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COMPACTNESS CHARACTERIZATION OF COMMUTATORS

FOR LITTLEWOOD-PALEY OPERATORS*

Yanping Chen and Yong Ding1

Abstract

In this paper, the authors prove that the commutator ½b;L� is a compact operator in

L pðRnÞ if and only if b A VMOðRnÞ, where L denotes the Littlewood-Paley operators,

such as the Littlewood-Paley g-function, Lusin area integral and Littlewood-Paley g�
l

function.

1. Introduction and main results

For j A SðRnÞ with
Ð
jðxÞ dx ¼ 0, then the following operators are well

defined:
(i) Littlewood-Paley g-function:

gjð f ÞðxÞ ¼
ðy
0

jjt � f ðxÞj2 dt
t

� �1=2
;

(ii) Lusin area integral:

Sð f ÞðxÞ ¼
ðð

GðxÞ
jjt � f ðyÞj2 dydt

tnþ1

 !1=2
;

(i) Littlewood-Paley g�
l function:

g�
l f ðxÞ ¼

ðð
R nþ1

þ

t

tþ jx� yj

� �ln
jjt � f ðyÞj2 dydt

tnþ1

 !1=2

;

where jt ¼ t�njðx=tÞ and GðxÞ ¼ fðy; tÞ A Rnþ1
þ : jx� yj < tg and l > 1:

The operators gj, S and g�
l are called as Littlewood-Paley operators. It is

well known that the Littlewood-Paley operators are very important tools in the
singular integral operators theory, function spaces theory and PDE (see [28], [29],

256

MR (2000) Subject Classification: 42B20, 42B25

Keywords: Littlewood-Paley operators, Commutators, Compactness, BMO, VMO.

*The research was supported by NSF of China (Grant: 10571015, 10826046) and SRFDP of

China (Grant: 20050027025).

1Corresponding author.

Received July 3, 2008.



[31], [21], [6], [17], [22], for example). The Lp boundedness and the weighted
Lp boundedness of the Littlewood-Paley operators have been studied by many
authors (see [27], [3], [23], [19], [10], [11], [1], [35], for example).

On the other hand, the commutators of the Calderòn-Zygmund singular
integral operator plays a very important role in characterizing function space ([5],
[20], [25]) and studying the regularity of the solution of the second order elliptic
equations ([8], [18]).

Let Sn�1 ¼ fx A Rn : jxj ¼ 1g be the unit sphere in Rn equipped with the
Lebesgue measure ds. For b A LlocðRnÞ, the commutator ½b;TW� formed by b
and the singular integral operator TW is defined by

½b;TW� f ðxÞ ¼ p:v:

ð
R n

Wðx� yÞ
jx� yjn ðbðxÞ � bðyÞÞ f ðyÞ dy;

where W satisfies the following conditions:
(a) W is homogeneous function of degree zero on Rnnf0g, i.e.

WðlxÞ ¼ WðxÞ for any l > 0 and x A Rnnf0g:ð1:1Þ
(b) W has mean zero in Sn�1, i.e.ð

S n�1

Wðx 0Þ dsðx 0Þ ¼ 0:ð1:2Þ

(c) W A LipðSn�1Þ, i.e. there exists constant M > 0 such that

jWðx 0Þ �Wðy 0ÞjaMjx 0 � y 0j for any x 0; y 0 A Sn�1:ð1:3Þ

Before showing the known results, let us recall the definitions of BMOðRnÞ and
VMOðRnÞ. Denote

Mðb;QÞ ¼ 1

jQj

ð
Q

jbðxÞ � bQj dx;

where Q is a cube in Rn, bQ ¼ 1

jQj
Ð
Q
bðxÞ dx. Then

BMOðRnÞ ¼ b A LlocðRnÞ : kbkBMO ¼ sup
QHR n

Mðb;QÞ < y

( )
:

Moreover, denote by VMOðRnÞ the BMO-closure of Cy
c ðRnÞ, the set of Cy-

functions with compact support in Rn.
In 1976, Coifman, Rochberg and Weiss [5] proved the following result:

Theorem A ([5]). (i) Suppose that W satisfies (1.1), (1.2) and (1.3). If
b A BMOðRnÞ, then ½b;TW� is bounded in LpðRnÞ for 1 < p < y.

(ii) If ½b;Rj� ð j ¼ 1; . . . ; nÞ are bounded in LpðRnÞ for some p, 1 < p < y,
then b A BMOðRnÞ, where Rj is the j-th Reisz transform.
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Using this result, the authors in [5] gave a decomposition of Hardy space.
In 1978, Uchiyama [34] showed that the Riesz transforms Rj in the conclusion

(ii) of Theorem A can be replaced by the Calderón-Zygmund singular integral
operator TW.

Theorem B ([34]). Suppose that W satisfies (1.1), (1.2) and (1.3). If ½b;TW�
is bounded in LpðRnÞ for some p, 1 < p < y, then b A BMOðRnÞ.

Combining Theorem B with the conclusion (i) of Theorem A, Uchiyama gave
really a characterization of the Lp-boundedness of the commutator ½b;TW�.

In 1990, Torchinsky and Wang [33] extended the conclusion (i) in Theorem A
to the commutators ½b; gW� of the Littlewood-Paley g function gW, where gW :¼ gj
for jðxÞ ¼ WðxÞjxj�nþ1

wfjxja1gðxÞ with W A L1ðSn�1Þ satisfying the condition (1.1)

and (1.2). gW is also called as Marcinkiewicz integral, which was first introduced
by Stein [27] in 1958.

For b A LlocðRnÞ, the commutator ½b; gW� formed by b and gW is defined by

½b; gW� f ðxÞ ¼
ðy
0

ð
jx�yjat

Wðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t3

0
@

1
A
1=2

:

Torchinsky and Wang proved the following conclusion:

Theorem C ([33]). Suppose that b A BMOðRnÞ and W satisfies (1.1), (1.2) and
(1.3). Then ½b; gW� is bounded in LpðRnÞ for 1 < p < y.

Theorem C was improved by Ding, Lu and Yabuta [14] in 2002.

Theorem D ([14]). Suppose that W A LqðSn�1Þ ðq > 1Þ and W satisfies (1.1)
and (1.2). If b A BMOðRnÞ, then ½b; gW� is bounded in LpðRnÞ for 1 < p < y.

Recently, we considered the converse problem for the commutator ½b; gW� in
[7]. That is, we showed that the conclusion of Theorem B is also true for the
commutator ½b; gW�.

Theorem E ([7]). Suppose that W satisfies (1.1), (1.2) and the following
condition:

jWðx 0Þ �Wðy 0Þja C1

log
2

jx 0 � y 0j

� �g C1 > 0; g > 1 and x 0; y 0 A Sn�1:ð1:4Þ

If the commutator ½b; gW� is bounded in LpðRnÞ for some 1 < p < y, then
b A BMOðRnÞ.
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Remark 1.1. It is easy to see that the condition (1.4) is weaker than
LipaðSn�1Þ for any 0 < aa 1. Therefore Theorem E can be seen as an
improvement of Theorem B in some sense.

Now let us turn to the compactness problem about the commutators.
Uchiyama gave also a characterization of the commutator ½b;TW� which is
compact operator in LpðRnÞ ð1 < p < yÞ in [34].

Theorem F ([34]). Suppose that W satisfies (1.1), (1.2) and (1.3).
(i) If b A LlocðRnÞ and ½b;TW� is a compact operator in LpðRnÞ for some

1 < p < y, then b A VMOðRnÞ.
(ii) If b A VMOðRnÞ, then ½b;TW� is a compact operator in LpðRnÞ for

1 < p < y.

In 1993, Beatrous and Li [2] discussed also the boundedness and compactness
for the commutators of mulitiplication operator related to Hankel type operator.

Therefore, an interesting question arises naturally. That is, is true the
conclusion in Theorem F if replacing the commutator ½b;TW� by ½b; gW�?

The purpose of this paper is to give a positive answer to above question.
More precisely, under more weaker kernel conditions than one in Theorem F,
we give a characterization for the commutators ½b;L� of the Littlewood-Paley
operators which is a compact operator in LpðRnÞ, where L expresses not only the
Littlewood-Paley g function gW, but also the Lusin area integral and Littlewood-
Paley g�

l function with homogenous kernels.
To show our results, let us give some notations and definitions.

Definition 1 ([4]). Let X and Y be Banach spaces and U be a subset of X .
Then operator T : U 7! Y is said to be a compact operator if T is continuous
and maps bounded subsets of U into strongly pre-compact subsets of Y :

Definition 2. Suppose that Wðx 0Þ A LqðSn�1Þ for qb 1. Then the integral
modulus oqðdÞ of continuity of order q of W is defined by

oqðdÞ ¼ sup
ktkad

ð
S n�1

jWðtx 0Þ �Wðx 0Þjq dsðx 0Þ
� �1=q

;

where t denotes the rotation on Rn and ktk ¼ supx 0 AS n�1 jtx 0 � x 0j. The function
W is said to satisfy the Lq-Dini condition, ifð1

0

oqðdÞ
d

dd < y:

Now, we give our first result as follows.

Theorem 1. Suppose that W satisfies (1.1), (1.2) and (1.4). If b A LlocðRnÞ
and ½b; gW� is a compact operator in LpðRnÞ for some 1 < p < y, then
b A VMOðRnÞ.
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However, the converse part of Theorem 1 holds also even under a condition
which is much weaker than (1.4).

Theorem 2. Suppose that W A LqðSn�1Þ ðq > 1Þ satisfying (1.1), (1.2) andð1
0

oqðdÞ
d

ð1þ jlog djÞ dd < y:ð1:5Þ

If b A VMOðRnÞ, then ½b; gW� is a compact operator on LpðRnÞ for 1 < p < y.

Remark 1.2. It is easy to see if W satisfies (1.4) for some g > 1, then W
satisfies also (1.5). In addition, it is also obvious to see that the condition (1.4)
or (1.5) is weaker than LipaðSn�1Þ ð0 < aa 1Þ. Therefore, Theorems 1 and 2
may be seen as an improvement of Theorem F in this sense.

Now let us turn to the area integral and Littlewood-Paley g�
l function. Let

0 < r < n and denote jrðxÞ ¼ WðxÞjxj�nþrwfjxja1gðxÞ with W satisfies the con-

ditions (1.1)–(1.3). Then the parameterized area integral and parameterized
Littlewood-Paley g�

l function are defined respectively by

S rf ðxÞ ¼
ðð

GðxÞ
jjr

t � f ðyÞj2 dydt
tnþ1

 !1=2

and

g
�;r
l f ðxÞ ¼

ðð
R nþ1

þ

t

tþ jx� yj

� �ln
jjr

t � f ðyÞj2 dydt
tnþ1

 !1=2
;

where GðxÞ ¼ fðy; tÞ A Rnþ1
þ : jx� yj < tg and l > 1.

The parameterized Littlewood-Paley g-function first was discussed by
Hörmander [23] in 1960. In 1990, Torchinsky and Wang [33] gave the weighted
L2ðRnÞ boundedness of S r and g

�;r
l for r ¼ 1 and W A LipaðSn�1Þ ð0 < aa 1Þ.

For general r, in 1999, Sakamoto and Yabuta [26] gave the Lp boundedness of
S r and g

�;r
l :

Now we give the definitions of the commutator ½b;S r� and ½b; g�;rl �. Let
b A LlocðRnÞ; 0 < r < n and l > 1. Then the commutator ½b;S r� and ½b; g�;rl � are
defined respectively by

½b;S r� f ðxÞ ¼
ðð

GðxÞ

1

tr

ð
jy�zjat

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�����
�����
2
dydt

tnþ1

0
@

1
A
1=2

and

½b; g�;rl � f ðxÞ

¼
ðð

R nþ1
þ

t

tþ jx� yj

� �ln 1

tr

ð
jy�zjat

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�����
�����
2
dydt

tnþ1

0
@

1
A
1=2

:
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In [15], Ding and Xue gave the Lp-boundedness of the commutators ½b;S r�
and ½b; g�;rl �.

Theorem G ([15]). Suppose that W A L2ðSn�1Þ satisfying (1.1), (1.2) and the
following condition: ð1

0

o2ðdÞ
d

ð1þ jlog djÞs dd < y; s > 2;ð1:6Þ

where o2 denotes the integral modulus of continuity of order 2 of W. If
n=2 < r < n and b A BMOðRnÞ, then for 1 < p < y there exists a constant
C > 0 such that for any f A LpðRnÞ

(i) k½b;S r�ð f Þkp aCkbkBMOk f kp;
(ii) k½b; g�;rl �ð f Þkp aCkbkBMOk f kp ðl > 2Þ.

Recently, we gave the converse of Theorem G in some sense in [7].

Theorem H ([7]). Suppose that W satisfies (1.1), (1.2) and (1.4). For
0 < r < n and l > 1, if ½b;S r� or ½b; g�;rl � is a bounded operator in LpðRnÞ for
some 1 < p < y, then b A BMOðRnÞ.

Below we give the characterization of the compactness for the commu-
tators ½b;S r� and ½b; g�;rl � in LpðRnÞ. In other words to say, we show that the
conclusions of Theorems 1 and 2 hold for the commutators ½b;S r� and ½b; g�;rl �.

Theorem 3. Suppose that W satisfies (1.1), (1.2) and (1.4). If n=2 < r < n
and ½b;S r� is a compact operator in LpðRnÞ for some 1 < p < y, then
b A VMOðRnÞ.

Theorem 4. Suppose that W A L2ðSn�1Þ satisfying (1.1), (1.2) and (1.6). If
n=2 < r < n and b A VMOðRnÞ, then ½b;S r� is a compact operator in LpðRnÞ for
1 < p < y.

Similarly, for the commutator ½b; g�;rl � of the parameterized Littlewood-Paley
g
�;r
l function, we have

Theorem 5. Suppose that W satisfies (1.1), (1.2) and (1.4). For n=2 < r < n
and l > 2, if ½b; g�;rl � is a compact operator in LpðRnÞ for some 1 < p < y, then
b A VMOðRnÞ.

Theorem 6. Suppose that W A L2ðSn�1Þ satisfying (1.1), (1.2) and (1.6). If
n=2 < r < n, l > 2 and b A VMOðRnÞ, then ½b; g�;rl � is a compact operator in
LpðRnÞ for 1 < p < y.

To end this introduction, we give two remarks as follows.
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Remark 1.3. Do not like the singular integral, all Littlewood-Paley oper-
ators, such as gW, S

r, g�;rl considered in this paper, are sublinear operators. It is
well known that the compactness is very important property for many nonlinear
operators arising in mathematical physics and di¤erential geometry, hence the
results presented in this paper have their important significance. Moreover, as
far as know, this is the first paper to discuss the compactness for the commutators
of the Littlewood-Paley operators. In this paper, we use some new idea to
overcome the nonlinearity of the Littlewood-Paley operators.

Remark 1.4. It is easy to check the following pointwise relationship

½b;S r� f ðxÞaC½b; g�;rl � f ðxÞð1:7Þ

holds for any fixed functions f and b. However, (1.7) is unable to assure that
the compactness of ½b;S r� in Lp is implied by the compactness of ½b; g�;rl � in
Lp. Hence, Theorem 4 is not a consequence of Theorem 6, and similarly,
Theorem 5 is also not a consequence of Theorem 3. So, we need to prove these
theorems one by one.

This paper is organized as follows. In Section 2, we give some lemmas,
which will be applied in proving theorems. In Section 3, we give the proofs of
compactness characterization of the commutator ½b; gW�. The compactness char-
acterization of ½b;S r� is showed in Section 4 and the conclusion about ½b; g�;rl � is
arranged in the final section. Throughout this paper the letter C will stand for a
positive constant which is independent of the essential variables and not nec-
essarily the same one in each occurrence. Moreover, jEj denotes the Lebesgue
measure of the measurable set E in Rn. As usual, for pb 1, p 0 ¼ p=ðp� 1Þ
denotes the dual exponent of p.

2. Some lemmas

In this section, we list some known results, which will be employed in the
forthcoming considerations.

Lemma 2.1 ([28]). If jxj > 2jyj, then jðx� yÞ0 � x 0ja 2jyj
jxj , where x 0 ¼ x

jxjfor x0 0.

Lemma 2.2 (see [9]). If W satisfies conditions (1.1), (1.2) and (1.4). Let
b > 0. Then for jxj > 2jyj

Wðx� yÞ
jx� yjb

�WðxÞ
jxjb

�����
�����a C

jxjb log
jxj
jyj

� �g :
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Lemma 2.3 ([32]). If f A BMOðRnÞ and 1a p < y, then

1

jQj

ð
Q

j f ðyÞ � fQjp dy
� �1=p

aCk f kBMO

for any cube Q.

