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ON COMPLEX WEYL-HLAVATY CONNECTIONS

By KENTARO YANO AND SUMIO SAWAKI

§0. Introduction.

To generalize results in conformal Riemannian geometry to those in Kaeh-
lerian geometry, one of the present authors introduced in [4] what he calls a
complex conformal connection in a Kaehlerian manifold. In this study, a cur-
vature tensor introduced by Bochner [1] plays the rdle of the conformal cur-
vature tensor of Weyl.

It is well known that the so-called Weyl-Hlavaty connection, that is, a linear
connection D without torsion such that ¥ ,g;,=—2p.g;;, p» being a covector field,
plays an important réle in conformal Riemannian geometry, [5].

The main purpose of the present paper is to introduce a complex analogue
of Weyl-Hlavaty connection in a Kaehlerian manifold and study its properties.

In §1, we state some preliminaries on Kaehlerian geometry and on the
Bochner curvature tensor and in §2 we introduce what we call a complex
Weyl-Hlavaty connection. §3 is devoted to the study of the curvature tensor
of a complex Weyl-Hlavaty connection. Using the results obtained in § 3, we
prove our main theorem in §4.

§1. Preliminaries.

We consider a Kaehlerian manifold M of real n dimensions (n=4) covered
by a system of coordinate neighborhoods {U; x"} and denote by g;; and F,*
components of the Hermitian metric tensor and those of the almost complex
structure tensor of M respectively, where and in the sequel the indices 4, 4, j, -
run over the range {1,2, -, n}.

Then we have

(]-1) FttFthz"—a? thFtsgts:gji
and
1.2) ngjiz(), ViFr=0, VijiZO,

where V, denotes the operator of covariant differentiation with respect to the
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Christoffel symbols { ; hi} formed with g;; and F;;=F,'g,, and consequently F;;
=—F,,.

We denote by K,;;", K;; and K the curvature tensor, the Ricci tensor and
the scalar curvature of M respectively. It is well known that these tensors
satisfy

(1.3) K jiil"F'—K,i'F"=0,  K.;;"+K; F'F=0,
(14) KijiFot =K FF =0,  Kpjin—KpjsF Fa’=0,
(1.5) K'F'—F'K*=0, KMK'F'F=0
and

(1.6) K F'+K,F'=0, K;—K,F'F'=0,

where K;jin=K,;'g,n and K,"=K,,g'"", g'* being contravariant components of g;;.
We define H,” by

1.7 2H = —K,;"F* ,
where F*=g*F,. We then have
(1«8) 2H;, = "Km'nF” = __KihtsFts ’

where H;,=H,'g,,, H;, being skew-symmetric.
The relations between K;; and H;; are given by

(1.9) Kji:HjtFLzy Hjiz—KjLF'Lc-

The Bochner curvature tensor (Bochner [1], Tachibana [2], Yano and Bo-
chner [3]) is given by

(1.10) Biji" = Ky" +04L;i— 0% Ly + Ly g;i— L, g
'Jl—Fanji_F]tht—l_MkhFji_M]thi_z(lwkthh—‘rijMlh) y

where

(111) Ly=——* K+ 1 Kg,,
: AT T T T 2 2)(nkd) CE
(1.12) Mjiz_thFlt,

that is,

(1.13) My=——L _pg.+ 1 KF,,
: =T g AT o)ty
and

(1.14) L)*=L;g"™, M= My g™ .
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Since Hj; and Fj; are both skew-symmetric, so is also Mj,.

§2. Complex Weyl-Hlavaty connections.

We consider an affine connection D with torsion in a Kaehlerian manifold
M and denote by I'%; the components of the connection D and by D, the operator
of covariant differentiation with respect to I'%.

If the affine connection D satisfies

(2.1) Dkgji = —ZPkgji y
(2.2) Diji = —Zkaji (07’ DkFJh:‘O) y
(23) I'y—I'ty=—2F;q"

for a certain non-zero covector field p, and a vector field ¢, then we call D a
complex Weyl-Hlavaty connection.
First of all, solving (2.1) and (2.3) with respect to I'%, we find

(2.4) = { [ F OO, g "+ F P~ Fad®,
where p"=p,g'* and ¢,=¢'g,,. Next we compute D,F;; using (2.4).
We then obtain
DyFji=—204F ji—8xf(0F\'+4) +80(DF, 1))
+Fyi(pi—q.F ) —Fo(p,— 0. F,"),
from which, using (2.2),
8 (DeF S +0.)—8ui(DeF, 44,
—Fy(pi—q.F)+Fu(p,—q.F,)=0.
Transvecting this equation with g*’, we find
(n—2)(p.F.'+¢.)=0,
from which
(2.5) ¢.=—p.Ft, pi=qF".

