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ON NON-PARAMETRIC SURFACES IN THREE
DIMENSIONAL SPHERES

By RYOSUKE ICHIDA

0. Introduction.

Let D be a bounded domain with boundary dD in the Euclidean 2-plane EZ.
We denote by C%* D) the set of real-valued functions of class C* on D. For a
function uC?* D) we consider the non-parametric surface M in the Euclidean
3-space E? defined by

0.1) A(x)=(x,, x,, u(x))€ E?, x=(x,, x,)€D.

Now we take the unit normal vector field » on M as follows:

S S
v— 1+qu|2( pr qyl)y

where p=0u/dx,, ¢g=0u/0x, and |Vu|*=p*+q% Then the mean curvature H of
M with respect to 7 is expressed as

H(x)_——% div W(x) at each point xeD,

S S ; :
where W= W ERTne (P, ). It can be rewritten as follows:

(0.2) (1+¢%)r—2pgs+(1+p)t=2H(1+ |V ul*)**,

where r=0%u/0x,%, s=0%u/0x,0x,, 1=0%u/0x,%

Conversely, let H be a given continuous real-valued function on D. If ue
C*D) is a solution of the equation (0.2), then for this u the mean curvature of
the surface in E?® defined by (0.1) is equal to H.

Now, we assume that the boundary 0D of D is smooth. Let 4 and £ be
the area of D and the length of 0D respectively. The following theorem was
proved by R. Finn [3].

THEOREM. For a function usC*D) and a positwe constant H, suppose that
the mean curvature H of the non-parametric surface in E* defined by (0.1) satisfies
the inequality |H(x)|=H, for all x€D. Then we have A/ LZ1/2H, In parti-
cular, if D 1s the disk of radius R, then RH,<1.
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It is interesting that H, is restricted by the geometrical quantity of D.
From a viewpoint of the theory of differential equation the second assertion of
the above theorem implies the following :

Let H, be a positive constant and H a continuous real-valued function on
D. Assume that H(x)=H, for all xeD. If the equation (0.2) has a solution,
then D can not contain the disk of radius 1/H,.

The second assertion of the above theorem was also proved by E. Heinz [4].
S.S. Chern extended the results of E. Heinz to higher dimensional Euclidean
spaces [1].

The purpose of this paper is to study non-parametric surfaces in S*(a) from
the viewpoint stated above, where S%a) denotes the Euclidean 3-sphere of radius
a. In Section 1, we show that the mean curvature of a non-parametric surface
in S%a) can be expressed by the divergence form (1.9). From this we get the
same result as that of R. Finn stated above.

Rewriting the equation (1.9), we have the quasi-linear elliptic partial differ-
ential equation of second order (2.3). It is complicated in comparison with the
equation (0.2). In fact, let u=C* D) be any solution of the equation (0.2). Then,
for example, we have the following :

(1) For any constant ¢, u-+c is also a solution of the equation (0.2).

(2) For any solution v of the equation (0.2) which agrees with u on the

boundary of D equals u throughout D.
But the above properties do not always hold for the equation (2.3) because its
coefficients contain the unknown function # as a variable.

In Section 2, we study the partial differential inequality (2.5). It is obtained
from some geometrical condition which is connected with the mean curvature
of non-parametric surfaces in S*(a). We prove that the minimum principle holds
for a solution of the inequality (2.5). From this result we can conclude that
the position of non-parametric surfaces with boundary in S%(a) is restricted by
its mean curvature and the position of its boundary. In Section 3 we study a
smilar problem as in Section 2.

The author would like to express his profound gratitude to Professor T.
Otsuki who gave him valuable suggestions in this paper.

1. The mean curvature of non-parametric surfaces in S%a).

Let D be a_bounded domain with boundary oD in the Euclidean 2-plane E°Z
We denote by D the closure of D. C?* D) denotes the set of real-valued func-

tions of class C? on D.
In the following, let a and %k be positive constants satisfying

(1.1) a*>b*+k?,
where b=max|x|, x=(x,, x,)€E®* and |x|*=x"+x,>. Let S*(a) be the 3-dimen-
xeD

sional sphere of radius a in the Euclidean 4-space E*.
For a function ueC? D) satisfying |u(x)| <k for all x€D, we consider the
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non-parametric surface M in S*(a) defined by