Lemma 2.4 ([32]). If bðxÞ A BMOðRnÞ, C2 > C1 > 2 and Q is a cube
centered at x0 with diameter r, then exist positive constants C3, C4, C5 (depend
on C1, C2 and b), such that

jfC1r < jx� x0j < C2r : jbðxÞ � bQj > nþ C3gjaC4jQje�C5n; ð0 < n < yÞ:

Lemma 2.5 ([30]). Suppose that f ðxÞ is a measurable function, lðwÞ ¼
jfx A Rn : j f ðxÞj > w > 0gj and E is a measurable set. Define f �ðtÞ ¼ inffw :
lðwÞa tg, t > 0, thenð

E

j f ðxÞjp dxa
ðjEj
0

j f �ðtÞjp dt; 1a p < y:

Lemma 2.6 ([34]). For f A BMOðRnÞ, then f A VMOðRnÞ if and only if f
satisfies the following three conditions:

(i) lima!0 supjQj¼a Mð f ;QÞ ¼ 0.
(ii) lima!y supjQj¼a Mð f ;QÞ ¼ 0.

(iii) limx!y Mð f ;Qþ xÞ ¼ 0, for each Q:

Lemma 2.7 (see [12]). Suppose that 0 < b < n, W satisfies (1.1) and the Lq-
Dini condition (1.5) for qb 1. If there exists a constant 0 < y < 1=2 such that
jxj < yR, then for any k A N

ð
2kR<jyj<2kþ1R

Wðy� xÞ
jy� xjn�b

� WðyÞ
jyjn�b

�����
�����
q

dy

 !1=q

aCð2kRÞn=q�ðn�bÞ jxj
2kR

þ
ðjxj=2kR

jxj=2kþ1R

oqðdÞ
d

dd

( )
;

where the constant C > 0 is independent of R, k and x.

Lemma 2.8 ([17]). Suppose that W A L1ðSn�1Þ satisfying (1.1). Define the
rough maximal operator by

MW f ðxÞ ¼ sup
x AQHR n

1

jQj

ð
Q

j f ðx� yÞj jWðyÞj dy:

Then for 1 < pay, there exists a constant C > 0 such that for any f A LpðRnÞ

kMW f kp aCk f kp:
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3. The compactness of the commutator ½b; gW�

3.1. The proof of Theorem 1: ½b; gW� is a compact operator in
Lp ) b A VMO

Since ½b; gW� is a compact operator on LpðRnÞ, then ½b; gW� is bounded
in LpðRnÞ by Definition 1. Hence applying Theorem H, we know that
b A BMOðRnÞ. Without loss of generality, we may assume kbkBMO ¼ 1. By
Lemma 2.6, to prove that b A VMOðRnÞ, it su‰ces to show that b satisfies the
conditions (i), (ii) and (iii) in Lemma 2.6.

First suppose that b does not satisfy (i) of Lemma 2.6. Then there exist
a z > 0 and a sequence of cubes fQjgyj¼1 with limj!y rj ¼ 0, where rj is the

diameter of Qj :¼ QjðyjÞ, such that and for every j

Mðb;QjÞ ¼ jQjj�1

ð
Qj

jbðyÞ � bQj
j dy > z:ð3:1Þ

Let

fjðyÞ ¼ jQj j�1=pf½sgnðbðyÞ � bQj
Þ � c0�wQj

ðyÞg;ð3:2Þ

where c0 ¼ jQjj�1 Ð
Qj
sgnðbðyÞ � bQj

Þ dy. Since
Ð
Qj
½bðyÞ � bQj

� dy ¼ 0, it is easy
to see that jc0j < 1. Thus fj has the following properties:

supp fj HQj ;ð3:3Þ
fjðyÞðbðyÞ � bQj

Þ > 0;ð3:4Þ ð
R n

fjðyÞ dy ¼ 0;ð3:5Þ

j fjðyÞja 2jQjj�1=p for y A Qj :ð3:6Þ

Obviously, fk fjkpg
y
j¼1 are bounded uniformly in j. Now we show that

f½b; gW�ð fjÞgyj¼1 is not a strongly pre-compact subsets of Lp with the above

choice of f fjgyj¼1.
Below for i ¼ 1; . . . ; 13, Bi denotes a positive constant depending only on W;

g, z and Bj ð1a j < iÞ. By (1.2), there exists 0 < B1 < 1 such that

s x A Sn�1 : Wðx 0Þb 2C1

log
2

B1

� �g
8>><
>>:

9>>=
>>;

0
BB@

1
CCA> 0:

If denote

L ¼ x A Sn�1 : Wðx 0Þb 2C1

log
2

B1

� �g
8>><
>>:

9>>=
>>;;ð3:7Þ
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then L is a closed set by (1.4). We now claim that

ð3:8Þ
if x 0 A L and y 0 A Sn�1 satisfying jx 0 � y 0jaB1; then Wðy 0Þb C1

log
2

B1

� �g :

In fact, since jWðx 0Þ �Wðy 0Þja C1

log
2

jx 0 � y 0j

� �g a C1

log
2

B1

� �g and Wðx 0Þb

2
C1

log
2

B1

� �g by x 0 A L, we hence get Wðy 0Þb C1

log
2

B1

� �g .

Now let B2 ¼
3

B1
þ 1. Then jx� yj jF jx� yj for x A ðB2QjÞc and y A Qj.

Note that W A LyðSn�1Þ, by (3.3), (3.6) and Lemma 2.3 we obtain

jgWððb� bQj
Þ fjÞðxÞjð3:9Þ

¼
ðy
0

ð
jx�yjat

ðbðyÞ � bQj
Þ fjðyÞ

Wðx� yÞ
jx� yjn�1

dy

�����
�����
2
dt

t3

8<
:

9=
;

1=2

a

ð
Qj

jbðyÞ � bQj
j j fjðyÞj

jWðx� yÞj
jx� yjn�1

ð
jx�yjat

dt

t3

 !1=2
dy

aC

ð
Qj

jbðyÞ � bQj
j j fjðyÞj

jx� yjn dy

aCjQjj1=p
0 1

jQjj

ð
Qj

jbðyÞ � bQj
jp

0
dy

 !1=p 0 ð
Qj

j fjðyÞjp

jx� yjnp dy

 !1=p

aCQjj1=p
0
jx� yjj�n:

Since jx� yjj > B2jy� yjj for x A ðB2QjÞc V fx : ðx� yjÞ0 A Lg and y A Qj, hence
by Lemma 2.1

jðx� yÞ0 � ðx� yjÞ0ja 2
jy� yjj
jx� yj j

< B1:

Applying (3.8), we get Wððx� yÞ0Þb C1

log
2

B1

� �g . Thus, when x A ðB2QjÞc V

fx : ðx� yjÞ0 A Lg and y A Qj, by (3.3), (3.4) and Hölder’s inequality, we have
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jgWððb� bQj
Þ fjÞðxÞjð3:10Þ

b
C1

log
2

B1

� �g
ðy
0

ð
Qj

ðbðyÞ � bQj
Þ fjðyÞwfjx�yjatg

jx� yjn�1
dy

 !2
dt

t3

8<
:

9=
;

1=2

bC

ðy
jx�yj j

ð
Qj

ðbðyÞ � bQj
Þ fjðyÞwfjx�yjatg

jx� yjn�1
dy

dt

t3

ðy
jx�yj j

dt

t3

 !�1=2

¼ Cjx� yjj
ð
Qj

jx� yj1�nðbðyÞ � bQj
Þ fjðyÞ

ð
jx�yj jat

jx�yjat

dt

t3
dy

bCjx� yj j�n

ð
Qj

ðbðyÞ � bQj
Þ fjðyÞ dy

¼ Cjx� yjj�njQjj�1=p

ð
Qj

ðbðyÞ � bQj
Þ½sgnðbðyÞ � bQj

Þ � c0� dy

¼ Cjx� yjj�njQjj�1=p

ð
Qj

jbðyÞ � bQj
j dy

bCzjQj j1=p
0
jx� yjj�n:

On the other hand, for x A ðB2QjÞc, by (3.3), (3.5), (3.6) and jx� yjjF jx� yj
when y A Qj, we have

jðbðxÞ � bQj
ÞgWð fjÞðxÞjð3:11Þ

¼ jbðxÞ � bQj
j

0
@ðy

0

�����
ð
Rn

 
Wðx� yÞ
jx� yjn�1

wfjx�yjatg

� Wðx� yjÞ
jx� yj jn�1

wfjx�yj jatg

!
fjðyÞ dy

�����
2
dt

t3

1
A
1=2

a jbðxÞ � bQj
j

0
@ðy

0

�����
ð
jx�yjat
jx�yj jat

 
Wðx� yÞ
jx� yjn�1

� Wðx� yjÞ
jx� yjjn�1

!
fjðyÞ dy

�����
2
dt

t3

1
A
1=2

þ jbðxÞ � bQj
j
ðy
0

ð
jx�yjat
jx�yj j>t

Wðx� yÞ
jx� yjn�1

fjðyÞ dy

������
������
2

dt

t3

0
B@

1
CA
1=2
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þ jbðxÞ � bQj
j
ðy
0

ð
jx�yj>t
jx�yj jat

Wðx� yjÞ
jx� yjjn�1

fjðyÞ dy

������
������
2

dt

t3

0
B@

1
CA
1=2

a jbðxÞ � bQj
j
ð
Qj

j fjðyÞj
Wðx� yÞ
jx� yjn�1

� Wðx� yjÞ
jx� yjjn�1

�����
�����
ð
jx�yjat
jx�yj jat

dt

t3

0
@

1
A
1=2

dy

þ jbðxÞ � bQj
j
ð
Qj

jWðx� yÞj
jx� yjn�1

j fjðyÞj
ð
jx�yjat
jx�yj j>t

dt

t3

0
@

1
A
1=2

dy

þ jbðxÞ � bQj
j
ð
Qj

jWðx� yjÞj
jx� yjjn�1

j fjðyÞj
ð
jx�yj>t
jx�yj jat

dt

t3

0
@

1
A
1=2

dy

aCjbðxÞ � bQj
j

0
BBB@
ð
Qj

j fjðyÞj

jx� yjjn log
jx� yjj

rj

� �g dy

þ rj
1=2

ð
Qj

j fjðyÞj
jx� yj jnþ1=2

dy

1
CCCA

aCjQjj1=p
0 jbðxÞ � bQj

j

jx� yjjn log
jx� yjj

rj

� �g :

In the above estimate we have used Lemma 2.2. Before proceeding further, let
us point out the following inequality:ð

2 srj<jx�yj j<2 sþ1rj

jbðxÞ � bQj
jp dx

 !1=p
aC2sn=psjQjj1=p:

For n > B2, using (3.11) and the above inequality we obtain

ð
jx�yj j>nrj

jðbðxÞ � bQj
ÞgWð fjÞðxÞjp dx

 !1=p
ð3:12Þ

aCjQjj1=p
0
ð
jx�yj j>nrj

jbðxÞ � bQj
jp

jx� yjjnp log
jx� yjj

rj

� �gp dx

0
BBB@

1
CCCA
1=p
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aCjQjj1=p
0 Xy
s¼½log2 n�

ð
2 srj<jx�yj ja2 sþ1rj

jbðxÞ � bQj
jp

jx� yjjnp log
jx� yjj

rj

� �gp dx

0
BBB@

1
CCCA
1=p

aC
Xy

s¼½log2 n�
s1�g2�snþsn=p

aCðlog nÞ1�gn�nþn=p:

Then for h > n > B2, using (3.10) and (3.12) we get

ð
fnrj<jx�yj j<hrjg

j½b; gW� fjðxÞjp dx
 !1=p

ð3:13Þ

b

ð
fnrj<jx�yj j<hrjgVfx:ðx�yjÞ 0 ALg

jgWððb� bQj
Þ fjÞðxÞjp dx

 !1=p

�
ð
jx�yj j>nrj

jðbðxÞ � bQj
ÞgW fjðxÞjp dx

 !1=p

bCzjQjj1=p
0
ð
fnrj<jx�yj j<hrjgVfx:ðx�yjÞ 0 ALg

1

jx� yjjnp
dx

 !1=p

� Cðlog nÞ1�gn�nþn=p

bB3zðn�pnþn � h�pnþnÞ1=p � B4ðlog nÞ1�gn�nþn=p:

From (3.9) and the proof of (3.12), we have

ð
jx�yj j>hrj

j½b; gW� fjðxÞjp dx
 !1=p

ð3:14Þ

a

ð
jx�yj j>hrj

jgWððb� bQj
Þ fjÞðxÞjp dx

 !1=p

þ
ð
jx�yj j>hrj

jðbðxÞ � bQj
ÞgWð fjÞðxÞjp dx

 !1=p

aB5h
�nþn=p þ B6ðlog hÞ1�gh�nþn=p:

By (3.13) and (3.14), there exist B7, k ¼ kðW; p; g; z;B3;B4;B5;B6Þ > 1 and B9

satisfying B2 < B7,
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ð
B7rj<jx�yj j<kB7rj

j½b; gW� fjjp dy
 !1=p

bB9ð3:15Þ

and ð
jx�yj j>kB7rj

j½b; gW� fjjp dy
 !1=p

aB9=4:ð3:16Þ

Denote B8 ¼ kB7. Let EH fx : B7rj < jx� yjj < B8rjg be an arbitrary measur-
able set. Then by (3.9), (3.11) and the Minkowski inequality, we have

ð
E

j½b; gW� fjðxÞjp dx
� �1=p

ð3:17Þ

a

ð
E

jgWððb� bQj
Þ fjÞðxÞjp dx

� �1=p
þ

ð
E

jðbðxÞ � bQj
ÞgW fjðxÞjp dx

� �1=p

aCjQjj1=p
0
ð
E

jx� yjj�np
dx

� �1=p

þ CjQjj1=p
0
ð
E

jbðxÞ � bQj
jp

jx� yj jnp log
jx� yjj

rj

� �gp dx

0
BBB@

1
CCCA
1=p

aC
jEj1=p

jQj j1=p
þ 1

jQjj

ð
E

jbðxÞ � bQj
jp dx

� �1=p( )
:

Let hjðxÞ ¼ bðxÞ � bQj
. Denote

lhj ðoÞ ¼ jfB7rj < jx� yjj < B8rj : jhjðxÞj > ogj; 0 < o < y:

By Lemma 2.4 there exist constants B10, B11 and B12, such that for 0 < o < y

lhj ðoþ B10Þ ¼ jfB7rj < jx� yj j < B8rj : jhjðxÞj > oþ B10gjaB11jQjje�B12o:

That is, lhj ðoÞaB11jQjje�B12ðo�B10Þ. Let h�
j ðtÞ ¼ inffo : lhj ðoÞa tg ðt > 0Þ.

Then we get

h�
j ðtÞa

1

B12
log

B11jQj j
t

þ B10; ð0 < t < B11jQj jÞ:ð3:18Þ

Notice that EH fx : B7rj < jx� yjj < B8rjg, applying Lemma 2.5 and (3.18),
when jEj < B11jQjj, we get
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1

jQjj

ð
E

jbðxÞ � bQj
jp dxa 1

jQjj

ðjEj
0

jh�
j ðtÞj

p
dtð3:19Þ

a
1

jQjj

ðjEj
0

� 1

B12
log

t

B11jQjj
þ B10

� �p

dt

¼ B11

ðjEj=ðB11jQj jÞ

0

B10 �
1

B12
log t

� �p

dt

aC
jEj
jQjj

1þ log
B11jQjj
jEj

� �½ p�þ1

:

Combing (3.17) and (3.19), there exists constant B13 < minfB1=n
11 ;B8g, such that

ð
E

j½b; gW� fjðyÞjp dy
� �1=p

aB9=4ð3:20Þ

for every measurable set E satisfying

EH fx : B7rj < jx� yjj < B8rjg and jEj=jQjj < Bn
13:

Now we choose a subsequence fQjðkÞg with their diameters frjðkÞg to satisfy

rjðkþ1Þ=rjðkÞ < B13=B8:ð3:21Þ

Then for m > 0, we have

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp b
ð
G1

j½b; gW� fjðkÞðxÞ � ½b; gW� fjðkþmÞðxÞjp dy
� �1=p

b

ð
G1

j½b; gW� fjðkÞðxÞjp dx
� �1=p

�
ð
G2

j½b; gW� fjðkþmÞðxÞjp dx
� �1=p

where

G1 ¼ fx : B7rjðkÞ < jx� yjðkÞj < B8rjðkÞgnfx : jx� yjðkþmÞjaB8rjðkþmÞg;

and

G2 ¼ fx : jx� yjðkþmÞj > B8rjðkþmÞg:

Denote G ¼ fx : B7rjðkÞ < jx� yjðkÞj < B8rjðkÞg, then G1 ¼ G � ðGc
2 VGÞ. Thus

by (3.15), (3.16) we get
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k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp

b

ð
G

j½b; gW� fjðkÞðxÞjp dx�
ð
Gc

2
VG

j½b; gW� fjðkÞðxÞjp dx
 !1=p

�
ð
G2

j½b; gW� fjðkþmÞðxÞjp dx
� �1=p

b B
p
9 �

ð
Gc

2
VG

j½b; gW� fjðkÞðxÞjp dx
 !1=p

� B9

4
:

By (3.21), we have

jGc
2 VGj

jQjðkÞj
a

Bn
8 r

n
jðkþmÞ
rn
jðkÞ

< Bn
8

Bn
13

Bn
8

� �m
< Bn

13:

Thus by (3.20), we getð
Gc

2
VG

j½b; gW� fjðkÞðxÞjp dxa
B9

4

� �p

:

So we get

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp b B
p
9 �

B9

4

� �p� �1=p
� B9

4
b

B9

4
:ð3:22Þ

(3.22) shows that f½b; gW� fjðkÞgyk¼1 does not have any convergence subsequence
in LpðRnÞ. Therefore, ½b; gW� is not compact operator in LpðRnÞ. This con-
tradiction shows that b must satisfy the condition (i) of Lemma 2.6. Quite
similarly, we can prove that if b does not satisfy the conditions (ii) or (iii) of
Lemma 2.6, then ½b; gW� is not a compact operator in LpðRnÞ.

