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ON SINGULAR DIRECTION OF MEROMORPHIC FUNCTION
AND ITS DERIVATIVES

ZHAO-JUN WU

Abstract

In this paper, by using Ahlfors’ theory of covering surface, we study singular
direction of meromorphic functions and their derivatives, which is a continuous research
of Yang Lo in J. London Math. Soc. 25 (1982) 2: 288-296.

1. Introduction and results

Let f(z) be a transcendental meromorphic function defined on the whole
complex plane. In this paper, the standard notations of Nevanlinna are used.
The singular direction for f is one of main objects studied in the theory of value
distribution for meromorphic function. There is a brief history of this research
in [4] and the details can be found in book [3] or [10]. Hayman inequality (see [5])
states that T'(r, f) can be bounded by the counting functions of the zero points of
f(z) and 1 point of f*) for any positive integer k. Based the inequality, in 1982
Yang lo [9] proved the following results. Suppose that f(z) is a meromorphic
function and satisfies the growth condition

. T
(1) lim supM: 00,
r—o  log’r
then there exists a ray arg z = @ such that for any ¢ > 0 and positive integer k,

and any finite complex number a, b (b # 0), we have

lim {n(r, 00, ¢, f = a) +n(r,00,¢, [ = b)} = 0.

where n(r,0,¢,a) is the number of the solutions of f(z)=a in {z:0—¢<
arg z < 0+ ¢} N {|z| < r}, counting with multiplicities. After that, Chen Huaihui
[1] prove a quantitative version of Yang Lo [9]. He proved that
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THEOREM A (see [2]). Let f(z) be meromorphic in C satisfies

(2) lim sup L’Af) =, (4=3)
r—o  log”r

then there exists a ray arg z = 0 such that for any ¢ > 0 and positive integer k, and
any a, b (b #0), holds
. 0 = 0 (k) = p
(3) lim sup }’l(}", 0, 8>f a) +An1(r7 0, &, f )
r— o0 log” " r

= 0.

There is a difficult question to be asked: “When A =2, does Theorem A
hold?” The main purpose of this paper is to answer the question and prove the
following theorems

THEOREM 1. Suppose that f(z) is a meromorphic function defined on the

whole complex plane, and satisfies the growth condition
T
4) limsupM:oo, A=2.
r—ow  log* r
Then there exists a ray arg z = 0 such that for any ¢ > 0 and positive integer k,
and any finite complex number a, b (b #0), we have
llm Sup n(r790587f.: OO) +n(r590787f:a) +l’l(r,9(),8,f(k> :b> — 0.

r— log" ' r

From Theorem 1, we can derive the following theorem easily.

THEOREM 2. Suppose that f(z) is an entire function, then Theorem A holds
SJor A= 2.

2. The proof of theorem

We shall prove the Theorem by using Ahlfors’ theory of covering surface.
First of all, we recall his definition as following (see [8]). Let f(z) be mer-
omorphic in an angular domain Q(0,0) = {z : |arg z — 0| < J}, where 0 € [0,27).
Let Q(r) be the part of Q(6,0), which is contained in |z| < r and put

2
LA _1 O N, g - — ret
S0, ) = A0 “Qm(( m) Py —

T = L+f(2)
T(r,Q, f) = J(:S(”Q<f"5)’f) dr.

Generally, suppose that £ is a plane domain, put

2
*Mfl w r r, oz =re"
S(E, f) = = —nJE<(1+|f(Z)|2)> dodr, ,
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and n(E,a) is the number of the solution of f(z) =« in E, counting with
multiplicities.
In order to prove the Theorem, we shall need several lemmas.

LemMa 1 (see [6]). Let f(z) be meromorphic in |z| <1, for any a,be C
and b#0, put N=n(l,f=00)+nl,f=a) +n(l,fO =5b4+2 D=

%\a,oo|2 min{|b|,|ll)}. Then for 0 <r <1, we have
c 80e 1
S(r,f) <—=4qNlo +10 }
) (1_r>{ T

where ¢ is a constant which at mostly depends on the k.

LEmMAa 2. Let f(z) be meromorphic in Qo :{z:|argz— 0| <dy}, where
0<60<2r For any 0<0 <oy, put Q:{z:|argz—0| <o} (Q<=Qp). Then
for any two finite complex number a, b (b #0), o (o > 1), positive integer m and
sufficiently large r, we have

S(}’,Q,f) < A{n(rolm’ 07507f = OO) + n(rO_Zm’ 67507f = Cl)
+ n(ra™, 0,0y, f* = b)} + Blogr,
m+1 c 80e c 80e

