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THE POINTED HARMONIC VOLUMES OF HYPERELLIPTIC

CURVES WITH WEIERSTRASS BASE POINTS

Yuuki Tadokoro

Abstract

We give an explicit computation of the pointed harmonic volumes of hyperelliptic

curves with Weierstrass base points, which are paraphrased into a combinatorial for-

mula.

1. Introduction

Let X be a compact Riemann surface of genus gb 2 and p a point on
X . By Pulte [5], the pointed harmonic volume of ðX ; pÞ was defined to be the
homomorphism Ip : KnH ! R=Z, using Harris’ method for the harmonic
volume of X [4]. Here, we denote by H ¼ H 1ðX ;ZÞ the first cohomology group
of X and K the kernel of the intersection pairing HnH ! Z. In this paper, we
compute the pointed harmonic volume of any hyperelliptic curve C with any
Weierstrass point p. In theorem 5.6, we compute that of some special hyper-
elliptic curve C0 with Weierstrass points in an analytic way, by the explicit
computation of Chen’s iterated integrals [2]. Using Proposition 4.1, we can
compute the pointed harmonic volumes of all the hyperelliptic curves with
Weierstrass base points from those of C0. These results are paraphrased from
a combinatorial viewpoint as follows. Let fPjgj¼0;1;...;2gþ1 denote the set of

Weierstrass points on C, and fix a Weierstrass point Pn, 0a na 2gþ 1. A
certain homomorphism kn : K nH ! 1

2Z=Z ¼ f0; 1=2g is defined in §6, which
depends on the choice of Pn.

Theorem 6.2. For any hyperelliptic curve C and A A K nH, we have

IPnðAÞ1 knðAÞ mod Z:

The author [6] computed the harmonic volumes of hyperelliptic curves. But
the computation of the pointed ones of ðX ; pÞ is more complicated than that
of X . For any hyperelliptic curve C, it is tedious to compute Ip in the case
p A CnfPjgj¼0;1;...;2gþ1. But we have Ip 1 0 or 1=2 mod Z in the case p A
fPjgj¼0;1;...;2gþ1. It has been still unknown which elements of K nH and Weier-

370

Received November 16, 2005.



strass points p have nontrivial Ip or not. In this paper, we compute them
completely.

As an application of the pointed harmonic volume of ðX ; pÞ, Pulte proved
the pointed Torelli theorem [5]. We denote by p1ðX ; pÞ the fundamental group
of X at the base point p A X and Jp the augmentation ideal of the group ring
Zp1ðX ; pÞ.

Theorem 1.1 (The pointed Torelli theorem [5]). Suppose that X and Y are
compact Riemann surfaces and that p A X and q A Y. With the exception of two
points p in X , if there is a ring isomorphism

Zp1ðX ; pÞ=J 3
p ! Zp1ðY ; qÞ=J 3

q

which preserves the mixed Hodge structure, then there is a biholomorphism
j : X ! Y such that jðpÞ ¼ q.

If X is generic (e.g. X is hyperelliptic), then there are no exceptional points.
The pointed harmonic volumes determine the choice of the base points. In the
proof of this theorem, the classical Torelli theorem follows from the preservation
of the mixed Hodge structure and we obtain the biholomorphism X GY . When
we choose the base points, the pointed harmonic volume plays an important
role. Theorem 6.2 also tells the choice of Weierstrass base points on C.

Now we describe the contents of this paper briefly. In §2, we define the
pointed harmonic volume of ðX ; pÞ, using Chen’s iterated integrals [2]. In §3,
we give a basis of the first homology group H1ðC;Z=2ZÞ of the hyperelliptic

curve C. In §4, we prove IPn A H 0ðD1
g ;HomðKnH;Z=2ZÞÞ. In §5, the pointed

harmonic volume of some special hyperelliptic curve C0 with Weierstrass base
points is computed in an analytic way. This result can be extended to all the
hyperelliptic curves with Weierstrass base points and interpreted from a com-
binatorial viewpoint. In §6, we obtain a simple combinatorial formula of the
pointed harmonic volume of ðC;PnÞ.