In fact, if b does not satisfy (ii) of Lemma 2.6, then there exist a z > 0
and a sequence of cubes fQjgyj¼1 with limj!y rj ¼ y, where rj is the diameter of
Qj :¼ QjðyjÞ, such that (3.1) holds. Thus, (3.15), (3.16) and (3.20) hold still for
the function sequence f fjg defined in (3.2). As done above, we may choose a
subsequence fQjðkÞg such that its diameter sequence frjðkÞg satisfies (3.21). Then
for m > 0, we have

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp b
ð
G1

j½b; gW� fjðkÞðxÞ � ½b; gW� fjðkþmÞðxÞjp dy
� �1=p

b

ð
G1

j½b; gW� fjðkþmÞðxÞjp dx
� �1=p

�
ð
G2

j½b; gW� fjðkÞðxÞjp dx
� �1=p
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where

G1 ¼ fx : B7rjðkþmÞ < jx� yjðkþmÞj < B8rjðkþmÞgnfx : jx� yjðkÞjaB8rjðkÞg;
and

G2 ¼ fx : jx� yjðkÞj > B8rjðkÞg:
Denote

G ¼ fx : B7rjðkþmÞ < jx� yjðkþmÞj < B8rjðkþmÞg;
then G1 ¼ G � ðGc

2 VGÞ. Thus by (3.15) and (3.16), we get

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkpð3:23Þ

b

ð
G

j½b; gW� fjðkþmÞðxÞjp dx�
ð
Gc

2
VG

j½b; gW� fjðkþmÞðxÞjp dx
 !1=p

�
ð
G2

j½b; gW� fjðkÞðxÞjp dx
� �1=p

b B
p
9 �

ð
Gc

2
VG

j½b; gW� fjðkþmÞðxÞjp dx
 !1=p

� B9

4
:

By (3.21), we have

jGc
2 VGj

jQjðkþmÞj
a

Bn
8 r

n
jðkÞ

rn
jðkþmÞ

< Bn
8

Bn
13

Bn
8

� �m
< Bn

13;

then by (3.20), we getð
Gc

2
VG

j½b; gW� fjðkþmÞðxÞjp dxa
B9

4

� �p

:

So, by (3.23) we get

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp b B
p
9 �

B9

4

� �p� �1=p
� B9

4
b

B9

4
:ð3:24Þ

Thus f½b; gW� fjðkÞgyk¼1 does not have any convergence subsequence in LpðRnÞ.
So, b should satisfy the condition (ii) of Lemma 2.6.

Finally, if b does not satisfy the condition (iii) of Lemma 2.6, then there exist
a cube Q and a sequence fyjg, with limj!y yj ¼ y, such that (3.1) holds for
fQj ¼ Qþ yjg. Similarly, (3.15) and (3.16) hold for the function sequence f fjg
defined in (3.2). Denote E j ¼ fx A Rn : jx� y jj < B8rg, where r is the diameter
of Q, and choose a subsequence fEjðkÞg such that

EjðkÞ VEjðlÞ ¼ j; l0 k:

Then for m > 0, we have
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k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkp b
ð
G1

j½b; gW� fjðkÞðxÞ � ½b; gW� fjðkþmÞðxÞjp dy
� �1=p

b

ð
G1

j½b; gW� fjðkÞðxÞjp dx
� �1=p

�
ð
G2

j½b; gW� fjðkþmÞðxÞjp dx
� �1=p

where

G1 ¼ fx : B7r < jx� yjðkÞj < B8rgnfx : jx� yjðkþmÞjaB8rg;
and

G2 ¼ fx : jx� yjðkþmÞj > B8rg:

If denote G ¼ fx : B7r < jx� yjðkÞj < B8rg, then G1 ¼ G. Thus by (3.15) and
(3.16) we get

k½b; gW� fjðkÞ � ½b; gW� fjðkþmÞkpð3:25Þ

b

ð
G

j½b; gW� fjðkÞðxÞjp dx
� �1=p

�
ð
G2

j½b; gW� fjðkþmÞðxÞjp dx
� �1=p

bB9 �
B9

4
b

B9

4
:

Thus f½b; gW� fjðkÞgyk¼1 does not have any convergence subsequence in LpðRnÞ
by (3.25). So this contradiction show that b satisfies also the condition (iii) of
Lemma 2.6.

3.2. The proof of Theorem 2: b A VMO ) ½b; gW� is a compact operator
in Lp

In the proof of this part, we need to use the following results.

Theorem J (Frechet-Kolmogorov) ([36]). A subset G of LpðRnÞ ð1a
p < yÞ, is strongly pre-compact if and only if G satisfies the conditions:

sup
f AG

k f kp < y;ð3:26Þ

lim
jyj!0

k f ð� þ yÞ � f ð�Þkp ¼ 0 uniformly in f A G;ð3:27Þ

lim
b!y

k f wEb
kp ¼ 0; uniformly in f A G; where Eb ¼ fx A Rn : jxj > bg:ð3:28Þ

Theorem K ([11]). If W A H 1ðSn�1Þ satisfies (1.1) and (1.2), then mW is of
type ðp; pÞ for 1 < p < y, where H 1ðSn�1Þ denotes the Hardy space on Sn�1.
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Remark 3.1. We point out that on Sn�1, for any q > 1

LqðSn�1ÞHL logþ LðSn�1ÞHH 1ðSn�1Þ;
and all inclusions are proper.

Let us return to the proof of Theorem 2. Suppose that b A VMOðRnÞH
BMOðRnÞ, by Theorem D, the commutator ½b; gW� is continuous in LpðRnÞ for
1 < p < y since (1.5) implies W A LqðSn�1Þ. Thus, it su‰ces to prove that for
any bounded set F in LpðRnÞ, the set f½b; gW� f : f A Fg is strongly pre-compact
in LpðRnÞ.

We first show that if the set f½b; gW� f : f A Fg is strongly pre-compact in
LpðRnÞ for b A Cy

c ðRnÞ, then the set f½b; gW� f : f A Fg is also strongly pre-
compact in LpðRnÞ for b A VMOðRnÞ. In fact, suppose that b A VMOðRnÞ, then
for any h > 0 there exists bh A Cy

c ðRnÞ such that kb� bhk� < h. Since

j½b; gW� f ðxÞ � ½bh; gW� f ðxÞj

a

ðy
0

ð
jx�yjat

Wðx� yÞ
jx� yjn�1

½ðb� bhÞðxÞ � ðb� bhÞðyÞ� f ðyÞ dy
�����

�����
2
dt

t3

8<
:

9=
;

1=2

:

Then by Theorem D,

k½b; mW� � ½bh; gW�kL p 7!L p a k½b� bh; mW�kL p 7!L p < Ch:ð3:29Þ

Since F is a bounded set in LpðRnÞ, there exists a constant D > 0 such that
k f kp aD for every f A F. If denote G ¼ f½bh; gW� f : f A Fg, then (3.26)–(3.28)

hold for G by our assumption and Theorem J. We need to show that (3.26)–
(3.28) hold also for the set ~GG ¼ f½b; gW� f : f A Fg. For any f A F, by (3.26) and
(3.29) we get

sup
f AF

k½b; gW� f kp a sup
f AF

k½bh; gW� f kp þ ChD < y:

On the other hand,

lim
jyj!0

k½b; gW� f ð� þ yÞ � ½b; gW� f ð�Þkp a lim
jyj!0

k½bh; gW� f ð� þ yÞ � ½bh; gW� f ð�Þkp

þ 2k½b� bh; gW� f kp
a 2ChD ! 0 ðh ! 0Þ:

It is obvious to see that the limit above holds uniformly for ~GG. Similarly, we
have

lim
b!y

k½b; gW� f wEb
kp a lim

b!y
k½bh; gW� f wEb

kp þ k½b� bh; gW� f kp

aChD ! 0 ðh ! 0Þ:

274 yanping chen and yong ding



Once again, the limit above is uniformly for ~GG. Therefore, by Theorem J we

know ~GG is a strongly pre-compact set in LpðRnÞ:
Thus, to prove Theorem 2 it su‰ces to prove that G ¼ f½b; gW� f : f A Fg

is strongly pre-compact in LpðRnÞ for b A Cy
c ðRnÞ and the bounded set F in

LpðRnÞ. By Theorem J, we need only to verify (3.26)–(3.28) hold uniformly in
G.

Suppose that supf AFk f kp aD. Notice that b A Cy
c ðRnÞ and applying

Theorem D, we have

sup
f AF

k½b; gW� f kp aCkbk� sup
f AF

k f kp aC 0D < y:ð3:30Þ

On the other hand, for any e > 0 and q > 1, there is an A > 0 such thatðy
A

dr

rnq�nþ1

� �1=q
< e:ð3:31Þ

It is easy to see that (3.28) holds uniformly in G if we can show that for
W A LqðSn�1Þ ð

jxj>A

j½b; gW� f ðxÞjp dx
 !1=p

aCDe:ð3:32Þ

Now we verify (3.32) to divide two cases.
The case for 1 < qa p. Assume suppðbÞH fy : jyj < tg for some t > 0.

Thus, for any x satisfying jxj > maxf2A; 4tg and every f A F, we have

j½b; mW� f ðxÞj ¼
ðy
0

ð
jx�yjat

Wðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t3

8<
:

9=
;

1=2

aC

ð
jyj<t

jbðyÞj jWðx� yÞj
jx� yjn�1

j f ðyÞj
ð
jx�yjat

dt

t3

( )1=2

dy

aC

ð
jyj<t

jWðx� yÞj
jx� yjn j f ðyÞj dy

aC

ð
jyj<t

jWðx� yÞjq

jx� yjqn j f ðyÞjq dy
 !1=q

aC

ð
jyjb3jxj=4

jWðyÞjq

jyjqn j f ðx� yÞjq dy
 !1=q

:

Applying the Minkowski inequality and (3.31), we get
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ð
jxj>A

j½b; gW� f ðxÞjp dx
 !1=p

aCk f kp
ð
jxj>ð3=2ÞA

jWðxÞjq

jxjnq dx

 !1=q

aCk f kp
ðy
ð3=2ÞA

ð
S n�1

jWðx 0Þjq dsðx 0Þ dr

rnq�nþ1
dr

 !1=q

aCDkWkLqðS n�1ÞeaCDe:

The case for q > p. Taking 1 < q0 a p < q, then W A Lq0ðSn�1Þ with
kWkLq0 ðS n�1Þ aCkWkLqðS n�1Þ. By the conclusion of the above case, we can getð

jxj>A

j½b; gW� f ðxÞjp dx
 !1=p

aCDkWkLq0 ðS n�1ÞeaCDkWkLqðS n�1ÞeaCDe:

Finally, to finish the proof of Theorem 2, it remains to show (3.27) holds
uniformly in G. We need to prove that for any e > 0, if jzj is su‰ciently small,
then for every f A F,

k½b; mW� f ð�Þ � ½b; mW� f ð� þ zÞkp aCe:ð3:33Þ

To do this, we write

j½b; gW� f ðxÞ � ½b; gW� f ðxþ zÞjð3:34Þ

a

8<
:
ðy
0

�����
ð
jx�yjat

Wðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy

�
ð
jxþz�yjat

Wðxþ z� yÞ
jxþ z� yjn�1

ðbðxþ zÞ � bðyÞÞ f ðyÞ dy
�����
2
dt

t3

9=
;

1=2

:¼
ðy
0

jIðx; tÞj2 dt
t3

� �1=2
:

We take e such that 0 < e < 1
2 . Then for z A Rn, decompose Iðx; tÞ as

Iðx; tÞ ¼
ð

jx�yj>e1=ejzj
jx�yjat; jxþz�yjbt

Wðx� yÞ
jx� yjn�1

ðbðxþ zÞ � bðyÞÞ f ðyÞ dyð3:35Þ

þ
ð

jx�yj>e1=ejzj
jx�yjbt; jxþz�yjat

Wðxþ z� yÞ
jxþ z� yjn�1

ðbðyÞ � bðxþ zÞÞ f ðyÞ dy

þ
ð

jx�yj>e1=ejzj;
jx�yjat; jxþz�yjat

Wðx� yÞ
jx� yjn�1

� Wðxþ z� yÞ
jxþ z� yjn�1

 !
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� ðbðxþ zÞ � bðyÞÞ f ðyÞ dy

þ
ð
jx�yj>e1=ejzj;

jx�yjat

Wðx� yÞ
jx� yjn�1

ðbðxÞ � bðxþ zÞÞ f ðyÞ dy

þ
ð
jx�yjae1=ejzj;

jx�yjat

Wðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy

þ
ð
jx�yjae1=ejzj;
jxþz�yjat

Wðxþ z� yÞ
jxþ z� yjn�1

ðbðyÞ � bðxþ zÞÞ f ðyÞ dy

:¼ J1ðx; tÞ þ J2ðx; tÞ þ J3ðx; tÞ þ J4ðx; tÞ þ J5ðx; tÞ þ J6ðx; tÞ:

Note jbðxþ zÞ � bðyÞj < C and apply the Minkowski inequality, we have

ðy
0

jJ1ðx; tÞj2
dt

t3

� �1=2
ð3:36Þ

¼
ðy
0

ð
jx�yj>e1=ejzj;

jx�yjat; jxþz�yjbt

Wðx� yÞ
jx� yjn�1

ðbðxþ zÞ � bðyÞÞ f ðyÞ dy

������
������
2

dt

t3

8<
:

9=
;

1=2

aC

ð
jx�yj>e1=ejzj

jbðxþ zÞ � bðyÞj j f ðyÞj jWðx� yÞj
jx� yjn�1

ð
jx�yjat

jxþz�yjbt

dt

t3

8<
:

9=
;

1=2

dy

aC

ð
jx�yj>e1=ejzj

jzj1=2jWðx� yÞj
jx� yjnþ1=2

j f ðyÞj dy:

Then by the Minkowski inequality and W A L1ðSn�1Þ, we get

ðy
0

jJ1ðx; tÞj2
dt

t3

� �1=2�����
�����
p

ð3:37Þ

aC

ð
R n

ð
jyj>e1=ejzj

jzj1=2jWðyÞj
jyjnþ1=2

j f ðx� yÞj dy
 !p

dx

( )1=p

aCk f kp
ð
jyj>e1=ejzj

jzj1=2jWðyÞj
jyjnþ1=2

dy

aCk f kpjzj
1=2

ðy
e1=ejzj

dr

r1þ1=2

ð
S n�1

jWðy 0Þj dsðy 0Þ

aCDe:
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Similar to the estimate of J1ðx; tÞ, we can getðy
0

jJ2ðx; tÞj2
dt

t3

� �1=2
aC

ð
jx�yj>e1=ejzj

jzj1=2jWðxþ z� yÞj
jxþ z� yjnþ1=2

j f ðyÞj dy:ð3:38Þ

Then by the Minkowski inequality and W A L1ðSn�1Þ, we get

ðy
0

jJ2ðx; tÞj2
dt

t3

� �1=2�����
�����
p

ð3:39Þ

aC

ð
Rn

ð
jyj>ðe1=e�1Þjzj

jzj1=2jWðyÞj
jyjnþ1=2

j f ðxþ z� yÞj dy
 !p

dx

( )1=p

aCk f kpjzj
1=2

ð
jyj>ðe1=e�1Þjzj

jWðyÞj
jyjnþ1=2

dy

aCDe:

About J3. By the Minkowski inequality and jbðxþ zÞ � bðyÞj < C, we get

ðy
0

jJ3ðx; tÞj2
dt

t3

� �1=2
ð3:40Þ

¼

8<
:
ðy
0

������
ð

jx�yj>e1=ejzj;
jx�yjat; jxþz�yjat

Wðx� yÞ
jx� yjn�1

� Wðxþ z� yÞ
jxþ z� yjn�1

 !