(1.2) #(x)=(x1, xo, u(x), U(x))ES%a), x=(xy, x;)€D,
where U(x)=va*—|x|*—u(x)?. We put
(1.3) X,=1,0,p,U), X,=(0,1,4,U,),

where p=0u/0x,, g=0u/0x, and U,=0U/0dx,, i=1, 2. Then X, and X, are linearly
independent tangent vector fields on M. We can take the unit normal vector
field » on M in S%a) as follows:

We put p=(%, 92, s, 7s). Then each component of % is given by

n=—A{a*p+u—Vu-x)x}/avg,

ne=—Aa’q+(u—Vu-x)x,} /avg,
(1.4)

ne={a*—(u—Vu-x)u}/avg,
n=—w—Vu-x)U/aVg,

where g=a*(1+ |V u|?)—(u—Vu-x)*>0, Vu=(p, q) and Vu-x=px,+qx,.
Now, we put N=—(1/a)ii(x), x€D. Then we have

(15) N-Xe=N-p=—3h =0, =12,

where the dot denotes the inner product in E*. For a moment we denote by D
the Riemannian connection on S%(a) defined by the standard Riemannian metric
of S*a). Then, at each point of M we have

I Dy (X, DN, =12,
By (1.5) we have
WX, =gl N=—y—90=0, i=1,2,

Hence we have
00 Dy, =12

ox,
By the Weingarten’s formula Dy,7 and Dy,7 are expressed as
(1.7) Dyip=anX,+a:i,X,, 1=1,2,

where a,,, 1, }=1, 2, are continuous functions on D. By (1.3), (1.4), (1.6) and (1.7)
we have

0
18) i

Let H be the mean curvature of M with respect to the direction ». Then, by
(1.4), (1.7) and (1.8) we have
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(1.9) H:———%—(au—l—an):%— div W,
where
W=({a*p+(u—Fu-x)x,} /a Vg, {a*q+(u—Vu-x)x,} /avVg).

In what follows and in the following sections, we always understand that
the mean curvature of non-parametric surfaces in S*(a) defined by (1.2) is derived
from % given by (1.4).

We shall prove the following theorem.

THEOREM 1.1. Let D be a bounded domain in E? with boundary 0D which
consists of finitely many non-intersecting closed Jordan curves of class C:. For a
Sfunction usC¥D) satisfying |u(x)| <k for all xeD, let M be the non-parametric
surface in S*(a) defined by (1.2) and H the mean curvature of M. For a positive
constant H,, suppose that H satisfies the inequality | H(x)| = H, for all x€D. Then
we have

A/ L=1/2H,,

where A and L denote the area of D and the length of 0D respectively.

Proof. For a positive number ¢, we put D.={xeD; d(x, 0D)>e¢} where
d(x, 0D) denotes the distance from x to dD. Then, by taking a sufficiently small
positive number d, we can assume that the boundary 0D, of D. is of class C!
for any ¢ such that 0<e<d. Therefore we may assume that 4. and L. con-
verge to A and L respectively as ¢—0, where 4. and L. denote the area of
D. and the length of 0D. respectively. Without loss of generality, we can
assume that H(x)=H, for all x€D. For a ¢ such that 0<e<d, let n. be the
outward unit normal vector field of dD.. By the divergence formula and (1.9),
we have

ﬂ 2de1/\dx2=” div del/\dxzsj Wneds< L .
De De D¢
On the other hand, we have

j fD 9H dx, Ndxy,=2H, A, ,

because H(x)=H, for all x€D. From the above inequalities we have
2H A< L.
Thus, letting ¢—0 in the last inequality, we obtain A/ L=1/2H,.

COROLLARY 1.1. In Theorem 1.1, suppose that D is the disk of radius R.
Then we have RH,<1.

COROLLARY 1.2. Under the same condition as in Corollary 1.1, suppose that
the Gaussian curvature K of M satisfies the inequality K=K, for a positwe con-
stant K, such that K,>a™® Then we have
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R-VK,—a*<1.

Proof. By the equation of Gauss, we have
K(x)=a42,-4,

where 4, and 4, are eigenvalues of the second fundamental form of M in S*(a)
at a point #(x)eM, x&D. Since A,-,=((4,+1,)/2)’=H(x)? and K(x)—a*=K,—a?
>0, we have

|Hx)|=+vK,—a® for all xeD.

Therefore, from Corollary 1.1 we obtain R-+K,—a?<1.

