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Ln=2-PINCHING THEOREM FOR SUBMANIFOLDS IN A SPHERE

Huiqun Xu

Abstract

Let Mn ðnb 2Þ be a n-dimensional oriented closed submanifolds with parallel

mean curvature in Snþpð1Þ, denote by S, the norm square of the second fundamental

form of M. H is the constant mean curvature of M. We prove that if
Ð
M
Sn=2 a

AðnÞ, where AðnÞ is a positive universal constant, then M must be a totally umbilical

hypersurface in the sphere Snþ1.

1. Introduction

Let Mn ðnb 2Þ be a n-dimensional oriented closed minimal submanifolds in
the unit sphere in Snþpð1Þ. We denote the square of the length of the second

fundamental form by S. It is well known that if Sa
n

2� 1

p

on M, then S ¼ 0

and hence M is isometric to the unit sphere Snð1Þ. Further discussions in this
direction have been carried out by many other authors. It seems to be in-
teresting to study the Lq-pinching condition for S. By using eigenvalue estimate,
shen [5] proved the following

Theorem A. Let Mn ! Snþ1ð1Þ be an oriented closed embedded minimal
hypersurface with RicM b 0. If

Ð
M
Sn=2 aCðnÞ, where CðnÞ is a positive universal

constant, then M must be a totally geodesic hypersurface.

Recently, Cai [1] proved the following

Theorem B. Let Mn be a n-dimensional oriented closed submanifolds with
parallel mean curvature and positive Ricci curvature in Snþpð1Þ, denote by ðn� 1Þk,
the lower bound of Ricci curvature of M. Then there is a constant C depending
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only on n, H, k such that if
Ð
M
Sn=2 aCðn;H; kÞ, then M is a umbilical hyper-

surface in the sphere Snþ1.

In this paper, we delete the condition of Ricci curvature. We obtain the
following

Main Theorem. Let Mn ðnb 2Þ be a n-dimensional oriented closed sub-
manifolds with parallel mean curvature in Snþpð1Þ. If

Ð
M
Sn=2 aAðnÞ, where AðnÞ

is a positive universal constant, then M must be a totally umbilical hypersurface in
the sphere Snþ1.

2. Preliminaries

Let Mn be a n-dimensional compact immersed in the nþ p-dimensional unit
sphere Snþpð1Þ. We always take M to be oriented, and make use of the fol-
lowing convention on the range of indices:

1aA;B;C; . . .a nþ p; 1a i; j; k; . . .a n; nþ 1a a; b; g; . . .a nþ p

We choose a local field of orthogonal frame e1; e2; . . . ; enþp in Snþp such that
restricted to M, the vectors e1; e2; . . . ; en are tangent to M. Let oA and oAB

be the field of dual frames and the connection 1-forms of Snþpð1Þ respectively.
Restricting these forms to M, we have

oai ¼
X
j

ha
ijoj; ha

ij ¼ ha
ji

Rijkl ¼ ðdikdjl � dil djkÞ þ
X
a

ðha
ikh

a
jl � ha

ilh
a
jkÞ

Rabkl ¼
X
i

ðha
ikh

b
il � ha

ilh
b
ikÞ

h ¼
X
a; i; j

ha
ijoi noj n ea; x ¼ 1

n

X
a; i

ha
ii ea

where Rijkl , Rabkl , h and x are the curvature tensor, the normal curvature tensor,
the second fundamental form and the mean curvature vector of M respectively.

We define

S ¼ jhj2; H ¼ jxj; Ha ¼ ðha
ijÞn�n

M is called a submanifold with parallel mean curvature if x is parallel in the
normal bundle of M. In particular, M is called minimal submanifold if x1 0.

When x0 0, we choose enþ1 ¼
x

H
such that tr Hnþ1 ¼ nH and tr Hb ¼ 0,

nþ 2a ba nþ p. The following lemmas and propositions will be used in the
proof of our theorems.
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Lemma 1 [3]. Assume A1; . . .Ap be symmetric matrix, then

Xp
a;b¼1

trðAaAb � AbAaÞ2 þ
Xp
a;b

ðtrðAaAbÞÞ2 a
3

2

Xp
a¼1

tr A2
a

 !2

Lemma 2 [4]. Assume A, B be symmetric matrix. If tr A ¼ tr B ¼ 0 and
AB ¼ BA, then

jtrðA2BÞja n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p trðA2Þ
ffiffiffiffiffiffiffiffiffiffiffi
tr B2

p

Proposition 1. Let Mn be a submanifold with parallel mean curvature in
Snþpð1Þ. Denote

P
i; jðhnþ1

ij Þ2 and
P

i; j;b0nþ1ðh
b
ij Þ

2
by s and B respectively. Then

1

2
Dsb

X
i; j;k

ðhnþ1
ijk Þ2 þ ðs� nH 2Þ nþ 2nH 2 � S � nðn� 2ÞHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S � nH 2
p

" #

1

2
DBb

X
i; j;k;b0nþ1

ðhb
ijkÞ

2 þ nð1þH 2Þ � n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
S þ n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ1� 3

2

� �
B

� �
B

Proof. By direct computation, we obtain

1

2
Ds ¼

X
i; j;k

ðhnþ1
ijk Þ2 þ ns� s2 � n2H 2 þ nH trðHnþ1Þ3 �

X
b0nþ1

½trðHnþ1HbÞ�2

b
X
i; j;k

ðhnþ1
ijk Þ2 þ ðs� nH 2Þ nþ 2nH 2 � S � nðn� 2ÞHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S � nH 2
p