� ðbðxþ zÞ � bðyÞÞ f ðyÞ dy

������
2

dt

t3

9=
;

1=2

aC

ð
jx�yj>e1=ejzj

Wðx� yÞ
jx� yjn�1

� Wðxþ z� yÞ
jxþ z� yjn�1

�����
����� j f ðyÞj

ð
jx�yjat;
jxþz�yjat

dt

t3

8<
:

9=
;
1=2

dy

aC

ð
jx�yj>e1=ejzj

Wðx� yÞ
jx� yjn�1

� Wðxþ z� yÞ
jxþ z� yjn�1

�����
����� j f ðyÞjjx� yj dy:

Then by the Minkowski inequality and Lemma 2.7, we get

ðy
0

jJ3ðx; tÞj2
dt

t3

� �1=2�����
�����
p

ð3:41Þ

aC

ð
R n

ð
jx�yj>e1=ejzj

Wðx� yÞ
jx� yjn�1

� Wðxþ z� yÞ
jxþ z� yjn�1

�����
����� j f ðyÞjjx� yj dy

 !p

dx

 !1=p
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aCk f kp
ð
jyj>e1=ejzj

WðyÞ
jyjn�1

� Wðyþ zÞ
jyþ zjn�1

�����
����� 1jyj dy

aCk f kp
Xy
k¼0

ð
2ke1=ejzj<jyj<2kþ1e1=ejzj

WðyÞ
jyjn�1

� Wðyþ zÞ
jyþ zjn�1

�����
����� 1jyj dy

aCk f kp
Xy
k¼0

jzj
2ke1=ejzj þ

ðjzj=2ke1=ejzj

jzj=2kþ1e1=ejzj

oðdÞ
d

dd

( )

aCk f kp
Xy
k¼0

1

2ke1=e
þ 1

1þ k þ 1=e

ðjzj=2ke1=ejzj

jzj=2kþ1e1=ejzj

oðdÞ
d

ð1þ jlog djÞ dd
( )

aCðe�1=e þ eÞk f kp
aCDe:

Before estimating J4, let us recall the properties of the Hardy-Littlewood
maximal operator Mq of order q ð1a q < yÞ. Suppose that f A LLocðRnÞ.
The maximal operator Mq is defined by

Mq f ðxÞ ¼ sup
Q C x

1

jQj

ð
Q

j f ðyÞjq dy
� �1=q

;

where Q is a cube on Rn. Then the maximal operator Mq is of type ðp; pÞ for
1a q < p (see [28]). We denote simply by M the maximal operator M1 of order
1, the classical Hardy-Littlewood maximal operator M.

Let us return to the estimate of J4. Since b A Cy
0 , we have jbðxÞ � bðxþ zÞj

aCjzj, then

ðy
0

jJ4ðx; tÞj2
dt

t3

� �1=2
aCjzj

ðy
0

ð
jx�yj>e1=ejzj
jx�yjat

Wðx� yÞ
jx� yjn�1

f ðyÞ dy

������
������
2

dt

t3

8<
:

9=
;

1=2

ð3:42Þ

:¼ CjzjmW; e1=ejzj f ðxÞ:

Let h ¼ e1=ejzj, we claim that

kmW;h f kp aCk f kp; 1 < p < y;ð3:43Þ

where C is independent of h and f . In fact, denote by Q the cube center
at x A Rn and diameter h=2. Moreover, set f1ðyÞ ¼ fw2QðyÞ and f2ðyÞ ¼
f ðyÞ � f1ðyÞ. Then
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mW;h f ðxÞ ¼
1

jQj

ð
Q

jmW;h f ðxÞj dy

a
1

jQj

ð
Q

jgW f ðyÞj dyþ 1

jQj

ð
Q

jgW f1ðyÞj dy

þ 1

jQj

ð
Q

jgW f2ðyÞ � mW;h f ðxÞj dy

aMðgW f ÞðxÞ þ Ið f ÞðxÞ þ IIð f ÞðxÞ:

Since W satisfies (1.5), by Remark 3.1 and applying Theorem K and the Lp

boundedness of the Hardy-Littlewood maximal operator M, we get

kMðgW f Þkp aCk f kp:
By Theorem K again, we know for any 1 < q < y,

Ið f ÞðxÞa C

jQj1=q
kgW f1kq a

C

jQj1=q
k f1kq aCðMðj f jqÞðxÞÞ1=q:

Taking 1 < q < p, we get kIð f Þkp aCk f kp. Regarding IIð f ÞðxÞ. By the
Minkowski inequality, we have

1

jQj

ð
Q

jgW f2ðxÞ � mW;h f ðxÞj dx

a
1

jQj

ð
Q

ðy
0

ð
jx�yjbt

h<jx�yjat

Wðx� yÞ
jx� yjn�1

f2ðyÞ dy

������
������
2

dt

t3

8<
:

9=
;

1=2

dx

þ 1

jQj

ð
Q

ðy
0

ð
jx�yjat
jx�yjbt

Wðx� yÞ
jx� yjn�1

f2ðyÞ dy

������
������
2

dt

t3

8<
:

9=
;

1=2

dx

þ 1

jQj

ð
Q

ðy
0

ð
jx�yjat

h<jx�yjat

Wðx� yÞ
jx� yjn�1

� Wðx� yÞ
jx� yjn�1

 !
f2ðyÞ dy

������
������
2

dt

t3

8<
:

9=
;

1=2

dx

:¼ H1ðxÞ þH2ðxÞ þH3ðxÞ:

Note that jx� yj@ jx� yj by x; x A Q and y A ð2QÞc, we get

H1ðxÞa
1

jQj

ð
Q

ð
ð2QÞ c

j f ðyÞj jWðx� yÞj
jx� yjn�1

ð
jx�yjatajx�yj

dt

t3

( )1=2

dydx

aC
Xy
k¼1

ð
2kþ1Qn2kQ

h1=2j f ðyÞj jWðx� yÞj
jx� yjnþ1=2

dy

aCMW f ðxÞ:
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Similarly, we have

H2ðxÞa
1

jQj

ð
Q

ð
ð2QÞ c

j f ðyÞj jWðx� yÞj
jx� yjn�1

ð
jx�yjat<jx�yj

dt

t3

( )1=2

dydx

a
1

jQj

ð
Q

ð
ð2QÞ c

h1=2j f ðyÞj jWðx� yÞj
jx� yjnþ1=2

dydx

aC
1

jQj

ð
Q

MW f ðxÞ dxaCMðMW f ÞðxÞ:

By Lemma 2.8 and the Lp boundedbess of the Hardy-Littlewood maximal
operator, we get

kH1 f kp aCk f kp; jH2 f kp aCk f kp:
Now we discuss H3. Denote BðhÞ ¼ fx : jxja hg, then we get

H3ðxÞa
C

jQj

ð
Q

ð
R n

Wðx� yÞ
jx� yjn�1

� Wðx� yÞ
jx� yjn�1

�����
����� j f2ðyÞjjx� yj dydx

¼ C

jBðhÞj

ð
BðhÞ

ð
jy�xj>h

Wðx� x� yÞ
jx� x� yjn�1

� Wðx� yÞ
jx� yjn�1

�����
����� j f ðyÞjjx� yj dydx

¼ C

jBðhÞj

ð
BðhÞ

ð
jyj>h

Wðy� xÞ
jy� xjn�1

� WðyÞ
jyjn�1

�����
����� j f ðx� yÞj

jyj dydx

Then by the Minkowski inequality and Lemma 2.7, we get

kH3kp aCk f kp
1

jBðhÞj

ð
BðhÞ

ð
jyj>h

Wðy� xÞ
jy� xjn�1

� WðyÞ
jyjn�1

�����
����� 1jyj dydx

¼ Ck f kp
1

jBðhÞj

ð
BðhÞ

Xy
k¼1

ð
2k�1h<jyj<2kh

Wðy� xÞ
jy� xjn�1

� WðyÞ
jyjn�1

�����
����� 1jyj dydx

¼ Ck f kp
1

jBðhÞj

ð
BðhÞ

Xy
k¼1

jxj
2k�1h

þ
ðjxj=2k�1h

jxj=2kh

oðdÞ
d

dd

 !
dx

aCk f kp
1

jBðhÞj

ð
BðhÞ

1þ
ð1
0

oðdÞ
d

dd

� �
dx

aCk f kp:

Thus, (3.43) follows from the above estimates. Then by (3.42) and (3.43), we
have ðy

0

jJ4ðx; tÞj2
dt

t3

� �1=2�����
�����
p

aCjzj k f kp aCDjzj:ð3:44Þ
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About J5, since jbðxÞ � bðyÞjaCjx� yj, by the Minkowski inequality, we getðy
0

jJ5ðx; tÞj2
dt

t3

� �1=2

aC

ð
jx�yjae1=ejzj

jWðx� yÞj
jx� yjn�1

jbðxÞ � bðyÞj j f ðyÞj
ð
jx�yjat

dt

t3

( )1=2

dy

aC

ð
jx�yjae1=ejzj

j f ðyÞj jWðx� yÞj
jx� yjn�1

dy

aCe1=ejzjMW f ðxÞ:

Then by Lemma 2.8, we getðy
0

jJ5ðx; tÞj2
dt

t3

� �1=2�����
�����
p

aCDe1=ejzj:ð3:45Þ

Similarly, using the estimate jbðxþ zÞ � bðyÞjaCjxþ z� yj, we haveðy
0

jJ6ðx; tÞj2
dt

t3

� �1=2
aC

ð
jx�yjae1=ejzj

j f ðyÞj jWðxþ z� yÞj
jxþ z� yjn�1

dy

aC

ð
jxþz�yjaeð1=eÞjzjþjzj

j f ðyÞj jWðxþ z� yÞj
jxþ z� yjn�1

dy

aCðe1=ejzj þ jzjÞMW f ðxÞ;
and then we get ðy

0

jJ6ðx; tÞj2
dt

t3

� �1=2�����
�����
p

aCDðe1=ejzj þ jzjÞ:ð3:46Þ

From (3.34), (3.35), (3.37), (3.39), (3.41), (3.44), (3.45) and (3.46) then by taking
jzj su‰ciently small depending on e, we can get

lim
jzj!0

k½b; gW� f ðxÞ � ½b; gW� f ðxþ zÞkp ¼ 0 uniformly in f A F:

Thus we complete the proof of Theorem 2.

4. The compactness of the commutator ½b;S r�

4.1. The proof of Theorem 3: ½b;S r� is a compact operator in
Lp ) b A VMO

The idea of proving Theorem 3 is similar to proving Theorem 1, but it will
be more complex than done in §3.1. Since ½b;S r� is a compact operator in
LpðRnÞ, so ½b;S r� is also bounded in LpðRnÞ. By Theorem H, b A BMO and we
may assume kbkBMO ¼ 1. By Lemma 2.6, to prove that b A VMO, it su‰ces to
show that b satisfies the conditions (i), (ii) and (iii) in Lemma 2.6.
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If b does not satisfy (i) of Lemma 2.6. Then there exist a z > 0 and a
sequence of cubes fQjgyj¼1 with limj!y rj ¼ 0, where rj is the diameter of Qj :¼
QjðzjÞ, such that (3.1) holds for every j. Now we state that f½b;S r� fjgyj¼1 is not a
strongly pre-compact set in Lp for the function sequence f fjgyj¼1 defined in (3.2).

In the proof below, the constants Bj ð1a ja 13Þ are same constants
appearing in the proof of Theorem 1. Moreover, for i ¼ 14; . . . ; 20, Bi is a
positive constant depending only on W, n, z, g, r and Bk ð1a k < iÞ.

For x A ðB2QjÞc, we have

j½b;S r� fjðxÞjð4:1Þ

¼
ðy
0

ð
jx�yj<t

ð
jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ fjðzÞ dz

�����
�����
2
dydt

tnþ1þ2r

0
@

1
A
1=2

b

0
@ðy

4jx�zj j

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ðbðxÞ � bðzÞÞ fjðzÞ dz
�����
2

dydt

tnþ1þ2r

1
A
1=2

b

0
@ðy

4jx�zj j

ð
jx�yj<t; ðy�zjÞ 0 AL

2jx�zj j<jy�zj j<3jx�zj j

�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ðbðzÞ � bQj
Þ fjðzÞ dz

�����
2

dydt

tnþ1þ2r

1
A
1=2

� jbðxÞ � bQj
j

0
@ðy

4jxj

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

�
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r fjðzÞ dz

�����
�����
2
dydt

tnþ1þ2r

1
A
1=2

:¼ J1 � J2;

where L is defined by (3.7). For J1, noting that if jz� zj j < rj, then jx� zjj >
B2jz� zjj and jy� zj j > 2B2jz� zjj, by Lemma 2.1, we get

jðy� zÞ0 � ðy� zjÞ0ja 2
jz� zj j
jy� zjj

aB1:

Then by (3.8) we get Wððy� zÞ0Þb C1

log
1

B1

� �g . Since
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4jx� zjj > jy� zj j þ jz� zjjb jy� zjb jy� zjj � jz� zjj

> 2jx� zjj � jx� zjj=2 ¼ 3jx� zjj
2

and

4jx� zjj > jx� yjb jy� zjj � jx� zjj > jx� zjj;

by (3.3), (3.4), (3.6), and Hölder’s inequality, we get

J1 b
C1

log
1

B1

� �g
8<
:
ðy
4jx�zj j

ð
jx�yj<t; ðy�zjÞ 0 AL

2jx�zj j<jy�zj j<3jx�zj j

 ð
Qj

ðbðzÞ � bQj
Þð4:2Þ

� fjðzÞjy� zjr�n
wfjy�zj<tg dz

!2
dydt

tnþ1þ2r

9=
;

1=2

bC

ðy
4jx�zj j

ð
jx�yj<t; ðy�zjÞ 0 AL

2jx�zj j<jy�zj j<3jx�zj j

ð
Qj

ðbðzÞ � bQj
Þ fjðzÞ

� jy� zjr�nwfjy�zjÞ<tg dz
dydt

tnþ1þ2r

�
ðy
4jx�zj j

ð
jx�yj<t; ðy�zjÞ 0 AL

2jx�zj j<jy�zj j<3jx�zj j

dydt

tnþ1þ2r

8<
:

9=
;

�1=2

bCjx� zjj2r�n

ð
Qj

ðbðzÞ � bQj
Þ fjðzÞ

�
ð

ðy�zjÞ 0 AL
2jx�zj j<jy�zj j<3jx�zj j

ð
4jx�zj j<t; jx�yj<t

jy�zj<t

dt

tnþ1þ2r
dydz

bCjx� zjj2r�n

ð
Qj

ðbðzÞ � bQj
Þ fjðzÞ

�
ð

ðy�zjÞ 0 AL
2jx�zj j<jy�zj j<3jx�zj j

ð
4jx�zj j<t

dt

tnþ1þ2r
dydz

bCjx� zjj�n

ð
Qj

ðbðzÞ � bQj
Þ fjðzÞ dz

¼ Cjx� zjj�njQjj�1=p

ð
Qj

jbðzÞ � bQj
j dz

bCzjQjj1=p
0
jx� zjj�n:
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By (3.3) and (3.5), we have

J2 ¼ jbðxÞ � bQj
j

8<
:
ðy
4jx�zj j

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

�����
ð
Rn

�
Wðy� zÞ
jy� zjn�r wfjy�zj<tg

� Wðy� zjÞ
jy� zjjn�r wfjy�zj j<tg

�
fjðzÞ dz

�����
2

dydt

tnþ1þ2r

9=
;

1=2

a jbðxÞ � bQj
j

8<
:
ðy
4jx�zj j

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

������
ð
jy�zj<t
jy�zj j<t

�
Wðy� zÞ
jy� zjn�r

� Wðy� zjÞ
jy� zjjn�r

�
fjðzÞ dz

������
2

dydt

tnþ1þ2r

9=
;

1=2

þ jbðxÞ � bQj
j

0
B@ðy

4jx�zj j

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

�
ð
jy�zj<t
jy�zj jbt

Wðy� zÞ
jy� zjn�r fjðzÞ dz

������
������
2

dydt

tnþ1þ2r

1
CA
1=2

þ jbðxÞ � bQj
j

0
B@ðy

4jx�zj j

ð
jx�yj<t

2jx�zj j<jy�zj j<3jx�zj j

�
ð
jy�zjbt
jy�zj j<t

Wðy� zjÞ
jy� zjjn�r fjðzÞ dz

������
������
2

dydt

tnþ1þ2r

1
CA
1=2

:¼ J 1
2 þ J 2

2 þ J 3
2 :

Actually, J 2
2 ¼ J 3

2 ¼ 0 because ta jy� zjj < 3jx� zjj and t > 4jx� zjj in J 2
2 , and

ta jy� zj < 4jx� zjj and t > 4jx� zj j in J 3
2 . So, we need only to estimate J 1

2 .
By the Minkowski inequality, Lemma 2.2 for jy� zjj > 2jz� zj j, (3.3) and (3.6)
we get
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J 1
2 aCjbðxÞ � bQj

j
ð
Qj

j fjðzÞj

0
BBB@
ð
2jx�zj j<jy�zj j<3jx�zj j

ð
4jx�zj jat; jy�zj<t

jy�zj j<t; jx�yjat

ð4:3Þ

� 1

jy� zjj2ðn�rÞ
1

log
jy� zjj

rj

� �2g dtdy

tnþ1þ2r

1
CCCA
1=2

dz

aCjQjj1=p
0
jbðxÞ � bQj

j jx� zjj�n log
jx� zjj

rj

� ��g

:

