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ON THE ABSOLUTE NORLUND SUMMABILITY OF
A FOURIER SERIES AND ITS CONJUGATE SERIES

By H. P. DiksHIT

1. Definitions and notations. Let Y a, be a given infinite series with the
sequence of partial sums {s,}. Let {p»} be a sequence of constants, real or complex,
and let us write P,=po+pi+-+pn, P_i=p_1=0. The sequence-to-sequence trans-
formation:

L1 ta= Z‘ PussilPay  (Pax0)

defines the sequence {¢,} of Norlund means® of {s,}, generated by the sequence of
coefficients {pn}. If {t.}eBV, ie., Dal|tn—itn1]<co,? we say that X a, or {s.} is
summable |N, pul. ¥

In the special case in which p,=%*"), a>—1, the (N, pn) mean reduces to
familiar (C, ) mean.

Let f(f) be a periodic function with period 2z and integrable in the Lebesgue
sense over (—r, n) and let the Fourier series of f(¢) be

) 3 (@n 08 nt-+by sin nt) = pIPRO)
Then the conjugate series of (1.2) is
(1. 3) ;::1 (bn, cOS nt—ay, sin nt) = g}l Ba(®).
We write throughout:
)= S @D @), )= @ HD—F D),

n

n=("+1)pn| Pn; Sn= 2] (w+1)T*P,/ Pu;
v=0
Pi= ;lﬁvl; Sh= Zi)(v-l-l)“‘IPvl/anl;
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1) Norlund [6]. See also Woronoi [14].

2) Similarly by * F(x)e BV{(a, b)’, we mean that F(z) is a function of bounded variation
in the interval (e, b) and ‘{un} ¢ B’ means that {u.} is a bounded sequence,

3) Mears [5].
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n
V,,,=]P,,‘1| Z”Ipv_pv—ll; Adfn=fo—Fn1;
=1

t=[1/f], i.e., the greatest integer contained in 1/£. K denotes a positive con-
stant, not necessarily the same at each occurrence.

2. Introduction. Generalising the classical results of Bosanquet [1] and Bosan-
quet and Hyslop [2] on |C| summability of Fourier series and its conjugate series
respectively, Pati has proved the following results.

THEOREM A.® Let {pa} be a positive monotonic sequence such that P,—oo as
n—co, and {Rn.}eBV, {Sp}eBV.

1) If o)eBV(0, n), then the Fourier series of (1), at t=zx, is summable |N, p,|.

i) If

@1 OBV O, 7) and So g@dE<K,

then the conjugate series of the Fourier series of f(t), at t=z, is summable |N, pa|.

Generalisations of the results (i) and (ii) of Theorem A by dropping the mono-
tonicity of {p.} and replacing the hypothesis: {S.}€BV by the equivalent hypothesis:
Py {0+1)P} =K, has been effected recently, in the form of the following.

THEOREM B.» Let {p.} be a positive sequence such that {R,}eBV and
Py {0+ DRI =K.

(i) If o@®eBV(0, r) and P,—oo as n—oo, then the Fourier series of f(), at
t=uz, is summable |N, pn|.

(i) If (2.1) holds, then the conjugate series of the Fourier series of f(f), at
t=x, is summable |N, p|.

In [10], Pati has shown that it is possible to modify his original proof of
Theorem A to do away with the monotonicity of {p.}, and thus obtained a theorem
equivalent to Theorem B. He has also pointed out in [10] that one need not use
P,—c0 as n—oo in Theorem B. Shorter proofs of these theorems are due to Pati
and Dikshit [11] and Dikshit [3].

Very recently Si-Lei has obtained the following results by replacing the hypo-
thesis: ‘{p.} is a positive monotonic sequence’ of Theorem A by the lighter hypo-
thesis: “{p»} is any sequence such that P¥=0(|P,|) and V,=0(1)".

TueoreM C.® Let {p.} be any sequence such that PF=O(|P.l), Va=0Q),
{R.}eBV and {S:}eBV.
(i) If ¢@®)eBV(0, n), then the Fourier series of f(f), at t=wz, is summable

4) Pati [7], [8] and [9].

5) The result (i) of Theorem B is due to Varshney [13] while the result (ii) is due to
Dikshit [4]. The equivalence of the two hypotheses has been demonstrated in [10].

6) Si-Lei [12].
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|N, pal.
(i) If 2. 1) holds, then the conjugate series of the Fourier series of f(t), at
t=uz, is summable |N, pn|.

Theorem A is a special case of Theorem C, since the additional hypotheses of
Theorem C are automatically satisfied whenever {p,} is a positive monotonic
sequence.

The object of the present paper is to show that it is, indeed, possible to drop
the hypothesis: V,=0(1) in Theorem C, by following a shorter and more direct
method of proof. We in fact prove the following theorem, which contains as
special cases Theorem A and Theorem B.

