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ON TRANSVERSAL HYPERSURFACES OF
AN ALMOST CONTACT MANIFOLD

By KeENTARO YANO, SaNG-SEUP Eum anp U-Hanc K1

§0. Introduction.

Hypersurfaces of an almost contact manifold have been studied by Blair [2],
[3], Eum [4], Goldberg [5], Ki [11], [12], Ludden [2], [3], Okumura [7], [13], Yama-
guchi [10], Yano [3], [5], [11], [12], [13], and. others.

Blair [3], Ludden [3], Okumura [13] and Yano [3], [13] found that a hypersur-
face of an almost contact manifold admits what they call an (f, U, V,«, v, 4)-
structure.

Goldberg and one of the present authors [5] called a noninvariant hypersurface
of an almost contact manifold a hypersurface such that the transform of a tangent
vector of the hypersurface by the tensor ¢ defining the almost contact structure is
never tangent to the hypersurface.

In the present paper, we study what we call transversal hypersurfaces, that
is, hypersurfaces which never contain the vector field & defining the almost contact

structure.
In §1 we first of all show that a transversal hypersurface of an almost contact

manifold admits an almost complex structure F and that a transversal hypersurface
of an almost contact metric manifold admits an almost Hermitian structure (F, y).
We also derive a formula which gives the relation between the connection with
respect to the Hermitian metric y and that with respect to the induced Riemannian
metric g.

In §2, we study transversal hypersurfaces of a cosymplectic manifold. In this
case the almost Hermitian structure (F, y) is Kihlerian [5].

In §3, we study transversal hypersurfaces of a Sasakian manifold. In this
case also, the almost Hermitian structure (F, y) is Kihlerian.

The last §4 is devoted to the study of transversal hypersurfaces of a Sasakian
manifold of constant curvature.

§1. Transversal hypersurface of an almost contact manifold.

Let M be a (2n+1)-dimensional differentiable manifold covered by a system
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of coordinate neighborhoods {UJ; ¥}, .where, here and in the sequel, the indices
K, A #, v, +-- TUN OVer the range {1, 2, ---, 2n+1} and let M admit an almost contact
structure, that is, a set (), &, 7)) of a tensor field ¢," of type (1, 1), a vector field
& and a 1-form 7, satisfying

¢l”¢p' =—0;+ 7715‘7
1.1
ﬂxﬁﬂx‘z(), 401'5}:0, 7]152—_—1-

Consider a 2z-dimensional differentiable manifold M covered by a system aof
coordinate neighborhoods {U; 2"}, where, here and in the sequel, the indices 4, i, 7, &,
.-« run over the range {1, 2, .-+, 21}, and assume that M is differentiably immersed
in M as a hypersurface by the immersion

i M—> M,
which is expressed locally by
¥ =y ().

We assume that for each pelM, the vector field & at i(p) never belongs to the
tangent hyperplane of the hypersurface i(M). We call such a hypersurface i(M) a
transversal hypersurface of an almost contact manifold. In this case, we can take
€ as an affine normal to the hypersurface i(M).

Now the vectors B;*=0y" (0;=0/0x%) and &° being linearly independent, the
transforms ¢,"B;* of B;* by ¢, can be expressed as

(1.2 02" B =F By +a;f",

where F,* is a tensor field of type (1,1) and «; a 1-form of M.
Applying ¢.* again to (1.2) and taking account of (1.1), we find

(1 3) thFth= _6;'$
(1. 4) atht=771Za
where

=B

Thus M admits an almost complex structure F and a 1-form a.

We now assume that M admits an almost contact metric structure, that is, a
set (¢, &, 72 Gui) of ¢)f, €, n; and a positive definite Riemannian metric G,; satis-
fying, in addition to (1. 1),

(1. 5) G’ 02" =Gra— 1,
and

77,u=G/:1$2> G,ulg‘uE):l-
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Transvecting (1. 5) with B,*B;* and using (1. 2), we find
Geo( BB + a8 )PP B + i) =g 50— 0mi
g;; being the Riemannian metric on M induced from that of 1l7!, that is,
0;:=GuBj* B

Thus, remembering G.,B/ € =y, and F,'p,=—a, we have

FlF s —ajos=93—ni7
or
(1.6) Ey EXgis—1e05) = 05— e
This shows that
1.7 T31=95— 01

is an almost Hermitian metric with respect to the almost complex structure F.
The fact that the metric y; is positive definite will be verified as follows.

