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THE KERNEL FUNCTIONS OF SZEGO TYPE
ON RIEMANN SURFACES

By SABURoOU SAITOH

§1. Introduction.

1. The Bergman kernel and the Szegt kernel are typical kernel functions
in complex analysis. The Bergman kernel is considered on an arbitrary Riemann
surface, but in most cases the Szegt kernel is only considered on a regular
region in the plane. Ozawa [9] considered the Szeg6 kernel on some infinitely
connected plane region, and Hawly-Schiffer [6] considered it on a compact bordered
Riemann surface by regarding it as a half-order differential. However, it is
difficult to consider it on an arbitrary plane region and the latter method does
not lead to study of kernel functions, but to study of half-order differentials.
Under these circumstances, a kernel function called the Rudin kernel whose ex-
istence was pointed out by Rudin [11] is very interesting.

Let S be an open Riemann surface and let H(S) be the class of analytic func-
tions on S for which |f|? has a harmonic majorant on S. For fixed z,?€S, there
exists the Rudin kernel Ry(r,z) (€Hy(S)) which is characterized by the following

reproducing property:
.1 ———— 0ga(z, 1)
o =tim 5= foRG D s,

for all feHy(S). Here {S.}3-, (x,%€S,) is an arbitrary regular exhaustion of S, 35,
is the relative boundary of S,, g.(z,?) is the Green function of S, with pole at #
and the derivative is taken along the inner normal. The limit exists and is in-
dependent of the choice of regular exhaustions {Sp}yx-o

The object of this paper is to give some fundamental properties of the Rudin
kernel and some related reproducing kernels on a compact bordered Riemann

surface.

§2. Preliminaries.

2. For any Riemann surface S, let Hy(S) (>0) be the class of analytic func-
tions on S such that |f|? has harmonic majorants # on S. Let %, denote the
least harmonic majorant of |f|?. Then we define Hp-norm with respect to ¢ by
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KERNEL FUNCTIONS OF SZEGO TYPE 411

Ifllh=us(¢)*? for any fixed point ¢ on S. Here u,(¢) is represented by any regular
exhaustion {S,}5-, as follows:

w®=tim5=(17ep 250 s
Hy(S) is analytically invariant (cf. [1]) and the norm is conformally invariant. Let

%(S) be the linear space of all feH,(S) with finite norm at f€S. The normed
space HY(S) is a complete separable linear Hausdorff space and if p=1, H4(S) is
a Banach space; if p>1, it is uniformly convex. Let H4(S) be the unit ball
IfI5=1. The functions feH4(S) are locally uniformly bounded and therefore
HY(S) is a normal family.

§ 3. Extremal problems in H4(S) (p=1) and constructions of kernels.

The existence of the Rudin kernel is easily assured by a general theory of
reproducing kernels [2]. An important problem in the theory of kernel functions
is to construct the so-called adjoint L-kernel ([12], pp. 40-46). Hence, we consider
extremal problems in H4(S) under the duality relation ([5],[8]), which gives basic
meanings of the relation between K-kernel and L-kernel. Here we assume that S
is a compact bordered Riemann surface with contours {Cn}t-, and of genus /.

3. We consider the problem of maximizing |f(x)| in H%(S). The existence
of the extremal functions f3¥(z; x,#) is assured by the compactness of H4%(S). If
p»>1, the uniform convexity of HL(S) guarantees the uniqueness of the extremal
functions except for a rotation [3]. Let T be the linear functional on Hy(S)
defined by Tf=f(x). This functional is represented by the Cauchy integral [10]:

.1 T7 =)= 5| _F@iaWe,2)

7
where f(zr) means the Fatou boundary values of f at r€dS. Here W(z, z) is defined
as follows: W(r, ) = g(z, x) + ig*(z, x), where ¢*(zr, z) is the harmonic conjugate of
g(z, ). Since g(r, z)=0 on 3S, we have

idWie, z)= W ds.>0,  (redS)

which implies that dW(r,x) has precisely 2/+%k—1 zeros in S. For {f(c)eL,(aS)|
feHy(S)} is a closed subspace of L,(0S), we apply the Hahn-Banach theorem to
extend T from {f(r)eLy(0S)|feHy(S)} to Ly(dS), preserving its norm, so that T is
represented as follows, using the representation theorem of Riesz,

1

3.2) Tf = Sas Fhy)id Wiz, t),  for all feLy(dS),

where if p>1, hpeLy(3S), 1/p+1/g=1, and
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(i I We, 8)) =z 0)
27T SBSI P(T) o (T) )) h P(x) xr )

and if p=1, &, is mesurable on 3S and |Ai(z)|=|f¥(x; %, £)| a.e. on S. From (3.1)
and (3.2), we have

Sas f(r)(%vv%—g— —h,,(f))idW(T, H=0  for all feH,(S).

