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ON THE LOCAL VERSION OF PU’S PROBLEM
By TAKASHI SAKAI

1. Introduction. Let M={(P", g)} be the space of riemannian structures
on the n-dimensional real projective space P". Let vol (P", g) denote the volume
of P™ with respect to the canonical measure v, derived from g, and L,(c) denote
the length of a closed curve ¢ relative to g Now we define

quot,(P", g)=vol (P*, g)/[Inf {L,(c)|c; homologically
non-trivial piecewise smooth closed curve on P"}]".

Thus quot,(P", g) may be considered as a function over M.

Now Pu’s problem states that “ quot,(P”®, g)=quot,(P" g,) holds where £,
denotes the canonical structure of constant curvature, and the equality holds if
and only if (P", g) is of constant curvature”. That is, the function quot,(P", g)
on M takes the minimum value exactly at the riemannian structure of constant
curvature. For n=2 the problem is solved affirmatively (Pu [6]). But for
n>2 the problem is completely open. Some authors have tried to solve the
problem for some classes of riemannian structures on P" (i.e. for some subsets
of M) (See L. Chavel [2], [3], [4], P.M. Pu [6], T. Sakai [7]).

Quot,(P", g) is not a differentiable function on M. That is, even if g(2) is
a differentiable one parameter family of riemannian structures on P", generally
quot,(P™, g) doesn’t depend differentiably on ¢ In the present note we shall
consider the following function f on I instead of quot,.

Let G=SO(n+1)/SO(n—1)xXS0O(2) be the Grassmann manifold of all real pro-
jective lines (i.e. closed geodesics of length = with respect to the metric g, of
constant curvature 1) of P*=SO(n+1)/SO(n)X(x1l,:;). G is assumed to carry
the bi-invariant riemannian structure which is derived from the Killing form of
the Lie algebra of O(n+1).

Now we define for (P", g)

(P", g)=vol (P", g)/{e(P", ©)}",  where
(P, )=(1/(vol ) (f] VEES), E)ds)ve

In the above definition, vol G denote the volume of G with respect to the bi-
invariant metric defined above, and c(s) is a closed geodesic in (P?, g,) of length
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m which is parametrized by arc length. This function f has been considered
in M. Berger ([1]) in a more general setting.

In the first part of the present note we shall consider this function. It is
known that f is a differentiable function on 9% and that g, of constant curva-
ture is a critical point of f; i. e. d/dt(f(g;)):=o=0 holds for any differentiable one
parameter family g(f) with g(0)=g, in M (See Berger [1]). We shall show that
conversely any riemannian structure on P™ which is a critical point of f must
be a metric of constant curvature.

Thus we have a following characterization of the riemannian structure of
constant curvature on P™.

THEOREM A. (P7", g) is a critical point of f on M 1f and only if (P™, g) is
of constant curvature.

Remark. We have f(g,)=quot,(P", g,) and f(g)=quot,(P", g) for any (P", g)
=M.

In the second part of the present note we shall treat the generalized Pu’s
problem which has been proposed by Berger ([1]). Let K,=R, K,=C, K,=H,
K;=Ca be the fields of real numbers, complex numbers, quaternions, and Cayley
numbers respectively. Let P? be an a-(K,)dimensional projective space (1=1,
2, 4, 8) and M=P2={(P? 2)} be the space of riemannain structures on P2 We
set for 1=b=<a—1

carcy(P¢, g)=Inf {vol (Y, gly)|¢: YC P2 is a (bi)-dimensional compact
orientable submanifold of P? and the image of a gen-
erator of H,;(Y) by ¢x is a non-zero element of H;;(P2)}

carcy (P2, g)=Inf {vol (Y, g|y)| Y(¢cC P?) is diffeomorphic to P} and ¢4
maps a generator of H,;(Y) onto a generator of H,,(P¥)}

quot,(P¢, g)=(vol (P, 8))°/(carc,(P, £))°
quot; (P, g)=(vol (P, g))/(carcy (P¢, 8))°.
Now Berger’s problems state as follows;
I(a, b; 1) : quot,(P¢, g)=quot,(P?, g,)  for "geMt,
I'(a, b;1): quoty (P g)=quot; (P?, g,) for YgeMk,
IC(a, b;i): “I(a, b; 1)” and the equality holds if and only if g=g,,
IC(a,b;1): “I'(a, b;1)” and the equality holds if and only if g=g,,

where g, denotes the canonical riemannain structure of symmetric space of
rank one on P2.