2. Non-parametric surfaces with boundary and the minimum principle.

Throughout this section, let D be a bounded domain with boundary 6D in
the Euclidean 2-plane E? and C%*(D, D) the set of continuous real-valued func-
tions on D which are of class C? in D, where D=DuUaD. Moreover, in the
following, let a and %k be positive constants such that

2.1 a*>b*+-k?,
where b=max|x|, x=(x,, x,)€E* and |x|*=x+x,"
For a ;Tl?xction usC%¥(D, D) satisfying |u(x)|<Fk for all x€D, we consider
the non-parametric surface M with boundary in S%(a) defined by
(2.2) #(x)=(xy, Xp, u(x), V@—=[x]"—u(x)*)eS¥a), xeD,

where S%(a) denotes the 3-dimensional sphere of radius a in the Euclidean 4-
space E*. Let 7 be the unit normal vector field on M in S%a) which is given
by (14). Then, by (1.9), the mean curvature H of M is expressed as

H(x)——{ Ba ( a2p+(u l7u xX)x, )+ 0 / a q+(u Vu X)X, )}

We can rewrite it as
(2.3) 2 A (x, u, Vuyu, ;= A(x, u, Vu, H),

et
where uC%¥D, D), |u(x)| <k for all x&D, u,;=0*u/dx,0x,, i, j=1, 2, and
Az, u, Vu)y=a*(14+¢*)— | x|*¢*— x,*—u’+2qux, ,
Ay(x, u, Vu)y=—{a’pq—| x|*pg+x o+ u(pxo+qx)}
Agi(x, u, Pu)y=Ap(x, u, Vu),
(24) Ay(x, u, Vu)=a*(1+p%)— | x| *p*—x,°—u’+2pux, ,

Alx, u, P, H)=—3
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g=a*(1+|Vul)—(u—Vu -2 |x|*=x +x",

Vu: _aa;t—l_) —aa;‘—2>:(pr Q) ’ Vu‘X:px1+qx2 .

Conversely, let H be a given continuous real-valued function on D. If ue
C*¥D, D) is a solution of the equation (2.3), then for this u the mean curvature
of the surface in S°(a) defined by (2.2) equals H.

Now, we set

QE={(xy, xo, X5, x,)=S%a); m=x,=<k, x,>0}
for a constant m such that 0<m<k,

THEOREM 2.1._ Let H, be a constant such that 0<H,<k/a~/a®*—F:. For a
Sfunction usC%(D, D) satisfying the inequality

my: =atH,/ VaPHIF1<u(x)<k  for all x€D,

let M be the surface with boundary in S*(a) defined by (2.2) and H the mean cur-
vature of M wn S*a). Suppose that H satisfies the inequality H(x)gHo_for all
xeD. Let my be a constant such that my<m,<k. If #(0D)CQ%,, then #(D)CQ%,.

Remark. We note that k/a~/a?*—k? equals the mean curvature of the small
2-sphere in S%(a) which is the intersection of S°(a) and the hyperplane in E*

defined by x,=k.
Now, let H’ be a given continuous function on D. For this H’, we define
the operator Ly on C%*(D, D) by

Lu@)= 3, A, v, Fo)w,—Alx, v, Fo, 1),

where veC*%¥(D, D), |v(x)| <k for all x&D, v,;=0*/dx,0x,, i, )=1, 2, and A,(x, v,
Vv, i, j=1, 2, and A(x, v, Vv, H) are given in (2.4).
Under the hypotheses of Theorem 2.1, we have Lgz(u)=0 and

Lin)= L)~ L(uw)=—2-g /g (H—H)=0.
_I_n what follows, we shall consider the following partial differential inequality
on D:
2
(2.5) El A(x, v, Vo, , < A(x, v, Vv, Hy),
1,)=
where veC%(D, D), |v(x)|<k for all x€D and H, is a constant such that
0<H,<k/ava*—k® and A,,(x,v,Fv), i, j=1,2, and A(x, v,Fv, H,) are given in

(2.4).
Theorem 2.1 follows immediately from the following theorem.

THEOREM 2.2. Suppose that u=C%¥(D, D) 1s a solution of the inequality (2.5)
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satisfying
(2.6) me=u(x)<k for all xeD,

where my=a*H,/ va?H,*+1. Let m, be a constant such that my<m,<k. If u=m,
on 0D, then u=m, in D.