Let X* be an arbitrary vector in M, then the square of the length of the
vector X*—(3,X")&" is given by

Gl XP = (7, XT)EHX = (s XP)ET} = (G ra— ) X" X7,

which shows that (G.;—7n)X*X*=0 and =0 if and only if X*=(,X")&". Thus
the Riemannian metric

75:=(Gu—9m) B, B

on M induced from G,,—x.: of M is also positive definite. N

We now assume that M is orientable and choose a unit vector field C* of M
normal to i(M) in such a way that 2x-+1 vectors B;" and C* give the positive
orientation of M. We put

1.8 & =B;"vt4-2C",

where v*=75'=y;9’* and 2 is a scalar field which never vanishes along i(}/), because
& is never tangent to i(M). The length of & being 1, we have from (1. 8)

g5’y =1=2.
Since

L1
(973—2sm:) (g’” + o 7/"7") =0},
we see that the contravariant components y** of the metric y are given by

i 1
(1 9) Tzh — gih + ? 771.7211..
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The transforms ¢;"B; of B by ¢, and the transform ¢,C* of C* by ¢," can
be respectively expressed as

(1. 10) ﬂol‘Bil =, thh‘ + uicty
(1. 11) 0;"C*=—u'B/,

where f,* is a tensor field of type (1, 1), #; a 1-form of M and u'=u;g.
From (1.1), (1. 5), (1. 8), (1. 10) and (1. 11), we find [13], [14],

ff ==t up +ot,
wfit=2v;, fiu'=—2",
(1. 12) v fif=—2u, [t =2ut,
wut =v0t=1-—1%, u vt =0,
gusf, ytf S =05— i — 00,

that is, M admits an (f, g, #, v, )-structure [13].
We can easily see that

Fi=fiou

is skew-symmetric with respect to 7 and .
Substituting (1. 8) into (1. 2), we find

gD;rBix = (th -+ Ct’ﬂ)h)Br,,“7 + ZaiC".

Comparing this with (1. 10), we find

-F‘lh + a’ivh =flhy Ui = 10’,’,
and consequently
1
(1.13) Fr=f— = u",
1
(1. 14) 4=ty

from which, using (1. 4) and (1. 12),

(1. 15) w .t =2v;, Flryt=— -% o,

(1. 16) v Ft=— —:— s, Frvt=2u"

We also have, using (1. 7),
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(L.17) Flra=fin

We denote by {,%} the Christoffel symbols formed with g;; and by F, the
operator of covariant differentiation with respect to these Christoffel symbols.

We denote by I',?, the Christoffel symbols formed with ;. Substituting (1.7)
and (1.9) into

1
rh= 5 05736+ 0sy 3o — Osy 3)7™,

we get
h

h
F“_{J'z'

1
e o T

1
- '2—22- {(Vjv,- + Vﬂ)j) + (Vﬂh - V;‘Uj)i)tt)i + (‘71;115 - V,vi)v‘vj}vh.

Therefore, we have the following
LeMMA. The connection I')*; with respect to yj is given by

h

h
.18 T, ,“{ji

} - % {Piv:— Vi s)vi+ (Vv — Voo by — %; P+ Vv o™,
For the hypersurface #(M), the equations of Gauss and Weingarten are
respectively
(1.19) VB =h;C",
(1. 20) ViC*=—h;'By,

where %;; is the second fundamental tensor of #(M) and Aji=4h;g".
Differentiating (1. 10) covariantly along #(M) and taking account of (1.19) and
(1. 20), we have

(1 21) (7#¢1‘)BJ”B1:Z - hjiuhBh‘ = (ijzh - hjhui)Bh‘ + (Vjuz + hftfzt)c‘)

where 7, is the operator of covariant differentiation with respect to G,; of M.
Similarly, we have, from (1. 8),

1. 22) (7 5B, = (70" — 20,") Bi* + (P;2+ h0")C".

§2. Transversal hypersurface of a cosymplectic manifold.

An almost contact metric manifold M(gpx', &, 1, Gua) 1s said to be cosymplectic
if the 2-form @,;=¢,G.; and the 1-form »; are both closed. It is known [1] that
the cosymplectic structure is characterized by

@1 P ot =0, P e =0.
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In this section, we consider a transversal hypersurface i(M) of a cosymplectic
manifold.

From (1. 21), (1. 22) and (2. 1), we find

2. 2) V,f.r=—huu®+hu,
. 3) Vi =—hyfs,

2. 4) Viwv,=2hy,

@.%) V= —ht.

