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DEGREES OF MAPS AND HOMOTOPY TYPE
By HIDEO TAKAHASHI

§1. Let K be an oriented Poincaré complex and let px be the oriented
fundamental class of K. The degree of a map f: K—K is defined by the formula
Felpx)=(deg flpk, (deg feZ). Let [K, K] be the set of homotopy classes of
maps from K to K. Then we get a correspondence D :[K, K]—Z, which is
defined by D({f})=detf. We denote by D(X) the image of D. In the case
where K is of the form S"™Ue " *Ue*"** S, Sasao has got some results about
relations between D(K) and the homotopy type of K ([7]). In this note we
shall investigate the case where K=S"Ue*"Ue*® (n=3) and prove the following
theorem :

THEOREM. Suppose K=S"Ue**Ue*™ (n=3) 1s a Powncaré complex. Then K
1S homotopy equivalent to S™XS*" 1f and only 1f D(K) contains 2 and EK 1s ve-
ducible.

§2. Let K=S"Ue"Ue*™ (n=3) be a complex and x, (1=1, 2,3) be the
oriented generators of H'™(K; Z). Then the cohomology ring structure of
H(K; Z) is completely determined by two integers a, b such that

x*=ax, and X X,=bx, .

If K is a Poincaré complex, we have b==+1. Hence we can suppose b=1 with-

out the loss of generality.
Let a=m,,_,(S™) be the homotopy class of the attaching map of ¢**. Then

the following lemma is well known ([8]).
LEMMA 1. The Hopf wnvariant H(a) of a 1s equal to +a.

Let f: K—K be a map such that f*(x,)=kx, (k€Z). Then we have

(¥ (x))=Fx=kax,x,=kax,
and

(f*(x))=/*(x")=*(ax,x,)=a(deg f)x; .

Hence we obtain a(k®*—deg f)=0. Thus if D(K) contains 2, we have a=0, i.e.
H(a)=0.
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LEMMA 2. Suppose K 1s a Powncare complex and D(K) contains 2. Then K
15 of the form (S™VS*)\Ue",

Proof. Let f: K—K be a map with deg /=2. And let f*(x,)=ax, and f*(x,)
=bx,. Then f*(x,)=f*(x,x,)=abx,, and so it follows that ab=2. On the other
hand, let S®™Ue** be the 2n-skelton of K. Then we have the following commuta-
tive diagram

f
(ST S s 7, (SMUgt S

3 3 l
nmﬂ(s{) T (SY

where 7,,(S™Ue*", S™) is free generated by ¢ and do=a. Since ba=0d(bo)=0df0
=fwlo=fra=ac0a and « is a suspension element because of H(«)=0, we have
2a=a, i.e. «=0. Thus the proof of lemma is completed.

Let fem,, (S*VS®") be the homotopy class of the attaching map for the
cell ¢®® of a Poinearé complex K=(S"VS*)Ue*", Since my,-1(S™V S*) is isomor-
phic to the direct sum

Tan-1(S™)+Tgn_1(S*)+[ma(S™), 72a(S*™)],

B has an expression ¢,08,+¢,,08s+mltn, ¢3n] Where BiEms0-1(S™), B2Ems0-1(S*"),
meZ and ¢, t,, denote the homotopy classes of inclusions S”, S*"—S™Vv S
respectively. Then we may suppose m=1 since K is a Poincaré complex ([5]).

LEMMA 3. If n=3, then the kernel of the suspension E:my,_ (S™)—my,(S™1)
s equal to [‘ny !njoﬂan—l(szn-l):[[ny ﬂzn(sn)]-

Proof. By Theorem 1.2 and Corollary 1.10 of [4], we have E ' (0)=[¢,, ¢,]o
T3n-1(S*1). By Theorem 7.1 of [1], for any yem,,(S™),

Ceny 71=Ltn, taJoE™ (1) (=10 [tn, [tn, tnJJoE™ Y (H(y)) .
Then from H(y)em,,(S** )=Z, and 3[¢,, [tn, t,11=0, it follows that
I:fny nzn(sn)]:[‘ny (n]oEn_l<ﬂ2n(Sn)) .

On the other hand x,,,,(S™"!) is generated by E(x,,(S™)) and the Whitehead
product [t,4y, tne1], SO that we obtain E" (7,,(S™)=m,,_,(S**"*). Thus the proof
is completed.

§3. Proof of Theorem: Suppose K is homotopy equivalent to S™XS?",
Then it is clear that D(K)=D(S"xXS*")=Z. Furthermore, the reducibility of
EK is homotopy invariant and so EK is reducible.