Acknowledgments. The author is grateful to Nariya Kawazumi for valuable
advice and reading the manuscript. He also thanks Masahiko Yoshinaga for
reading the manuscript. This work is partially supported by 21st Century COE
program (University of Tokyo) by the Ministry of Education, Culture, Sports,
Science and Technology.

2. The pointed harmonic volume

We recall the definition of the pointed harmonic volume of a pointed Rie-
mann surface ðX ; pÞ. Here X is a compact Riemann surface of genus gb 2 and
p a point on X . We identify the first integral homology group H1ðX ;ZÞ of X
with the first integral cohomology group by the Poincaré duality, and denote it by
H. For closed 1-forms o1; i and o2; i, i ¼ 1; 2; . . . ;m, on X such thatÐ
X

Pm
i¼1 o1; i5o2; i ¼ 0, we obtain the 1-form h such that dh ¼

Pm
i¼1 o1; i5o2; i
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and
Ð
X
h5�a ¼ 0 for any closed 1-form a on X . Here, � is the Hodge star

operator which depends only on the complex structure and not the choice of
Hermitian metric. We identify H with the space of all the real harmonic 1-forms
on X with integral periods by the Hodge theorem. We denote by K the kernel
of the intersection pairing ð ; Þ : HnH ! Z.

Definition 2.1 (The pointed harmonic volume [5]). For
Pm

i¼1 ai n bi A K
and c A H, the pointed harmonic volume is defined to be

Ip
Xm
i¼1

ai n bi

 !
n c

 !
:¼
Xm
i¼1

ð
g

aibi �
ð
g

h mod Z:

Here h is the 1-form on X which is associated to
Pm

i¼1 ai n bi in the way stated
above and g : ½0; 1� ! X is a loop in X at the base point p whose homology class
is equal to c. The integral

Ð
g
aibi is Chen’s iterated integral [2], that is,

Ð
g
aibi ¼Ð

0at1at2a1 fiðt1Þgiðt2Þ dt1dt2 for g�ai ¼ fiðtÞ dt and g�bi ¼ giðtÞ dt. Here t is the

coordinate in the unit interval ½0; 1�. See Chen [2] for iterated integrals and
Harris [4], Pulte [5] for the (pointed) harmonic volume.

Remark 2.2. By the definition of Ip, we have Ipðð
Pm

i¼1 ai n biÞn cÞ1
�Ipðð

Pm
i¼1 bi n aiÞn cÞ mod Z.

3. Hyperelliptic curves

Let C be a hyperelliptic curve and Z2 the field Z=2Z. In this section, we
explain the first homology group of C with Z2-coe‰cients.

We define the hyperelliptic curve C as follows. It is the compactification of
the plane curve in the ðz;wÞ plane C2

w2 ¼
Y2gþ1

i¼0

ðz� piÞ;

where p0; p1; . . . ; p2gþ1 are some distinct points on C. It admits the hyperelliptic
involution given by i : ðz;wÞ 7! ðz;�wÞ. Let p be the 2-sheeted covering C !
CP1, ðz;wÞ 7! z, branched over 2gþ 2 branch points fpigi¼0;1;...;2gþ1 and Pi A C a

ramification point such that pðPiÞ ¼ pi. It is known that fPigi¼0;1;...;2gþ1 is just

the set of all the Weierstrass points on any hyperelliptic curve C.
For points pi and pj , we denote by pi pj a simple path joining pi and pj.

We draw simple paths p0 p1; p1 p2; . . . ; p2g p2gþ1 and p2gþ1 p0 such that all the
2gþ 2 arcs do not intersect except for endpoints of them. We take a disk

DHCP1 whose boundary is ð62g

j¼0
pj pjþ1ÞU p2gþ1 p0 (Figure 1, g ¼ 2). We

picture two copies of CP1 as above and call them W0 and W1. We make
crosscuts along p2k p2kþ1, k ¼ 0; 1; . . . ; g, and construct the hyperelliptic curve
C by joining every p2k p2kþ1 on W0 to the corresponding one on W1 for k ¼
0; 1; . . . ; g. See 102–103 in [3] for example. We may consider Wi HC for
i ¼ 0; 1.
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The hyperelliptic involution i interchanges a point on W0 and the corre-
sponding one on W1, and fixes Pi, i ¼ 0; 1; . . . ; 2gþ 1. We choose a base point
Q0 A W0 and denote Q1 ¼ iðQ0Þ A W1. Let gj, j ¼ 0; 1; . . . ; 2gþ 1, be a simple

path in D joining pðQ0Þ and pj. We denote by ~ggj the lift of gj in W0 from Q0 to
Pj (Figure 2, g ¼ 2). Set ej ¼ ~ggj � ið~ggjÞ