THEOREM 1. Let {p.} be any sequence such that PF=O(|P.|), {R.}eBV and
{Su}eBV.

(1) If ¢@®eBV(0, n), then the Fourier series of f(t), at t==x, is summable
| N, pnl.

() If 2.1) holds, then the conjugate series of the Fourier series of f({), at
t=z, is summable |N, pn|.

We require the following lemmas for the proof of our Theorem 1.

LEMMA 1. If 0=v=#n and {R.}€BYV, then
(n+1) I k}_fopkcn.ku) ‘ <KP*,

where cn,x(t)={sin (n—ic)t}/(n—k).
Proof. We have
<n+1)‘ Z”pkcn,k(t)‘ - { 3 e MR g (n——k)t’
=0 =0 n—=k

= i: | Pl 4 ‘ Zv: Ry Picn, k(t)‘-
k=0 k=0

Now by Abel’s transformation

v—1

v k v
22 RiPrcn, 1) = 23 {PrdRe—pr1Rri1} Zo Cn )+ R.P, ZOCn.u(t)-
k=0 = =

k=0
Therefore, since Y™, (sin vf)/v=0(1) and {R,}€B,

v y—1
> RkPken,ka)‘éKPr AR+EZ, | penl+ K1
£=0 =

=KP},
since {Rn.}€ BV by the hypothesis, This completes the proof of our Lemma 1,
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LEMMA 2. For any sequence {pn} such that P¥=O(|Py)), {Su}€ BV implies {S¥}eB.

Proof. We write

2 [6+DRI+IR| P,

P
S B IPS~PoSl K
= IPn] = y=1dy—1

1 n

P¥
= [Pl Z |4S,.:|+ K=K,

since {S,}€BV and P}¥=O0O(|P.|), by the hypotheses of the Lemma

3. Proof of Theorem 1. In his proof of Theorem C, Si-Lei has used the
hypothesis V,=0(1), in showing that,

Lo Z (B+1)"1P; sin (n—k)t |=

3.1) =35 p— %

n=1

and
z+1

3.2 ¢ Z_:

Pﬁ% . :;(k-l—l) 1Py(n—Fk) sin (n— k)t’__ K,

and also in the proof of a Lemma [12, Lemma 2], which is required for his results
Ju=zK, 3,=K and

g:;nl)l ni <n+1 Dr—>bn il >S (@) sin (n—R)t dt‘

([121, pp. 284-286 and pp. 291-292, p. 287 (3. 9), p. 288 (3. 10) and p. 290 respectively).
Thus, in order to prove our theorem, it is sufficient to prove (3. 1), (3. 2) and
the Lemma 2 of Si-Lei [12], without using the hypothesis V,=0().
Now, since |sin (n—Ek)t|=nt and {R,}€B.

3= z;

n=1

¥ =<Kt 1=K,

n=1

Ezéti»”—ﬁ"— s
n=1

n

by Lemma 2.
Similarly,

P,,P,,_ "Z:(k“) *Pe sin (n—k)t(n—Fk)

l‘Z

+1 41
=23 n|Ra|SE. =K Y n=K,
n=1 n=1
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Since {R.}eB and {S¥}eB, by virtue of our Lemma 2.

In the form of our Lemma 1, we have already shown that it is possible to
replace the hypothesis: 7,=0() by the hypothesis: {R,}eBV of Theorem C, in
Si-Lei’s Lemma 2 [12], in order to get precisely the same order estimate.

This completes the proof of our Theorem 1.

4 Remarks: It may be observed that the result of our Theorem 1 is essen-
tially the same as that of the Theorem C of Si-Lei. This is due to the fact that
the hypothesis: V,=0(1), which we have dropped from Si-Lei’s theorem is ensured
by the other hypotheses which are common to our Theorem 1 and Theorem C.
This fact is brought out in the following theorem.

THEOREM 2. If any sequence such that {R,}eBYV,{S,}eBV and Pk¥=0(|P.)),
then V,=0().

5. Proof of Theorem 2. We have
Pv—l—P»=4(ﬁv—1)=A(P»—1 v—l/V)

. Pu——le—l _ Rv—-lpv Pv
TG GtD g AR

Therefore

S1lbes—dS 3 6D Pl Rocsl+ 3 1] R

=1

+ 3 |P|4R.|
r=1

n

=K|Pn_1|S¥.+ KP¥+KP} Y |4R, |

=1

=KPE<K|Pu,

since {S¥}eB, by Lemma 2, {R,}€BV and PX=0(|P,|) by the hypotheses.
This completes the proof of our Theorem 2.

My grateful thanks are due to Dr. T. Pati of the University of Jabalpur, for
his kind interest in the preparation of this paper.
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