Conversely, as is easily seen, the I'% given by (2.4) where p; and ¢, are
related by g,=—p,F,® satisfy (2.1), (2.2) and (2.3).
Thus we have

PROPOSITION 2.1. In a Kaehlerian manifold M with Hermitian metric tensor
g;i and the almost complex structure tensor F.* a complex Weyl-Hlavat) connec-
tion is given by (2.4) where q;=—p,F..
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§3. Curvature tensor of a complex Weyl-Hlavaty connection.

We consider a complex Weyl-Hlavaty connection I'% in a Kaehlerian mani-
fold M and compute the curvature tensor of I':

(8.1) Ry i*=0,I"%—0,l+ T I, — I,  (0,=0/0x%).
By straightforward computation, we find
(3.2) Ryji" =K"= 04D ;i+0"Dr— i g5i+D," 8es—Fi" ¢+ F " qs,
— " F 49, Fry—ay;FP—F o B+ p,—V ;Pr)0%,

where

(3.3) p5i=V ;ps—0,b:+ ;9. + —%—lg,-i )
(34) 9=V ;0:—P;9.— b+ %ZF it
A being defined by A=p;p*=q.q",

(35) a;=—V;0.—V:q,),
(3.6) Bji=2(0;9.—4,b2)

and Py"=Px 8" 9:"=qx8", Bin=P:'Gun .
We can easily check that p;;, ¢;; and «;; are related by

37 pjiIthFlt , qji= —pjthz ,
(3.8 Q= —(qji_QtJ—lFfi) .

We now assume that the holonomy group of the connection D is that of
dilatations, that is, we have equations of the form R,;;"=v;;0% v, being a 2-
form. Then from (3.2) we find

(3.9) Ry =W op,—V ,p1)0% .

Consequently (3.2) becomes

(3.10) Kieji"— 04D i+ 0% paa—104"5i+0, 20— Fi" 05+ F, " q,
—q"F;i+q,"Fy,—ay;F " —Fy ;8" =0

or, in covariant form,

(3.11) Kijin=8mPsi—EinbutPin8ii—Din&utFindji—F jndi
FunF ji—QnF o+ i Fin+FyjBin .

Transvecting (3.11) with g** and using (3.7), we find
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(3.12) Kji = (n_1)17]'12+pgji_F]t451+qFji+athzt+th,81't

where p=g’’p;; and ¢=g"'q;,/=¢’ ;q..
Transvecting (3.11) with F* and making use of (3.7), we obtain

(3.13) KpjuosF Y = —4(qr,— qp) F 10, +Fy ;F° By,
from which, using (1.8), (3.8) and F**8,,=42, we have
(3.14) ijz—rljz_i((]k;—ij-RFk;)-

Transvecting (3.12) with —F,* and using the second equation of (1.9). and
3.7), we find

Hjh.= (n_l)qjh+ijh+F]lpth_quh—ajh_thFhsAB.?z ’
from which, making use of (3.8) and the equation

szFns.Bst = 2szFns(psqt‘4spt) = Z(Pth_(ijh) = ,th ’
we have

(3.15) Hﬂ———nqﬂ——q” +iji+FJtptl_qgji_ZFji_ﬁfi'

Transvecting (3.12) with g’* and making use of F%¢,=p, a,F*=ni—2p
and B, F**=42, we find

(3.16) K=2(n+1)p—(n+4)2.

Transvecting (3.14) with F¥, we have
(3.17) K=(n+4)p—%n(n+4)] .

From (3.16) and (3.17), we find

—hpi— K

Now, transvecting (3.12) with F,/F;', we have
FIF:K;=—m—1F ¢t 0qustDest9Fis— Filag+Fi' Bis
or, using the second equation of (1.6),
K;i=—n—1)F,'q,,+pg;i+p;i+qF;;—F, a,+F B, .
Thus comparing (3.12) with this equation, we find
(3.19) 0=(n—2)p;;+(n—2)F ' q,+a, ;F ! +Fla,,

from which, using (3.8),
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(3:20) (n=1)(p;i+F,'q:)—(p:,+F.'q,,)=0.
From (3.20) and
(n—=1)(ps,+F.' )= (0;i+F,'9) =0,
which is equivalent to (3.20), we obtain

pjt+F,tq:=0,

or
(321) pji= —F]tQtl ’ jSzF;tPn .
Thus, (3.15) can be written as
(3.22) Hji:(n+1)‘1ji“qu+iji—'qgji*lei—,Bji .
But, H;; being skew-symmetric, we have from (3.22)
0=(n+1)(q;:+9.,)—(q5:+q.,)—298,:»
from which
(3.23) (Iji—_—‘%_qgji—“ql'; .
Substituting (3.23) into (3.14), we find
ijzlz-té‘ (*Z—qgkr‘zﬁk“sz;) ’
from which

1
U= 98t At g Hies

or, using (3.18),
(3.24) jSz‘}l—qgji_Mji .