By (4.1)–(4.3), we get

j½b;S r� fjðxÞjbCz
jQj j1=p

0

jx� zjjn
� C

jQj j1=p
0
jbðxÞ � bQj

j

jx� zjjn log
jx� zj j

rj

� �g :ð4:4Þ

On the other hand. Since 2t > jy� zj þ jx� yjb jx� zj; so t > 1=2jx� zj
and jx� zj j > 2jz� zjj, we get jx� zjb jx� zjj � jz� zjj > 1=2jx� zjj, then
t > jx� zjj=4. Note that n� r < n=2, then by the Minkowski inequality and
W A LyðSn�1Þ, we get

jS rððb� bQj
Þ fjÞðxÞjð4:5Þ

aC

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

ðy
0

ð
jy�zj<t; jx�yj<t

1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

 !1=2
dz

aC

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

ðy
jx�zj j=4

ð
jy�zj<t

1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

 !1=2
dz

aCjx� zjj�n

ð
Qj

jbðzÞ � bQj
j j fjðzÞj dz

aCjx� zjj�njQjj1=p
0 1

jQj j

ð
Qj

jbðzÞ � bQj
jp

0
dz

 !1=p 0 ð
Qj

j fjðzÞjp dz
 !1=p

aCjQjj1=p
0
jx� zjj�n:

Similar to the estimate of (4.5), we get

jðbðxÞ � bQj
ÞS rð fjÞðxÞjaCjx� zjj�njbðxÞ � bQj

j
ð
Qj

j fjðzÞj dzð4:6Þ

aCjx� zjj�njbðxÞ � bQj
j jQjj1=p

0
:
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From (4.5) and (4.6), we get

j½b;S r� fjðxÞjaCjQjj1=p
0
jx� zjj�n þ Cjx� zjj�njbðxÞ � bQj

j jQj j1=p
0
:ð4:7Þ

Then for h > n > B2, using (4.10) and (3.12), we get

ð
fnrj<jx�zj j<hrjg

j½b;S r� fjðxÞjp dx
 !1=p

ð4:8Þ

bCzjQjj1=p
0
ð
fnrj<jx�zj j<hrjg

1

jx� zjjnp
dx

 !1=p

� CjQjj1=p
0
ð
jx�zj j>nrj

jbðxÞ � bQj
jp

jx� zjjnp log
jx� zjj

rj

� �gp dx

0
BBB@

1
CCCA
1=p

bB14zðn�npþn � h�npþnÞ1=p � B15ðlog nÞ1�gn�nþn=p:

By (4.7), we have

ð
jx�zj j>hrj

j½b;S r� fjðxÞjp dx
 !1=p

ð4:9Þ

aCjQjj1=p
0
ð
jx�zj jbhrj

jx� zjj�np
dx

 !1=p

þ CjQjj1=p
0
ð
jx�zj jbhrj

jx� zjj�npðbðxÞ � bQj
Þ dx

 !1=p

aB16h
�nþn=p:

By (4.8) and (4.9), there exist B17, B18 and B19 satisfying B2 < B17 < B18 andð
B17rj<jx�yj j<B18rj

j½b;S r� fjjp dy
 !1=p

bB19ð4:10Þ

and ð
jx�yj j>B18rj

j½b;S r� fjjp dy
 !1=p

aB19=4:ð4:11Þ

Let EH fx : B17rj < jx� yjj < B18rjg be an arbitrary measurable set. Then by
(4.7) and the Minkowski inequality
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ð
E

j½b;S r� fjðxÞjp dx
� �1=p

ð4:12Þ

aCjQjj1=p
0
ð
E

jx� yjj�pn
dx

� �1=p
þ CjQj j1=p

0
ð
E

jbðxÞ � bQj
jp

jx� yjjnp
dx

� �1=p

aC
jEj1=p

jQj j1=p
þ 1

jQjj

ð
E

jbðxÞ � bQj
jp dx

� �1=p( )
:

Apply the same method estimating (3.20), we may getð
E

j½b;S r� fjðyÞjp dy
� �1=p

aB19=4

for every measurable set E satisfying

EH fx : B17rj < jx� yjj < B18rjg and jEj=jQj j < Bn
20:

By the above estimate and using same idea in the proof of Theorem 1, we may
show ½b;S r� is not a compact operator in LpðRnÞ. This contradiction shows that
b satisfies the condition (i) of Lemma 2.6. Similar proof states also b should
satisfy the conditions (ii) and (iii) in Lemma 2.6. Thus, b A VMOðRnÞ. Here
we omit the details of the last part proof.

4.2. The proof of Theorem 4: b A VMO ) ½b;S r� is a compact operator
in Lp

We first recall the LpðRnÞ ð1 < p < yÞ boundedness of S r and g
�;r
l , which

will be used in the proofs of Theorem 4 and 6.

Theorem L ([16]). Suppose that W A L2ðSn�1Þ satisfying (1.1), (1.2) and
(1.6). Then foe r > n=2 and l > 2, S r and g

�;r
l are both bounded in LpðRnÞ for

1 < p < y.

Let us now return to the proof of Theorem 4. Suppose that b A VMOðRnÞ.
Then by Theorem G, it su‰ces to prove that for any bounded set F in LpðRnÞ,
G ¼ f½b;S r� f : f A Fg is strongly pre-compact in LpðRnÞ. As done in proving
Theorem 2, it is reduced to to verify (3.26)–(3.28) hold uniformly in G for
b A Cy

0 ðRnÞ.
Denote D ¼ supf AFk f kp, then Theorem G tells us that (3.26) holds for G.

We first discuss (3.28). Assume suppðbÞH fz : jzj < rg for some r > 0. Thus,
for any x satisfying jxj > maxf2A; 4rg, where the constant A is fixed in (3.31),
and every f A F ,

j½b;S r� f ðxÞjð4:13Þ

¼
ðy
0

ð
jx�yj<t

ð
jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�����
�����
2
dydt

tnþ1þ2r

0
@

1
A
1=2
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¼
ðy
0

ð
jx�yj<t

ð
jy�zj<t
jzj<r

Wðy� zÞ
jy� zjn�r bðzÞ f ðzÞ dz

������
������
2

dydt

tnþ1þ2r

0
B@

1
CA
1=2

:¼ U :

For U , since 2ðn� rÞ < n and 1=2jxj < jxj � jzj < jx� zj < jx� yj þ jy� zj < 2t.
By the Minkowski inequality and W A L2ðSn�1Þ, we have

U aC

ð
jzj<r

jbðzÞj j f ðzÞj
ðy
0

ð
jy�zj<t
jx�yj<t

jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aC

ð
jzj<r

jbðzÞj j f ðzÞj
ðy
jxj=4

ð
jy�zj<t

jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

 !1=2
dz

aCjxj�n

ð
jzj<r

jbðzÞj j f ðzÞj dz

aCjxj�n

ð
jzj<r

jbðzÞjp
0
dy

 !1=p 0

k f kp

aCDjxj�n:

Applying (3.31), we haveð
jxj>2A

j½b;S r� f ðxÞjp dx
 !1=p

aCD

ð
jxj>2A

jxj�np
dx

 !1=p
aCDe:ð4:14Þ

(4.14) shows that (3.28) holds uniformly in G. Finally, to finish the proof of
Theorem 4, it remains to show (3.27) holds uniformly in G. We need to prove
that for any e > 0, if jzj is su‰ciently small, then for every f A F,

k½b;S r� f ð�Þ � ½b;S r� f ð� þ zÞkp aCe:ð4:15Þ
To do this, for any v A Rn, by the Minkowski’s inequality, we have

j½b;S r� f ðxÞ � ½b;S r� f ðxþ vÞjð4:16Þ

¼

�������
ðy
0

ð
jx�yj<t

ð
jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�����
�����
2
dydt

tnþ2rþ1

0
@

1
A
1=2

�

0
@ðy

0

ð
jxþv�yj<t

�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ðbðxþ vÞ � bðzÞÞ f ðzÞ dz
�����
2

dydt

tnþ2rþ1

1
A
1=2
�������
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a

0
@ðy

0

ð
jx�yj<t

�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�
ð
jyþv�zj<t

Wðyþ v� zÞ
jyþ v� zjn�r ðbðxþ vÞ � bðzÞÞ f ðzÞ dz

�����
2

dydt

tnþ2rþ1

:¼
ðy
0

ð
jx�yj<t

jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2
:

For any 0 < e < 1
3 and v A Rn, write Iðx; v; y; tÞ as

Iðx; v; y; tÞð4:17Þ

¼
ð

jx�zj>21=ejvj
jy�zj<t; jyþv�zjbt

Wðy� zÞ
jy� zjn�r ðbðxþ vÞ � bðzÞÞ f ðzÞ dz

þ
ð

jx�zj>21=ejvj
jy�zjbt; jyþv�zj<t

Wðyþ v� zÞ
jyþ v� zjn�r ðbðzÞ � bðxþ vÞÞ f ðzÞ dz

þ
ð

jx�zj>21=ejvj;
jy�zj<t; jyþv�zj<t

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

� �

� ðbðxþ vÞ � bðzÞÞ f ðzÞ dz

þ
ð
jx�zj>21=ejvj;

jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðxþ vÞÞ f ðzÞ dz

þ
ð
jx�zja21=ejvj;

jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

þ
ð
jx�zja21=ejvj;
jyþv�zj<t

Wðyþ v� zÞ
jyþ v� zjn�r ðbðzÞ � bðxþ vÞÞ f ðzÞ dz

:¼
X6
i¼1

Jiðx; v; y; tÞ:

First, we give the estimate for J1. By jbðxþ vÞ � bðzÞj < C and the Minkowski
inequality, we have

ðy
0

ð
jx�yj<t

jJ1ðx; v; y; tÞj2
dydt

tnþ2rþ1

( )1=2

aC

ð
jx�zj>21=ejvj

ðy
0

ð
jx�yj<t

jy�zj<t; jyþv�zjbt

jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

8<
:

9=
;

1=2

j f ðzÞj dz
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aC

ð
jx�zj>21=ejvj

ðy
0

ð
jx�yj<t; jy�zjað1=3Þjx�zj

jy�zj<t; jyþv�zjbt

jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

8<
:

9=
;

1=2

j f ðzÞj dz

þ C

ð
jx�zj>21=ejvj

ðy
0

ð
jx�yj<t; jy�zj>ð1=3Þjx�zj

jy�zj<t; jyþv�zjbt

jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

8<
:

9=
;

1=2

j f ðzÞj dz

:¼ J 1
1 þ J 2

1 :

For J 1
1 . Since jy� zja 1

3 jx� zj and

jy� zj þ jvjb jyþ v� zjb t > jx� yjb jx� zj � jy� zjb 2

3
jx� zj;

so jvjb jx� zj=3. However, jx� zj > 21=ejvj > 8jvj. Hence J 1
1 ¼ 0. For J 2

1 .
Since

jy� zj > 1

3
jx� zj > 21=e

3
jvj > 2jvj;

then by W A L2ðSn�1Þ, we get

J 2
1 aC

ð
jx�zj>21=ejvj

ð
jy�zj>ð1=3Þjx�zj

jWðy� zÞj2

jy� zj2n�2r

ð
jy�zj<t;

jyþv�zjbt

dt

t2rþnþ1
dy

8<
:

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

jvj1=2

jx� zjnþ1=2
j f ðzÞj dz:

Using the Minkowski inequality again, we get

ðy
0

ð
jx�yj<t

jJ1ðx; v; y; tÞj2
dydt

tnþ2rþ1

( )1=2
������

������
p

ð4:18Þ

aC

ð
R n

ð
jyj>21=ejvj

jvj1=2

jyjnþ1=2
j f ðx� yÞj dy

 !p

dx

( )1=p

aCk f kp
ð
jyj>21=ejvj

jvj1=2

jyjnþ1=2
dy

aC2�1=ek f kp
aCDe:

Similarly, we can get
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ðy
0

ð
jx�yj<t

jJ2ðx; v; y; tÞj2
dydt

tnþ2rþ1

( )1=2
������

������
p

aCDe:ð4:19Þ

Now let us consider J3. By the Minkowski inequality and jbðxþ vÞ � bðzÞj < C,
we have ðy

0

ð
jx�yj<t

jJ3ðx; v; y; tÞj2
dtdy

t2rþnþ1

( )1=2

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yj<t

jy�zj<t; jyþv�zj<t

���� Wðy� zÞ
jy� zjn�r

� Wðyþ v� zÞ
jyþ v� zjn�r

����
2

dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yj<t; jy�zja8jvj
jy�zj<t; jyþv�zj<t

���� Wðy� zÞ
jy� zjn�r

� Wðyþ v� zÞ
jyþ v� zjn�r

����
2

dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yj<t; jy�zj>8jvj
jy�zj<t; jyþv�zj<t

���� Wðy� zÞ
jy� zjn�r

� Wðyþ v� zÞ
jyþ v� zjn�r

����
2

dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

:¼ J 1
3 þ J 2

3 :

For J 1
3 , since 2n� 2r < n, 2t > jx� yj þ jy� zj > jx� zj, and jyþ v� zja

jy� zj þ va 9jvj. Thus by W A L2ðSn�1Þ, we get

J 1
3 aC

ð
jx�zj>21=ejvj

8<
:
ðy
1=2jx�zj

ð
jy�zj<8jvj;
jyþv�zj<9jvj

� jWðy� zÞj2

jy� zj2n�2r
þ jWðyþ v� zÞj2

jyþ v� zj2n�2r

 !
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aCjvjr�n=2

ð
jx�zj>21=ejvj

j f ðzÞj
jx� zjn=2þr

dz:

292 yanping chen and yong ding



Let us turn to J 2
3 . Note that t > jz� xj=2. Since jy� zj > 8jvj and 2r� n > 0,

by Lemma 2.2 in [13] we get

ðy
jy�zj

log
t

jvj

� �4þ2y

t2r�nþ1
dtaC

log
jy� zj
jvj

� �� �4þ2y

jy� zj2r�n
forð4:20Þ

y < minf1; ðl� 2Þn; 2r� n; s� 2g:
By (4.20) and using Lemma 2.7, we have

J 2
3 aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy
ð4:21Þ

�

0
BBB@
ð
jy�zj>8jvj

Wðy� zÞ
jy� zjn�r �

Wðvþ y� zÞ
jvþ y� zjn�r

����
����
2

�
ðy
jy�zj<t

log
t

jvj

� �4þ2y

dt

t2r�nþ1
dy

1
CCCA
1=2

dz

aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

�
ð
jy�zj>8jvj

Wðy� zÞ
jy� zjn�r �

Wðvþ y� zÞ
jvþ y� zjn�r

����
����
2 log

jy� zj
jvj

� �4þ2y

jy� zj2r�n
dy

0
BBB@

1
CCCA
1=2

dz

aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

�

0
BBB@
Xy
j¼3

ð
2 j jvjajy�zj<2 jþ1jvj

Wðy� zÞ
jy� zjn�r �

Wðvþ y� zÞ
jvþ y� zjn�r

����
����
2

�
log

jy� zj
jvj

� �4þ2y

jy� zj2r�n
dy

1
CCCA
1=2

dz
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aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

Xy
j¼3

log
2 jþ1jvj
jvj

� �2þy

ð2 jjvjÞr�n=2

�
ð
2 j jvjajy�zj<2 jþ1jvj

Wðy� zÞ
jy� zjn�r �

Wðvþ y� zÞ
jvþ y� zjn�r

����
����
2

dy

 !1=2
dz

aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

Xy
j¼3

ð j þ 1Þ2þy

ð2 jjvjÞr�n=2
ð2 jjvjÞn=2�ðn�rÞ

� jvj
2 jjvj þ

ðjvj=2 j jvj

jvj=2 jþ1jvj

o2ðdÞ
d

dd

( )
dz

aC

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy
dz:

Combining with the estimates of J 1
3 and J 2

3 , and note that r� n=2 < 0, apply the
Minkowski inequality we get

ðy
0

ð
jx�yj<t

jJ3ðx; v; y; tÞj2
dtdy

t

( )1=2
������

������
p

ð4:22Þ

aC

ð
Rn

ð
jyj>21=ejvj

j f ðx� yÞj

jyjn log
jyj
jvj

� �2þy
dy

���������

���������

p

dx

0
BBB@

1
CCCA
1=p

þ Cjvjr�n=2

ð
Rn

ð
jyj>21=ejvj

j f ðx� yÞj
jyjn=2þr

dy

�����
�����
p

dx

 !1=p

aCk f kp

0
BBB@
ð
jyj>21=ejvj

1

jyjn log
jyj
jvj

� �2þy
dy

þ jvjr�n=2

ð
jyj>21=ejvj

1

jyjn=2þr
dy

1
CCCA
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aCk f kp
ðy
21=e

1

rðlog rÞ2þy
drþ 2ðr�n=2Þ=e

 !

aCDe:

Now we give the estimate of J4:ðy
0

ð
jx�yj<t

jJ4ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2

a jbðxÞ � bðxþ vÞj
ðy
0

ð
jx�yj<t

ð
jx�zj>21=ejvj;

jy�zj<t

Wðy� zÞ
jy� zjn�r f ðzÞ dz

������
������
2

dydt

tnþ2rþ1

8<
:

9=
;

