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ON QUASI-NORMAL (f, g, u, v, 2)-STRUCTURES

By KENTARO YANO AND U-Hang Ki

§0. Introduction.

Let M be a C> differentiable manifold and assume that M admits a tensor
field f of type (1,1), two vector fields U, V, two 1l-forms #,v and a function 2
satisfying

[ X=—X+u(X)U+v(X)V,

fU=—2V, w(FX)=+w(X),
0. 1) fV=+aU, o(fX)=—2u(X),
wU)=1—2, w(V)=0,
o(U)=0, o(V)=1—2

for any vector field X. Such a manifold M is said to have an (f, U, V, %, v, 2)-
structure [1], [2]. A manifold M with (f, U, V, u, v, A)-structure is even-dimen-

sional [2].
An (f, U, V, u, v, 2)-structure is said to be normal if the tensor field S of type

(1, 2) defined by

0. 2) S(X, Y)=NX, Y)+(du)X, Y)U+(do)(X, Y)V
vanishes, where N is the Nijenhuis tensor of f defined by

(0.3) NX, V)=UUX, fYI-fI/X Y1-fIX, fY]+/? X Y]

for arbitrary vector fields X and Y.
Assume that a differentiable manifold M with (f, U, V, u, v, A)-structure admits

a Riemannian metric ¢ such that

9(f X, fY)=9(X, ¥)—u(X)u(Y)—o(X)(Y),

0. 4)
o(U, X)=u(X), oV, X)=v(X)

for arbitrary vector fields X and Y. We call an (f, g, «, v, 2)-structure an
(f, U, V, u, v, A)-structure with a Riemannian metric ¢ satisfying (0. 4) [2].
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QUASI-NORMAL (f, ¢, %, ¥, 2)-STRUCTURES 107
The tensor field of type (0, 2) defined by
(0.5) oX, Y)=9(fX, Y)

for arbitrary vector fields X and Y is a 2-form [2].
Okumura and one of the present authors [2] proved

THEOREM A. Let M be a complete manifold with normal (f, g, u, v, 2)-structure
satisfying

du=2¢w, dv=2w,

¢ being a diffeventiable function on M. If A1—2%) is an almost everywhere non-
zero function and dim M>2, then M is isometric with an even-dimensional sphere.

We put
(0. 6) X, Y, Z2)=9(S(X, Y), Z).
If
0.7 T(X, Y, Z)—{(do)fX, Y, Z)—(do)fY, X, Z)}=0,

then we say that the (f, g, #, v, 2)-structure is quasi-normal.

The main purpose of the present paper is first to prove that in a manifold
with quasi-normal (f, g, %, v, 3)-structure such that the function A(1—2%) is almost
everywhere non-zero, the conditions

Lvg=—2alg and dv=2aw

are equivalent, where Ly denotes the operator of Lie differentiation with respect
to the vector field U and « is a function, and next to prove that in a manifold with
quasi-normal (f, g, %, v, 2)-structure such that the function 2(1—2%) is almost every-
where non-zero and

Lyg=—2cig or dv=2cw
is satisfied, ¢ being a non-zero constant, we have
du=—2¢w, Lyvg=—2¢4g,

¢ being a function.

Combining Theorem A and this result, we see that a complete manifold with
normal (f, ¢, %, v, A)-structure such that the function A(1—2?) is almost everywhere
non-zero, dim M>2 and _Lyg=—2clg or dv=2cw is satisfied is isometric to an
even-dimensional sphere.

This result is an improvement of Theorem A.

In §1, we prove general formulas for an (f, g, #, v, A)-structure and in §2, we
specialize these formulas for a quasi-normal (f, g, #, v, A)-structure. In §3, we
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prove the equivalence of _Lyg=—2alg and dv=2aw in a manifold with quasi-normal

(f, g, u, v, )-structure.

In the last §4, we prove that for the normal (f, g, #, v, A)-structure, the con-
dition _fyg=—2cig or dv=2cw implies du=—2¢w.

In the sequel, we assume that the function A(1—2?%) is almost everywhere non-
zero and we use the index notation.

§1. General formulas.