In this general case, we shall consider the following function f=f%? in stead
of quoty(P?, g). Let G=G2%® be a Grassmann manifold of b-dimensional projec-
tive subspaces of P2 G carries a riemannian structure of symmetric space.



154 TAKASHI SAKAI

Now we define following Berger ([1]),
e(P, )=(vol G)*| _ vol (¥, gly)va
Yea

J(Pg, )=(vol (Pg, 2))'/(c(Pg, 8))°.

Then f is a “differentiable function” on M, and we have f(P2, g,)=quot,(P?, &)
and f(P?, g)<quot, (P2, 2)<quot,(P?, g). It is known that g, (the canonical rie-
mannian structure of symmetric space of rank one) is a critical point of f; i.e.
d/dt(f(g(t))];=o=0 for and differentiable one parameter family g(f) of riemannain

structures on P? with g(0)=g,.
In the present note we shall calculate the second variation d?/dt*(f(g()) =0

at g, and consider the problem; “For what g(), d*/dt*(f(g(#)));=o>0 holds?”.
This implies the following result concerned with Berger’s problem.

THEOREM B. Let (P2, g(t)) be a differentiable one parameter family of rie-
mannain structures on P?% such that g(0)=g, is the canonical metric on P? and
2'(0)=2g, holds, where 2 is a not constant function on P% Then there exists a
positive number ¢ such that

quot,(P¢, g(£))=quoty, (P¢, g())> quot,(P%, go)

holds for any 0<|t|<e.

Remark. For b=1=1, Chavel ([3]) has proved that for any g(?) such that
£(0)=g, and g’(0) is not a constant multiple of g,, there exists a positive num-
ber ¢ such that quot,(P", g(t))>quot,(P", g,) holds for 0<|f|<e. But his proof
depends on a theorem of Michel ([5]) which is valid only for real projective
space. So Chavel’s method seems to be not valid for this general case.

Remark. 1f (P2, g) is conformally related to the canonical structure, then it
is known that quot,(P?, g)=quot,(P?, g,), where the equality holds if and only
if g=g, up to the homothety. Since the condition “g’(0)=A1g,” means that g(1)
is conformally related to g, up to the first order, the theorem may be considered
as the local version of the above result. Of course there are many g(f) which
satisfy g’(0)=2g, but are not conformally related to g,.

2. Proof of Theovem A. First we shall sum up the formulas which are
used in the sequel.

LEMMA 1. Let M be a compact C*-manifold and g(t) be a differentiable one
parameter family of riemannian structures on M. Then we have,

1) {vol (M, g(t)}'=1/2f  trace,g' vy,

where trace,,g'(t) means the trace of the symmetric covariant 2-tensor g'(t) with
respect to g(t), i.e. trace,u, g’ (H)=g"(t)gi(t).
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Proof of Lemma 1). This is well known. In fact we have
{vew}'=1/2 trace ¢, g'(t) (See Berger [1]).

LEMMA 2. Let (M, g) be a compact riemannain manifold of dimension n,
and p: UM—M be the unit tangent bundle. Then for any symmetric covariant
2-tensor h on M we have

(2.2) fMtraceghvg= w:.l f{jh(% X)Up-um}vg,
meMp~1(M)

where w,-, denotes the volume of the unit sphere and v,_y,, denotes the measure
of the U,M derwed from g.