1=2

:¼ jbðxÞ � bðxþ vÞjS r

21=ejvj f ðxÞ:

We claim that

S
r

21=ejvj f ðxÞaCðMðmr
S f ÞðxÞ þ ðMðj f jqÞðxÞÞ1=q þMf ðxÞÞ; 1 < q < y;ð4:23Þ

where C is independent of v and e. In fact, let Q denote the cube center at x
and diameter r ¼ 21=ejvj=8. Moreover, f1ðxÞ ¼ fw8QðxÞ and f2ðxÞ ¼ f ðxÞ � f1ðxÞ.
Then

S
r

21=ejvj f ðxÞ ¼
1

jQj

ð
Q

jS r

21=ejvj f ðxÞj dx

a
1

jQj

ð
Q

jS rf ðxÞj dxþ 1

jQj

ð
Q

jS rf1ðxÞj dx

þ 1

jQj

ð
Q

jS rf2ðxÞ � S
r

21=ejvj f ðxÞj dx

aMðS rf ÞðxÞ þ Ið f ÞðxÞ þ IIð f ÞðxÞ:

By Theorem L, we know

Ið f ÞðxÞa C

jQj1=q
kS rf1kq a

C

jQj1=q
k f1kq aCðMðj f jqÞðxÞÞ1=q:

Finally, let us give the estimate of II . Let x A Q, by the Minkowski inequality,
we have

jS rf2ðxÞ � S
r

21=ejvj f ðxÞjð4:24Þ

¼

�������
ðy
0

ð
jx�yj<t

ð
jx�xþy�zj<t

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

�����
�����
2
dydt

tnþ2rþ1

8<
:

9=
;

1=2
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�
ðy
0

ð
jx�yj<t

ð
jy�zj<t

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

�����
�����
2
dydt

tnþ2rþ1

8<
:

9=
;

1=2
�������

a

ðy
0

ð
jx�yj<t

ð
jy�zj<t;

jx�xþy�zjbt

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

������
������
2

dydt

tnþ2rþ1

8<
:

9=
;
1=2

þ
ðy
0

ð
jx�yj<t

ð
jx�xþy�zj<t;

jy�zjbt

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

������
������
2

dydt

tnþ2rþ1

8<
:

9=
;
1=2

þ

8><
>:
ðy
0

8<
:
ðy
0

ð
jx�yj<t

������
ð

jy�zj<t;
jx�xþy�zj<t

Wðy� zÞ
jy� zjn�r �

Wðx� xþ y� zÞ
jx� xþ y� zjn�r

� �

� f2ðzÞ dz

������
2

dydt

tnþ2rþ1

9=
;
1=2

:¼ G1 þ G2 þ G3:

Similar to the proof of J 1
1 and J 2

1 , we get

G1 aC

ð
R n

r1=2

jx� zjnþ1=2
f2ðzÞ dzaCr1=2

Xy
k¼3

ð
2kþ1Qn2kQ

j f ðzÞj
jx� zjnþ1=2

dyaCMf ðxÞ:

Similarly, G2 aCMf ðxÞ. For G3 we have

G3 aCrr�n=2

ð
R n

j f2ðzÞj
jx� zjn=2þr

dzþ C

ð
R n

j f2ðzÞj

jz� xjn log
jz� xj

r

� �2þy
dz

aCrr�n=2
Xy
k¼3

ð
2kþ1Qn2kQ

j f ðzÞj
jx� zjn=2þr

dz

þ
Xy
k¼3

ð
2kþ1Qn2kQ

j f ðzÞj

jx� zjn log
jz� xj

r

� �2þy
dz

aCMf ðxÞ þ
Xy
k¼3

1

k2þy

ð
2kþ1Qn2kQ

j f ðzÞj
jx� zjn dz

aCMf ðxÞ:
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By the the estimates of G1, G2 and G3 above, we get II aCMf ðxÞ. Summing
up I , II , we get (4.23). Now we may give the estimate of J4. Since b A Cy

0 , we
have jbðxÞ � bðxþ vÞjaCjvj. Then apply (4.23) for 1 < q < p, Theorem L and
the Lp ðp > 1Þ boundedness of M and Mq, we get

ðy
0

ð
jx�yj<t

jJ4ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2������
������
p

aCjvj k f kp aCDjvj:ð4:25Þ

About J5, since jbðxÞ � bðzÞjaCjx� zj, t >
jx� zj

2
, 2n� 2r < n and W A

L2ðSn�1Þ, by the Minkowski inequality, we get

ðy
0

ð
jx�yj<t

jJ5ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2

aC

ð
jx�zja21=ejvj

ðy
0

ð
jx�yj<t; jy�zj<t

jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

( )1=2

jx� zj j f ðzÞj dz

a

ð
jx�zja21=ejvj

ðy
ð1=2Þjx�zj

ð
jy�zj<t

jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

( )1=2

jx� zj j f ðzÞj dz

a

ð
jx�zja21=ejvj

ðy
ð1=2Þjx�zj

dt

t2nþ1

( )1=2

jx� zj j f ðzÞj dz

a

ð
jx�zja21=ejvj

j f ðzÞj
jx� zjn�1

dz:

Then we get

ðy
0

ð
jx�yj<t

jJ5ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2������
������
p

aCD21=ejvj:ð4:26Þ

Similar to the estimate of J5, using the estimate jbðxþ vÞ � bðzÞjaCjxþ v� zj,
and 2t > jx� yj þ jyþ v� zjb jxþ v� zj we haveðy

0

ð
jx�yj<t

jJ6ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2
aC

ð
jx�zja21=ejvj

j f ðzÞj
jxþ v� zjn�1

dz:

Then we get

ðy
0

ð
jx�yj<t

jJ6ðx; v; y; tÞj2
dydt

tnþ2rþ1

 !1=2������
������
p

aCDð21=ejvj þ jvjÞ:ð4:27Þ
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In (4.16)–(4.19), (4.22), (4.25)–(4.27), taking jvj su‰ciently small depending on e,
we can get

lim
jvj!0

k½b;S r� f ðxÞ � ½b;S r� f ðxþ vÞkp ¼ 0 uniformly in f A F:

Thus we complete the proof of Theorem 4.

5. The compactness of commutator ½b; g�;rl �

5.1. The proof of Theorem 5: ½b; g�;rl � is a compact operator in
Lp ) b A VMO

By Theorem H, ½b; g�;rl � is a compact operator implies b A BMOðRnÞ. We
need to verify b to satisfy the conditions (i), (ii) and (iii) in Lemma 2.6. Suppose
that kbkBMO ¼ 1 and b does not satisfy (i) of Lemma 2.6. Then there exist a
z > 0 and a sequence of cubes fQjgyj¼1, where Qj ¼ Qjðzj; rjÞ, such that limj!y rj
¼ 0 and (3.1) holds for every j. As done above, we will show f½b; g�;rl � fjgyj¼1 is
not a compact set in LpðRnÞ with the sequence f fjgyj¼1 defined in (3.2). With
some estimates given above, we give the main idea of the proof here.

Note that ½b;S r� fjðxÞa 2ln½b; g�;rl � fjðxÞ, hence for x A ðB2QjÞc where B2 ¼
3B�1

1 þ 1, by (4.4), we get

j½b; g�;rl � fjðxÞjbCz
jQj j1=p

0

jx� zjjn
� C

jQjj1=p
0
jbðxÞ � bQj

j

jx� zjjn log
jx� zjj

rj

� �g :ð5:1Þ

On the other hand, for x A ðB2QjÞc, we have

g
�;r
l ððb� bQj

Þ fjÞðxÞð5:2Þ

a

0
@ðy

0

ð
jx�yj<t

t

tþ jx� yj

� �ln����� 1tr
ð
jy�zjat

Wðy� zÞ
jy� zjn�r

� ðbðzÞ � bQj
Þ fjðzÞ dz

�����
2
dydt

tnþ1

1
A
1=2

þ

0
@ðy

0

ð
jx�yjbt

t

tþ jx� yj

� �ln����� 1tr
ð
jy�zjat

Wðy� zÞ
jy� zjn�r

� ðbðzÞ � bQj
Þ fjðzÞ dz

�����
2
dydt

tnþ1

1
A
1=2

:¼ K1 þ K2:
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Since
t

tþ jx� yj

� �ln
a 1, then K1 aS rððb� bQj

Þ fjÞðxÞ, and by (4.5), we get

K1 aCjQjj1=p
0
jx� zjj�n:ð5:3Þ

Since W A LyðSn�1Þ, the Minkowsky inequality yields

K2 a

0
@ðy

0

ð
jx�yjbt

t

tþ jx� yj

� �ln����� 1tr
ð
jy�zjat

Wðy� zÞ
jy� zjn�rð5:4Þ

� ðbðzÞ � bQj
Þ fjðzÞ dz

�����
2
dydt

tnþ1

1
A
1=2

aC

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt

t

tþ jx� yj

� �ln
1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

 !1=2
dz

aC

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zjbð1=2Þjx�zj

t

tþ jx� yj

� �ln
1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

þ C

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zj<ð1=2Þjx�zj

t

tþ jx� yj

� �ln 1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

:¼ K 1
2 þ K 2

2

For K 1
2 . Since jx� zj j > 2jz� zjj, we get jx� zjb jx� zjj � jz� zjj > 1

2 jx� zjj.
Thus

t > jy� zj > 1

2
jx� zj > 1

4
jx� zjj:

Note that
t

tþ jx� yj

� �ln
< 1, we get
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K 1
2 a

ð
Qj

jbðzÞ � bQj
j j fjðzÞjð5:5Þ

�
ðy
ð1=4Þjx�zj j

ð
jy�zj<t

jy�zjbð1=4Þjx�zj j

1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aCjx� zjj�nþr

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

ðy
ð1=4Þjx�zj j

dt

t1þ2r

 !1=2

dz

aCjx� zjj�njQjj1=p
0 1

jQjj

ð
Qj

jbðzÞ � bQj
jp

0
dz

 !1=p 0 ð
Qj

j fjðzÞjp dz
 !1=p

aCjQj j1=p
0
jx� zj j�n:

Let us turn to K 2
2 . Since jy� zj < 1

2 jz� xj, we get

jx� yjb jx� zj � jy� zj > 1

2
jx� zj and

ta jx� yja jx� zj þ jy� zj < 3

2
jx� zj:

But 1
2 jx� zjja jx� zja 3

2 jx� zjj; then

t <
9

4
jx� zjj; jx� yjb 1

4
jx� zjj and jy� zj < 3

4
jx� zjj:

Then we get

K 2
2 a

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

0
@ð ð9=4Þjx�zj j

0

ð
jy�zj<ð3=4Þjx�zj j; jy�zj<t

jx�yjbð1=4Þjx�zj j

t2nþy

jx� yj2nþy
ð5:6Þ

� 1

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

1
A
1=2

dz

aCjx� zjj�n�y=2

ð
Qj

jbðzÞ � bQj
j j fjðzÞj

�
ð ð9=4Þjx�zj j

0

ð
jy�zj<ð3=4Þjx�zj j

1

jy� zjðn�y=2Þ
dydt

t1�y=2

 !1=2
dz

aCjx� zjj�njQjj1=p
0 1

jQjj

ð
Qj

jbðzÞ � bQj
jp

0
dz

 !1=p 0 ð
Qj

j fjðzÞjp dz
 !1=p

aCjQj j1=p
0
jx� zj j�n;
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where y is defined in (4.20). By (5.3), (5.4), (5.5) and (5.6), we get

jg�;rl ððb� bQj
Þ fjÞðxÞjaCjQjj1=p

0
jx� zjj�n:ð5:7Þ

Since

jbðxÞ � bQj
jg�;rl ð fjÞðxÞð5:8Þ

a jbðxÞ � bQj
j

0
@ðy

0

ð
jx�yj<t

t

tþ jx� yj

� �ln

� 1

tr

ð
jy�zjat

Wðy� zÞ
jy� zjn�r fjðzÞ dz

�����
�����
2
dydt

tnþ1

1
A
1=2

þ jbðxÞ � bQj
j

0
@ðy

0

ð
jx�yjbt

t

tþ jx� yj

� �ln

� 1

tr

ð
jy�zjat

Wðy� zÞ
jy� zjn�r fjðzÞ dz

�����
�����
2
dydt

tnþ1

1
A
1=2

:¼ F1 þ F2:

Since
t

tþ jx� yj

� �ln
a 1, then F1 a jbðxÞ � bQj

jS rð fjÞðxÞ, and by (4.6), we get

F1 aCjQjj1=p
0
jbðxÞ � bQj

j jx� zjj�n:ð5:9Þ

Similar to the estimate of K2;

F2 aCjx� zjj�njbðxÞ � bQj
j
ð
Qj

j fjðzÞj dzaCjx� zjj�njbðxÞ � bQj
j jQjj1=p

0
:ð5:10Þ

By (5.8), (5.9) and (5.10), we have

jðbðxÞ � bQj
Þg�;rl fjðxÞjaCjx� zjj�njbðxÞ � bQj

j jQj j1=p
0
:ð5:11Þ

By (5.7) and (5.11), we get

j½b; g�;rl � fjðxÞjaCjQj j1=p
0
jx� zjj�n þ Cjx� zjj�njbðxÞ � bQj

j jQj j1=p
0
:ð5:12Þ
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Thus, by the estimates of (5.1) and (5.12) and using the method of proving
Theorem 4, we can show f½b; g�;rl � fjgyj¼1 is not a compact set in LpðRnÞ with
f fjgyj¼1 chosen in (3.2). So, b must satisfy Lemma 2.6 (i). Similarly, we can
state that b satisfies also (ii) and (iii) of Lemma 2.6. Hence b A VMOðRnÞ:

5.2. The proof of Theorem 6: b A VMO ) ½b; g�;rl � is a compact operator
in Lp

Suppose that b A VMOðRnÞ, then by Theorem G, the commutator ½b; g�;rl � is
bounded on LpðRnÞ. We need to prove that for any bounded set F in LpðRnÞ,
G ¼ f½b; g�;rl � f : f A Fg is strongly pre-compact in LpðRnÞ. Notice that

j½b; g�;rl � f ðxÞ � ½b e; g�;rl � f ðxÞjð5:13Þ

a

0
@ðy

0

ð
R n

t

tþ jx� yj

� �ln�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ½ðbðxÞ � beðxÞÞ � ðbðzÞ � beðzÞÞ� f ðzÞ dz
�����
2

dydt

tnþ1þ2r

1
A
1=2

:

Thus, if be A Cy
0 such that kb� b ek� < e, then

k½b; g�;rl � � ½be; g�;rl �kL p 7!L p a k½b� be; g�;rl �kL p 7!L p < Ceð5:14Þ

by Theorem G. Hence, to prove Theorem 6 it su‰ces to state that G is strongly
pre-compact in LpðRnÞ for b A Cy

0 . By Theorem I in §3.2, we need only to verify
(3.26)–(3.28) hold uniformly in G.

