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Abstract

We prove that any Kähler manifold admitting a flat complex conformal connection

is a Bochner-Kähler manifold with special scalar distribution and zero geometric con-

stants. Applying the local structural theorem for such manifolds we obtain a complete

description of the Kähler manifolds under consideration.

1. Introduction

Let ðM; g; JÞ ðdim M ¼ 2nÞ be a Kähler manifold with complex structure J,
metric g, Levi-Civita connection ‘, curvature tensor R, Ricci tensor r and scalar
curvature t. The Bochner curvature tensor BðRÞ is given by

BðRÞðX ;Y ÞZ ¼ RðX ;Y ÞZ �QðY ;ZÞX þQðX ;ZÞY � gðY ;ZÞQðX Þ
þ gðX ;ZÞQðYÞ �QðJY ;ZÞJX þQðJX ;ZÞJY þ 2QðJX ;YÞJZ
� gðJY ;ZÞJQðXÞ þ gðJX ;ZÞJQðYÞ
þ 2gðJX ;YÞJQðZÞ; X ;Y ;Z A XM;

where QðX ;YÞ ¼ 1

2ðnþ 2Þ rðX ;YÞ � t

8ðnþ 1Þðnþ 2Þ gðX ;YÞ and QðX Þ is the

corresponding tensor of type (1.1).
The manifold is said to be Bochner flat (Bochner-Kähler) if its Bochner

curvature tensor vanishes identically, i.e.

RðX ;YÞZ ¼ QðY ;ZÞX �QðX ;ZÞY þ gðY ;ZÞQðXÞ � gðX ;ZÞQðY Þð1:1Þ
þQðJY ;ZÞJX �QðJX ;ZÞJY � 2QðJX ;Y ÞJZ
þ gðJY ;ZÞJQðX Þ � gðJX ;ZÞJQðYÞ
� 2gðJX ;YÞJQðZÞ; X ;Y ;Z A XM:
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For any real Cy function u on M we denote o ¼ du and P ¼ grad u.
In [10] Yano introduced on a Kähler manifold a complex conformal con-

nection and proved

Theorem A. If in a 2n-dimensional ðnb 2Þ Kähler manifold there exists a
scalar function u such that the complex conformal connection

DXY ¼ ‘XY þ oðXÞY þ oðYÞX � gðX ;YÞP
� oðJXÞJY � oðJYÞJX � gðJX ;YÞJP; X ;Y A XM;

is of zero curvature, then the Bochner curvature tensor of the manifold vanishes.

In [7] Seino proved the inverse

Theorem B. In a Kählerian space with vanishing Bochner curvature tensor if
there exists a non-constant function u satisfying the equality

ð‘XoÞðYÞ þ 2oðJX ÞoðJYÞ þ oðPÞgðX ;YÞ ¼ 0;

then the complex conformal connection is of zero curvature.

In this paper we prove

Theorem 3.1. A Kähler manifold ðM; g; JÞ ðdim M ¼ 2nb 6Þ admits a flat
complex conformal connection if and only if it is a Bochner-Kähler manifold whose
scalar distribution Dt is a B0-distribution with function aþ k2 ¼ 0 and geometric
constants B ¼ b0 ¼ 0:

Applying the local structural theorem [2] for Bochner-Kähler manifolds
whose scalar distribution is a B0-distribution, we describe locally all Kähler
manifolds admitting a flat complex conformal connection.