�1, where the product ~ggj � ið~ggjÞ
�1 indicates

that we traverse ~ggj first, then ið~ggjÞ
�1. It is a path in C which is to be followed

from Q0 to Pj and go to Q1 in Figure 3. It is clear that ej1 � iðej2Þ is a loop in C
at the base point Q0. Moreover we have homotopy equivalences relative to the
base point Q0

Figure 1. DHCP1

Figure 2. W0 HC

Figure 3. ej ¼ ~ggj � ið~ggjÞ
�1
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ej � iðejÞ@ 1 and e0 � iðe1Þ � � � � � e2g � iðe2gþ1Þ@ 1:

We set ai ¼ e2i�1 � iðe2iÞ and bi ¼ e2i�1 � iðe2i�2Þ � � � � � e1 � iðe0Þ, and denote by
xi and yi the homology classes of ai and bi respectively. Then we have
fxi; yigi¼1;2;...;g is a symplectic basis of H1ðC;ZÞ in Figure 1 in [6].

Let HZ2
denote H1ðC;Z2Þ and B branch locus fpigi¼0;1;...;2gþ1. We deform

the path ei in C and denote it by e 0i in Cnp�1ðBÞ as follows. The path e 0i
avoids Pi in a su‰ciently small neighborhood at Pi so that pðe 0i Þ goes around pi
which does not any pk with k0 i (Figure 4) and the set of homology classes

fpðe 0i Þgi¼0;1;...;2g is a basis of H1ðCP1nB;Z2Þ. Moreover we have pðe 00Þ þ pðe 01Þ
þ � � � þ pðe 02gþ1Þ ¼ 0 A H1ðCP1nB;Z2Þ. Since the coe‰cients are in Z2, the
homology class of e 0i is independent of the choice of it. From the 2-sheeted
covering p, we have the well-defined homomorphism v0 : H ! H1ðCP1nB;Z2Þ
which factors through H1ðCnp�1ðBÞ;ZÞ (Arnol’d [1]). We obtain the linear map
v : HZ2

! H1ðCP1nB;Z2Þ induced naturally by v0. It immediately follows that
vðxi mod 2Þ ¼ pðe 02i�1Þ þ pðe 02iÞ, vðyi mod 2Þ ¼ pðe 00Þ þ pðe 01Þ þ � � � þ pðe 02i�1Þ, and v
is injective. The map v gives the short exact sequence

0 ! HZ2
!v H1ðCP1nB;Z2Þ ! Z2 ! 0:

Here the map H1ðCP1nB;Z2Þ ! Z2 is the augmentation map pðe 0i Þ 7! 1. Fix a
Weierstrass point Pn. Let fi denote pðe 0nÞ þ pðe 0i Þ for i ¼ 0; 1; . . . ; 2gþ 1. We
remark that fi may be considered as an element of HZ2

and fn ¼ 0. For i ¼
1; 2; . . . ; g, we have the identification

xi ¼ f2i�1 þ f2i;

yi ¼ f0 þ f1 þ � � � þ f2i�1;

�
ð3:1Þ

in HZ2
. It is clear that f0 þ f1 þ � � � þ f2gþ1 ¼ 0.

For any hyperelliptic curve C and Weierstrass point Pj A C, the hyperelliptic
involution i fixes IPj

and acts on HZ2
as ð�1Þ-times. Then we have the value

of IPj
is 0 or 1=2 mod Z from the equation IPj

1 ð�1Þ3IPj
mod Z. We may

consider IPj
A HomððKnHÞZ2

;Z2Þ, where ðKnHÞZ2
denotes ðKnHÞnZ2.