We first prove some lemmas. From (2.4) we have

@n An(x, u, O)=a’—x"—u?, A,(x, u, 0)=—x,0,=A,,(x, u, 0),
7

Ago(x, u, O)=a*—x,2—u?, Alx, u,0, Ho):—azz-(az-uz)(a}'-l0 VaE—ut—u).
By (2.1) and (2.7), we have

LEMMA 2.1. For all x&D, the 2X2 matrix /Nl(x) 1 =(A,;(x, u(x), 0)) is positive
definite.
LEMMA 2.2. For all x€D, we have

DO TAulx, w, Fw)— Aulx, u, 01 =a*(1q1*+214q1),
@) Aulx, u, Fu)—Au(x, u, 0l =a’(Ipl gl +1p1+1qD),
) Aw(x, u, Fu)— Aplx, u, )| =a’(1p1*+2]p1).
Proof. We note that |x| and |u| :=§gglu(x)| are smaller than a.
G- | Ay(x, u, Pu)— Ayy(x, u, 0)]
= (&= x|")g"+2qux,| = a’|q|*+2[q| |u] | x,]
=a*(lql*+2lql).
(2): | Ao(x, u, Pu)— As(x, u, 0)]
=|(a*—|x|M)pg+u(px,+gx) | = a®|pl g+ ul(pl x|+ gl | x])
=a(Ipllgl+Ipl+1ql).

By the same way as in (1), we can prove (3).
LEMMA 2.3. For all x€D, we have
| A(x, u, Vu, H)— A(x, u, 0, Hy)|
<4a(a'GH,1X1] + |g1)+—2 (aGH, P Py),
where G={g Vg +(a®—u®) Va®—u?}* and P,, P, are polynomials of |p| and |q|

such that the degree of each term is greater than 1 and the coefficient of each
term 1s a function of a.

Proof.
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]A(xy u, Vuy HO)_A(xy u, Ov HO)I
=2 |aH, (g VE ~(a"—u) Va1 ) +(@—utu—g(u—Tu-1)|

2

aZ

=2 H,|gvE —(a"—u) Va—u'| +

lg(u—Fu-x)—(a®>—u®)u|

32 lg(u—Fu-x)—(a*—u®ul,

—2 H,|g* (@~ |G +

where G={g+vg +(a®*—u*)va*—u?}~'. By a direct calculation, we have
g*—(a®*—u?)’*=6(a*u—2a*u*+u®)Vu-x)+P,

where P is a polynomial of p and ¢ such that the degree of each term is greater
than 1 and the coefficient of each term is a function of a and u. Now, we have

96

4, 9.2,3 5) << _
0<6(a*u—2a*u*+us)< 555

a’<2a®

and
[Vu-x|=|px,+qx.| =a(|p|+1ql).

Thus, from the above inequalities, we obtain
(2.9) |g®—(a®—u*)’| =2a°(|p| + 1)+ Py,

where P, is a polynomial of |p| and |¢q| such that the degree of each term is
greater than 1 and the coefficient of each term is a function of a. On the other
hand,

lg(u—Fu-x)—(a®>—u)u|
= {a* A+ P ul)—(u—FVu- )} (u—Vu-x)—(a*—u*)u|
=|But—a )V u-x)+au|Vu|*—a*|Vu|*Vu-x)—3ulVu- x)*+F u-x)?|
<3u—a?| [Pu-x|+|au|Vu|*—a|Vu|*PVu-x)—3uVu-x)*+Fu- x)°|.
Since |3u’—a?| <2a? and |[Fu-x|<a(|p|+1q|), we have
(2.10) lg(u—Fu-x)—(a®—u*)u| < 2a(|p|+1q1)+Ps,

where P, is a polynomial of |[p| and |¢| such that the degree of each term is
greater than 1 and the coefficient of each term is a function of a. Hence, from
(2.8), (2.9) and (2.10) we have

IA(X, u, Vu7 HO)_A(xr u, 07 HO)I

2 {2a(1p1+1g1)+ Py}

<2 H,(2a(p|+1g])+ PG+

=4a(a HG+1)|p|+191)+ - (aHGPy+Py).
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Now, we shall prove Theorem 2.2.

