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ON COMPLEX WEYL-HLAVATY CONNECTIONS

BY KENTARO YANO AND SUMIO SAWAKI

§ 0. Introduction.

To generalize results in conformal Riemannian geometry to those in Kaeh-
lerian geometry, one of the present authors introduced in [4] what he calls a
complex conformal connection in a Kaehlerian manifold. In this study, a cur-
vature tensor introduced by Bochner [1] plays the role of the conformal cur-
vature tensor of Weyl.

It is well known that the so-called Weyl-Hlavaty connection, that is, a linear
connection D without torsion such that Γkgji=—2pkgjit pk being a covector field,
plays an important role in conformal Riemannian geometry, [5].

The main purpose of the present paper is to introduce a complex analogue
of Weyl-Hlavaty connection in a Kaehlerian manifold and study its properties.

In § 1, we state some preliminaries on Kaehlerian geometry and on the
Bochner curvature tensor and in § 2 we introduce what we call a complex
Weyl-Hlavaty connection. § 3 is devoted to the study of the curvature tensor
of a complex Weyl-Hlavaty connection. Using the results obtained in § 3, we
prove our main theorem in § 4.

§ 1. Preliminaries.

We consider a Kaehlerian manifold M of real n dimensions (n^4) covered
by a system of coordinate neighborhoods {U xh) and denote by gjt and Ft

h

components of the Hermitian metric tensor and those of the almost complex
structure tensor of M respectively, where and in the sequel the indices h, i,j, •••
run over the range {1, 2, •••, n}.

Then we have

(1.1) FtΨt

h=-δ}, FWg^gji

and

(1.2) Fkgji = Of FkFt

h = 0, FkFμ = 0,

where V k denotes the operator of covariant differentiation with respect to the
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Christoffel symbols! J>formed with gμ and Fji=FJ

tgtlf and consequently FH

We denote by Kkji

h, Kμ and K the curvature tensor, the Ricci tensor and
the scalar curvature of M respectively. It is well known that these tensors
satisfy

(1.3) Kkμ

hF*-KkjiΨ* = Q,

(1.4) KtjuFJ-KwF^O,

(1.5) Kt

tFt

h-Ft

tKt

h = 09

and

(1.6) KjtFS+KuFS = 0 , Kj%-KtaF*Fx* = 0,

where Kkjih=Kkji

tgth and Kt

h—Kίtg
th, gth being contravariant components of g^.

We define Ht

h by

(1.7) 2Hι

h=-Kkjί*Fk\

where Fkj=gktFt

J. We then have

(1.8) 2Hih=-KtsihF
ts=-KίhtsF

ts,

where H^—H^g^ Hih being skew-symmetric.
The relations between iΓ;i and //,•* are given by

(1.9) K5i = HitFΐ, H3t=-KjtFx*.

The Bochner curvature tensor (Bochner [1], Tachibana [2], Yano and Bo-
chner [3]) is given by

(1.10) Sw<» = Kkjt*+δiLί(-δ>}Lln+Lk

hgJt-L)

hgltι

+Fk'
ίMji-FJ

hMH+Mk>
ίF}t-M}'

ίFH-2(Mk

where

( U 1 ) L»= :iϊ+¥Kji+ 2(n+2)(n+4) Kg>*'

(1.12) Mj^-LjtFS,

that is,

(1.13) Λ/,-i = -

and

(1.14) Lk

h
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Since Hμ and Fjt are both skew-symmetric, so is also Mμ.

§ 2. Complex Weyl-Hlavaty connections.

We consider an afϊϊne connection D with torsion in a Kaehlerian manifold
M and denote by Γ% the components of the connection D and by D, the operator
of covariant differentiation with respect to Γh

ji%

If the affine connection D satisfies

(2.1) Dkgji = -2pkgjif

(2.2) DMFJt = -2pkFμ (or DkF3

h = 0),

(2.3) Γ%-Γ%=

for a certain non-zero covector field pk and a vector field qh, then we call D a
complex Weyl-Hlavaty connection.

First of all, solving (2.1) and (2.3) with respect to Γ% we find

(2.4) Γ%

where ph=ptg
th and qi—qtgt%. Next we compute DkFμ using (2.4).

We then obtain

DkFji = -2pkFji-gkj(ptFτ

t+qι)+gki{PtF3

t+q3)

+Fkj(pi-qtFι

t)-Fki(pj-qtFJ

t),

from which, using (2.2),

gkj(PtFι

t+qι)-gki(PtF/+qJ)

-Fkj(pi-qtFι

t)+FH(Pj-QtF3

t) = 0.

Transvecting this equation with gkj, we find

from which

(2.5) qt =

Conversely, as is easily seen, the Γh

jt given by (2.4) where pt and qτ are
related by qi=-ptFι

ι satisfy (2.1), (2.2) and (2.3).
Thus we have

PROPOSITION 2.1. In a Kaehlerian manifold M with Hermitian metric tensor
gji and the almost complex structure tensor F z \ a complex WeyUHlavaty connec-
tion is given by (2.4) where qi=—ptFt

t.
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§ 3. Curvature tensor of a complex Weyl-Hlavaty connection.

We consider a complex Weyl-Hlavaty connection Γ% in a Kaehlerian mani-
fold M and compute the curvature tensor of Γ%:

(3.1) Rkji

h=dkr%-djΓi+Γϊtr%-r%πt, (dk=d/dχk).