2. Preliminaries

Let ðM; g; JÞ ðdim M ¼ 2nÞ be a Kähler manifold with metric g, complex
structure J and Levi-Civita connection ‘. We denote by XM the Lie algebra of
all Cy vector fields on M. The fundamental Kähler form W is defined as follows

WðX ;YÞ ¼ gðJX ;YÞ; X ;Y A XM:

For any Cy real function u on M we consider the conformal metric
g ¼ e2ug. We denote the 1-form o :¼ du and P :¼ grad u with respect to the
metric g. Then ðM; g; JÞ is a locally conformal Kähler manifold, or a W4-
manifold in the classification scheme of [3]. The fundamental Kähler form and
the Lee form of the structure ðg; JÞ are WðX ;Y Þ ¼ gðJX ;Y Þ, X ;Y A XM and
o ¼ 2o ¼ 2du, respectively. The Lee vector P corresponding to o with respect
to the metric g is P ¼ 2e�2uP.
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The unique linear connection D with torsion T satisfying the conditions:

1Þ DJ ¼ 0;ð2:1Þ
2Þ Dg ¼ 0;

3Þ T ¼ �Wn JP

is said to be a complex conformal connection [10].
In terms of the Kähler structure ðg; JÞ D is given by

DXY ¼ ‘XY þ oðXÞY þ oðYÞX � gðX ;YÞPð2:2Þ
� oðJXÞJY � oðJYÞJX � gðJX ;YÞJP; X ;Y A XM:

The conditions (2.1) in terms of the Kähler structure ðg; JÞ become

1Þ DJ ¼ 0;ð2:3Þ
2Þ Dg ¼ �2on g;

3Þ T ¼ �2Wn JP:

Denote by R the curvature tensor of the complex conformal connection D.
Taking into account (2.2) we have the relation between R and R:

RðX ;Y ÞZ ¼ RðX ;Y ÞZð2:4Þ

� ð‘YoÞðZÞ � oðY ÞoðZÞ þ oðJYÞoðJZÞ þ 1

2
oðPÞgðY ;ZÞ

� �
X

þ ð‘XoÞðZÞ � oðX ÞoðZÞ þ oðJXÞoðJZÞ þ 1

2
oðPÞgðX ;ZÞ

� �
Y

� gðY ;ZÞ ‘XP� oðXÞP� oðJXÞJPþ 1

2
oðPÞX

� �

þ gðX ;ZÞ ‘YP� oðYÞP� oðJYÞJPþ 1

2
oðPÞY

� �

þ ð‘YoÞðJZÞ � oðY ÞoðJZÞ � oðJYÞoðZÞ þ 1

2
oðPÞgðY ; JZÞ

� �
JX

� ð‘XoÞðJZÞ � oðX ÞoðJZÞ � oðJXÞoðZÞ þ 1

2
oðPÞgðX ; JZÞ

� �
JY

þ gðY ; JZÞ ‘XJP� oðXÞJPþ oðJXÞPþ 1

2
oðPÞJX

� �

� gðX ; JZÞ ‘YJP� oðYÞJPþ oðJYÞPþ 1

2
oðPÞJY

� �

� ð‘XoÞðJY ÞJZ þ ð‘YoÞðJXÞJZ þ 2gðX ; JY ÞfoðJZÞPþ oðZÞJPg
for all X ;Y ;Z A XM:
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From (2.4) it follows that the curvature tensor R satisfies the first Bianchi
identity (i.e. R is a Kähler tensor) if and only if [7]:

ð‘XoÞðYÞ þ 2oðJXÞoðJYÞ þ oðPÞgðX ;YÞ ¼ 0; X ;Y A XM;ð2:5Þ

which is equivalent to the condition

DXP ¼ 0; X A XM:

If the 1-form o satisfies (2.5), then (2.4) becomes

RðX ;YÞZ ¼ RðX ;YÞZ þ LðY ;ZÞX � LðX ;ZÞY þ gðY ;ZÞLðXÞð2:6Þ
� gðX ;ZÞLðY Þ þ LðJY ;ZÞJX � LðJX ;ZÞJY
� 2LðJX ;YÞJZ þ gðJY ;ZÞJLðXÞ � gðJX ;ZÞJLðYÞ
� 2gðJX ;Y ÞJLðZÞ; X ;Y ;Z A XM;

where LðX ;YÞ ¼ oðXÞoðYÞ þ oðJX ÞoðJYÞ þ 1
2oðPÞgðX ;YÞ and LðXÞ is the

corresponding tensor of type ð1; 1Þ with respect to the Kähler metric g.
If ðM; g; JÞ admits a flat complex conformal connection (2.2), then R

satisfies the first Bianchi identity, i.e. (2.5) holds good. Then (2.6) implies that
the Kähler manifold is Bochner flat.

