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A REMARK CONCERNING A RENEWAL THEOREM
ON (/, X)-PROCESSES

BY HIROHISA HATORI, TOSHIO MORI AND HIROSHI OODAIRA

1. The purpose of this note is to weaken the conditions assumed in our pre-
vious paper [2] in proving the following result on (/, X)-processes:

( 1 ) lim Σ P{x^Xi+--JrXn^x+h}=— if 0<m<oo,
*->oo n=i m

where m is a constant such that

Let {(Jn,Xn)\ n=0,1, 2, •••} be a (/, X)-process with the state space IrxR, where
ir={l , 2, - ,r} and R=(—oo, oo), i.e., a two-dimensional stochastic process satisfy-
ing the conditions X0 = 0 (a. s.) and

P{Jn=k, Xn^ 1

for all (k,x)£lrxR,

where {Q/&( ); h k = l, 2, •••, r) is a family of non-decreasing functions defined on R
such that Qy*(-oo)=0 for j , * = l , 2, •••, f, and Σϊ-iQi*(+°°)=l for j=l,2,-- ,r.

In [2] the following assumptions were made to prove (1): (i) There is a posi-
tive integer M such that every element of the matrix PM is positive, where P=(pjk)

def

is the rxr matrix with elements pjk=Qjk(-\-o°), (ϋ) the conditional distribution of
Xn given Jn-\=j and Jn=k is a non-lattice distribution with finite second moment,
and (iii)

Ϊ S n l W O K l for all
m-oo

where

Pjk J -
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In this note we shall show that the condition (iii) is unnecessary, namely, we
shall prove

THEOREM. (1) holds true if the conditions (i) and (ii) are satisfied.

To prove this we shall use the method of Maruyama [3], which is concerned
with a renewal theorem for independent identically distributed random variables.

2. Proof of the theorem. LetSn=Σ^ιX^nάNH(x,x-\-h)=E{Σn=ιH(Sn-x-h/2)},
where His a real-valued even function. If H(x)=l for |x|^/z/2and =0 for \x\>h/2,
then (1) may be written in the form

(2) limNH(xfx+h)= — [00 H(x)dx.

Following [3], we shall prove that the relation (2) holds for a positive real-valued
even function H(x) such that the integrals

H(x)e-iιxdx=h(t\

and

h(t)eitxdt=H(x)

are absolutely convergent and the equalities hold for all t and x, and further h(f)
vanishes outside a finite interval [—c, c].

Denoting by φn(f) the characteristic function of Sn and introducing a convergence
factor f, we may write

4) ^ Γ iix Σ rnφn(t)dt

* Σ rn

Ψn(t)dt= lim [
r _+i_o Δπ L J c ^ | ί | ^ δ J\t\<δ

= lίm [Ii(x)+Ux)].

r->l-0

On applying the Riemann-Lebesgue theorem, we get

lim lim Iχ(x)=0
#-+00 r->l—0

for every <5>0. To evaluate the second term I2(x) we recall the following facts
(see [1], [2]);

(a) The equation det(<5^—zpjjcψjk(t))=O has a root z=ζo(t) for small t such
that ζo(t)—*1 as £—*0. Under the assumption (i), for sufficiently small \t\<.t0,

( 3 ) ψn(t)=-^r+pn(t) and IMOI^
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where K and e are some positive constants. The functions ζo(O and σ(t) have respec-
tively continuous derivatives of the second order for \t\<t0, and σ(ί)->l as t-+0.

(b) 1/Co(0 may be written as

where m=iζ'0(0) and w'=ζo"(O), both being real constants.
From (3) and applying the Riemann-Lebesgue theorem, we obtain

lim lim Γ h(f)e~ίtx £j rnpn(t)dt=0
#->oo r-*l—0 J—δ n = l

and thus it suffices to consider the integral

Λ x ) - 2π ) . s

K e 11-rUt)-1

Now the following relations follows from (a) and (b);

Ii=W)=Im(σ(t))=CKt),
(4)

=(l-?)2+2(l-r)rR+r2R2+r2ni2t2-2r2nttI+r2I2

Q(lyf)=m2t2+O(f).

Note also that R(t)^0 (see [2]).
We rewrite J(x) as

^
r, t)

Using (4) and the argument in [3] we can show that the first integral tends to
A(0)/(2m) as r—1-0 and <5—+0.

The second integral can be rewritten as
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έ S-« Qirt) ^R^R^1~R)^mt-I)2)-~I^mt-I)\h(t) cos xtdt

+ έ S>-Γθ&Ί) [- i ? l /+ / l^(1- i ?)-^- /)2}^) s i n xtdt

r2

+ _3 Q{r,t)
s i n x t dt

The functions in brackets in the integrands of Jλ(x) and J2(x) are respectively
of order O(f) and o(t2). Hence the Riemann-Lebesgue theorem is applicable to
/iθ) and h(x), thus obtaining

lim lim (fi(x)+Mx))=0.
x—>oo r—>1—0

Now consider

lim /s(a?)= -77— \ ΠΛI^A A ^ ) s i n

δ s i n a ? / 1 Γ 1 f i ? !mί f 1 1 7/jLN . , _

2m ) - x

as #-^oo, since

1 ί R1 mt2

is bounded for |ί|<<5. Thus (2) holds for H(x) satisfying our regularity conditions.
The theorem will be proved, if we show that (2) holds for the indicator func-

tion H(x) of the interval [—A/2, h/2]. The proof of this part, however, has already
been given by Maruyama [3].
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