4. Pointed harmonic volumes of hyperelliptic curves and the moduli space
of Riemann surfaces

We recall some results about the moduli space of Riemann surfaces.
Let Sg be a closed oriented surface of genus g. Its mapping class group, denoted
here by G s

g, is the group of isotopy classes of orientation preserving di¤eo-

Figure 4. A deformation of ei
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morphisms of Sg which fix s points on Sg for s ¼ 0; 1. We denote Gg ¼ G0
g .

The group G1
g acts on the Teichmüller space T1

g of Sg with a marked point and

the quotient space M1
g is the moduli space of Riemann surfaces of genus g with

a marked point. The group G1
g acts naturally on the first homology group

H1ðSg;ZÞ of Sg.
Let H1

g HM1
g be the moduli space of hyperelliptic curves of genus g with

a marked Weierstrass point Pn. For the rest of this paper, we suppose that a
marked point is a Weierstrass point. The hyperelliptic mapping class group D1

g

is the subgroup of Gg defined by

fj A Gg; ji ¼ ij; jðPnÞ ¼ Png;

where i is the hyperelliptic involution of Sg. We have D1
g HG1

g . The moduli
space H1

g is known to be connected and has a natural structure of a quasi-
projective orbifold. The group D1

g can be considered as its orbifold fundamental
group. For any ZD1

g -module M, we may consider the dual M � ¼ HomðM;Z2Þ
as a Z2D

1
g -module in a natural way. We denote In ¼ IPn .

Proposition 4.1. We have

In A H 0ðD1
g ; ðKnHÞ�Þ;

i.e. In is a D1
g-invariant in the dual ðKnHÞ�.

Proof. Let L be a locally constant sheaf with a stalk HomZðKnH;Z2Þ.
In a similar way to Harris’ method [4], In varies in H1

g continuously. For any
hyperelliptic curves, In 1 0 or 1=2 mod Z. We remark that the pointed harmonic
volume is uniquely determined for any point on H1

g . The locally constant sheaf
L has a global section ~IIn associated to In. Moreover H1

g is arcwise connected.
Therefore ~IIn is a constant section of L and In is invariant under the action of the
orbifold fundamental group D1

g of H1
g . r

5. Pointed harmonic volumes of a hyperelliptic curve C0

We compute the pointed harmonic volume of a pointed hyperelliptic curve
ðC0;PnÞ. See §3 and 4 in [6] for details. We define the hyperelliptic curve C0

by the equation w2 ¼ z2gþ2 � 1. We take Qi ¼ ð0; ð�1Þ i
ffiffiffiffiffiffiffi
�1

p
Þ, i ¼ 0; 1, and Pj ¼

ðz j; 0Þ, j ¼ 0; 1; . . . ; 2gþ 1, where z ¼ expð2p
ffiffiffiffiffiffiffi
�1

p
=ð2gþ 2ÞÞ. We define a path

ej : ½0; 1� ! C0, j ¼ 0; 1; . . . ; 2gþ 1, by�
2tz j;

ffiffiffiffiffiffiffi
�1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð2tÞ2gþ2

q �
for 0a ta 1=2;�

ð2� 2tÞz j;�
ffiffiffiffiffiffiffi
�1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð2� 2tÞ2gþ2

q �
for 1=2a ta 1:

8><
>:

For i ¼ 1; 2; . . . ; g, we denote by oi a holomorphic 1-form zi�1 dz=w on
C0. It is known that foigi¼1;2;...;g is a basis of the space of holomorphic 1-forms
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on C0. Let Bðu; vÞ denote the beta function
Ð 1
0 x

u�1ð1� xÞv�1
dx for u; v > 0.

Set o 0
i ¼

ð2gþ 2Þ
ffiffiffiffiffiffiffi
�1

p

2Bði=ð2gþ 2Þ; 1=2Þoi. Then we have

ð
aj

o 0
i ¼ z ið2j�1Þð1� z iÞ and

ð
bj

o 0
i ¼

z2ij � 1

z i þ 1
;

where i; j A f1; 2; . . . ; gg. The integral
Ð
g
o 0

i depends only on the homology class
of g, since o 0

i is a closed 1-form.
We compute the iterated integrals of real harmonic 1-forms of C0 with

integral periods. Let Wa and Wb be the non-singular matrices whose ði; jÞ-entries
are ð

aj

o 0
i and

ð
bj

o 0
i

respectively. We define real harmonic 1-forms ai and bi, i ¼ 1; 2; . . . ; g, by

a1

..

