A REMARK ON AN IRREGULAR SINGULAR POINT
OF THE SECOND ORDER LINEAR DIFFERENTIAL EQUATION

By TosivyA SAITO

1. Preliminaries. Let the system

Y _ 3 pe
1.1 =Y 3 Tw

be given, where Y is an unknown n-n matrix and T, are constant n-n matrices.
Without loss of generality, we may suppose that the radius of convergence of
the series in the right-hand member of (1.1) is greater than unity.

Let B be the domain in the complex 2-plane such that

0<po=w|=p<1
and b be an arbitrary point of this domain. Then, after the notation of Lappo-
Danilevsky [1], we denote by Y(b|x) a solution of (1.1) satisfying the initial
condition
Y=F for r="9,
where, as usual, E denotes a unit matrix.

Let C be a contour starting from b and turning around the origin in positive
sense in the domain B. Carrying out the procedure of analytic continuation
along this curve, Y(b|z) will turn into a matrix V(b) which is, in general,
different from E.

To obtain the analytical expression of the solution of (1.1) valid in B, we
must first obtain the eigenvalues of V(b). If x=0 is a regular singular point
of (1.1), these eigenvalues can easily be calculated by a well-known algebraie
method. However, when =0 is an irregular singular point, this method is
inapplicable, and, in most of the cases, we have no means to calculate these
eigenvalues as yet.

Lappo-Danilevsky [1] has tried to obtain the explicit form of the matrix
V(b), and succeeded to express it in power series of b which can be written in
the form

o oo vy ¥ v—p .
L) VO=E+3 3 T Tpbot o ol Sial, . i),

*
where af?..,, and ay”.., are defined by following complicated recurrence

formulae:
1 * 1
A== G®=_
Dy D1 +1 Dy D1 +1

ag}ﬁz{o (p1+1%0), ;a):{o (p1+10),

1 (p+1=0), o1 -1 (p1+1=0),
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v ¥k
ga;ﬁX..pﬂag‘f+l...pv=0 (p1+-+-+p,+v=0), where

*
ap.p, =1 for p=0 and af), ., =1 for p=v».

In what follows, we try to draw some conclusion about the irregular singular
point of the second order linear differential equation availing the above stated
result of Lappo-Danilevsky.

2. Matrix V(b) associated with the second order equation. The equation
we are to consider in this paper is the second order linear equation of the form

j;% =f(x)y, f(w)=p§_3fpxp,

where the radius of convergence of 3'f,x” is supposed to be greater than unity.
Putting

. Y _ >
Y=Y, dx =Y2, Y (yl; y2)’
this equation will be transformed into a linear system

>
dy > » [O J :l
. - = ’ T = ? ’
(2 1) dIL' ypg—sTpx P 60}; 0
where Jy, denotes a Kronecker’s symbol. An associated matrix equation will

be written as
Y il
2.2 —=Y T x®.
(2.2 dx pg—a 27
We shall apply to this system the result of Lappo-Danilevsky stated in the

preceding section.
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Let
@ ®, 1®), i=1, 2,
be the fundamental system of solutions of (2.1) such that
1 P0) =1 %L0)=0, 1?0 =0, y».®b)=1
Then, naturally, the solution Y(b|x) of (2.2) will be

Ylz) = [zl(n y2<1>:l-

@ @
1 Y2

Since
dl I;(z'@lw — (ylu)yz(z) _ y1(2)y2(1))/,
- yl(l)/y2(2) + yl(l)y2(2)l — y1(2)/y2(1) _y1(2)y2(1)l
— yZ(l)y2(2) +fy1(1)y1(2) —_ y2(2)y2(1) _fy1(2)y1(1) _ O’

and
[ Y(®|b)|=|E|=1,

we have

| Y(blx)|=1.
Therefore, from the definition of V(b), we have

[V)|=1,

which shows that the product of the eigenvalues of V(b) is equal to 1. Hence
these eigenvalues can be written as

eZnil, e-Z»U.

Thus, to calculate the eigenvalues of V(b), it is sufficient to know the value of
trace V(b) = % + ¢~27%2,

3. Calculation of trace V(b). From formula (1.2), we immediately have

trace V(B) =24+ 31  S1  trace(Ty,- - - Tp,)bort+outs

v=1 Py, Pp=—38

SO :
X lgoa,,l...pﬂxgoa,,pﬂ..% (2r7)".

As is well known, the eigenvalues of V(b) and, consequently, trace V(b)
must be independent of b. Therefore, in the expression of trace V(b) written
above, all the terms containing the positive powers of b must vanish. Hence
we have

) v * v—p .
traceV(b) =2+ 3" N trace(Tp, - - T},) Fgoa,(,‘?...,,,, ‘2=0a§,‘}ﬂ.,_,," (2mi)r.

V=1 pyte i Fpy=—y
As can easily be shown by induction, product of » matrices of the form

[2 S] is of the form
[5 9] it niseven, [? 8] if » is odd.

Therefore, if v is an odd number, we have
trace(T,, -« Tp,) =0.
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So we have only to consider the case when v=2n.
Since
o f 0 fojuei] — [Oopjus S 0
ijij+1 _[30p‘7 SJ:H: 0pj+1 " ]_[ pjo " 0p, fpj+1],
we have
TPl * Pzn_(Tprpz) ( Den-1 Pzn)

[Py P

— [60P260p4' * '80Pzn.€p1fps° : 'fpzn-1

601”271(—)1 fpzn]

0
3011160])3 v 601’27»— 1 fpz f:lu e fpzn]'
Hence
trace(TY, - - T'p,.)