It is valid for functions f analytic in S and continuous on S. Hence from the F.
and M. Riesz theorem [14], there exists a function FeHi(S) such that

<62—I;/VV—((%,J;_)) ’hp(f)> idW(c,t)=F(c)o¥(r)  a.e.along aS,
ie.
hp()= ﬁWl(r,—t) [idW(z, ) — F(r)w¥(7)] a. e. on 0S.

Here, of is defined as follows. For m=1,2,..,k, let ¢, be a 1-1 conformal
mapping from an annulus R={z|r<|z|<1} onto a neighborhood of C, such that
gnl2] 12|=1)=Cn, $u(R)CS and ¢gu((z| [2|=1)NCn=¢. We fix an w, such that
wo is a nonvanishing analytic differential on S. Then in terms of uniformizer
re?*=¢,~'(z) in the neighborhood of Cp, we has the form an(re®)dr+bn(re’’)ds, we
define w¥ as bn(e®)df. Substitution of f3 into (3.2) yields

13 01 = 5| 73 2 i Wee, )

1
2n

=

S N SRR

1/q
= 175Ge 0B | V@127, 1)

=13 x5 for p>1.
Hence we have for some real 6

I35 @, Ohp(r)=€¥| f5(@; x, )| |f3(z; 2, 8)|”  a. e on 35,

15z x, D)lIp=1.

If p=1, we obtain for some real 4

3.3

Sz, Oh(r)=et| f¥(x; x, )] | [z x,8)] a e on 3S,

|1 f¥(z; =, D)lli=1.

3.4
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Here we note that f} and %, can be continued analytically across aS.
For fixed x,€dS, let 4 be a neighborhood of z, which satisfies the following
(1) 4 is conformally equivalent to U={|z|<1}, i.e. ¢(d)=U.
(2) =, {t;3¢4. Here {¢;}}% are critical points of ¢(r, ?).
(3) 94NS is an analytic curve.

Let 7 be the part of U such that ¢(adn§)—{end points}. From (3.3) or (3.4)
we have

(3.5 AR=3¢ @he(¢7 (@) =" f3(2)] |7 @)I"  a.e.on 7.

From A(z)eH(U) and arg A(z)=6 ae. on 1, A(z) can be continued analytically
across y [11]. Hence A(z) is analytic on U except for end points of y and con-
tinuous on U. A(z2) can be represented by the Poisson integral as follows:

8.6 Aw=eTT (2L Jexn( 5 [ torldwem-GEE ).

Here {z;}(eU) are zero points of A(z). From f%, h,eH,(U), they can be repre-
sented uniquely as follows [7]:

£rge) = eexp (o ol -2 do)
3.7
% 12"WJrzd()>>< fact f]‘[(z Z:)
eXp(zﬂ So o 1P some Tfactors o =
@) = ot exp (5 (ot (@) 52
(3.8)

1 2 ew’_l_z Z—Zj
X exp (27: So -e———d/zz(go)> xsome factors of ﬂ ( 1-ij—>'

Here p;(¢) are non-increasing functions. Now from (3.5), (3.6), (3.7) and (3.8)
we have

1
A=0+2; l=exp (2—S dﬂx(so)erftz(so))
Hence py, p» are constants. From (3.5), we have
1
loglf*;(¢‘l(2))l=;[loglA(Z)l—loglf%(x)l] a.e.on 7.

Therefore the factor

e—l—z

1 (2=
3o\, ogl 39|
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is analytic on 7. ie. f% and also %, are analytic on 7.
Let H, .(S) be the class of functions such that

{Wl(;’—t)—(idW(r, #)— F(2)if()) for all FeH,(S)}.

Then we are aware that, conversely if a function of H#(S) and a function of
H, (S) satisfy (3.3) or (3.4), they are extremal functions. Now we have the
following theorem:

THEOREM 3.1 (cf. [5],[11]) For fixed x,teS, there exist the extremal functions
30 2, 8) and hy(r) uniquely, which maximizes f(x) in HHS)(Hp>1)N{f(x)>0} and
minimizes Hynorm in H, (S) rvespectively. These extremal functions ave charac-
terized by the following properties:

e @, ()= 35 2, DI f3(z; 2, I on S and

If p=1, there exist the extvemal functions f¥(c; z,t) and hi(c) which maximizes f(x)
in HYS)N{f(x)>0) and minimizes esssup |h(z)|(z€dS) in H, «(S) respectively. They
are characterized by the following properties:

S 2, V()= f3(@; , )| f¥(z; 2, 8)| on 8S and
[|f¥(z; o, Dlli=1.