.

ag

0
B@

1
CA¼ < ðWbÞ�1

o 0
1

..

.

o 0
g

0
BB@

1
CCA

0
BB@

1
CCA and

b1

..

.

bg

0
BB@

1
CCA¼ �< ðWaÞ�1

o 0
1

..

.

o 0
g

0
BB@

1
CCA

0
BB@

1
CCA

respectively. It is clear that
Ð
aj
ai ¼

Ð
bj
bi ¼ 0 and

Ð
bj
ai ¼ dij ¼ �

Ð
aj
bi, where dij

is Kronecker’s delta. Let Y : H1ðC0;ZÞ ! H 1ðC0;ZÞ denote the Poincaré dual.
We have YðxiÞ ¼ ai and YðyiÞ ¼ bi for i ¼ 1; 2; . . . ; g. Hence, fai; bigi¼1;2;...;g is
a symplectic basis of H 1ðC0;ZÞ.

Let tu be a complex number
Pg

p¼1 z
up for any integer u. It is obvious that

tu ¼

g for u A ð2gþ 2ÞZ;
�1 for u A 2Znð2gþ 2ÞZ;
1þ zu

1� zu
for u A 2Zþ 1:

8>>><
>>>:

Furthermore, tu is pure imaginary and t�u ¼ �tu when u is odd. In addition to
the formulas (1), (2), (3), and (4) of Lemma 3.8 in [6], it is to show

Lemma 5.1. On the curve C0, we have

ð5Þ
ð
ak

aibj ¼
�1

2ðgþ 1Þ2
t2k�2iðt2k�2j � t2kÞ;

ð6Þ
ð
bk

aibj ¼
�1

2ðgþ 1Þ2
Xk
u¼1

ðt2u�2i�2 � t2u�2iÞ
Xj

v¼1

t2vþ2u�2j�2

( )
:

Here i; j; k A f1; 2; . . . ; gg.

Proof. We compute the case (5) in the following way. Let Aj;m and Bi; l be
ð j;mÞ and ði; lÞ-entries of ðWaÞ�1 and ðWbÞ�1 respectively.
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ð
ak

aibj ¼
ð
ak

�<
Xg
l¼1

Bi; lo
0
l

 !
<
Xg
m¼1

Aj;mo
0
m

 !

¼ � 1

4

ð
ak

Xg
l;m¼1

ðBi; lAj;mo
0
lo

0
mþBi; lAj;mo

0
lo

0
mþBi; lAj;mo

0
lo

0
mþBi; lAj;mo

0
lo

0
mÞ

¼ � 1

2
<

Xg
l;m¼1

Bi; lAj;m

ð
ak

o 0
lo

0
m þ Bi; lAj;m

ð
ak

o 0
lo

0
m

� �( )
:

We use Lemma 3.5 in [6] and calculate

ðgþ 1Þ2
Xg
l;m¼1

Bi; lAj;m

ð
ak

o 0
lo

0
m

¼
Xg
l;m¼1

z�2ilð1þ z lÞ z
mð�1þ z�2jmÞ

1� zm
1

2
zðlþmÞð2k�1Þð1� 2zm þ z lþmÞ

¼ 1

2

Xg
m¼1

1� z2jm

1� zm
zmð2k�2jÞ

Xg
l¼1

z lð2k�2i�1Þð1þ z lÞð1� zm � zmð1� z lÞÞ

¼ 1

2

Xg
m¼1

X2k�1

v¼2k�2j

zmvfð1� zmÞðt2k�2i�1 þ t2k�2iÞ � zmðt2k�2i�1 � t2k�2iþ1Þg

¼ 1

2

Xg
m¼1

(
1� z2jm

1� zm
zmð2k�2jÞð1� zmÞðt2k�2i�1 þ t2k�2iÞ

�
X2k�1

v¼2k�2j

zmðvþ1Þðt2k�2i�1 � t2k�2iþ1Þ
)