Proof of Lemma 2). This is also standard. For every m&M, choose an
orthonormal frame with respect to which % takes the form

h(x, X)=2, 53+ x5+ -+ + 2, X3
Then

w, -
> L-trace,h .

n

J 5 Dpesm=E A g, o, $S™ =
Let (P*, g,) denotes the n-dimensional real projective space with the canonical
riemannian structure of constant curvature 1. Then the unit tangent bundle
UP™ has the natural induced riemannian structure 4, derived from g, (See the
proof of Lemma 3). On the other hand let G be the Grassmann manifold of
real projective lines (i. e. closed geodesic of length = in (P" g,)) of P". We
endow with G the canonical riemannian structure k2, of symmetric space. To
every unit tangent vector x UP", we assign ¢(x)eG which is the closed geo-
desic of (P™" g,) with the initial direction x. Then we have the bundle struc-

ture ¢: UP—G. In the above notation we have

LEmMA 3. p:(UP®, hy)—(P", g,) and q:(UP", hy)—(G, k,) are riemannian
submersions. The fiber p~*(m), me M is an (n—1)-dimensional sphere of constant
curvature 1 and the fiber ¢7'(c), c€G 1s a closed geodesic of length = in (UP?®, h,),
where q7'(c) may be 1dentified with real projectwe line c.

Proof of Lemma 3). This follows from the following representations of
(P™ go), (UP™, h,), (G, h,) as the riemannain homogeneous spaces :

(P, 8)=S0(n+1)/SO(m)x {£I5..}
(UP™, hy)=S0(n+1)/SO(n—1)X {£ T}
(G, ky)=SO0(n+1)/SO(n—1)xSO(2),

where these homogeneous spaces are assumed to carry the bi-invariant normal
homogeneous riemannian structures which are derived from the Killing form of
the Lie algebra of O(n+1). Then p, g are riemannian submersions and we have
i (m)=S0(n)/SO(n—1) and ¢ *(c)=SO2)/{+1}.
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LEmMMA 4. Let a,, -+, a, be positive real numbers. We put

_ a,x; a1 . ,
Ai—LgJ,...”gl - Varr = Tor dS™* (not summed with respect to 1).
If A= =A, holds, we have a,= - =a,,.

Proof of Lemma 4). By an elementary calculus we get
—A,=(a,— z)j (positive function on-S""')dS™™!.

Now we shall return to the proof of Theorem A. We put g(0)=g, g’(0)=h
and assume that g is a critical point of f. Then for any digerentiable one
parameter family g(f) in M with g(0)=g, we have by (2.1)

@3 d/di e m=1/@vol O {e(@} [ | {f 16l sds}ve
f traceghy,—n vol (P", g)j {j h(ﬁ(cs()s,)ﬁis» ds}va] =0.

Let S%(M) denote the space of symmetric covariant 2-tensor fields on M. So g
is a critical point of f if and only if

fi it

j ntraceghug
p

=constant

for any h=S% P™). On the other hand by (2.2) and Lemma 3, using the inte-
gration along the fiber of riemannian submersion the left hand side of (2.4)

takes the form
{ h(x, x)
Pn-1) pu\Jugoen "2l Vr 1y, S V50
’

n_" {.f h(x, x)v__ }u
pn\Jui@pn (, )plm) &

where U@ P™ denote the space of unit tangent vectors at m with respect to

the metric g. Note that v,(m)=+/det (g,;(m))/det ((&o):;(m)) vg,(m) holds. So if
g is a critical point of f, then there exists a C*-function k(m) on P"™ such that

h(x,
(25) j‘Pn{IU;fo)pn %“gﬁ_pp'l(m)_k(m)j‘vgg)pn h<x’ X)Vp_l(m)}ngZO

holds for any h=S* P"). Then at every point me P", we have

26 am= ) )| si@rpn (%, D1 =0

2<UEOPY | x| gemy

for any heS*P"). In fact, assume that (2.6) is not satisfied for some me P"
and heS*(M). Then we may assume that m—a,(m) is positive on some neigh-
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borhood U of m. Choose a C*-function ¢ (¢=0) on P" such that ¢=1 on some
V(CU) and ¢=0 outside of U. Then jpngoahv“: { . ®ewvs, >0, This contradicts

(25). Now take an orthonormal frame relative to g, in T,,P" so that g takes
the form

g(x, )=a,xi+ - +ax;,  (ay, -, a,>0),

where x,’s are the components of x with respect to this orthonormal basis. In
(2.6) take especially h(x, x)=x2 So we have