We consider a C* differentiable manifold M with an (f, g, %, v, 2)-structure,
that is, a Riemannian manifold with metric tensor g which admits a tensor field
f of type (1, 1), two 1-forms #» and » (or two vector fields associated with them),

and a function 2 satisfying
[ fh = =%+ uu4-vo",
St foqes=g—wusui—v;05
1.1 Sfluy=+rw; or flru=-—i",
flvy=—2au; or flrv'=+42u”,
gt =ov0°=1—-2%, wu*=0,
1.2 Fr=f1gu

being skew-symmetric. Such an M is even-, say, 2xn-dimensional.
We put

(L.3) Si" =f 0 —F0f =V = f ) fi A+ w4 v0",
where
(L. 4) wji=Viu;—Vitty, v;i=Vpi—V,,

7, denoting the operator of covariant differentiation with respect to the Levi-
Civita connection. If the tensor S;" vanishes, the (f, g, %, v, 2)-structure is said to
be normal.

Transvecting (1. 3) with #,, and using (1. 1), we find

Siitun =1 0 i un) —fVur] —FHVf ) —f Ve
— AV fEv) = V00—V f5 700 + f5 Vol + (1 — 22w
=F" [P+ Vs —f L Veun] —f T2+ AW —f Vi)
— A=) — V00, — 1V 500+ (Tid)u s+ AV 5+ f 4 Vo] + (1 — 22)u ;.

that is,
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Situn=w;—f fiSthes+ A 00— t0e5)
(1.5)
+(fvi— o )Va+ AV 2w — Vid)us).

Similarly, we can prove

S. jihvh, =Vj; —f. th “Vis—A(f Jtuti —f ztut]‘)
(1. 6)
—(fstwi—Lfluy)Vid+ [P 2)vi— (Pid);].

We now put

1.7 Fin=V,fin+Vfrnj+Vefs
and consider the covariant components of S:
1.8) Sisn=F Ve fin—1 2V fin+ T, fie— VoS o) fl + vt jitn 40 50

Then we have
Sjin=F;(fein—Vofre—Vnfe)=FH(SFesn—V, Frne—Vnfs)

+ (U fie— VoS ) fo* + thjsttn~+05i0n

=f} fen—S" SFein—Vi( S 1 Fue) + Vi ' Fae)
—fit VSt Vnfej+wjsun+vj0n

= Frin =1t foin—Vilgn—tjun—0;00) + Vi(gin— wittn—0:02)
—f i Vn S+ LV fri+ w0n+05:0n,

from which

Sjih - (f]tftih, "'fztftjh)
(1. 9)
= — (o' VnSfrs =L Vn fr5) + 0 (Vstan) — 10:(V ) + 0 j(Fsvn) — 0:(F 01)-

Transvecting (1. 9) with #’ and using (1. 1), we find
W [Sjin—(f3 fun—1it fegn)]
=UAVn(f1i0%) = feaV o) + P fe)) = friVneel]
+ (A= 2B)V0n — 00i(? Vo) — v:(6?V01)
=2APn)tts + Wnoe;+ .2 Vn0,]
+LAPR v+ A0, — £ Vrt]

+ (=2 iun — iV jun) — v’V jop)
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= —=2uin+ LuGin+ 221! Va0 — w008 Lugin— 0:06"01n,
= —2uin+ Lugin+ AL [ Logen —Vin] — st Lougsn — V%6011,

where [, and _, denote Lie differentiation with respect to #* and »" respectively,
from which,

W [Sjin— (s frn—1"fign)]
(1. 10)
= _Lugin— Ut Lugen+ A1 Logen— 220in — AL+ 05 )01n,

Similarly, we have

V[Siin— (i frin—S fegn)]
(1.11)
= _Login— 0" Login — AL Lugen— B0+ (A S — w0 thsn.

§2. Formulas for quasi-normal (f, g, u, v, 2)-structures.
If the condition

2.1 Sjin— (5t frin—Si fejn)=0

is satisfied, then we say that the (f, g, %, v, A)-structure is quasi-normal.
If the structure is quasi-normal, we have, from (1. 10) and (1. 11),

2.2 Lugin— Ut LouGin~+ 2120 Login=tin+ (21,5 + 00701,
and

2.3) LoGin— ViV Login—2AS L Lugin= 212050 — (AS — w0 Yo
respectively.