Denote supf AFk f kp ¼ D, then (3.26) can be obtained from Theorem G.
We now discuss (3.28). Assume suppðbÞH fz : jzj < rg for some r > 0, for any x
satisfying jxj > maxf2A; 4rg and every f A F, where the constant A is fixed by
(3.31), we have

j½b; g�;rl � f ðxÞj ¼
ðy
0

ð
R n

t

tþ jx� yj

� �ln ð
jy�zj<t
jzj<r

Wðy� zÞ
jy� zjn�r bðzÞ f ðzÞ dz

������
������
2

dydt

tnþ1þ2r

0
B@

1
CA
1=2

¼

0
B@ðy

0

ð
jx�yj<t

t

tþ jx� yj

� �ln

�
ð
jy�zj<t
jzj<r

Wðy� zÞ
jy� zjn�r bðzÞ f ðzÞ dz

������
������
2

dydt

tnþ1þ2r

1
CA
1=2

302 yanping chen and yong ding



þ

0
B@ðy

0

ð
jx�yjbt

t

tþ jx� yj

� �ln

�
ð
jy�zj<t
jzj<r

Wðy� zÞ
jy� zjn�r bðzÞ f ðzÞ dz

������
������
2

dydt

tnþ1þ2r

1
CA
1=2

:¼ P1 þ P2

Since
t

tþ jx� yj

� �ln
a 1, then P1 aU , where U is defined in (4.13). We

therefore get

P1 aCjxj�nk f kp aCDjxj�n:ð5:15Þ

On the other hand, then by the Minkowski inequality, we get

P2 aC

ð
jzj<r

jbðzÞj j f ðzÞjð5:16Þ

�
ðy
0

ð
jy�zj<t; jx�yjbt

t

tþ jx� yj

� �ln jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

 !1=2
dz

aC

ð
jzj<r

jbðzÞj j f ðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zjbð1=2Þjx�zj

t

tþ jx� yj

� �ln jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

þ C

ð
jzj<r

jbðzÞj j f ðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zj<ð1=2Þjx�zj

t

tþ jx� yj

� �ln jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

:¼ P1
2 þ P2

2

For P1
2 . Since jxj > 2jzj, we get jx� zjb jxj � jzj > 1=2jxj. Thus t > jy� zj >

1
2 jx� zj > 1

4 jxj. Note that
t

tþ jx� yj

� �ln
< 1, and W A L2ðSn�1Þ, we have
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P1
2 a

ð
jzj<r

jbðzÞj j f ðzÞj
ðy
ð1=4Þjxj

ð
jy�zj<t

jy�zjbð1=4Þjxj

jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dzð5:17Þ

aCjxj�nþr

ð
jzj<r

jbðzÞj j f ðzÞj
ðy
ð1=4Þjxj

ð
jy�zj<t

jWðy� zÞj2 dy dt

tnþ1þ2r

 !1=2
dz

aCjxj�nþr

ð
jzj<r

jbðzÞj j f ðzÞj
ðy
ð1=4Þjxj

dt

t1þ2r

 !1=2
dz

aCjxj�n

ð
jzj<r

jbðzÞjp
0
dz

 !1=p 0

k f kp

aCDjxj�n:

Let us turn to P2
2 . Since jy� zj < 1

2 jz� xj, we get

jx� yjb jx� zj � jy� zj > 1

2
jx� zj and

ta jx� yja jx� zj þ jy� zj < 3

2
jx� zj:

By 1
2 jxja jx� zja 3

2 jxj; then

t <
4

9
jxj; jx� yjb 1

4
jxj and jy� zj < 3

4
jxj:

Then by W A L2ðSn�1Þ, we get

P2
2 a

ð
jzj<r

jbðzÞj j f ðzÞjð5:18Þ

�
ð ð9=4Þjxj
0

ð
jy�zj<ð3=4Þjxj; jy�zj<t

jx�yjbð1=4Þjxj

t2nþy

jx� yj2nþy

jWðy� zÞj
jy� zj2ðn�rÞ

dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aCjxj�n�y=2

ð
jzj<r

jbðzÞj j f ðzÞj

�
ð ð9=4Þjxj
0

ð
jy�zj<ð3=4Þjxj

jWðy� zÞj
jy� zjðn�y=2Þ

dydt

t1�y=2

 !1=2
dz

aCDjxj�n:

where y is defined in (4.20). From (5.15)–(5.18) and applying (3.31), we obtain
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ð
jxj>B

j½b; g�;rl � f ðxÞjp dx
 !1=p

aCDe:ð5:19Þ

(5.19) shows that (3.28) holds uniformly in G. Finally, let us to show (3.27)
holds uniformly in G. We need to prove that for any e > 0, if jzj is su‰ciently
small, then for every f A F,

k½b; g�;rl � f ð�Þ � ½b; g�;rl � f ð� þ zÞkp aCe:

To do this, for any v A Rn, by the Minkowski’s inequality, we have

j½b; g�;rl � f ðxÞ � ½b; g�;rl � f ðxþ vÞjð5:20Þ

¼

�������
0
@ðy

0

ð
R n

t

tþ jx� yj

� �ln�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ðbðxÞ � bðzÞÞ f ðzÞ dz
�����
2

dydt

tnþ2rþ1

1
A
1=2

�

0
@ðy

0

ð
R n

t

tþ jxþ v� yj

� �ln�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r

� ðbðxþ vÞ � bðzÞÞ f ðzÞ dz
�����
2

dydt

tnþ2rþ1

1
A
1=2
�������

a

0
@ðy

0

ð
R n

t

tþ jx� yj

� �ln�����
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r ðbðxÞ � bðzÞÞ f ðzÞ dz

�
ð
jyþv�zj<t

Wðyþ v� zÞ
jyþ v� zjn�r ðbðxþ vÞ � bðzÞÞ f ðzÞ dz

�����
2

dydt

tnþ2rþ1

1
A
1=2

¼
ðy
0

ð
R n

t

tþ jx� yj

� �ln
jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2

a

ðy
0

ð
jx�yj<t

t

tþ jx� yj

� �ln
jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2

þ
ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2

:¼ T1 þ T2:
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where Iðx; v; y; tÞ is defined in (4.16). Since
t

tþ jx� yj

� �ln
a 1, then

T1 a

ðy
0

ð
jx�yj<t

jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2

:

From (4.17) to (4.26), we know that

kT1kp a
ðy
0

ð
jx�yj<t

jIðx; v; y; tÞj2 dydt

tnþ2rþ1

 !1=2������
������
p

aCDe:ð5:21Þ

Now we estimate T2. Decompose Iðx; v; y; tÞ as Iðx; v; y; tÞ :¼
P6

i¼1 Jiðx; v; y; tÞ,
where Ji, i ¼ 1; . . . ; 6 is defined in (4.17). Thus

kT2kp a
X6
j¼1

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJjðx; v; y; tÞj2

dydt

tnþ2rþ1

( )1=2
������

������
p

ð5:22Þ

:¼
X6
j¼1

kT j
2 kp:

Below we give the estimates of T
j
2 for 1a ja 6. Since jbðxþ vÞ � bðzÞj < C

and the Minkowski inequality, we have

T 1
2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt

jy�zj<t; jyþv�zjbt

t

tþ jx� yj

� �ln
ð5:23Þ

� jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zja2jvj
jy�zj<t; jyþv�zjbt

t

tþ jx� yj

� �ln

� jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz
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þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>2jvj
jy�zj<t; jyþv�zjbt

t

tþ jx� yj

� �ln

� jWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

:¼ O1 þO2:

For O1. Since jy� zja 2jvj, then

ta jy� zþ vja jy� zj þ jvja 3 � 2�1=ejx� zja jx� zj;

and jx� yj > jx� zj � jy� zj > jx� zj
2

, then by W A L2ðSn�1Þ, we get

O1 a

ð
jx�zj>21=ejvj

j f ðzÞjð5:24Þ

�
ðjx�zj

0

ð
jy�zj<2jvj; jy�zj<t
jx�yjbð1=2Þjx�zj

t2nþy

jx� yj2nþy

jWðy� zÞj
jy� zj2ðn�rÞ

dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

�
ðjx�zj

0

ð
jy�zj<2jvj

jWðy� zÞj2

jy� zjðn�y=2Þ
dydt

t1�y=2

 !1=2

dz

aC

ð
jx�zj>21=ejvj

jvjy=4

jx� zjnþy=4
j f ðzÞj dz;

where y is defined in (4.20). On the other hand, if denote

E1 ¼
�
y A Rn : jx� yjb t; jy� zj > 2jvj; jy� zja 1

2
jx� zj; jy� zj < t;

jyþ v� zjb t

�

and

E2 ¼
�
y A Rn : jx� yjb t; jy� zj > 2jvj; jy� zj > 1

2
jx� zj; jy� zj < t;

jyþ v� zjb t

�
;
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then

O2 a

ð
jx�zj>21=ejvj

ðy
0

ð
E1

t

tþ jx� yj

� �lnjWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

( )1=2

j f ðzÞj dz

þ
ð
jx�zj>21=ejvj

ðy
0

ð
E2

t

tþ jx� yj

� �lnjWðy� zÞj2

jy� zj2n�2r

dydt

tnþ2rþ1

( )1=2

j f ðzÞj dz

:¼ O2;1 þO2;2:

For O2;1. Since jy� zj > 2jvj and jy� zja 1
2 jx� zj, then

t < jy� zþ vja jy� zj þ jvja 3jy� zj
2

and

jx� yj > jx� zj � jy� zj > 1

2
jx� zj:

Then by W A L2ðSn�1Þ and the choice of y in (4.20), we get

O2;1 a

ð
jx�zj>21=ejvj

j f ðzÞj

0
@ðð

tajy�zþvj; jy�zj<t; jy�zj>2jvj; ta3jy�zj=2
jx�yjbð1=2Þjx�zj; jy�zj<ð1=2Þjx�zj

t2nþy

jx� yj2nþy
ð5:25Þ

� jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

0
@ð

2jvj<jy�zj<ð1=2Þjx�zj

jWðy� zÞj2

jy� zjð�y�2rÞ

�
ð

t>jy�zj
tajy�zþvj

dt

tnþ1þ2r
dy

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

�
ð
2jvj<jy�zj<ð1=2Þjx�zj

jWðy� zÞj2jvj
jy� zjðnþ1�yÞ dy

 !1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj jvjy=4

�
ð
jy�zj<ð1=2Þjx�zj

jWðy� zÞj2

jy� zjðn�y=2Þ dy

 !1=2

dz

aC

ð
jx�zj>21=ejvj

jvjy=4

jx� zjnþy=4
j f ðzÞj dz:
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For O2;2. Since jy� zj > 1
2 jx� zj and

t

tþ jx� yj

� �ln
a 1, we have

O2;2 a

ð
jx�zj>21=ejvj

8<
:
ð
jy�zj>ð1=2Þjx�zj

jWðy� zÞj2

jy� zj2n�2r
ð5:26Þ

�
ð

jy�zj>2jvj;
jy�zj<t; jyþv�zjbt

dt

tnþ2rþ1
dy

9=
;

1=2

j f ðzÞj dz

a

ð
jx�zj>21=ejvj

jvj
ð
jy�zj>ð1=2Þjx�zj

jWðy� zÞj2

jy� zj3nþ1
dy

( )1=2

j f ðzÞj dz

a

ð
jx�zj>21=ejvj

jvj1=2

jx� zjnþ1=2
j f ðzÞj dz:

From the estimates of O1, O2;1 and O2;2, we obtain

kT 1
2 kp aC

ð
R n

ð
jyj>21=ejvj

jvj1=2

jyjnþ1=2
j f ðx� yÞj dy

 !p

dx

( )1=p

ð5:27Þ

þ
ð
R n

ð
jyj>21=ejvj

jvjy=4

jyjnþy=4
j f ðx� yÞj dy

 !p

dx

( )1=p

aCk f kp
ð
jyj>21=ejvj

jvj1=2

jyjnþ1=2
dyþ

ð
jyj>21=ejvj

jvjy=4

jyjnþy=4
dy

 !

aCDe:

Regarding T 2
2 . Since jbðxþ vÞ � bðzÞj < C and by the Minkowski inequality, we

have

T 2
2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt

jy�zjbt; jyþv�zj<t

t

tþ jx� yj

� �ln

� jWðyþ v� zÞj2

jyþ v� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zja2jvj
jy�zjbt; jyþv�zj<t

t

tþ jx� yj

� �ln

� jWðyþ v� zÞj2

jyþ v� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz
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þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>2jvj
jy�zjbt; jyþv�zj<t

t

tþ jx� yj

� �ln

� jWðyþ v� zÞj2

jyþ v� zj2n�2r

dydt

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

:¼ R1 þ R2:

For R1. Since jy� zja 2jvj, then

ta jy� zja 2 � 2�1=ejx� zja jx� zj and jx� yj > jx� zj � jy� zj > jx� zj
2

:

By W A L2ðSn�1Þ, we get

R1 a

ð
jx�zj>21=ejvj

j f ðzÞjð5:28Þ

�
ðjx�zj

0

ð
jy�zj<2jvj; jyþv�zj<t
jx�yjbð1=2Þjx�zj

t2nþy

jx� yj2nþy

jWðyþ v� zÞj
jyþ v� zj2ðn�rÞ

dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

�
ðjx�zj

0

ð
jyþv�zj<3jvj

jWðyþ v� zÞj2

jyþ v� zjðn�y=2Þ
dydt

t1�y=2

 !1=2
dz

aC

ð
jx�zj>21=ejvj

jvjy=4

jx� zjnþy=4
j f ðzÞj dz:

On the other hand for R2, denote

F1 ¼
�
y A Rn : jx� yjb t; jy� zj > 2jvj; jyþ v� zja 1

2
jx� zj; jy� zjb t;

jyþ v� zj < t

�

and

F2 ¼
�
y A Rn : jx� yjb t; jy� zj > 2jvj; jyþ v� zj > 1

2
jx� zj; jy� zjb t;

jyþ v� zj < tg:

Then
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R2 a

ð
jx�zj>21=ejvj

ðy
0

ð
F1

t

tþ jx� yj

� �lnjWðyþ v� zÞj2

jyþ v� zj2n�2r

dydt

tnþ2rþ1

( )1=2

j f ðzÞj dz

þ
ð
jx�zj>21=ejvj

ðy
0

ð
F2

t

tþ jx� yj

� �lnjWðyþ v� zÞj2

jyþ v� zj2n�2r

dydt

tnþ2rþ1

( )1=2

j f ðzÞj dz

:¼ R2;1 þ R2;2:

For R2;1, Since jy� zj > 2jvj and jyþ v� zja 1
2 jx� zj, then

jy� zj < jyþ v� zj þ jvj < 3

4
jx� zj and jx� yj > jx� zj � jy� zj > 1

4
jx� zj:

By W A L2ðSn�1Þ, we get

R2;1 a

ð
jx�zj>21=ejvj

j f ðzÞjð5:29Þ

�

0
@ðð

jy�zþvj<t; jy�zjbt; jy�zj>2jvj
jx�yjbð1=4Þjx�zj; jyþv�zj<ð1=2Þjx�zj; t<ð3=2Þjy�zþvj

t2nþy

jx� yj2nþy

� jWðyþ v� zÞj
jyþ v� zj2ðn�rÞ

dydt

tnþ1þ2r

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

�
ð
jvj<jyþv�zj<ð1=2Þjx�zj

jWðyþ v� zÞj2

jyþ v� zjð�y�2rÞ

ð
t<jy�zj

tbjy�zþvj

dt

tnþ1þ2r
dy

0
@

1
A
1=2

dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj

�
ð
jvj<jyþv�zj<ð1=2Þjx�zj

jWðyþ v� zÞj2jvj
jyþ v� zjðnþ1�yÞ dy

 !1=2
dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2j f ðzÞj jvjy=4

�
ð
jyþv�zj<ð1=2Þjx�zj

jWðyþ v� zÞj2

jyþ v� zjðn�y=2Þ dy

 !1=2

dz

aC

ð
jx�zj>21=ejvj

jvjy=4

jx� zjnþy=4
j f ðzÞj dz:
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For R2;2. Since jyþ v� zj > 1
2 jx� zj, and

t

tþ jx� yj

� �ln
a 1, we get

R2;2 a

ð
jx�zj>21=ejvj

8<
:
ð
jyþv�zj>ð1=2Þjx�zj

jWðyþ v� zÞj2

jyþ v� zj2n�2r
ð5:30Þ

�
ð

jy�zj>2jvj;
jy�zjbt; jyþv�zj<t

dt

tnþ2rþ1
dy

9=
;

1=2

j f ðzÞj dz

a

ð
jx�zj>21=ejvj

jvj
ð
jyþv�zj>ð1=2Þjx�zj

jWðyþ v� zÞj2

jyþ v� zj3nþ1
dy

( )1=2

j f ðzÞj dz

a

ð
jx�zj>21=ejvj

jvj1=2

jx� zjnþ1=2
j f ðzÞj dz:

Similar to (5.30), we get from the estimates of R1, R2;1 and R2;2,

kT 2
2 kp ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ2ðx; v; y; tÞj2

dydt

tnþ2rþ1

( )1=2
������

������
p

aCDe:ð5:31Þ

About T 3
2 , by the Minkowski inequality and jbðxþ vÞ � bðzÞj < C, we have

T 3
2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt

jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zja8jvj
jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>8jvj
jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

:¼ W1 þW2:
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For W1, since jy� zja 8jvj, then

ta jx� yja jx� zj þ jy� zja 2jx� zj and

jx� yj > jx� zj � jy� zj > jx� zj
2

:

By W A L2ðSn�1Þ, we get

W1 aC

ð
jx�zj>21=ejvj

8<
:
ðð

jy�zj<8jvj; jyþv�zj<9jvj; jy�zj<t
jx�yjbjx�zj=2; jyþv�zj<t

t2nþy

jx� yj2nþy
ð5:32Þ

� jWðy� zÞj2

jy� zj2n�2r
þ jWðyþ v� zÞj2

jyþ v� zj2n�2r

 !
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2

�
(ð

jy�zj<8jvj; jyþv�zj<9jvj

jWðy� zÞj2

jy� zj2n�2r
þ jWðyþ v� zÞj2

jyþ v� zj2n�2r

 !

�
ð
jy�zj<t; jyþv�zj<t

dt

t2r�nþ1�y
dy

)1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2

�
ð

jy�zj<8jvj;
jyþv�zj<9jvj

jWðy� zÞj2

jy� zjn�y
þ jWðyþ v� zÞj2

jyþ v� zjn�y
dy

8<
:

9=
;

1=2

j f ðzÞj dz

aCjvjy=2
ð
jx�zj>21=ejvj

j f ðzÞj
jx� zjnþy=2

dz:

On the other hand, for W2 we get

W2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>8jvj

jy�zj>jx�zj=2; jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz
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þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>8jvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

:¼ W2;1 þW2;2:

Now for W2;1. Since jy� zj > 1
2 jx� zj, then t > 1

2 jx� zj and t

tþ jx� yj

� �ln
a 1.

