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ON SINGULAR DIRECTION OF MEROMORPHIC FUNCTION

AND ITS DERIVATIVES

Zhao-Jun Wu

Abstract

In this paper, by using Ahlfors’ theory of covering surface, we study singular

direction of meromorphic functions and their derivatives, which is a continuous research

of Yang Lo in J. London Math. Soc. 25 (1982) 2: 288–296.

1. Introduction and results

Let f ðzÞ be a transcendental meromorphic function defined on the whole
complex plane. In this paper, the standard notations of Nevanlinna are used.
The singular direction for f is one of main objects studied in the theory of value
distribution for meromorphic function. There is a brief history of this research
in [4] and the details can be found in book [3] or [10]. Hayman inequality (see [5])
states that Tðr; f Þ can be bounded by the counting functions of the zero points of
f ðzÞ and 1 point of f ðkÞ for any positive integer k. Based the inequality, in 1982
Yang lo [9] proved the following results. Suppose that f ðzÞ is a meromorphic
function and satisfies the growth condition

lim sup
r!y

Tðr; f Þ
log3 r

¼ y;ð1Þ

then there exists a ray arg z ¼ y such that for any e > 0 and positive integer k,
and any finite complex number a, b ðb0 0Þ, we have

lim
r!y

fnðr; y0; e; f ¼ aÞ þ nðr; y0; e; f ðkÞ ¼ bÞg ¼ y:

where nðr; y; e; aÞ is the number of the solutions of f ðzÞ ¼ a in fz : y� e <
arg z < yþ egV fjzj < rg, counting with multiplicities. After that, Chen Huaihui
[1] prove a quantitative version of Yang Lo [9]. He proved that
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Theorem A (see [2]). Let f ðzÞ be meromorphic in C satisfies

lim sup
r!y

Tðr; f Þ
logl r

¼ y; ðlb 3Þð2Þ

then there exists a ray arg z ¼ y such that for any e > 0 and positive integer k, and
any a, b ðb0 0Þ, holds

lim sup
r!y

nðr; y0; e; f ¼ aÞ þ nðr; y0; e; f ðkÞ ¼ bÞ
logl�1 r

¼ y:ð3Þ

There is a di‰cult question to be asked: ‘‘When l ¼ 2, does Theorem A
hold?’’ The main purpose of this paper is to answer the question and prove the
following theorems

Theorem 1. Suppose that f ðzÞ is a meromorphic function defined on the
whole complex plane, and satisfies the growth condition

lim sup
r!y

Tðr; f Þ
logl r

¼ y; lb 2:ð4Þ

Then there exists a ray arg z ¼ y such that for any e > 0 and positive integer k,
and any finite complex number a, b ðb0 0Þ, we have

lim sup
r!y

nðr; y0; e; f ¼ yÞ þ nðr; y0; e; f ¼ aÞ þ nðr; y0; e; f ðkÞ ¼ bÞ
logl�1 r

¼ y:

From Theorem 1, we can derive the following theorem easily.

Theorem 2. Suppose that f ðzÞ is an entire function, then Theorem A holds
for lb 2.

2. The proof of theorem

We shall prove the Theorem by using Ahlfors’ theory of covering surface.
First of all, we recall his definition as following (see [8]). Let f ðzÞ be mer-
omorphic in an angular domain Wðy; dÞ ¼ fz : jarg z� yja dg, where y A ½0; 2pÞ.
Let WðrÞ be the part of Wðy; dÞ, which is contained in jzja r and put

Sðr;W; f Þ ¼ AðrÞ
p

¼ 1

p

ð ð
WðrÞ

j f 0ðzÞj
ð1þ j f ðzÞj2Þ

 !2
r dydr; z ¼ reiy:

Tðr;W; f Þ ¼
ð r
0

Sðt;Wðy; dÞ; f Þ
t

dt:

Generally, suppose that E is a plane domain, put

SðE; f Þ ¼ AðrÞ
p

¼ 1

p

ð
E

j f 0ðzÞj
ð1þ j f ðzÞj2Þ

 !2
r dydr; z ¼ reiy;
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and nðE; aÞ is the number of the solution of f ðzÞ ¼ a in E, counting with
multiplicities.