:6017260?4' : '80pzfnfprps' o fpzn—x + 801’160173 °e 'aopzn—xfpzfm' ot fpzn'

Since the summation is to be made for the indices py, -+, P2n for which
D1+t Don=—2nm,
P1, *++, D2 can never vanish simultaneously. In other words, at least one of
the indices pi, + -+, D2n, Say D,, is different from zero. Then
00ps 00p,* * *Oopan So1 Jps® * *Fosm-, if 7 is odd
traceTl---T 'n)={ D2 Y UDpy P2nJ P1J Ps :Dml. ’ ’
o L) =G Guga - -Doganes Fon e+ -Frun £ 5 18 even,
Therefore the non-vanishing value of trace(T),:--Tp,, is obtained only if one
of the following situations is realized:

1) pe=ps=:--=p2=0, 2) Pr1=ps=++"=DP2a1=0.
Consequently
trace V(b)
£ 2n *(0) m—p ) .
= 2 + 2 [ 2\ fplfps' o fpzn—l 2“1710133-"23,, ?—I aﬂl’,uﬂ"'}?z'n_lﬁ (27T’L)x
(3.1) n=1Lpy+Pgt-er+Pop-1=—20n #=0 =0

STa® o ;
2nfpz fp; o 'fpzn [‘2=0a0p20...p# ;0 Apsy-0psp, (271"&)"].

P +pste i FPzp=—
4. Further reduction. Written in detail, the term

an) Dy 2 a?yﬂ *P2n (277"@)':
in the expression of V(b) will be

(0) (0) (0) (0) a® (0)
(a *+Dam + Ap, Xy *P2n + ampz PgeePan +---t Ap Pz«n)

; 1 (0) 1 0. 1 0 1
+ (277,&)(“;’1) + a a( ) ©*Pan + al(f’l)pz ( ) **P2n + + a( ) “*Pen—1 15’2?/1
+ cen
2n—-1 (Zn -1) (0) (2'n 1)
+ (271-1') (a P2n +a’ a **Pan.
2n 21-)
+ @) alm.,

Since p;+--++ p,=—2n, we have

n"
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E3
+eta®.,, =0

ES
(0) (0) /(0
aP]“'Pzn +a1’1 apz‘ *DPan

according to the last relation of (1.3). Hence, renumbering the indices, we have

trace V(b)) =2+ >} S " ApieeipnSoie* Fom

N=1 pytoeetpp=—

“*Pan

2n
. .
Apieegn= 33 a2y, i),

*k *
@ = a® OPVEH] oo 0; 1
apl"'pn - aplo...pno + a’pl ao...pno + + a;l)o...pn a’g )

* *
1 0. 1) e 0 1)
+ 0D oyt AP AD oy F AD 0D,

* *
= a® 0 + a(’?? a(()Z)pnO +oee a® a(2)0

a®
PyeeDy D10+ ++ Dy 9100000 Xp,

* *
(2) (0) (2 cee (O] (2)
+ Ao py, T A Apeeropy + t Uppppms Xip,?

* *

(m-1) — H(m-1) (0) H(2m—1) (2m—1) (0) o 2n—1)

am---pn - aplo...png + am ao...pno + aOPl"'OPn + ag apl...opnr
(2n) = o™ (2n)

Qpitopy, = Uprtreepyo T Xopro.nop,»

According to (1.8), the relation p; +---+ p, =—2n implies

1
(2n) =~ gD =
aplo...pno - o apl()-..p,n - O;

aem =L jan-p
0py -0y, n 0Py 0Pp-1

_ (0 if Pyt Dok — (@0 —1),

B {m}%—naﬁﬁ’::?@n_, =0 if pit+-- +Pp1=—C@n—1).

Whence follows that
(4.2) a,%’ﬁ’??.pn =0.
Further, from the relation
trace V(b) = e¥#* + ¢ %% = ¢4 . ¢2%i2 = trace V(b) !,
we have

trace V(b) = %(trace V() + trace V(b)Y

If we notice that the expression for trace V(b)™* can be obtained by replacing
(277) in the expression (8.1) by (—2x1),

trace V(b) = %(trace V(b) + trace V(b))

) 2n »\k — \k
=243 5 [Sap, GSECEET,

n=1 Pyt Pp=—2m

Since
(2n)* if E is even,

l k& _ 'k__{
g (@r0 + (=200 =0"0" 4¢ & is odd,
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we have, by taking the relation (4.2) into account,
L n—1
(4‘3) trace V(b) =2+ El + Z . [:21 a‘g::)“ﬂon (271"&)2Ti|fm tee fpn‘
=1yt = —tn | S

From (4.3) we can immediately see that, if
1) p,=—2, i.e. x=0 is a regular singular point,

or if
2) p,=<—2, i.e. x=oc0 is a regular singular point,
trace V(b) is a function of f_, only, because, in these cases, the relation
pl+"'+pn=—2n
can be realized when and only when
Pr=rc=pp=—2
Except these well-known cases, eigenvalues of V(b) seem to depend upon
all the coefficients f,. Explicit calculation shows
trace V(0) =2+ (2ni)2(f2a —f-1f-s)

~Nef __o.f£8 — _2_
+ @rip( = 2f bt 8 afaf s = | 3 i
fffus— S ——z—f-sfjf-s-])+--'

+ e - :
sty (48 (G4 1) w2 (G+D) (5+2)
In the forthcoming paper, we are intending to treat the simplest case
= T = S S
Sflx)= o T T,

in further detail.
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