEMATICAL SCIENCES
DALIAN UNIVERSITY OF TECHNOLOGY
DALIAN 116024

P. R. CHINA

E-mail: wenlong.dlut@yahoo.com.cn

Hall-Littlewood functions, plane partitions, and the Rogers-Ramanujan
Trans. Amer. Math. Soc. 319 (1990), 469-498.
The generalized Borwein conjecture: II, Refined g¢-trinomial coefficients,

Theorems stated by Ramanujan: VII, Theorems on continued fractions, J.