Furthermore f%(z; x,t) and hy(t) can be continued analytically across 9S and hi(c)
is determined uniquely.

4. Now a Rudin kernel Ry(r,z) and the adjoint L-kernel _Li(z,x), which is an
analytic differential on S, except for a simple pole at x with residue 1 can be
defined as follows:

Rt(‘l', x):f;k(x; T, t)f;k(f; Z, t);
Li(z, £)=ihs()id W(z, ).

From the relation between f¥ and %4, on aS, we have
I 1
3.9 R, )idW(z,t) = 5 Lilz,z) ~ along 5.

That the Rudin kernel is a function and the adjoint L-kernel is a differential is a
remarkable fact, because both the Bergman kernel and the Szegi kernel are in
fact differentials. It is easy to see that the Rudin kernel has a reproducing pro-
perty as follows and is characterized by it:

flx)= zi Sas F(OR(z, x) Mds, for all feHy(S).

7o ov
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We list up some elementary properties.
() Ry(z, z)=Ry(x, 7).
(I1) Ryz, t)=1 (Rudin [11]).

(III) Rz, x)/Ri(x, z) is the unique extremal function minimizing H,-norms
among the functions feHx(S) with f(x)=1. Especially we have Ry(x,z)=1.

(IV) Let S, S:; be regular subregions on an arbitrary Riemann surface S such
that S;>S5192,¢. Then we have R{(x, )= R®(x, x). Here R{P(r,z) (7=1,2) is the
Rudin kernel of S, with respect to z, ¢.

We consider the differential class H2(S) which consists of analytic differentials
o on S such that w/wo=sfeHyS). It is defined independently of the choice of wq
which is introduced in Theorem 3.1. Let {a,(r)} be the class of analytic differentials
with a simple pole at x, residue 1, which satisfy

1
2
Sas leaO* Ty <o

(V) In {a,}, Li(r,z) is characterized by the following:

o(t) Li(t, z) _ >
SBS—————i S 0 for all weH(S)

On an arbitrary open Riemann surface, we shall state some further properties
of the Rudin kernel.

5. Let Mz x,f) be a Neumann function on S with poles at x and ¢ ie.
N(z; z,¢) is harmonic on S except for z,?, where N(z(7); x,t)+1logl|z(r)—z(x)| and
N(zo(z); x, 1) —1og|zo(r)—24(¢)| are harmonic, in terms of local parameters z and z,
around z and ¢, respectively. N(z; z,£) is continuously differentiable on S and
ON(z; z,t)/ov=0 on 8S. We set V(z; z,{)=N(z; x,t)+iN*(c; x,¢) and define mero-
morphic differentials as follows:

B 10y = 1 dV(s; m0)—dWis, 2)—dWis, D),
355 2,0) = 5 [~dV(E @)~ W, ) —dWis, B,
ples =51 dVie; 2, 0—dWie, 2)+d W,

s 2,0) = 5 [~dV(E )= dWis, 0)+d W, ]

Since dV(z; x,t) and idW(z, x) are real along 8S, we have
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ﬁ(‘l‘; x, t)= _q(f; Z, t)y
(3.10)
p(r; 2, 8)=—q(z; z,t) along 0S.

Now (1/i)_Li(z, z)—1/i)§(z; x,¢) and Ry(r, z)id Wz, x)+ip(z; x,£) are analytic on S
(note Ry(t, z)=1) and we have

- ~ 1 1.
Ry(z, £)id Wz, t)+ip(z; x, 8) = —z.—,L’t(r, r)— Tq(T; z, b) along aS.

Therefore we have the following representations (cf. [4]):

k-1

1 1 2 .
T.L’t(f, x)= 7 Gz >, )+ Z aﬂ(x’ t)“)p(f):

p=

2l+k—-1

(3.11) Ri(z, 2)id Wiz, t)= —ip(c; x, £)+ f__’,l a,(z, B)w,(7).

Here {a,.(z,?)} are constants and {w,(r)} is a base of the analytic differentials which
are real along 9S. For the local parameter z around ¢, we set o,(7)=W.2)dz,
P(z; 2, £)=P(z; z,t)dz and so on. Then we obtain the following identities by putt-
ing in (3.11) r=¢y

2l+k—1

(3.12) #Z:_l (@ OWit)=iPty; 2, 8)  (5=1,2, -, 20+k-1).