¼ 1

2
ðt2k�2i�1 þ t2k�2iÞðt2k�2j � t2kÞ � ðt2k�2i�1 � t2k�2iþ1Þ

X2k�1

v¼2k�2j

tvþ1

( )

¼ 1

2
ðt2k�2i�1 þ t2k�2iÞðt2k�2j � t2kÞ � ðt2k�2i�1 � t2k�2iþ1Þ

X2k
v¼2k�2jþ1

tv

( )
:

Similarly, we have

ðgþ 1Þ2
Xg
l;m¼1

Bi; lAj;m

ð
ak

o 0
lo

0
m

¼ 1

2
ðt2k�2i�1 þ t2k�2iÞðt2k�2j � t2kÞ � ðt2k�2i�1 � t2k�2iþ1Þ

X2k
v¼2k�2jþ1

t�v

( )
:
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Therefore, we obtain the result

ð
ak

aibj ¼
�1

2ðgþ 1Þ2
1

2
<

8><
>:2ðt2k�2i�1 þ t2k�2iÞðt2k�2j � t2kÞ

� 2ðt2k�2i�1 � t2k�2iþ1Þ
X2k

v¼2k�2jþ1
even

tv

9>=
>;

¼ �1

2ðgþ 1Þ2
t2k�2iðt2k�2j � t2kÞ:

Similarly we compute the case (6). r

Using the symplectic basis fxi; yigi¼1;2;...;g HH1ðC;ZÞ stated in §3, we choose
a basis of K as follows:

ð1Þ zi n z 0j ði0 jÞ
ð2Þ xi n yi � x1 n y1 ði0 1Þ
ð3Þ xi n yi þ yi n xi ði ¼ 1; 2; . . . ; gÞ
ð4Þ zi n zi ði ¼ 1; 2; . . . ; gÞ

8>>><
>>>:

9>>>=
>>>;
;

where zi denotes xi or yi, and so on. By the definition of the pointed harmonic
volume In, we obtain

Inððxi n yi þ yi n xiÞn z 00k Þ1 0 mod Z for any i; k;

and

Inðzi n zi n z 00k Þ1
1=2 mod Z if zi n zi n z 00k ¼ xi n xi n yi or yi n yi n xi;

0 mod Z otherwise;

�

for any hyperelliptic curve C. It is enough to consider the case (1) and (2). For
the rest of this paper, we omit mod Z, unless otherwise stated.

We compute the pointed harmonic volume of ðC0;Q0Þ. From Lemma 5.1,
Lemma 3.8 in [6], and the equation

Ð
ej
h ¼ 0 (Lemma 4.2 in [6]), it is to show

Proposition 5.2. Case (1). If i0 k and j0 k, then we have

IQ0
ðzi n z 0j n z 00k Þ1 0:

If i ¼ k or j ¼ k, then we have

IQ0
ðxi n xj n yiÞ1 m;

IQ0
ðxi n yj n yiÞ1

ðg� j þ 1Þm if i < j;

ð2g� j þ 2Þm if i > j;

�
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IQ0
ðyi n xj n xiÞ1 ð2gþ 1Þm;

IQ0
ðyi n yj n xiÞ1

ðgþ j þ 1Þm if i < j;

jm if i > j;

�

Case (2). If i0 k and k0 1, then we have

IQ0
ððxi n yi � x1 n y1Þn z 00k Þ1 0:

If i ¼ k or k ¼ 1, then we have

IQ0
ððxi n yi � x1 n y1Þn xiÞ1 ðgþ 2Þm;

IQ0
ððxi n yi � x1 n y1Þn yiÞ1 ð2g� i þ 2Þm;

IQ0
ððxi n yi � x1 n y1Þn x1Þ1 gm;

IQ0
ððxi n yi � x1 n y1Þn y1Þ1 ðgþ 2Þm:

Here we denote m ¼ 1=ð2gþ 2Þ.

Remark 5.3. From Remark 2.2, we do not need to compute
IQ0

ðxj n xi n yiÞ, IQ0
ððyi n xi � y1 n x1Þn xiÞ, and so on.