Conversely, if ðM; g; JÞ admits a 1-form o satisfying (2.5), then (2.4) becomes
(2.6). The condition ðM; g; JÞ is Bochner flat implies that R ¼ 0, i.e. the complex
conformal connection (2.2) is flat.

3. A Curvature characterization of Kähler manifolds admitting flat
complex conformal connection

For any Bochner-Kähler manifold ðM; g; JÞ in [2] we proved that

ð‘XrÞðY ;ZÞ ¼ 1

4ðnþ 1Þ f2dtðX ÞgðY ;ZÞ þ dtðYÞgðX ;ZÞ þ dtðZÞgðX ;Y Þð3:1Þ

þ dtðJY ÞgðX ; JZÞ þ dtðJZÞgðX ; JYÞg; X ;Y ;Z A XM:

This equality shows that the conditions t ¼ const and ‘r ¼ 0 are equivalent on
a Bochner-Kähler manifold. Because of the structural theorem in [8] the case
BðRÞ ¼ 0, dt ¼ 0, can be considered as well-studied.

We consider Bochner-Kähler manifolds satisfying the condition dt0 0 for all
points p A M. This condition allows us to introduce the frame field

x ¼ grad t

kdtk ; Jx ¼ J grad t

kdtk

� �

and the J-invariant distributions Dt and D?
t ¼ spanfx; Jxg.

Thus our approach to the local theory of Bochner-Kähler manifolds is to
treat them as Kähler manifolds ðM; g; J;DtÞ endowed with a J-invariant dis-
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tribution Dt generated by the Kähler structure ðg; JÞ. We call this distribution
the scalar distribution of the manifold [2].

A J-invariant distribution Dt, ðD?
t ¼ spanfx; JxgÞ is said to be a B0-

distribution [1] if dim M ¼ 2nf 6 and

iÞ ‘x0x ¼ k

2
x0; k0 0; x0 A Dt;

iiÞ ‘Jxx ¼ �p�Jx;

iiiÞ ‘xx ¼ 0;

where k and p� are functions on M.
The above conditions are equivalent to the equalities

‘Xx ¼ k

2
fX � hðXÞxþ hðJXÞJxg þ p�hðJX ÞJx; X A XM;ð3:2Þ

dk ¼ xðkÞh; p� ¼ � xðkÞ þ k2

k
:

In [2] we have shown that

B ¼ krk2 � t2

2ðnþ 1Þ þ
Dt

nþ 1
ð3:3Þ

is a constant on any Bochner-Kähler manifold. We call this constant the
Bochner constant of the manifold.

Let us denote

4pðX ;YÞZ :¼ gðY ;ZÞX � gðX ;ZÞY � 2gðJX ;Y ÞJZ
þ gðJY ;ZÞJX � gðJX ;ZÞJY ;

8FðX ;YÞZ :¼ gðY ;ZÞðhðX Þx� hðJX ÞJxÞ � gðX ;ZÞðhðYÞx� hðJYÞJxÞ
þ gðJY ;ZÞðhðX ÞJxþ hðJX ÞxÞ � gðJX ;ZÞðhðYÞJxþ hðJY ÞxÞ
� 2gðJX ;Y ÞðhðZÞJxþ hðJZÞxÞ
þ ðhðYÞhðZÞ þ hðJYÞhðJZÞÞX � ðhðXÞhðZÞ þ hðJX ÞhðJZÞÞY
� ðhðYÞhðJZÞ � hðJYÞhðZÞÞJX þ ðhðXÞhðJZÞ � hðJX ÞhðZÞÞJY
þ 2ðhðXÞhðJYÞ � hðJXÞhðYÞÞJZ; X ;Y ;Z A XM:

In [2] we have also proved that
If ðM; g; JÞ ðdim M ¼ 2nb 6Þ is a Bochner-Kähler manifold whose scalar

distribution Dt is a B0-distribution, then

R ¼ apþ bF; b0 0;ð3:4Þ

where a, b are the following functions on M
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a ¼ t

ðnþ 1Þðnþ 2Þ þ
2b0
nþ 2

; b ¼ 2t

ðnþ 1Þðnþ 2Þ �
2nb0
nþ 2

;ð3:5Þ

and

b0 ¼
2a� b

2
¼ const:ð3:6Þ

In [2] we studied three classes of Bochner-Kähler manifolds whose scalar
distribution is a B0-distribution according to the function aþ k2:

aþ k2 > 0; aþ k2 ¼ 0; aþ k2 < 0:

Now we can prove a curvature characterization of Kähler manifolds ad-
mitting a flat complex conformal connection.

Theorem 3.1. A Kähler manifold ðM; g; JÞ ðdim M ¼ 2nb 6Þ admits a flat
complex conformal connection if and only if it is a Bochner-Kähler manifold whose
scalar distribution Dt is a B0-distribution with function aþ k2 ¼ 0 and geometric
constants B ¼ b0 ¼ 0.

Proof. Let u be a Cy function on M, such that the complex conformal
connection D, given by (2.2) with o ¼ du0 0, P ¼ grad u, is flat. Then (2.5)
and (2.6) imply that the curvature tensor R of M has the structure (1.1).
Comparing the tensor Q from (1.1) and the tensor L from (2.6) we obtain

rðX ;Y Þ ¼ �2ðnþ 2ÞfoðXÞoðYÞ þ oðJXÞoðJYÞ þ oðPÞgðX ;YÞg;ð3:7Þ
X ;Y A XM

and

rðX ;PÞ ¼ �2ðnþ 2ÞoðPÞoðX Þ; X A XM:ð3:8Þ
After taking a trace in (3.7) we also get

t ¼ �4ðnþ 1Þðnþ 2ÞoðPÞ:ð3:9Þ
Taking into account (2.5) we calculate from (3.7)

ð‘XrÞðY ;ZÞ ¼ 2ðnþ 2ÞoðPÞf2oðXÞgðY ;ZÞ þ oðY ÞgðX ;ZÞð3:10Þ
þ oðZÞgðX ;Y Þ þ oðJYÞgðX ; JZÞ þ oðJZÞgðX ; JYÞg;
X ;Y ;Z A XM:

Comparing (3.1) and (3.10) in view of (3.9), we obtain

o ¼ � dt

2t
; P ¼ � grad t

2t
; kdtk2 ¼ �t3

ðnþ 1Þðnþ 2Þ :ð3:11Þ

The unit vector field x ¼ grad t

kdtk because of (3.11) gets the form
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x ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þðnþ 2Þ

�t

r
P:

From (2.5) and (3.9) we obtain

‘Xx ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
fX � hðX Þx� 2hðJX ÞJxg; X A XM:ð3:12Þ

Now from (3.2) and (3.12) it follows that the scalar distribution Dt of the
manifold is a B0-distribution with functions

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
; p� ¼ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
:ð3:13Þ

Then (2.6) and (3.11) give that the curvature tensor R of the manifold has the
form

R ¼ t

ðnþ 1Þðnþ 2Þ ðpþ 2FÞ

and the functions a and b are

a ¼ t

ðnþ 1Þðnþ 2Þ ; b ¼ 2t

ðnþ 1Þðnþ 2Þ :ð3:14Þ

From (3.13) and (3.14) we find aþ k2 ¼ 0. The equalities (3.6) and (3.14) imply
that b0 ¼ 0.