From (3.7) and 1(3.24), we have

(3.25) bi=—LqFy~Lj.

Substituting (3.24) into (3.8), we find
(3.26) a;;=2M;;+AF ;.
On the other hand, we have from (3.22)
Bji=(n+1)q;i—qu,+DF j;— 85— AF ji— Hys

from which, substituting (3.24) we find

377
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(3.27) B}i = —(n+2)Mﬂ+(p“‘2)Fj,-—H” .
But, (3.17) shows that

1
n+4

and consequently we can write (3.27) in the form

p—i=

K+ ”52 p

— 1 n—2
ﬁji——(n+2)Mji+< n+4 K+ 5 2>Fji'—Hji ’
or, using (1.13) and (3.18),
(3.28) ﬁji :2Mji—2Fﬂ .

§4. Theorems
In this last section, we prove the following two theorems.

THEOREM 4.1. Let M be a real n-dimensional Kaehlerian manifold, (n=4).
If M admits a complex Weyl-Hlavaty connection such that its holonomy group is
that of dilatations, then the Bochner curvature tensor of M vanishes.

Proof. Substituting (3.24), (3.25), (3.26) and (3.28) into (3.10), we obtain
Kkjih = —a’l:Lji'f—a,’;Lkz"—Lkhgji"_LJhgkz

—‘FkhMji+FJthi_MkhFji+MJthl+2(MkjF1h+ijMlh) ]
that is
Bkjihzo-

THEOREM 4.2. Let M be a real n-dimensional Kaehlerian manifold, (n=4).
If one of the following conditions is satisfied, then there does not exist a complex
Weyl-Hlavaty connection such that its holonomy group is that of dilatations.

1) M is compact,

(2) The scalar curvature K is non-negative,

3) K;;K’*=constant,

Proof. (1) From (3.6) and (3.28), we have
_ 2
PjQi—Pi‘Ij—Mﬁ“TFﬁ ’
or, using (1.12) and (3.18)

(4.1) Dbt F P b=~ gy Kot g Ke=0.

On the other hand, from (3.3) and (3.25), we have
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Vb= F{F Db A= L-qF i~ Ly,
or taking account of (3.18),
4.2) Vipi=pipi—F,'F.'bips— qF,rl- n+4 — Kii
Eliminating p;p; from (4.1) and (4.2), we obtain
4.3) V,0i=—2F,'F p,p,~ qﬂﬁm-z-}(w@ffgﬁ-

By covariant differentiation, we have from (3.18)
(4.4) 2in,pi+(—nJr2)1(71—+®VjK=o.
Thus substituting (4.3) into (4.4), we find
2p’[-—2F,‘Fﬁp,ps—%qFﬁ+(nT2)l(m K]

1 _
T ooy VE=0

or

2 . 2 1 _
45) Wt ey Kt yerny TAE=0
from which, transvecting with p7,

ZKPJPJ'F]WVJ:K:O y

or, taking account of (3.18),

(4.6) K*—pil ,K=0.

(n—|—2)(n+4)

Consequently, by Green’s theorem, we have

%) J o KoHKP #7]av=0,

dV denoting the volume element of M. But (4.2) shows that

_ 1
V]p]—_n__qK.

Thus (4.7) becomes

2 . .
Loy £ o Kav=0,
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from which it follows that K=0 and consequently, from (3.18), we have p;=0.
(2) (3.18) shows that if K=0, then p;=0.
(3) Transvecting (4.1) with p’p', we have

L .1— U ,_1__ T —_
or, using (3.18)
e 2K?
(48) p]P Kji— (n+2)z(n+4) .
Transvecting (4.1) with K’* and using the second equation of (1.6), we have

R < 1
20,08 =y Tt

Kjini = O .
Substituting (4.8) into this equation, we find
K Ki=—"16_ g

from which it follows that K =constant by virtue of the assumption K;K/'=

constant.
Thus, from (4.6), we have K=0 and consequently, from (3.18), we find p;=0.
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