Proof of Theorem 2.2. Suppose for contradiction that there exists a point
xeD such that u(x)<m,. Since u has the minimum value on D, there exists a
point x,€D such that u(x,)<u(x) for all x&D. Then, of course u(x,)<m;. We

put

(2.11) my=—-(uto)+ms)

Put D'={xeD; u(£)<m2}, and let D, be the connected component of D’ con-
taining x,. Then, D,CD and u(x)=m, for all x€dD,: =D,—D,. We put

(2.12) K=sup {|u,,(0)|; i, 7=1, 2} .

zeD

By (2.1) and (2.6) there exists a positive constant d such that
(2.13) at—|x|*—u(x)*=d* for all x&D,.
From Lemma 2.1, we see that there exists a positive constant 4 such that
(2.14) 3w, 1), XX, ZAX X

1,)=
for any non-zero vector X=(X,, X,) and all xeD,. We put
(2.15) &(x)=exp (C(x,+x,)), x€D,
where C is a constant such that

(2.16) c>—42“— (aK+(a*H,j2d*+ 1)} .

For a positive ¢, we consider the function we on D defined by

2.17) we(x)=u(x)—e-&(x), xeD.

LEMMA 24. For any positwe 8, we can take a number ¢ with the following
properties:

(1) 0<e<o;

(2) we takes its mummum value on D,y at a point of D,.

In fact, suppose that for some 0>0 the assertion of the above lemma is not
true. Then, for any e such that 0<e<d, we takes its minimum value on D, at
a point of 0D,: =D,—D,. Therefore, we have

(2.18) We(x) > we( ye) for all xD,,

where y.€0D, and we(y:)=min (we|D,). Put &=max (&|D,). Then, we have
(2.19) We(ye)=u(ye)—e-E(ye)=m,—e- & .

From (2.18) and (2.19), at x,=D, we have
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we(xo)=u(xo)—e-E(x0)>my—e- &,.
Hence, we obtain

u(xo)—my> e(6(x0)—&0) .

Since the above inequality holds for any ¢ such that 0<e<0, we get u(x,)=m,,
which contradicts (2.11). Thus the assertion of Lemma 2.4 holds.
By virtue of Lemma 24, we can conclude the following :

LEMMA 2.5. There exists a monotone decreasing sequence {e,}, n=1, 2, --,
with the following properties:
1) &,>0, n=1,2,--,lime,=0;

(2) For each ¢, the function we, defined by (2.17) takes its mimmum value
on D, at a point of D,.

In what follows, let {e¢,}, n=1, 2, --+, be a sequence with properties (1), (2)
stated in Lemma 2.5. For simplicity we put we,=w,. Let x, be a point of D,
which gives the minimum value of w, on D,. By taking a subsequence if neces-
sary, we may assume that {x,}, n=1, 2, ---, converges to a point yeD,.

Now, we rewrite the inequality (2.5) as

2 2
(2-20) lEI(A”'(x’ u, Vu)_Alj(xy u, 0>)u1j+1, 1221 Atj(xy u, O)ulj
<A(x,u,Vu, Hy).
Then, by Lemma 2.2 and (2.12), on D, we have

(2.21) 3 (A, u, Fu)— A,y u, O,

2 1

2—K( 33 [ A, 1, Pa)— Auy(x, u, 0))

=—a*K(|p*+1q*+2|pl- lql +4(Ip+1q1))
=—a’K(|p|+1qg)(Ipl+1q]+4).
Since u(x)=wy(x)+¢,-&(x) for each x&D, by (2.20) and (2.21), on D, we have

(2.22) \ ]52‘:1 A j(x, 1, )Wy Fen- &) =@ K([p] 4+ 1) 21+ 1] +4)
éA(x’ uy Vuy HD) ’

where w,,;=0*w,/0x;0x,, & ;=0%/0x,0x,.
In the following, we shall estimate the inequality (2.22) at x,. We put &(x,)
=&, and u(x,)=u, Then from (2.15) we have

(223) ()= ()=C-én and £y (x)=C"&, iI=L 2.

Since w, takes its minimum value on D, at x,€D,, (0w,/0x,)(x,)=(0w,/0x,)(x,)
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=0. Thus, from (2.17) we have

(2.24) P(xn)=q(xp)=6,-C-&,.

Furthermore, we see that the 2X2 matrix W, : =(w,,;(x,)) is positive semi-definite
at x,, n=1, 2, ---. Therefore, from this fact and Lemma 2.1, we see

(2.25) 3 Ay, hn, O () 20.

1,7=1

By (2.14) and (2.23), we have
(2.26) 3 Aty )66, (1) Z2C 006y
2] =

Thus, by (2.24), (2.25) and (2.26), at x, we have
(2.27) the left-hand side of (2.22)
2202 €4+ En—40°K 6, C-£,(e,C-€,+2).