In order to prove the Theorem, we shall need several lemmas.

Lemma 1 (see [6]). Let f ðzÞ be meromorphic in jzj < 1, for any a; b A C
and b0 0, put N ¼ nð1; f ¼ yÞ þ nð1; f ¼ aÞ þ nð1; f ðkÞ ¼ bÞ þ 2, D ¼
1

2
ja;yj2 min jbj; 1jbj

� �
. Then for 0 < r < 1, we have

Sðr; f Þ < c

ð1� rÞ2
N log

80e

1� r
þ log

1

jDj

� �
:

where c is a constant which at mostly depends on the k.

Lemma 2. Let f ðzÞ be meromorphic in W0 : fz : jarg z� yj < d0g, where
0a y < 2p. For any 0 < d < d0, put W : fz : jarg z� yj < dg ðWHW0Þ. Then
for any two finite complex number a, b ðb0 0Þ, s ðs > 1Þ, positive integer m and
su‰ciently large r, we have

Sðr;W; f ÞaAfnðrs2m; y; d0; f ¼ yÞ þ nðrs2m; y; d0; f ¼ aÞ

þ nðrs2m; y; d0; f
ðkÞ ¼ bÞg þ B log r;

where A ¼ mþ 1

m

c

ð1� kÞ2
log

80e

1� k
, B ¼ 2

c

ð1� kÞ2
log

80e

1� k
þ log

1

jDj

" #,
m log sþ 1.

Proof. Put ri ¼ smi, i ¼ 0; 1; 2; . . . , rij ¼ smiþj, j ¼ 0; 1; . . . ;m� 1. Then
ri0 ¼ ri, rim ¼ riþ1. Suppose that E is a plane domain, put NðEÞ ¼
nðE; f ¼ yÞ þ nðE; f ¼ aÞ þ nðE; f ðkÞ ¼ bÞ. For any t, tb r1, there exists a
positive integer l, such that rl a ta rlþ1. It’s easy to verify that there exists a

positive integer j0, 0a j0 am� 1, such that
Pkþ1

i¼0 Nðfz : ri; j0 < jzj < ri; j0þ1gV

W0Þa
1

m
Nðfz : jzj < rkþ2gVW0Þ.

By using the same method of [7] or [11], let v ¼ z

riþ1; j0þ1
ð0a ia kÞ, then

the domain becomes W0 V fz : ri; j0 < jzj < riþ1; j0þ1g becomes the domain W0 V

v :
1

smþ1
< jvj < 1

� �
on the v-plane and WV fz : r 0i < jzj < r 0iþ1g becomes WV

v :
1

smþ1=2
< jvj < 1

s1=2

� �
, and the point

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri; j0riþ1; j0þ1

p
becomes s�ðmþ1Þ=2 at the

same time, where

r 0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ri; j0ri; j0þ1

p
; r 0iþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
riþ1; j0riþ1; j0þ1

p
:

Note that the image domain is independent of i. If we map W0 V

v :
1

smþ1
< jvj < 1

� �
conformally on jxj < 1, such that s�ðmþ1Þ=2 becomes x ¼ 0,
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then the image of WV v :
1

smþ1=2
< jvj < 1

s1=2

� �
is contained in jxj < k < 1, where

k is a constant, which is only dependent of m, s, d, d0 and independent of t. By
the Lemma 1, the following inequality

SðWV fz : r 0i < jzj < r 0iþ1g; f Þ

a
c

ð1� kÞ2
½NðW0 V fz : ri; j0 < jzj < riþ1; j0þ1g þ 2� log 80e

1� k
þ log

1

jDj

� �
;

holds for i ¼ 0; 1; . . . ; k, then

Xk
i¼0

SðWV fz : r 0i < jzj < r 0iþ1g; f Þ

a
Xk
i¼0

c

ð1� kÞ2
ðNðW0 V fz : ri; j0 < jzj < riþ1; j0þ1gÞ þ 2Þ log 80e

1� k
þ log

1

jDj

� �( )

Since rk a ra rkþ1 and rkþ2 a rs2m,

Sðr;W; f Þa mþ 1

m
A1Nðfz : jzj < rs2mgVW0Þ þ B1 log rþ Sðs2m;W; f Þ

where A1 ¼
c

ð1� kÞ2
log

80e

1� k
, B1 ¼ 2

c

ð1� kÞ2
log

80e

1� k
þ log

1

jDj

" #,
m log s.