" #

1

2
DB ¼

X
i; j;k;b0nþ1

ðhb
ijkÞ

2 þ nH
X

b0nþ1

tr½Hnþ1ðHbÞ2� �
X

b0nþ1

½trðHnþ1HbÞ�2 þ nB

�
X

a;b0nþ1

trðHaHb �HbHaÞ2 �
X

a;b0nþ1

½trðHaHbÞ�2

A ¼ Hnþ1 �HI , where I is the identity matrix, then tr A ¼ 0, AHa ¼ HaA.
Because tr A2 ¼ trðH 2

nþ1Þ � nH 2, so using Lemma 1 and Lemma 2, we have

1

2
DBb

X
i; j;k;b0nþ1

ðhb
ijkÞ

2 þ nH 2
X

b0nþ1

trðH 2
b Þ �

n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
X

b0nþ1

trðH 2
b Þ trðH 2

nþ1Þ

�
X

b0nþ1

trðH 2
nþ1Þ trðH 2

b Þ þ nB� 3

2

X
b0nþ1

trðHbÞ2

248 huiqun xu



b
X

i; j;k;b0nþ1

ðhb
ijkÞ

2 þ
�
nð1þH 2Þ � n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
S

þ n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1� 3

2

� �
B

�
B

Proposition 2 [6]. Let Mn be a closed submanifold in Snþpð1Þ. Then for all
t A Rþ and f A C1ðMÞ, f b 0, f satisfies

k‘f k22 b
ðn� 2Þ2

4ðn� 1Þ2ð1þ tÞ
1

C2ðnÞ k f k
2
2n=ðn�2Þ � ð1þH 2Þ 1þ 1

t

� �
k f k22

� �

where CðnÞ ¼ 2nð1þ nÞðn�1Þ=nðn� 1Þ�1s
�1=n
n and sn ¼ volume of the unit ball in

Rn.

3. Proof the Main Theorem

Main Theorem. let Mn be a n-dimensional oriented closed submaniflods with
parallel mean curvature vector in Snþpð1Þ. If

Ð
M
Sn=2 aAðnÞ, where AðnÞ is a

positive universal constant, then M must be a totally umbilical hypersurface in
Snþ1ð1Þ. Where

AðnÞ ¼

2n
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
ðnþ 2Þðn� 2Þ2

C 2ðnÞ½ðn� 2Þ þ 2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p
�½ðnþ 2Þðn� 2Þ2 þ 4n2ðn� 1Þ2�

nb 4

2nðnþ 2Þðn� 2Þ2

3C 2ðnÞ½ðnþ 2Þðn� 2Þ2 þ 4n2ðn� 1Þ2�
na 3

8>>>><
>>>>:

Proof. When nb 4,
n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1 >
3

2
, so

1

2
DBb

X
i; j;k;b0nþ1

ðhb
ijkÞ

2 þ nð1þH 2Þ � n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
S

� �
B

b
nþ 2

n
j‘

ffiffiffiffi
B

p
j2 þ nð1þH 2Þ � n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
S

� �
B

0 ¼
ð
M

DBb
ðnþ 2Þðn� 2Þ2

4nðn� 1Þ2ð1þ tÞ
1

C2ðnÞ k
ffiffiffiffi
B

p
k22n=ðn�2Þ � ðH 2 þ 1Þ 1þ 1

t

� �
k
ffiffiffiffi
B

p
k22

� �

þ nð1þH 2ÞkBk1 �
ð
M

n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
SB
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b
ðnþ 2Þðn� 2Þ2

4nðn� 1Þ2ð1þ tÞ
1

C2ðnÞ kBkn=ðn�2Þ � ðH 2 þ 1Þ 1þ 1

t

� �
kBk1

� �

þ nð1þH 2ÞkBk1 �
n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
kBkn=ðn�2ÞkSkn=2

¼ ðnþ 2Þðn� 2Þ2

4nðn� 1Þ2ð1þ tÞ
1

C2ðnÞ �
n� 2

2
ffiffiffiffiffiffiffiffiffiffiffi
n� 1

p þ 1

� �
kSkn=2

" #
kBkn=ðn�2Þ

þ nð1þH 2Þ � ðnþ 2Þðn� 2Þ2

4nðn� 1Þ2ð1þ tÞ
ðH 2 þ 1Þ 1þ 1

t

� �" #
kBk1

Let t ¼ ðnþ 2Þðn� 2Þ2

4nðn� 1Þ2
, using condition kSkn=2 aAðnÞ, we have B ¼ 0.

When na 3,
n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p þ 1 <
3

2
, so

1

2
DBb

X
i; j;k;b0nþ1

ðhb
ijkÞ

2 þ nð1þH 2Þ � 3

2
S

� �
B

using the same method, we also have B ¼ 0.
Then we consider

1

2
Dsb

X
i; j;k

ðhnþ1
ijk Þ2 þ ðs� nH 2Þ nþ 2nH 2 � S � nðn� 2ÞHffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S � nH 2
p

" #

b
nþ 2

n
j‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� nH 2

p
j2 þ ðs� nH 2Þ nþ 2nH 2 � S � ðn� 2Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn� 1Þ

p S

" #

discussing as the above, we have s ¼ nG2. Because B ¼ 0 and s ¼ nH 2, we
know M must be a totally umbilical hypersurface in Snþ1ð1Þ.
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