For simplicity, we stand #; itself for the local parameter around #; in the sequel.
Further we assume that {;} are all simple. In the other cases, we modify (3.12)
according to the multiplicity of {f;} in the usual fashion. Then {a.(z,?)} is re-
garded as a solution of (2/+k—1)-equations (3.12). Furthermore, we are aware
that the solution of (3.12) is determined uniquely. Finally let 6; be a differential
analytic on S except for a simple pole at ¢ with residue —i and positive along aS.
We note the fact that the result of Theorem 3.1 is valid in a reduced form by
replacing idW(z,t) with 6,. The corresponding kernels are constructed similarly,
and they have a representation in the form (3.11). The representation is de-
termined uniquely again. Hence we have the following

LemMmA 3.1. Let {;)24% be zero points of a differential 6,. Then we have
det [W,(#)]0.

Here we assume that (i35 are all simple. In the other cases, we obtain
modified forms.

6. Using this lemma, we are ready to construct the reproducing kernels
which correspond to the Rudin kernel. Let o(x,#) be a constant such that
oz, t) - q(z; x, £)|dW(z, t) has residue 1 at x. We consider (2/+%—1)-equations which
correspond to (3.12):
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2l+k-1 .
Zl ABIJ(‘”’ t) Wll(tj) = —5(.10, t)Q(tj; Z, t) (.7 =17 2’ RRF) 21+k_1)-
=

The existence of a solution of this equation is assured by Lemma 3.1. We
set this solution {B,(x,?)} again. Now we construct a function Li(z, ) which is
analytic on S, except for a simple pole at x with residue 1, and an analytic
differential R(r,z) on S as follows:

o D4 2, 0+ 2, Bule, Do)
dW(z, t) ’

zg(T, x) =
(3.13)

2l+k—1

g/ét(fy .Z’) = _5(37’ t)p(fr Ty t) + ,ug:l ‘B,,(.Z‘, t)a),,(z').

From (3.10), we have
(3.14) Rz, 2)=— Lt(z', 2)id W(z, t), along 0S.

In HP(S), we introduce an inner product (i, @) as follows:

vor=5 | i
GO o Yo O AW, §)

Under this inner product, H?(S) becomes a Hilbert space. In terms of local para-
meters z and &, ar9und ¢ and =z, respectively, we set R(c, z)=Ri(z,&)dz. Then
(3.14) implies that R(z, £)dz has the reproducing property in HP(S) as follows:

for all w(z)=a(z)dze HP(S).

3.15)  a®)= % Sasd@)dzm m

We call the analytic differential R,(z, z) the conjugate Rudin kernel. In this case,
the adjoint L-kernel Ly(r,z) is not a differential but a function. Summing up, we
obtain the following theorem:

THEOREM 3.2. For fixed _x,1€S, an analytic differential Rulz, ) on S and a
Sunction Liz,z), analytic on S except for a simple pole at x with residue 1, exist
uniquely and satisfy the following

R, x)=%z¢<2', 2)idW(z,t)  along 8S.
Here the conjugate Rudin kernel R.(c,x) is characterized by the reproducing pro-
perty (3.15). On the other hand, the adjoint L-kernel Li(z,z) is characterized by
the following extremal property.

o1 R ag(r, H.._1 2 39(7, 2
min o= it o 22 ds =5 ( \Lite, ) P2 s~ Rt
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where {h(z,x)} is the class of Ly(0S)-functions which are analytic on S, except for
a simple pole at x with residue 1. Here we assume that a local parameter &
around x is fixed arbitvary.

We list up some preliminary properties.
(1) Ri(zi,25)=Ri(2s, 21).

(I1) Ryz, 2,)dzidz, is an invariant form with respect to change of both
variables.

From (3.9) and (3.14), we have [,s Li(%, t1)Li(%, 72)=0. Here if we fix local
parameters z; and z, around r; and r, respectively, such that z;=¢.(z:) and 2.
=¢(rs), We have L(rs, ¢7'(20))dz1= — Li(t1, $7(25)).

(III) If we take the local parameter z around r, Lz, ¢~Y(2))dz is an analytic
differential with a simple pole at #. On the other hand, _Li(%, ) is an analytic
function with respect to r except for a simple pole at #. In particular, the residue
of Lz, z).Li(z,x) at z is zero.