Therefore when r is large enough, we have

Sðr;W; f ÞaAfnðrs2m; y; d0; f ¼ yÞ þ nðrs2m; y; d0; f ¼ aÞ

þ nðrs2m; y; d0; f
ðkÞ ¼ bÞg þ B log r;

where A ¼ mþ 1

m

c

ð1� kÞ2
log

80e

1� k
, B ¼ 2

c

ð1� kÞ2
log

80e

1� k
þ log

1

jDj

" #,
m log sþ 1.

Now, we are in the position to prove the Theorem 1.

Proof of Theorem 1. Suppose that the Theorem 1 does not hold. Then
for any y A ½0; 2pÞ, we have a 0 < by < p=2 and two finite complex number ay,
by ðby 0 0Þ such that

lim sup
r!y

nðr; y; by; f ¼ yÞ þ nðr; y; by; f ¼ ayÞ þ nðr; y; by; f ðkÞ ¼ byÞ
logl�1 r

ð5Þ

aKy < y:

Because ½0; 2p� is compact and ½0; 2p�H6 y� by
2
; y� by

2

� �
; y A ½0; 2pÞ

� �
,
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then we can choose finitely many yi �
byi
2
; yi �

byi
2

� �
ði ¼ 1; 2; . . . ;TÞ, such that

½0; 2p�H6 y� by
2
; y� by

2

� �
; i ¼ 1; 2; . . . ;T

� �
. For any Wðyi; byiÞ, put Wi ¼

W yi;
byi
2

� �
. By Lemma 2, we have

Sðr;Wi; f ÞaAyifnðrs2m; yi; byi ; f ¼ yÞ þ nðrs2m; yi; byi ; f ¼ aÞ

þ nðrs2m; yi; byi ; f
ðkÞ ¼ bÞg þ Byi log r;

Put A ¼ max1aiaTfAyig and B ¼ max1aiaTfByig. The above expression
sum from i ¼ 1 to T , we have

Sðr; f ÞaA
XT
i¼1

fnðrs2m; yi; byi ; f ¼ yÞ þ nðrs2m; yi; byi ; f ¼ aÞ

þ nðrs2m; yi; byi ; f
ðkÞ ¼ bÞg þ BT log r;

Hence

Tðr; f Þ ¼
ð r
0

Sðt; f Þ
t

dt

a

ð r
1

A
PT
i¼1

fnðts2m; yi; byi ; f ¼yÞþnðts2m; yi; byi ; f ¼ aÞþnðts2m; yi; byi ; f
ðkÞ ¼ bÞg

t
dt

þ
ð r
1

BT log t

t
dtþ

ð1
0

Sðt; f Þ
t

dt;

aA
XT
i¼1

fnðrs2m; yi; byi ; f ¼ yÞ þ nðrs2m; yi; byi ; f ¼ aÞ

þ nðrs2m; yi; byi ; f
ðkÞ ¼ bÞg log rs2m þ BT log2 rþ Tð1; f Þ

So, by using (5), we have

lim sup
r!y

Tðr; f Þ
logl r

a lim sup
r!y

A
PT
i¼1

fnðrs2m; yi; byi ; f ¼ yÞ þ nðrs2m; yi; byi ; f ¼ aÞ

logl r

aA
XT
i¼1

Kyi < y:

þ nðrs2m; yi; byi ; f
ðkÞ ¼ bÞg log rs2m

This contradicts (4) and the Theorem follows.
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