From (2. 2), we find
(2. 4) Pt = _Loufn—wtl’ Lougsn+ S Logsn— A5+ 0,0%)0sn.
From (2. 3), we have
2 Login — 00" Logon— 2 fof Lugin=20in— (A1t — u0")(A20sn).
Substituting (2. 4) into this equation, we have
2 Login— 200" Login— L5 Lugen
=2in— AL Lugen—we* Lugsn+ 215 Logsn— (S + 0106051
Fu' [ Lugon—ue® Lougsn+ 215 Logsn—(Af 1 +00%)05],

2 _Login— 200" Logeon— B f Lugen
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=205 — AL Lugin+ 22005 Logsn — 22— 0F +1u:2° + 0:0°) Logsn,

+ A2(— 65 + ws08° + 005 vsp, — o4V,

F w0 Lugin+ 20065 Logsn— 22006050, — (L — 220006505,
from which,
(2.5) 2201 =22+ (i’ — 220:0%) 05, = {00 + 2200 — A1 — 22) .1} Lugin.

Transvecting this equation with #¢, we find

21— Bnvg+ (1 =22 v ={(1 = 220 + 22(1L — )0} Lugin,
from which,
(2. 6) w0 =0°Lufsh,

which shows that

(2' 7) (,L’ugji)ufv’=0
and
(2. 8) (Lug )00 =0;:070".

Substituting (2. 6) into (2. 5), we obtain
2.9 AL = 2B — 0005 = {20;06" — (L — 22) £} LuG o1
Transvecting this equation with »*, we find
AL =" = {2’ — (1= 22) f N Lugen)?",
or, using (2.7),
" = Lugen)0"

because of the skew-symmetry of vs,.
Thus (2. 9) can be written as

A= 2)in =0 [ Luges)v* = {205 — (L= 2°) [} Lugin,

or
(2.10) AL =203 =05 [r( Luges)V* + {2050 — (1= 22) £.5} Lugin.
Similarly, from (2. 2) and (2. 3), we obtain
21— 22w+ (0:0° — A20;01%) s,
(2. 11)

= {viut + lzuﬂ)t + 2(1 — Zz)le},fvgm.
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Transvecting this equation with ¢*, we find
2A =20 sin+ (1 =20 usn={(1— 22 + 221 — )0’} Logen,
from which,
2.12) V3 Usn =0’ LoGsn,

which shows that

(2.13) (Log3)u’v* =0
and
(2.14) (Logg)uw st = —uzu'v".

Substituting (2. 12) into (2. 11), we find
(2. 15) AL —2B)utsn, — At tusy, = {Aupt + (1 — 22 1,5} Login-

Transvecting this equation with #*, we find

AL — 2Yyuinu” = {uiv* + (1 — 2) L Logen)u™,
or, using (2. 13),
Auintd =1 (Login)u’.
Thus (2. 15) can be written as
A= P)sin+ 1: o (Loges)u® ={Auv* + (1 —2%) f5} Login,s

or

(2. 16) A =22Yuin = —t; fo( Loges)tt® + {Au0' + (1= 22) 18} Login.

§3. Equivalence of _L.g;;=—2alg;; and v;=2af; in a manifold with quasi-
normal (f, g, u, v, 1)-structure.

In this section, we assume that the (f, g, %, v, A)-structure is quasi-normal, that

is,

(3.1) Sjin— (3t Frin—1 f1jn)=0.
We moreover assume that

(3.2 Lugsi=—2alg,

where « is a function, that is, the vector field #* defines an infinitesimal conformal
transformation with dilatation factor —aA.
Then we have, from (2. 10),
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21— 2win= —2020; fn'gss0® — 202{ 2006 — (1 — 22) £} g n,
or
3.3) Vin=2afin-

Conversely, suppose that (3.3) is satisfied, « being a function. Then from
(1. 10) we obtain

0=_Lugin—uit" Lougin=+AfE Logeon— Ptbin— 202 1.0 +0504°) fon,
0=_Lugin— " _Lougin+ AL Login—Athin—202(— gin+tstin+0:i00) + 202000,
that is,
(3.9 AL Login= — Lugin—2a2Gin~+ Pthin~+ (6 Lugen+ 2akun).
We have also, from (1. 11),
0=_Login =" Login— 21! Laugern— 202 fin+ A St —ui")hen,
that is,
(3.5) 22 0= _Login— 2022 fin — t0:;0"ten, — V:0* LoGin-
Writing (3. 5) as
221Vt = Logen— 202 for. — u0Vsn — V0° LoGsn
and transvecting this with 2f,%, we find
222(— 0% + ws® + 0;0%) Vptts
=212 Logen—202%(— gin~+ Usthn+ Vi0n) — 2200 Usr, + Z2UV° LoGsns
Substituting (3. 4) into this equation, we find
228 = Pnots +wso* (Wnats) + vi0°(Vrus)]
= — Lugin—202gin~+ 2(Vittn— Vptti) + (0" Lugen+ 20 20t)
+2a2%(gsn — tithn, — V;0n) — A0 0 (Fsthn, — Vntts) + 0 LoGsn,
A=22)Lugin
=—2ai1—2)g:n
+ati[ — 2220 (Putts) + 6 L ugen+ 2021 — 22)stn + 2°0° _Logsn]
+ 0, = 2220°(Pptts) — 20301, — 3205 (Vs — Vitts)],