On the other hand, from Lemma 2.3 and (2.24), at x, we have
(2.28) the right-hand side of (2.22)

< A(xy, Uy, 0, Hy)+8a(a'HG(x,)+1)(e,-C-&r)

2 (@H G Pt P)ew Co6),
where P, and P, are polynomials of ¢,-C-&, which have no constant terms, and
the coefficient of each term is a function of ¢. From (2.6) and (2.7), we see
(2.29) A%y, Us, 0, H)=0.
Thus, by (2.27), (2.28) and (2.29), at x, we have
2e,+C-£,(CA—20"K(ey-C-£,4-2))

<80(@ H,G(x,)+1)- 60 C -t~ (aH,G(x) Pyt o) 0 Co&r.
Since ¢,-C-£,>0, at x, we have
(2.30) CA—2a°K(e,-C-£,+2)
<4a(a HG () + D)5 (aHG(x)B i+ Py).

Since & is bounded on D,, by (1) of Lemma 2.5 we have lim P,=0, i, j=1, 2.

n—oo

Moreover, from (2.4) we have
lim G(x,)=lim (g(xn>3’2+(az—unz)m)”:—%—(dz—u()’)z)'m

because lim x,=yeD,. By (2.13), we have a*—u(y)*=d?>0. Now, by letting

N—oco
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n—oo in the inequality (2.30), we obtain
Ci—4a’K<4a(a*H,/2d?*+1),

which contradicts (2.16). This contradiction is due to our hypothesis that there
exists a point x€D such that u(x)<m,. Thus we complete the proof of Theo-
rem 2.2.

In Theorem 2.1, if M is a minimal surface in S%a), then we can put H,=0.
As a corollary of Theorem 2.1 we have

COROLLARY 2.1. In Theorem 2.1, suppose that M 1s a minumal sur_’face mn
S*a). Let m, be a constant such that 0<m,<k. If #(0D)CQ%,, then fi(D)CQ%k,.

Our proof in Theorem 2.2 was inspired from the results of R. Redheffer [5].

3. Non-parametric surfaces with boundary and the maximum principle.

In this section, as in Section 2, let D be a bounded domain with b_qundary
oD in E? and C%*D, D) the set of continuous real-valued functions on D which
are of class C? on D, where D=D\UdD.

In the following, let @ and % be positive constants such that.

@1 a*>b*+k?,

where b=max|x|, x=(x, x)EE? and |x|*=x24x,7%
We put

(3.2 Hl:ln[zl_ (@*—m,?) 1

where m, is a constant such that k=<m,<a. _
Now, we consider the following partial differential inequality on D:

(33) 3 A, 1, P Z A, w, Vu, H),
1,)=

where ue C%¥(D, D), |u(x)|<k for all xe€D and A, (x,u,Vu), 1,j=1,2, and
A(x, u,Vu, H,) are given in (2.4).

We note that Lemma 2.3 also holds for H,, We can prove the following
theorem by a similar argument as in proof of Theorem 2.2.

THEOREM 3.1. Suppose that_ueC°'2(§, D) is a solution of the inequality (3.3)
satisfying 0=u(x)<k for all x€D. Let m be a constant such that 0<m<k. If
u<m on dD, then u<m in D.

For a constant m such that 0<m<a, we set

Q:)n: {(xlr x27 X3, x4)ES3(a); ngsémy x4>0} .
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THEOREM 3.2. For a function usC%%D, D) satisfying 0<u(x)<k for all xD,
let M be the surface with boundary in S*(a) defined by (2.2) and H the mean
curvature of M in S*(a). Suppose that H satisfies the inequality H(x)=H, for all
xeD, where H, is defined by (3.2). Let m be a constant such that 0<m<k. If
2(0D)CQr, then #(D)CQr.

Proof. For a continuous function H’ on D, we define the operator Ly on
C>*(D, D) by

3 1

La()= 3 Az v, Foyp,—A(x, v, Vv, H),
2 )=

where veC%%(D, D), |v(x)|<k for all xeD and A, (x,v,Vv), i,j=1,2, and
A(x, v, Vv, H) are given in (24). Then, from the hypotheses of Theorem 3.2,
we have Ly(u)=0 and

Li(0)= Ly ()~ L(u)=-2- g /g (H—H,) 20.

Since the inequality Lg,(u)=0 is equivalent to (3.3), then we can apply Theorem
3.1 to it. Therefore, Theorem 3.2 is an immediate consequence of Theorem 3.1.
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