Py 2
X, dS*1=p f Yi n-1
=k(m dS
jvx%.;.....'.xfl =1 ,\/alx%_'_ _I_anxgl ( ) 1/%+~~~+y%. =t a,

where we have put yi=a,x? (not summed). That is,

a,x;

Ai:Jx%+~-+z2 Vi T dS* '=k(m)w,_,/n (=constant).
n 1 ntn

So by Lemma 4 we have a,= --- =a,, that is, g (=ag,) is conformally related to
the canonical riemannian structure on P" Finally we show that this positive
C=-function a on P" must reduce to a constant. Let h=¢g, where ¢ is any
C=-function, then from (2.4) we have

AT

and consequently ¢ must be a constant. g.e.d.

3. Proof of Theorem B. Let g=g, be the riemannian structure of symmetric
space of rank one on P2 Let g(f) be any differentiable one parameter
family of riemannian structures on P¢ with g(0)=g,. Then it is known that
d/dt(f(g(t)))|=o=0. But g, is never a minimum value of f. In fact, ¢, be a
one parameter family of diffeomorphism of P? and set g(!)=¢f¥g,. Then we
have f(g(t))=(g,). Now we shall calculate the second variation of f at g, i.e.
d*/dt*(f(g(t)))|s=e. The usefull tool is the integration along the fiber of the
following two riemannian submersions. Let V&? be the set of K;-subspaces of
real dimension b: (tangent spaces to the b-dimensional projective subspaces of
P?) and p: V&#*—P? be the map which associate to VeV¢? the point me P?
such that VcT,P% Let ¢: V&*—G be the map which associate to Ve V? the
K;-projective subspace Y(=G) tangent to V at p(V). Then there are natural
riemannian structures %, k2, on V%® and G respectively such that p: (V&9 h)
—(P%, g,), q: (V& h,)—(G, k,) are riemannian submersions (For the proof see
Berger [1] pp. 26-31). In the following we put g’(0)=*h, g”(0)=Fk, vol P=vol(P?, g,),
and vol P’=vol (P?, g,). Then by Lemma 1 (See the proof of Lemma 1) we get
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(8.1) {vol (Y, g(®) )} | 1=e=—1/2¢h, h>P?+1/2jP,:tracegkvg
+1/4 L,g(tracegh)zvg ,
where <,>P% denotes the global inner product by the integration.

32 vol Gle(g(t) |ime=—1/2[ __ <hiv, hirdyve

b P’.vol G
+l/2—E—Lvol}%°1—— P;Ltracegkvg+—i—ja{fy(traceg,yk,y)2vg,Y}vg .

From (3.1) and (3.2) we have
(3.3) (vol P)=***(vol P')***d*/dt*(f(g(1))) =0

=—{b(a—b)/4a}(vol P’)”{ Patraceghv,}z—l-(b vol P(vol P’)?/4)
X f,,a (tracegh)®v,—b vol P(vol P’)?/2-<h, h>Pa
+a(vol P)* vol P'/(2vol G) __<hur, hixdyvo

—'a(VOI P)Z vol P//(4 vol G)teG ngy (traceglyhu’)zvx]y .

There are many h=g’(0) which makes (3.3) negative. But such an A doesn’t
give a counter example to Berger’s problem because f(g)=quot,(P% g) holds.
On the other hand it seems interesting to find the class of g’(0) which make
(3.3) positive, because f(g(t)) takes the strictly minimal value at {=0 for such

g'(0).
Next we shall give an example of such g/(0). We assume that A=g’(0)=21g,
holds, where A is any C*-function over P2 In this case (3.3) takes the form

(3.4) (vol P)~***(vol P)*** d*/dt*(f(g(1)))] =0
=—{ab(a—b)i*} da- (vol P')({fa2vs) +(a%bi)/4-vol P
x (vol P*y( fpglvg>—abz/2-vol P(vol P'y( jpglqu
+abr/2-vol P(vol P/ a'vs) —(ab%?)/4-vol P(vol P'Y({ ,a2'vs)

={ab(a—8)i*} /4 (vol P'){vol P u2'v,—(f,utv) }20,

by virtue of Cauchy-Schwarz inequality, and equality holds if and only if 2 is
a constant function. This completes the proof of Theorem B.
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