or
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(1=22)Lugin
= —2aA(1 = ®)gin
+ o[ — 2220 (Ppths) + 6 Lugen+ 2041 — 2)un+ 220° Lvgsn]
= 20i[(Lugen )0+ 2advn],
or, using (2. 6) and (3. 3),
(1 =2%)Lugin
3. 6) = —2a2(1—®)gin
+ i — 22205 (Prtts) + %' Lugen+ 2021 — A2 sn+ 220° Logsn]-
Transvecting (3. 6) with #* and using (2. 13), we find

A=) Lugin)u®

3.7
o = —2aA(1 = ) u; 4+ 1, [(1 — AB)(Luges)u' s + 2 A(1 — 22)7],
from which,
=2 Lugin)u'n"
= —20A(1 =222+ (1 — 222 _Lugis) ' + 2a2(1 — 2%)°,
that is,
(3.8) (Lugin) it = —2a2(1—22).

Thus, from (3. 7), we find
(=23 Lugin)u®
= —2aA(1 — 22 u;+ w;[ — 2aA(1 — 222+ 2a2(1 — 4%)?],
that is,
3.9 (Lugin)w = —2alu;.
Thus (3. 6) becomes
A—=2) Lugin
= —2a2(1—2%)g:n
+ ol — 22205 (Phus) — 2aA0tn + 2041 — 22)uty, + 220°(Logsn)),

that is,
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(A=25)Lugin
(3.10) =—2a2(1—-2®)gsn
— 220,205 (Vrtts) + 20087, — 05 (L oGsn)],
from which, taking the skew-symmetric part,
W[ 205 (Potts) + 200 — v (Logsn)]
—un[20%(Viths) + 2 208; — v*(_Logs:)] =0.
Transvecting this equation with #*, we find
(1= 22)[20*(Pntts) + 20020 — (L vgs1)]
—un[(Lugis)ru* + 2041 — ) = (Logsr)u*v*] =0,
from which, using (2. 13) and (3. 10),
203 (Vnths) + 200040 — v5(_Lovgsn) =0.
Thus (3. 10) becomes
(3.11) Lugin=—20a2gn.
Thus we have proved

THEOREM 3. 1. In a manifold with quasi-normal (f, g, u, v, 2)-structure such
that the function A(1—2%) is almost everywhere non-zero, the conditions

.Eugji= —2a20ﬁ and ’1)_7'7;=2afj7;
are equivalent, o being a function.

Now we assume that « is a non-zero constant.
Since v;;,=2af;; implies

f jih=0»
we have, as a corollary to this theorem,

COROLLARY 3.2. A quasi-normal (f, g, u, v, 2)-structure such that the function
A(1—2%) is almost everywhere non-zero and

Lugsi=—2029;i,

a being a non-zero constant, is normal.

§4. Normal (7, g, u, v, A)-structures satisfying _L.g9;;=—2cag; or v;=2cf .

In this section, we put the assumption that the (f, g, %, v, 2)-structure we
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consider is quasi-normal and satisfies _L.g;:=—2cAg;; or v;;=2cf;;, that is,
A. The (f, g, u, v, A)-structure under consideration is normal and satisfies
Lugp=—2c2g5: or  vu=2cfy,
¢ being a non-zero constant.
Under the assumption A, (1.5) and (1. 6) become
41 uji—f i ittt (F i —flo)Vid+ [V ) — (Vid)us) =0
and

2c2(uivi— w0 )+ A f it —fittasg)
4.2
+(fifui—fug)VA— (Vs — (Fid)v;]1=0

respectively. (4. 2) can also be written as

2c 2(% Ui — U j) + ZZ(fjt V,ui '-f:,,t 14 tUj + 2¢ lfji)

4.3)

+(ftui—flu)Ved— (V20— (Vi2)v;1=0,
since
4.9 i =2V00;— Lugei=2Vu;+2c294.