(IV) 1In {A(r, )}, Lz, z) is characterized by the following:

S F@) Lz, x) ag(afy’ D) ds.=0 for all FeHy(S).
s

We note that the property (IV) of the Rudin kernel is not valid in general
with respect to the conjugate Rudin kernel.

7. Next, we consider a reproducing kernel &¥(r,z) in the closed subspace
HPE(S) of HP2(S) which consists of exact differentials. The existence of the kernel
RE(z,x) is assured by the general theory of the reproducing kernels [2]. Hence
we shall state some properties of the adjoint L-kernel. At first, we consider the
Bergman kernel K(z, &) in the Hilbert space which consists of exact differentials
df, analytic in S and dfeL,(S). Here z and ¢ are fixed local parameters around
r and x respectively. K(z, £)dzdé is invariant with respect to change of both
variables, and K(z, &) satisfies

(3.16) K(z, £)=K(§,2).

Let L(z,€)dz be the adjoint L-kernel. L(z,&)dz is an exact differential, analytic on
S except for x where it has a double pole:

1 1
L(z,§)dz= <?W +regular terms)dz,
and satisfies
(3.17) —K(z,8)dz=L(z,)dz  along aS

and
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(3.18) L(z, &)=L, 2) (cf. [13], pp. 135-137).

Since K(z, £)dz belongs to HPE(S), we have

- 1 ——
K, &)= - P S K(z, &)dzRE(z, NAZ 7 dW( By

Hence

(3.19) K¢ 5)=— 1 S L(&, 2)dzR¥(z, n)dz —=

2 dW( )’

Because K(z,7)dz and L(z,7)dz are exact differentials we may define K(z,7) and
Lz, ) as follows:

~ x ~ &z
R =\ Kepds  Len={ Lend
We integrate (3.19) from ¢ to x, then we have

K@, 7)—K(t,7)=— —1—S (L(x, 2)—L¢, 2))dzR¥(z, n)dz——

2 id W( )’

Here we assume that {¢;} are all simple. In the other cases, we can modify the
following arguments slightly. Then we assume that dW(r,¢) has the following
expansion around #,:

[W"(t,,t) (2(r)—t;)+regular terms]dz, (W'(t,, )=x0).

Using the Cauchy integral formula, and substitute = for x, we have

iRF(z,)dz e RE(, 7)o~ ~
(3.20) AW —alK (o, 7)— K¢, 7)]—= ]Z: Wit [L(z,25)—L( )]

Here dR(c,7)+dL(r,n) and dR(c,7)—dL(r,n) are a pure imaginary and a real
analytic differential along S, respectively. Consequently, we can take constants
{am(n)}i-, such that

3.21) R, 7)=—L(t,p)+anly) on Cp.
From (3.20) and (3.21), we have

—iRE(z, p)dz

die s =L D+an—Ke 7l

(3. 22)

[—K(, I )+ant)—Lt,t)]  on Cp.

-T

J=1
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Finally we define the adjoint L-kernel L¥(z, ) which is analytic on S except for
a simple pole at y with residue 1 and define constants {A»(p}k-, as follows:

R ~ 20+k—1 ﬁE(% ) 5 -
E, - _ Bl R/ e At L
(8.23) LE(r,p)=—rL(z,p)—= Z:l W, b K(z, t;),

7=

——— ks REG —_
B2  Ad=rant)—TRED)—x % oS (et + L6

=1
From (3.22), (3.23) and (3.24), we have

(3.25) R da= 118 )+ An1 222 s, on G

Here we can normalize that Ax(y)=0. We integrate (3.25) along Cn, and we have

-1 1
@) A= Tl " 7 o, D

Egom v ‘

From (3.25), we have the following theorem:

ag(T’ ) ds on Cp.

TueoreM 3.3. We fix points x,t on S and a local parameter & around zx.
Then the extremal function LE(z,n) and k-tuple (Ai, As, -, Ax-1,0) of complex
numbers which minimize

ko1 2 ag(fy t)
2,35, e eta .
in {W(z, &)} and {(a, @z -, @x-1,0)|an€C} are wuniquely determined. Moreover, they

satisfy (3.25). Conversely they are characterized by (3.25).

Finally we state the interrelation of kernels. Using the reproducing property
we have

N ~ 1 k-1 _—
3.20) REG, =R, = 57 2 A® | Rl .
Next, from
|, Rz, )Rz =
a8
we have
LE(e, 9)=—Lufp, 7)— Z Am(y)g Lz, 2)dz
(3.28)

- 1 k=t -
=LL(T, 7])+ —2‘717 mZ—l Am(ﬂ) So L;(T, z)dz.
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