Differentiating (1. 13) covariantly and using (2. 2)~(2. 5), we find
(2. 6) VjFJL: —hji%h“{- —;— }leFLtUn-

Using (2. 6), we compute the Nijenhuis tensor
[F, Fli*=FMF—FVF—V,F = VEFHE,
and find
2.7 [F, F]1=0.
From (2. 2), we have
Vifin+ VoS rj+Vnf =0,
which shows that the exterior differential of the 2-form
Elyin

vanishes. Thus the almost Hermitian structure (F, y) is Kahlerian, and consequently
denoting by F,* the operator of covariant differentiation with respect to the Chri-
stoffel symbols I",*, formed with y;, we have, from (1. 18) and (2. 4),

@.8) V=0,
h 1
o — Bl
2. 9) r, ,_[]. i} —hya™.

We denote by Ry;® the curvature tensor of the connection I',*;, that is, we put
(2. 10) .Rkjih=ak['1h:,;'—ajrkhi+Fkh'tr]ti-‘[’]htrkti-

In general, if

(2. 11) [']hz= { jhi } + Tjih7

T;* being a tensor field of type (1, 2), we have
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2.12) Riji"=Kiji" + Vi Ty —V; Tl + Tt Tyt — T Txt,

where Ki;" is the curvature tensor of the Levi-Civita connection {;*}.
Differentiating

(2.13) Tylt=— % Ayt

covariantly and using (2.4) and (2.5), we find

(2.14) N Ty =— —}2— Pty — -—%— (Pihji)o™ — by,
Substituting (2. 13) and (2. 14) into (2. 12), we obtain

1
(2.15) Ryji = Kiji" — (P ji— Iy hxs) — - (Pihji—V ihri)o™.

465

On the other hand, differentiating (2. 4) covariantly and using (2. 5), we find

ViV ivs= — hut*hji + Vi,
from which, using Ricci identity,

VkVﬂ)i —ViVwi=— Kkjihvhy

we have

Kijitve= by — by hs)os— AV o — Vittes),
or
(2. 16) Vihjs—Vibg = — "i- (Kjit — Mty + Ryt ha)o,.

Substituting (2. 16) into (2. 15), we find
1
Rug =Kyl — it byt Iy i) (5';+ —zz—vtv">

that is,
Rusi" = (Kjis— brhji+ Bychas)y'™.
Thus we have
2.17) Rejin=Kzjin— (henhyi— hinhrs),

where
Ryjin= R kjit)’tho

Applying the equations of Gauss
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Kijin=K,u1:Bx"B," Bi* By* + (lanhjs— hjnhs)

of i(M) in M, where K . 1S the curvature tensor of the connection {,*;} of 1\’2,
we obtain, from (2. 17),

2.18) Rijin= K wieBE Bj* B By'.

In a cosymplectic manifold of constant ¢-holomorphic sectional curvature, the
curvature tensor K,,, has the form [6]

y k
K= T {(Goe =1 )G —numa)
@.19)
- (G/u - 7754775)(le - vﬂ?l) + PoePui— PurPua— ZGDV#SDlx}y

k being a constant.
Substituting (2. 19) into (2. 18), we have

k
(2. 20) Ryjin= T (renyi—7inrei+ FunFjo— FinFis—2F 1 Fin),

which shows that the Kihlerian manifold with complex structure F and the
Hermitian metric 7 is of constant holomorphic sectional curvature. Thus we have

ProposiTiON 2. 1. If M is a cosymplectic manifold of constant ¢-holomorphic
sectional curvature, then the transversal Kahlerian hypersurface i(M) is of constant
holomorphic sectional curvature.

§3. Transversal hypersurface of a Sasakian manifold.

In this section, we consider a hypersurface i(M) of a Sasakian manifold M.
In a Sasakian manifold M, we have

7,‘%'-': — Gt 0
3.1
7#5r=90#"

Substituting (3.1) into (1.21) and (1.22) and using (1.8), (1.10) and (1.11),
we find [13]

(3. 2) ij,,h’= —hjiu"+h,’9ui—gjiv"+590¢,
3.3 Viwi=—hjfit— 205,
3.4 Vivi=f i+ kg,

(3. 5) le=uj —hﬂﬁt.
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Differentiating (1. 13) covariantly and using (3. 2)~(3. 5), we find
(3. 6) Vszhz -hﬁu"— —i—F,"ui+ —i-hﬂFz‘v”—i-éﬁvi.