By straightforward computation, we find

(3.2) R k j i

h = K k j f - δ h

k p h h

where

(3.3) Pji

(3.4) Qji = Fjqϊ-pj

λ being defined by λ=pip
ι=qiq

L,

(3.5) ^ =

(3.6) βji

and pk

h=pktg
th> qkh=Qktgth, βiκ=βigth

We can easily check that pJi9 qμ and aμ are related by

(3.7)

(3.8) j j ,

We now assume that the holonomy group of the connection D is that of
dilatations, that is, we have equations of the form Rkji

h=vkjδ^f vk3 being a 2-
form. Then from (3.2) we find

(3.9)

Consequently (3.2) becomes

(3.10) Kkjf-ftPji

or, in covariant form,

(3.11) Kkjih=

+qkhFji-qjhFkι+akjFih+Fkjβih.

Transvecting (3.11) with gkh and using (3.7), we find
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(3.12) Kji^n-Dp

where p=gJ%i and q=g^iqji=g^ψ'$qχm

Transvecting (3.11) with Fίh and making use of (3.7), we obtain

(3.13) KkjtsF
ts = -A(qkJ-qjk)+nakJ+FkjF

tsβts,

from which, using (1.8), (3.8) and Ftsβts=4:λ, we have

(3.14) Hkj = -^-{qk-qjk-λFkj).

Transvecting (3.12) with — FΛ* and using the second equation of (1.9)! and
(3.7), we find

from which, making use of (3.8) and the equation

W ί / = 2FtjFh'(ptq
t-q,pt) = 2(Pjqh-qjPh) = βjh ,

we have

(3.15) HJi = nqJi-qXJ +pFji+Ffpt%-qgji-λFii-βji.

Transvecting (3.12) with gji and making use of Ftsqts=p, atsF
ts — nλ—2p

and βuF
u=Uf we find

(3.16) K= 2(n+l)p-(n+A)λ.

Transvecting (3.14) with FkJ, we have

(3.17) K= ( n + 4 ) ί — ^

From (3.16) and (3.17), we find

<3 1 8 ) l=P<?=- ( M + 2 χ n + 4 )

Now, transvecting (3.12) with F/F,*, we have

FSFJKji^ -(n-l)Ft*qts+pqts+pts+qFts-Ft*asι+Ft*βis,

or, using the second equation of (1.6),

Thus comparing (3.12) with this equation, we find

(3.19) 0 = (n-2)PjMn

from which, using (3.8),
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(3.20) (n-l)(pji+FJ

tqtι)-(piJ+Fι

tqtJ) = 0.

From (3.20) and

(n-ϊ)(pij+Fι

tqtJ)-(pji+FJ

tqtι) = 0,

which is equivalent to (3.20), we obtain

or

(3.21) Pji = -FJ

tq

Thus, (3.15) can be written as

(3.22) Hji = {n-^l)qji-q

But, Hji being skew-symmetric, we have from (3.22)

from which

(3.23) q.. = ^-qgji

Substituting (3.23) into (3.14), we find

from which

or, using (3.18),

(3.24) q 5 i = \ n μ

From (3.7) and (3.24), we have

(3.25) pμ = — qFji—Lμ .

Substituting (3.24) into (3.8), we find

(3.26) aji = 2Mji+λFji.

On the other hand, we have from (3.22)

βji = (n+l)qji-qιJ+pFji-qgji-λFji-Hji1

from which, substituting (3.24) we find
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(3.27) βji = -

But, (3.17) shows that

and consequently we can write (3.27) in the form

or, using (1.13) and (3.18),

(3.28) β^Mv-λFjt.

% 4. Theorems

In this last section, we prove the following two theorems.

THEOREM 4.1. Let M be a real n-dimensional Kaehlerian manifold, (ni>4).
// M admits a complex Weyl-Hlavaty connection such that its holonomy group is
that of dilatations, then the Bochner curvature tensor of M vanishes.

Proof. Substituting (3.24), (3.25), (3.26) and (3.28) into (3.10), we obtain

that is

BkJi

h =

THEOREM 4.2. Let M be a real n-dimensional Kaehlerian manifold, (nΞ>4).
// one of the following conditions is satisfied, then there does not exist a complex
Weyl-Hlavaty connection such that its holonomy group is that of dilatations.

(1) M is compact,
(2) The scalar curvature K is non-negative,
(3) KjiKji=constant.

Proof. (1) From (3.6) and (3.28), we have

or, using (1.12) and (3.18)

(4.1) ΛΛ+F/F/AΛ- Ί - ^ ξ Γ K g i i + - ^ χ KJV= 0.

On the other hand, from (3.3) and (3.25), we have
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or taking account of (3.18),

(4.2)

Eliminating pjpi from (4.1) and (4.2), we obtain

(4.3) V1Pi = -2F,Ψt ptp.-±rqFii+ {n+2){n+i) Kgit.

By covariant differentiation, we have from (3.18)

(4.4) 2PΨ}Pi+ ]

Thus substituting (4.3) into (4.4), we find

^ (n+2)(n+4)

or

(4.5) —%rqpΨjt+ ( n + 2 ) 2

( r a + 4) KP>+ (n+Wn+Aϊ M " = 0 ,

from which, transvecting with pJ,

2KpjpJ+pΨjK=0,

or, taking account of (3.18),

Consequently, by Green's theorem, we have

ί j (»+2Xn+4)
dV denoting the volume element of M. But (4.2) shows that

Thus (4.7) becomes
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from which it follows that K=0 and consequently, from (3.18), we have

(2) (3.18) shows that if K^O, then pt=0.

(3) Transvecting (4.1) with pJp\ we have

^ ^ = 0PW- (n+2Xn+4)
or, using (3.18)

Transvecting (4.1) with Ki% and using the second equation of (1.6), we have

Substituting (4.8) into this equation, we find

from which it follows that K= constant by virtue of the assumption KjίK
jί=

constant.

Thus, from (4.6), we have K=Q and consequently, from (3.18), we find ^ = 0 .
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