Conversely suppose D(K) contains 2 and EK is reducible. By Lemma 2,
K is homotopy equivalent to a complex (S™V S*)Ue*" and also E(B)=0 is equi-
valent to the reducibility of EK. Hence it follows that E(B,)=0 and E(B8,;)=0
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in the expression as in §2. Thus we have B8,=0 since E: m,, ,(S*")—m,,(S*)
is an isomorphism. And moreover, by Lemma 3, we have fB,=[¢,, y] for some
element y=7,,(S™). Then let f: S*"VS*—S™"VS®" be a map such that {f]|S"}=
tny, {fI1S*} =741ty Let 7 be the generator of m,,(S*™XS**, S*VS®") such that
0t=[ty, t,]. Then fx0t=fi[tn, tan]=[tn, y+¢2], which is the homotopy class of
the attaching map for ¢** of K. Clearly, an extension of f, S*xS*"—K such
that deg f=1 is a homotopy equivalence. Thus the proof is completed.

Remark. Typical examples of Poincaré complexes of the form S™Ue*"\Ue*"
are the total space of S™orthogonal bundles over S*. Let E be the total space
of a S™orthogonal bundle over S**. Then, by Lemma 2 and some computations,
we have

(1) If D(E) contains 2, the bundle has a cross section.

(2) If the bundle has two independent cross sections, then D(E)=Z.

§4. Addendum: If M=S"Ue*"Ue*™ has the same homotopy type as S*X S*",
it is clear that S™ is a retraction of M. In general the converse is not true.
However, in some cases the converse is true. For example we have;

THEOREM. Let M be a smooth closed manifold up to homotopy. If n=3,5,
6,7 mod8, M has the same homotopy type as S"xXS?* i1f and only 1f S™ 1s a
retract of M.

For the proof we need the following lemma. Let v be the characteristic
element of the normal bundle of an embedding of S™ into M such that H,(S")
—H,(M) is an isomorphism, and p: S®™Ue**—S?" be the pinching map.

LEMMA. py(t)==Jv where t denotes the attaching map for ¢** and ] is the
J-homomorphism * w,_ ,(SO(2n))—ms,_(S*).

Proof. Let Sy, Dy be the associated sphere bundle, disk bundle. Then Sy
is of the form (S™VS* 1)Ue* ! up to homotopy and the attaching map for
™ is Jo+[tn, tyn-1] wWhere 140=v, iy : 7, (SO(2n—1))—r,_,(SO(2n)) is an isomor-
phism induced by the canonical inclusion. The suspension of Sy, ESy is of the
form S™'\Vv(S*™Ue*"). Dy=S"—Ty=S?"Ue*"—>ESy=8"+'\/(S*"U¢*")—EDy=S"*!
is a cofibration sequence where Tv is the Thom space of v. Then there is an
inclusion S""'=FEDy—ESy induced by a cross section. It is easily verified that
Ty is homotopy equivalent to ESy/S™'=S?"U¢*" where the attaching map for
e’ is E(Jo+[tn, a1 ))=EJv=—Jixb=—Jv.

Let 1: S™M be the embedding and ;: M—Ty be projection. In the follow-
ing diagram it is verified that maps except j*" are isomorphisms, by Thom iso-
morphism, Poincare duality. Hence j** is also.

H"(SMQH*™(Ty) —> H*(Tv)

e

HYM)YQH™(M) — H*™(M).
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We may consider j as gop where p: M—M/S™ is the canonical projection and
q: M/S™Ty is a map induced by j. From the above argument it follows that
q is a homotopy equivalence.

r(M, STUem — 25 o ST, S — T o 2 (T, 5™

R

Tan- (S &*™) Tyn-1(S*")

Let o be the generator of m,;,(M, S™Ue*") such that do=z. Then j.0o is a gen-
erator of m,,(Ty, S*™) and so px(z)=0(jx0)==xJv.

Now we proceed to the proof of the theorem. Let »: M—S™ be a retraction.
Obviously we may suppose that M has a form S"VS*"Ue*®, and t=[¢,, tonl+
6,031+ 02,08,.  Since py(r)=p,, we get B,=0 by the lemma and n=3, 5, 6, 7 mod 8.
Let 7y be the map r|S*". Then we have (r|S™V S*™)u(7)=[¢,, 7]+ ;. Hence we
have [¢,, 1€ [ty, 7:,(S™)] and the proof is completed by Lemma 3 in §2.
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