Using (3. 6), we compute the Nijenhuis tensor [F, F] formed with F and find
3.7 [F, F]1=0.
From (3. 2), we have
Vfin+Vifri+Vuf =0,

which shows that the exterior differential of the 2-form F'y., vanishes. Thus the
almost Hermitian structure (F, y) is K#hlerian and we have

(3.8) V*Fr=0.
Substituting (3. 4) into (1. 18), we find
3.9 r/a:{ k. } — Fro— FPoy— - Iy
Jt p
Thus we put
(3 10) Tjih—': —F]hi)i—EhDj— —']2-— }lj,;i)h,

and compute

Vi Ty —V, T + Tod Tyt — Ty T
(3.11) =F"Fj— F"Fi—2F i Fy — (0jwj— 0on)vs

- (kkn/qu; — h,hhki) - —]2;- (Vk/’lji — Vj}lki)vh.

On the other hand, differentiating (3.4) covariantly and taking account of
(3. 2) and (3.5), we find
ViV 05 = — hi jtts + hith;— Qi Vs + 905+ (65— Ra0*) R ji 4 Vb4,
from which, using Ricci identity,
K; ﬁ’vt =0r0ji—Vjgrit (hkthji —h jthki)vt - 2(7 khji -7 jhki);

or

1

(3. 12) Vihji—V b, = - {10 7s— 0398 — K" — M hji+ by )i}

Substituting (3. 12) into (3. 11), we find
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VT3 — VTt + Tt Tyit — Ty T
= —(Ofw;— )i+ Fy"Fji— F" Fri— 2 F g ;.
1 1
- (Vg7 —Vjgra)0" + - (Krji— bt hji+ R hi)oo™
— bbby .

Therefore, from (2. 12), we have

1
Ry ji" =K jis— hrchyi+ hioh:) <gm + = Dtl)h)

1
(3. 13) - (5%1)] - 5"/'1)];)1),' - —2-5— (vkgﬂ - ngki)v"

+ F?Fy— F )" Fyy— 2F ;F .7

Transvecting (3. 13) with yrn=gu—os0;, and taking account of (1.9) and (1. 17),
we have

Ryju=Kiju—huhji+hahe,
—{(g—vv)v;— (90— v0)vi}0s
1 R
— 7 (0r051—0010)0" (g —V002)

+ FyuFy— FjFy—2FFy,

or
Rijin=Kxjin— (hxnhji— hjnhii)
6. 14) —(grn0;— 9 n0e)0i ~ (Vg i~V G1i)0n
+ FinFji— FinFyi—2F i Fin.
On the other hand, we have
—(grn— 9 nVe)Vs— (V2 ji — VjGk:)Vn
(3. 15)
= —(grn9ji— 9 iadki) + (Trny ji— 7 07 ki)-
Substituting (3. 15) into (3. 14), we find
Rijin—Granyji—71intest FenFji— FinFyoi—2F 1 Fin)
(3. 16)

= (K jin—Pinltji+ Rinhes) — (Gend 7i— 9 in0ics)-

Applying the equations of Gauss of i(M) in M, we obtain, from (3. 16),
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Rkﬂh - (TkhT/i —7inreit FkhFji - th,Flci - ZFMFm)
(3.17)
=(K 11e—GiGpi+G,G,) By’ B,* BBy~

In a Sasakian manifold of constant C-holomorphic sectional curvature, the
curvature tensor has the form [9]

r k+3
Kuyl: = % (GMG/AI - G/Athl>
k—1
(3. 18) - —_4—- {ﬂu(Gpﬂ?: - G/,uﬂ?)) - 7]/1<le77~ - GWJ]X)

“‘SDnyD,u‘i‘gDﬂxﬁDux +2$0v/4§011}'
Substituting (3. 18) into (3. 17), we obtain

k+

3 .
4 (Tkthi_')’thki+ FkhFji"‘thFki _2ijFih)y

3.19) Rijin=

which shows that the Kihlerian manifold with complex structure / and the
Hermitian metric 7 is of constant holomorphic sectional curvature. Thus we have

ProrosiTiON 3. 1. If M is a Sasakian manifold of constant C-holomorphic
sectional curvature, then the transversal Kihlevian hypersurface i(M) is of constant
holomorphic sectional curvature.

§4. Transversal hypersurface of a Sasakian manifold of constant curvature.

In this section we consider a hypersurface (M) of a Sasakian manifold of
constant curvature.
When M is of constant curvature 1, the curvature tensor has the form

. 1) R ,11e=G G = GG,

and consequently, we have

. 2) R, ,1.By’ By BBy = ging ji— dnfliee
Substituting (4. 1) into (3. 17), we find

4.3 Rijin=rinyji— 17+ FenFji— FinFyi—2F3 i Fin.
Thus, we have

ProrosiTioN 4. 1. If M is a Sasakian manifold of constant curvature 1, then a
transversal hypersurface i(M) is of constant holomorphic sectional curvature which
is equal to 4.
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