Thus

W2;1 aC

ð
jx�zj>21=ejvj

(ð
jy�zj>8jvj

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2

�
ð
1=2jx�zj<t; jy�zj<t

dt

tnþ2rþ1

)1=2

dyj f ðzÞj dz

a

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

�
ð
jy�zj>8jvj

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2ð

jy�zj<t

log
t

jvj

� �4þ2y

dt

t2r�nþ1

8>>><
>>>:

9>>>=
>>>;

1=2

dydz:

Then by the process of estimating J 2
3 in (4.21), we get

W2;1 a

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy
dz:ð5:33Þ

As for W2;2, we have

W2;2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; gjvj>jy�zj>8jvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz
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þ C

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>gjvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

¼ W 1
2;2 þW 2

2;2;

where g ¼ e½ð4þ2yÞ=ðln�2nÞ�. For W 1
2;2, since jy� zja jx� zj=2, then

jy� zþ vja jy� zj þ jvja 3jx� zj=4 and

jx� yj > jx� zj � jy� zj > jx� zj=2:
Thus, we get

W 1
2;2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; gjvj>jy�zj>8jvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

t2nþy

jx� yj2nþy

� jWðy� zÞj2

jy� zj2ðn�rÞ þ
jWðyþ v� zÞj2

jyþ v� zj2ðn�rÞ

 !
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2

8<
:
ð

gjvj>jy�zj>8jvj
jy�zjajx�zj=2; jy�zþvja3jx�zj=4

jWðy� zÞj2

jy� zj2ðn�rÞ

þ jWðyþ v� zÞj2

jyþ v� zj2ðn�rÞ

ð
jy�zj<t; jyþv�zj<t

dt

t2r�nþ1�y
dy

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

jx� zj�n�y=2ðgjvjÞy=4
8<
:
ð

jy�zjajx�zj=2;
jy�zþvja3jx�zj=4

jWðy� zÞj2

jy� zjn�y=2

þ jWðyþ v� zÞj2

jyþ v� zjn�y=2
dy

9=
;

1=2

j f ðzÞj dz

aCjvjy=4
ð
jx�zj>21=ejvj

jx� zj�n�y=4j f ðzÞj dz:

Other the other hand, for W 2
2;2, since t > jy� zj > gjvj and jy� zja jx� zj=2, we

get

jx� yj > jx� zj � jy� zj > jx� zj=2:
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Hence

W 2
2;2 aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>gjvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

t

tþ jx� yj

� �ln

� Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

8<
:
ðy
0

ð
jx�yjbt; jy�zj>gjvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

tln

jx� zj2n log
jz� xj
jvj

� �4þ2y

�
log

jy� xj þ t

jvj

� �4þ2y

ðtþ jx� yjÞln�2n

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

j f ðzÞj dz

aC

ð
jx�zj>21=ejvj

j f ðzÞj

jx� zjn log
jz� xj
jvj

� �2þy

8<
:
ðy
0

ð
jx�yjbt; jy�zj>gjvj

jy�zjajx�zj=2; jy�zj<t; jyþv�zj<t

� tln
log

jy� xj þ t

jvj

� �4þ2y

ðtþ jx� yjÞln�2n

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2
dtdy

tnþ2rþ1

9=
;

1=2

dz:

Note that the function NðsÞ ¼ ðlog sÞ4þ2y

sln�2n
is decreasing when s > e½ð4þ2yÞ=ðln�2nÞ�,

where y is defined in (4.20). Then

log
jy� xj þ t

jvj

� �4þ2y

ðtþ jx� yjÞln�2n
a

log
t

jvj

� �4þ2y

tln�2n
; for t > gjvj:ð5:34Þ

So by (5.34), we have

W 2
2;2 a

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy

8>>><
>>>:
ð
jy�zj>gjvj

Wðy� zÞ
jy� zjn�r �

Wðyþ v� zÞ
jyþ v� zjn�r

����
����
2

�
ð
jy�zj<t

log
t

jvj

� �4þ2y

t2r�nþ1
dt

9>>>=
>>>;

1=2

dydz:

316 yanping chen and yong ding



Then by the estimate of (4.21), we get

W 2
2;2 a

ð
jx�zj>21=ejvj

j f ðzÞj

jz� xjn log
jz� xj
jvj

� �2þy
dz:ð5:35Þ

Combining the estimates of W1, W2;1, W 1
2;2 and W 2

2;2, we get

kT 3
2 kp aC

ð
Rn

ð
jyj>21=ejvj

j f ðx� yÞj

jyjn log
jyj
jvj

� �2þy
dy

���������

���������

p

dx

0
BBB@

1
CCCA
1=p

ð5:36Þ

þ Cjvjy=2
ð
Rn

ð
jyj>21=ejvj

j f ðx� yÞj
jyjnþy=2

dy

�����
�����
p

dx

 !1=p

þ Cjvjy=4
ð
Rn

ð
jyj>21=ejvj

j f ðx� yÞj
jyjnþy=4

dy

�����
�����
p

dx

 !1=p

aCk f kp

0
BBB@
ð
jyj>21=ejvj

1

jyjn log
jyj
jvj

� �2þy
dy

þ jvjy=2
ð
jyj>21=ejvj

1

jyjnþy=2
dyþ jvjy=4

ð
jyj>21=ejvj

1

jyjnþy=4
dy

1
CCCA

aCðe1þy þ 2�y=4e þ 2�y=2eÞk f kp aCDe:

Now we give the estimate of T 4
2 :

T 4
2 ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ4ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2

a jbðxÞ � bðxþ vÞj

�
ðy
0

ð
Rn

t

tþ jx� yj

� �ln ð
jx�zj>21=ejvj; jy�zj<t

Wðy� zÞ
jy� zjn�r f ðzÞ dz

�����
�����
2
dydt

tnþ2rþ1

8<
:

9=
;

1=2

¼ jbðxÞ � bðxþ vÞjm�;r
l;21=ejvj f ðxÞ:
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We claim the following fact:

m
�;r
l;21=ejvj f ðxÞaCðMðg�;rl f ÞðxÞ þ ðMðj f jqÞðxÞÞ1=q þMf ðxÞÞ; 1 < q < y;ð5:37Þ

where C is independent of v, e. In fact, let Q denote the cube center at x and
of diameter r ¼ 21=ejvj=8. Moreover, f1ðxÞ ¼ fw8QðxÞ and f2ðxÞ ¼ f ðxÞ � f1ðxÞ.
Then

m
�;r
l;2r f ðxÞa

1

jQj

ð
Q

jg�;rl f ðxÞj dxþ 1

jQj

ð
Q

jg�;rl f1ðxÞj dx

þ 1

jQj

ð
Q

jg�;rl f2ðxÞ � m
�;r
l;8r f ðxÞj dx

aMðg�;rl f ÞðxÞ þ I þ II :

By Theorem L in §4.2, we know

I a
C

jQj1=q
kg�;rl f1kq a

C

jQj1=q
k f1kq aCðMðj f jqÞðxÞÞ1=q:

Let x A Q, by the Minkowski inequality, we have

jg�;rl f2ðxÞ � m
�;r
l;8r f ðxÞj

a

8<
:
ðy
0

ð
R n

t

tþ jx� yj

� �ln�����
ð
jx�xþy�zj<t

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

�
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

�����
2

dydt

tnþ2rþ1

9=
;

1=2

a

8<
:
ðy
0

ð
jx�yj<t

t

tþ jx� yj

� �ln�����
ð
jx�xþy�zj<t

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

�
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

�����
2

dydt

tnþ2rþ1

9=
;

1=2

þ

8<
:
ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln�����
ð
jx�xþy�zj<t

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

�
ð
jy�zj<t

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

�����
2

dydt

tnþ2rþ1

9=
;

1=2

:¼ U1 þU2:
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Since
t

tþ jx� yj

� �ln
a 1, we know

U1 aG1 þ G2 þ G3 aMf ðxÞ:
where Gi, i ¼ 1; 2; 3 are defined in (4.24). As for U2, we have

U2 a

ðy
0

ð
jx�yjbt

ð
jy�zj<t;

jx�xþy�zjbt

Wðy� zÞ
jy� zjn�r f2ðzÞ dz

������
������
2

dydt

tnþ2rþ1

8<
:

9=
;

1=2

þ
ðy
0

ð
jx�yjbt

ð
jx�xþy�zj<t;

jy�zjbt

Wðx� xþ y� zÞ
jx� xþ y� zjn�r f2ðzÞ dz

������
������
2

dydt

tnþ2rþ1

8<
:

9=
;

1=2

þ

8><
>:
ðy
0

8<
:
ðy
0

ð
jx�yjbt

������
ð

jy�zj<t;
jx�xþy�zj<t

� Wðx� xþ y� zÞ
jx� xþ y� zjn�r �

Wðy� zÞ
jy� zjn�r

� �
f2ðzÞ dz

������
2

dydt

tnþ2rþ1

9>=
>;

1=2

:¼ U2;1 þU2;2 þU2;3:

Similar to the estimates of O1 and O2 in (5.24)–(5.26), we get

U2;1 aC

ð
Rn

r1=2

jx� zjnþ1=2
j f2ðzÞj dzþ

ð
R n

ry=4

jx� zjnþy=4
j f2ðzÞj dz

aCr1=2
ð
ð8QÞ c

j f ðzÞj
jx� zjnþ1=2

dzþ
ð
ð8QÞ c

ry=4

jx� zjnþy=4
j f ðzÞj dz

aCMf ðxÞ:

Using the same way of estimating R1 and R2 in (5.28)–(5.30), we can get

U2;2 aCMf ðxÞ:
Finally, similar to the estimates of W1 and W2 in (5.32)–(5.35), we have

U2;3 aCrnþy=2

ð
R n

j f2ðzÞj
jx� zjnþy=2

dzþ C

ð
R n

j f2ðzÞj

jz� xjn log
jz� xj

r

� �2þy
dz

þ Crnþy=4

ð
R n

j f2ðzÞj
jx� zjnþy=4

dz

aCMf ðxÞ:
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Thus II aCMf ðxÞ and (5.37) follows. Since b A Cy
0 , we have jbðxÞ � bðxþ vÞj

aCjvj. Using (5.37) for 1 < q < p, Theorem L and the Lp ðp > 1Þ boundedness
of M, we get

kT 4
2 kp ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ4ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2������
������
p

ð5:38Þ

aCjvj k f kp aCDjvj:

About T 5
2 , since jbðxÞ � bðzÞjaCjx� zj, by the Minkowski inequality

T 5
2 ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ5ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2

a

ð
jx�zja21=ejvj

jx� zj j f ðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zjbjx�zj=2

t

tþ jx� yj

� �ln jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

þ
ð
jx�zja21=ejvj

jx� zj j f ðzÞj

�
ðy
0

ð
jy�zj<t; jx�yjbt
jy�zj<jx�zj=2

t

tþ jx� yj

� �ln jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A
1=2

dz

:¼ Y1 þ Y2:

For Y1. Since t > jy� zj > 1=2jx� zj and
t

tþ jx� yj

� �ln
< 1, we get

Y1 a

ð
jx�zja21=ejvj

jx� zj j f ðzÞjð5:39Þ

�
ðy
jx�zj=2

ð
jy�zj<t

jy�zjbjx�zj=2

jWðy� zÞj
jy� zj2ðn�rÞ

dydt

tnþ1þ2r

0
@

1
A
1=2

dz

aC

ð
jx�zja21=ejvj

jx� zj1�nþrj f ðzÞj
ðy
jx�zj=2

dt

t1þ2r

 !1=2

dz

aC

ð
jx�zja21=ejvj

jx� zj1�nj f ðzÞj dz:

Let us turn to Y2. Since jy� zj < 1=2jz� xj, then

jx� yjb jx� zj � jy� zj > jx� zj=2 and

ta jx� yja jx� zj þ jy� zj < 3jx� zj=2:
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Hence

Y2 a

ð
jx�zja21=ejvj

jx� zj j f ðzÞjð5:40Þ

�
ð3=2jx�zj

0

ð
jy�zj<jx�zj=2; jy�zj<t

jx�yjbjx�zj=2

t2nþy

jx� yj2nþy

jWðy� zÞj2

jy� zj2ðn�rÞ
dydt

tnþ1þ2r

0
@

1
A

1=2

dz

aC

ð
jx�zja21=ejvj

j f ðzÞj jx� zj1�n�y=2

�
ð3jx�zj=2

0

ð
jy�zj<jx�zj=2

jWðy� zÞj
jy� zjðn�y=2Þ

dydt

t1�y=2

 !1=2
dz

aC

ð
jx�zja21=ejvj

jx� zj1�nj f ðzÞj dz

Then we get

kT 5
2 kp ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ5ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2������
������
p

ð5:41Þ

aCD21=ejvj:

Notice that jbðxþ vÞ � bðzÞjaCjxþ v� zj, similar to the estimate of T 5
2 , we

may get

T 6
2 ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ6ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2

aC

ð
jx�zja21=ejvj

j f ðzÞj
jxþ v� zjn�1

dz:

Then we get

kT 6
2 kp ¼

ðy
0

ð
jx�yjbt

t

tþ jx� yj

� �ln
jJ6ðx; v; y; tÞj2

dydt

tnþ2rþ1

 !1=2������
������
p

ð5:42Þ

aCDð21=ejvj þ jvjÞ:

From (5.20), (5.21) and the estimates of T
j
2 , we get

lim
jvj!0

k½b; g�;rl � f ðxÞ � ½b; g�;rl � f ðxþ vÞkp ¼ 0 uniformly in f A F:

Thus we show that (3.28) holds and complete the proof of Theorem 6.

321commutators for littlewood-paley operators



References

[ 1 ] A. AL-Salman, H. AL-Qassem, L. Cheng and Y. Pan, Lp bounds for the function of

Marcinkiewicz, Math. Res. Lett. 9 (2002), 697–700.

[ 2 ] F. Beatrous and S.-Y. Li, Boundedness and compactness of operators of Hankel type, J.

Funct. Anal. 111 (1993), 350–379.

[ 3 ] A. Benedek, A. Calderón and R. Panzones, Convolution operators on Banach space valued

functions, Proc. Nat. Acad. Sci. U.S.A. 48 (1962), 356–365.

[ 4 ] M. S. Berger, Nonlinearity and functional ananysis, Academic Press, New York, 1977, 64–

107.

[ 5 ] R. Coifman, R. Rocherberg and G. Weiss, Factorization theorems for Hardy spaces in

several valuables, Ann. of Math. 103 (1976), 611–636.

[ 6 ] S. Chang, J. Wilson and T. Wolff, Some weighted norm inequalities concerning the

Schödinger operators, Comment. Math. Helvetici, 60 (1985), 217–246.

[ 7 ] Y. Chen and Y. Ding, Commutators of Littlewood-Paley operators, preprint.

[ 8 ] F. Chiarenza, M. Frasca and P. Longo, Interior W 2; p estimates for nondivergence elliptic

equations with discontinuous coe‰ciens, Ric. Math. XL (1991), 149–168.

[ 9 ] Y. Ding, A note on end properties of Marcinkiewicz integral, J. Korean Math. Soc. 42

(2005), 1087–1100.

[10] Y. Ding, D. Fan and Y. Pan, Weighted boundedness for a class of rough Marcinkiewicz

integrals, Indiana Univ. Math. J. 48 (1999), 1037–1055.

[11] Y. Ding, D. Fan and Y. Pan, Lp boundedness of Marcinkiewicz integrals with Hardy space

function kernels, Acta Math. Sinica (English series) 16 (2000), 593–600.

[12] Y. Ding and S. Lu, Homogeneous fractional integrals on Hardy spaces, Tôhoku Math. J. 52
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[23] L. Hörmander, Estimates for translation invariant operators in Lp spaces, Acta Math. 104

(1960), 93–140.

322 yanping chen and yong ding



[24] S. Janson, Mean oscillation and commutators of singular integral operators, Ark. Mat. 16

(1978), 263–270.

[25] M. Lacey, E. Terwilleger and B. Wick, Remarks on product VMO, Proc. Amer. Math.

Soc. 134 (2006), 465–474.

[26] M. Sakamoto and K. Yabuta, Boundedness of Marcinkiewicz functions, Studia Math. 135

(1999), 103–142.

[27] E. M. Stein, On the function of Littlewood-Paley, Lusin and Marcinkiewicz, Trans. Amer.

Math. Soc. 88 (1958), 430–466.

[28] E. M. Stein, Singular integrals and di¤erentiability properties of functions, Princeton Univ.

Press. Princeton, N.J. 1970.

[29] E. M. Stein, Topic in harmonic analysis, related to the Littlewood-Paley theory, Princeton

Univ. Press. Princeton, N.J. 1970.

[30] E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton

University Press, Princeton, N.J. 1971.

[31] E. M. Stein, The development of square functions in the work of A. Zygmund, Bull. Amer.

Math. Soc. (N.S.) 7 (1982), 359–376.

[32] E. M. Stein, Harmonic analysis, real-variable methods, orthogonality, and oscillatory inte-

grals, Princeton University Press, Princeton, 1993, 10–14.

[33] A. Torchinsky and S. L. Wang, A note on the Marcinkiewicz integral, Colloq. Math. 60/61

(1990), 235–243.

[34] A. Uchiyama, On the compactness of operators of Hankel type, Tôhoku Math. J. 30 (1978),
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