Also, under the assumption A, (1.10) becomes
4.5) St Login=2in-
Now we transvect (4. 2) with #’»* and find
2c2(1 — 222 — 21 — 22 utFd — 21 — 22 2=0,
that is,
(4. 6) WV a=c(1—2).
Equation (4. 5) can be written as
i (Veon+ Vave) = A(Viten — Vrtes),
S 2Pwn+vne) = Lugin—2Vnus),
StPon+cfn) = — Acagin+ Prts),
that is,
4.7 s+ .Vwn= — c(L+ 22 gin + c(ssan, +vivn).

Transvecting (4. 3) with v/, we find
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— 2021 — 22w+ 22[ 206" Vo + (V0 5) o6 + 2 2%u;]
+ A0V, A — 2[(v7V;2)0; — (1 — 237321 =0,
or, using (4. 6),
— AL —52%)0t;+ 220 [ AV 05+ 12 (Vs0,)]
—A@7;2)v;—(1— 237 =0,
or, using (4. 7),
— cA(L —522)u; 4 220t — c(L 4+ A2) g+ c(asst; +0,03)]
— A7 Do —(1—2)P:A] =0,
that is,
4.8) Vid=cu;+¢v;,
where we have put
4.9 vV A=(1—2%p.
We have
w'(Vetts) = w(Luges — Vitke)
=ut(—2c2gu;)— %— Vi(ou)

= —2cAu;+AV;2,
from which, using (4. 8),
(4.10) ut(Pys) = — cAus+ Ag;.
We have
V'(Py)=v'Qc fo+Vive)

=2cAu;+ % V(v

=2¢cu;— VA,
from which, using (4. 8),
(4. 11) V! (V)= c Ay — 29v;.
We have also

V'V, = v‘(.['ugn' - Vzut)
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=—2c2v;+u' Vv,

= —202v; +u'(2cfo+ Vi),
from which,
(4. 12) vl =u'Vw;.

On the other hand, transvecting (4. 7) with #*, we find
At Vy; — 5 (Psue)v' = — c(L+ 22w+ c(1— 22)u;,
AV, — f5(Vsu)vt = — 2c2%u;,
from which, substituting (4. 10),
L2 (Vsun)vt =22(cus+ ¢v;).
Transvecting this equation with f,*, we find

(— 05+ uu’ +0,0°) Vsue)v' = 2%(cv; — pu;),
or
— (Pju)0" + 2 (Vs )0t — 0 (0 Vv, ) b = A3(cv; — ),

or, using (4.10) and (4. 11),
(4. 13) (Vs )v' = 2(pu; — cv;).
From (4.13), we find
(Lugin— Vi)' = Apm; — cvy),
that is,
(4. 14) V'V = — Apus+cvy).
From (4.13) and (4. 14), we have
(4. 15) V'uy = — 2A¢u;.
Now differentiating (4. 8) covariantly, we find
ViVid=cViu,+Vip)vi+ ol 0,
from which,
(4. 16) ctji+ V)i —(Vid)v;+2¢ f7:=0.
Transvecting this equation with »’ and using (4. 15), we find

0= —2ca¢u;+0V,p)v;— (1 —22) (Vi) +2cApu;,
or
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(4.17) A=2)(Vip)= V)05,
which shows that F;¢ is proportional to »;, and consequently, (4. 16) becomes
(4. 18) Uji= —2¢fj1,

From (4. 18) and
Viw,+Viw,= —2cAg i,

we have
(4.19) Vis=—cagji—df ji.

Substituting (4. 19) into (4. 7), we find

SV =2Q fri+c(—gin+ wsttn +v:01).

Transvecting this with f,* and using (4. 11) and (4. 14), we obtain
(4. 20) Vivi=—2pgi+cfii
and consequently

Logji= —22pg ;-
Thus we have proved

THEOREM 4.1. In a manifold with quasi-normal (f, g, u, v, A)-structure such
that the function A(1—2%) is almost everywhere non-zevo and

(4. 23) Lugji=—2c295  or  v;=2cfj
is satisfied, ¢ being a non-zevo constant, we have
wji=—20f jis

and
Logji=—22¢4;i,
¢ being a function.
If the condition of Theorem 4.1 is satisfied, the structure is normal, so ap-
plying Theorem 7.1 of [2], we have

Theorem 4. 2. Let M be a complete manifold with normal (f, g, u, v, 2)-structure
satisfying

Iugﬁz‘ —ZClgji or vji=2cfjiy

¢ being a non-zero constant. If A1 —2%) is almost everywhere non-zero function and
n>1, then M is isometric with an even-dimensional sphere.
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