Taking into account (2.5), (3.11) and (3.7) we find

Dt ¼ �t2

nþ 1
; krk2 ¼ ðnþ 3Þt2

2ðnþ 1Þ2
:ð3:15Þ

Replacing Dt and krk2 in (3.3) we obtain B ¼ 0.
For the inverse, let ðM; g; JÞ be a Bochner-Kähler manifold whose scalar

distribution is a B0-distribution. Then it follows [2] that (3.2), (3.4) and (3.5)
hold good. Under the condition b0 ¼ 0 we find that the functions a and b satisfy
(3.14).

The condition aþ k2 ¼ 0 implies that k2 ¼ �a ¼ �t

ðnþ 1Þðnþ 2Þ , i.e. t < 0.
From Theorem 3.5 in [1] it follows that

kdtk ¼ xðtÞ ¼ ðnþ 1Þðnþ 2Þ
2

xðbÞ ¼ ðnþ 1Þðnþ 2Þ
2

kb > 0;

which gives that the function k is negative and

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
; kdtk2 ¼ �t3

ðnþ 1Þðnþ 2Þ ; p� ¼ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
:

Then, from the equality (3.2) for any X ;Y A XM we have
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ð‘XhÞðYÞ ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�t

ðnþ 1Þðnþ 2Þ

r
fgðX ;YÞ � hðXÞhðYÞ þ 2hðJXÞhðJY Þg:

Putting 2u :¼ �lnð�tÞ and o :¼ du ¼ � dt

2t
¼ �kdtk

2t
h ¼ � k

2
h we prove that

ð‘XoÞðY Þ satisfies (2.5) and the complex conformal connection (2.2) is flat.
QED

Let ðQ0; g0; j; ~xx0; ~hh0Þ be an a0-Sasakian space form [4] with constant
j-holomorphic sectional curvatures H0. In [2] we introduced warped product
Kähler manifolds, which are completely determined by the underlying a0-
Sasakian space form Q0 of type H0 þ 3a20 t 0 and the generating function pðtÞ,
t A I HR.

In order to obtain a local description of the Kähler manifolds admitting a
flat complex conformal connection we apply Theorem 6.1 in [2], which states:

Any Bochner-Kähler manifold whose scalar distribution is a B0-distribution
locally has the structure of a warped product Kähler manifold with generating
function pðtÞ (or tðpÞ) of type 1.–13.

According to Theorem 3.1 any Kähler manifold ðM; g; JÞ, ðdim M ¼ 2nf 6Þ
admitting a flat complex conformal connection is locally a Bochner-Kähler
manifold whose scalar distribution is a B0-distribution with function aþ k2 ¼ 0
and constants B ¼ b0 ¼ 0. In terms of [2] the conditions B ¼ b0 ¼ 0 are equiv-
alent to the conditions K ¼ b0 ¼ 0.

Hence, ðM; g; JÞ is a warped product Bochner-Kähler manifold whose
underlying a0-Sasakian space form is of type H0 þ 3a20 ¼ 0 with metric

g ¼ p2ðtÞ g0 þ
1

a0

dp

dt
� 1

� �
~hh0 n ~hh0

� �
þ hn h;

generated by the function

pðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3a0ðt� t0Þ

3
p ; t A �y;

1þ 3a0t0
3a0

� �

of type 9. [2].
This metric is not complete.
Especially in the case a0 ¼ 1 the underlying manifold is a Sasakian space

form with H0 ¼ �3. Sasakian space forms of type H0 ¼ �3 have been studied
by Ogiue [5] and Okumura [6]. A classification theorem for Sasakian space
forms under the assumption of completeness has been given by Tanno [9].
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spaces, Tôhoku Math. J. 14 (1962), 398–412.

[ 7 ] M. Seino, Some considerations on various curvature tensors, Hokkaido Math. J. 10 (1981),

13–26.

[ 8 ] S. Tachibana and R. C. Liu, Notes on Kählerian metrics with vanishing Bochner curvature

tensor, Kodai Math. Sem. Rep. 22 (1970), 313–321.

[ 9 ] S. Tanno, Sasakian manifolds with constant j-holomorphic sectional curvature, Tôhoku
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