We calculate the di¤erence between In and IQ0
. For h1 n h2 n h3 A KnH,

we set Lnðh1 n h2 n h3Þ :¼ Inðh1 n h2 n h3Þ � IQ0
ðh1 n h2 n h3Þ mod Z. Let

ln : ½0; 1� ! C0 be a path t 7! ðtzn;
ffiffiffiffiffiffiffi
�1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2gþ2

p
Þ A C0. It is clear that

l�1
n � ej � ln’s are loops in C0 at the base point Pn. From the equation (2.2) in [4],
we have

Lemma 5.4.

Lnðh1 n h2 n h3Þ1 ðh1; h3Þ
ð
ln

h2 � ðh2; h3Þ
ð
ln

h1 mod Z:

It is clear thatð
ln

ai ¼
1

2ðgþ 1Þ <ðtn�2i þ tn�2iþ1Þ and

ð
ln

bi ¼
�1

2ðgþ 1Þ <
Xn

u¼n�2iþ1

tu

 !
:

These equations and Lemma 5.4 give the following Lemma.

Lemma 5.5. Case (1). If i0 k and j0 k, then we have

Lnðzi n z 0j n z 00k Þ1 0:

If i ¼ k or j ¼ k, then we have

Lnðxi n xj n yiÞ1
gm if n ¼ 1 or 2;

ð2gþ 1Þm if n0 1 and 2;

�

Lnðxi n yj n yiÞ1
jm if n > 2i � 1;

ðgþ j þ 1Þm if na 2i � 1;

�
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Lnðyi n xj n xiÞ1
ðgþ 2Þm if n ¼ 1 or 2;

m if n0 1 and 2;

�

Lnðyi n yj n xiÞ1
ð2g� j þ 2Þm if n > 2i � 1;

ðg� j þ 1Þm if na 2i � 1:

�

Case (2). If i0 k and k0 1, then we have

Lnððxi n yi � x1 n y1Þn z 00k Þ1 0:

If i ¼ k or k ¼ 1, then we have

Lnððxi n yi � x1 n y1Þn xiÞ1
gm if n ¼ 2j � 1 or 2j;

ð2gþ 1Þm if n0 2j � 1 and 2j;

�

Lnððxi n yi � x1 n y1Þn yiÞ1
im if n > 2i � 1;

ðgþ i þ 1Þm if na 2i � 1;

�

Lnððxi n yi � x1 n y1Þn x1Þ1
ðgþ 2Þm if n ¼ 1 or 2;

m if n0 1 and 2;

�

Lnððxi n yi � x1 n y1Þn y1Þ1
ð2gþ 1Þm if n > 1;

gm if na 1:

�

By combining Proposition 5.2 and Lemma 5.5, we have the pointed har-
monic volume In of ðC0;PnÞ.

Theorem 5.6. Case (1). Elements of K nH at which the values of the
pointed harmonic volume In are 1=2 mod Z are given by

xi n xj n yi; xj n xi n yi if n ¼ 2j � 1 or 2j;

xi n yj n yi; yj n xi n yi if ði < j; n > 2j � 1Þ or ði > j; na 2j � 1Þ;
yi n xj n xi; xj n yi n xi if n ¼ 2j � 1 or 2j;

yi n yj n xi; yj n yi n xi if ði < j; n > 2j � 1Þ or ði > j; na 2j � 1Þ:
The values at the other elements are 0 mod Z.

Case (2). Elements of KnH at which the values of the pointed harmonic
volume In are 1=2 mod Z are given by

ðxi n yi � x1 n y1Þn xi; ðyi n xi � y1 n x1Þn xi if n0 2i � 1 and 2i;

ðxi n yi � x1 n y1Þn yi; ðyi n xi � y1 n x1Þn yi if na 2i � 1;

ðxi n yi � x1 n y1Þn x1; ðyi n xi � y1 n x1Þn x1 if n0 1 and 2;

ðxi n yi � x1 n y1Þn y1; ðyi n xi � y1 n x1Þn y1 if n > 1:

The values at the other elements are 0 mod Z.