1
where A = log , B=]2 5 log + log —
mlogg+1. ™ (1—x)? I-x 1-x)’ I—x D

/

Proof. Put r;=0¢", i=0,1,2,..., ry=0", j=0,1,....,m—1. Then
Fio =i, Fin =rir1. Suppose that E is a plane domain, put N(E)=
n(E,f=o)+nE f=a)+n(E,f* =b). For any 1, t>r, there exists a
positive integer /, such that »;, <t <r; . It’s easy to verify that there exists a
positive integer jp, 0 < jo <m — 1, such that Zlkjol N({z:rij, <lz| <rijey1} 0

1
Qo) < — ({Z |Z| < rk+2}ﬂ90)
By using the same method of [7] or [11], let ¢ =

(0 <i<k), then
Tit1, jo+1
the domain becomes Q¢ N{z:r;; <|z| <rip1jo+1} becomes the domain Qg N

1
{g. o1 < el < 1} on the ¢-plane and QN {z:r/ < |z <r/ ;} becomes QN

1 1 .
{g t—m < el < 1/2}, and the point /7 ;71,51 becomes o~ "+1)/2 at the
o Y% .
same time, where

/ !/
Fi = Vliplijotls Tipr = Vil il jot 1
Note that the image domain is independent of i. If we map QuN

1
{g P <ld < 1} conformally on |¢| < 1, such that ¢="*1/2 becomes ¢ = 0,
o
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1 1
then the image of QN {g RIS ol < 1/2} is contained in || < x < 1, where
O-I'I'l

K is a constant, which is only dependent of m, g, J, dp and independent of z. By
the Lemma 1, the following inequality

SQ@N{z:r < |zl <rig} f)
¢

T (1-x)?

holds for i =0,1,...,k, then

k

ZS(QH{Z:V; <l|zl <righ f)

Since 1 <r <rppq and rpgn < re?”,

80e 1
{[N(Qoﬂ{z Tiojp < |2| < Fig1jos1} + 2] log —— = +10g |D|}

80e 1
|: (Qoﬂ{z rljo<|z‘<rl+1]0+l})+2) IOgl +10g :|}

I—K |D|

1
S(rQ, f) < ’"7* AN({z: |2 < re® Y N Q) + By log r + S(6>",Q, f)
c 80e c 80e 1
where A; = lo , B =12 lo + 1o m log a.
P e [(1—@2 1w ngl/ :

Therefore when r is large enough, we have

S(}’,Q,f) < A{n(ro-zmvevéovf = OO) +n(r02m707507f = (1)
+n(ra®, 0,0, f* = b)} + Blogr,

1 80 80 1
where A:er ¢ 5 log ¢ , B:lz ¢ 5 log ¢ + log ]/
mlogo+1. "™ (1—-x) 1-x (I —x) I—x D

Now, we are in the position to prove the Theorem 1.

Proof of Theorem 1. Suppose that the Theorem 1 does not hold. Then
for any 0 € [0,2n), we have a 0 <, < n/2 and two finite complex number ay,
by (by #0) such that
(5) lim sup I’l(r7 67 ﬁf)vf = OO) + n(r, Halﬂfhf = a()) + n(r, 07 ﬂéhf(k) = b(})

r—0 og- r

< Ky < 0.
Because [0,27] is compact and [0,27] < U{ ((9 —%, ﬂo) 0 €0, Zn)}
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%,Qi—%) (i=1,2,...,T), such that

[0,271]cU{(G—%,H—%),i:1,2,...,T}. For any Q(0:,fy), put Q; =

then we can choose finitely many (9,- —

Q(Oi,%). By Lemma 2, we have

S(r, Qi f) < Agi{n(razm,ﬁhﬁoﬂf = ) —|—n(mz”’,9,-,ﬂ0f,f =a)
+ n(ro-zma Hivﬁﬁ,-vf(k> = b)} + B@, log r,

Put 4 =max;<;<r{A4p,} and B=max;<;<r{By}. The above expression
sum from i=1 to T, we have

T
S(r, f) < AZ{”(VJan,Gi,ﬂoi,f = ) +n(ra®”, 0;, By, f = a)
i1

+n(ra®, 0, By, f¥) = b)} + BT log r,

Hence
1) = [ 2
0 t
T
p‘AZ{n(la2m70iaﬁ9,-?f:OO)+n(lo-2maOivﬂﬂivf:a)+n(t0-2ma0i7ﬁ9,-7f(k):b)}
< i=1 dt
1 t
r 1
+J BTlogtdt+J S(t;f) dr,
1 0

T
SAZ{"(702’",9i7,39,-7f= ) + n(ra®, 0i, fo,, f = a)
-1

+n(ra™, 0, By, /% = b)} log ra™ + BT log” r + T(1, )

So, by using (5), we have
T(r,f)

lim sup :
r—owo log“r

T
A A{n(ra™, 0, By, [ = 0) + n(ra®, 0, By, [ = a)
i1

. +n(r0-2m79iaﬁ0»7f(k> :b)} log raZm
< lim sup :

r—0o0 logl r

T
< A Kgi<OO.

i=1

This contradicts (4) and the Theorem follows.
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