From Proposition 4.1, this theorem can be extended to any hyperelliptic
curve C with Weierstrass base points. But this extension is complicated. We
reconsider Theorem 5.6 from a combinatorial viewpoint. We apply an element
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A A KnH to the identification (3.1) in the group ðKnHÞZ2
. Then we have

ðA mod 2Þ ¼
P

p;q; r0n Ap;q; r fp n fq n fr, where Ap;q; r A Z2 ¼ f0; 1g. The nota-

tion a means the cardinality of a set. A counting function kn : KnH !
1
2Z=Z ¼ f0; 1=2g is well-defined by

knðAÞ :¼
1

2
ðafðp; q; rÞ;Ap;q; r ¼ 1;afp; q; rg ¼ 2gÞ mod Z:

Hereafp; q; rg ¼ 2 means p ¼ q0 r or q ¼ r0 p or r ¼ p0 q. By the long but
easy computation, we obtain the correspondence.

Corollary 5.7. On the curve C0, we have

InðAÞ1 knðAÞ mod Z:

Example 5.8. (1) If A ¼ xi n xj n yi (i < j and n ¼ 2j � 1Þ, we have

knðAÞ ¼ knðð f2i�1 þ f2iÞn f2j n ð f0 þ f1 þ � � � þ f2i�1ÞÞ
1 knð f2i�1 n f2j n f2i�1Þ ¼ 1=2:

(2) If A ¼ xi n xj n yi (i > j and 2i < n), we have

knðAÞ ¼ knðð f2i�1 þ f2iÞn ð f2j�1 þ f2jÞn ð f0 þ f1 þ � � � þ f2i�1ÞÞ
1 knð f2i�1 n f2j�1 n f2j�1 þ f2i�1 n f2j�1 n f2i�1 þ f2i�1 n f2j n f2j

þ f2i�1 n f2j n f2i�1 þ f2i n f2j�1 n f2j�1 þ f2i n f2j n f2jÞ
¼ 1=2þ 1=2þ 1=2þ 1=2þ 1=2þ 1=21 0:

6. A combinatorial formula of In

In this section, we compute the pointed harmonic volume In ¼ IPn of ðC;PnÞ
by another combinatorial way. Let S2gþ1 be the ð2gþ 1Þ-th symmetric group.
Using the natural projection D1

g ! S2gþ1, the group HZ2
is naturally considered as

a Z2S2gþ1-module (Arnol’d, V. I. [1]). From the slight modification of Lemma
5.5 and Proposition 5.7 in [6], we have

Lemma 6.1.

H 0ðD1
g ; ðKnHÞ�Þ ¼ H 0ðS2gþ1; ðHn3Þ�Þ ¼ Z2:

Moreover the unique nontrivial element cn A H 0ðS2gþ1; ðHn3Þ�Þ is an S2gþ1-
homomorphism Hn3 ! Z2 defined by

cnð fi n fj n fkÞ ¼
1 if afi; j; kg ¼ 2;

0 otherwise;

�

for any i, j, k except for n.
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From Lemma 6.1, we have

Theorem 6.2. For A A KnH, we have

InðAÞ1 knðAÞ mod Z:

Using the equation fi ¼ pðe 0nÞ þ pðe 0i Þ, we obtain ðA mod 2Þ ¼P
p;q; r A

0
p;q; rpðe 0pÞn pðe 0qÞn pðe 0rÞ. Another counting function k 0

n : KnH !
1
2Z=Z ¼ f0; 1=2g is defined by

k 0
nðAÞ :¼

1

2
ðafðp; q; rÞ;A 0

p;q; r ¼ 1;afp; q; rg ¼ 2; p; q; r0 ngÞ mod Z:

Corollary 6.3.

InðAÞ1 k 0
nðAÞ mod Z:

Proof. We use the notation eðp; q; rÞ ¼ pðe 0pÞn pðe 0qÞn pðe 0rÞ only here.
The equation

fp n fq n fr ¼ eðp; q; rÞ þ eðp; q; nÞ þ eðp; n; rÞ þ eðp; n; nÞ
þ eðn; q; rÞ þ eðp; q; nÞ þ eðn; n; rÞ þ eðn; n; nÞ

gives knðAÞ1 k 0
nðAÞ. r
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