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1. Preliminaries. Let the system

(1.1) - - = Y Σ
d/X p=-s

be given, where Y is an unknown n-n matrix and Tp are constant n~n matrices.
Without loss of generality, we may suppose that the radius of convergence of
the series in the right-hand member of (1.1) is greater than unity.

Let 23 be the domain in the complex #-plane such that

and b be an arbitrary point of this domain. Then, after the notation of Lappo-
Danilevsky [1], we denote by Y(b\x) a solution of (1.1) satisfying the initial
condition

Y=E for x = b,
where, as usual, E denotes a unit matrix.

Let C be a contour starting from b and turning around the origin in positive
sense in the domain 53. Carrying out the procedure of analytic continuation
along this curve, Y(b\x) will turn into a matrix V(b) which is, in general,
different from E.

To obtain the analytical expression of the solution of (1.1) valid in 23, we
must first obtain the eigenvalues of V(b). If x~Q is a regular singular point
of (1.1), these eigenvalues can easily be calculated by a well-known algebraic
method. However, when x = Q is an irregular singular point, this method is
inapplicable, and, in most of the cases, we have no means to calculate these
eigenvalues as yet.

Lappo-Danilevsky [1] has tried to obtain the explicit form of the matrix
F(δ), and succeeded to express it in power series of b which can be written in
the form

(1.2) V(b) = E+ Σ Σ TPl Tpvb^-+^ t<...JS<)

+1...Py(2^,
f=l Pl, ',P» = -S μ = 0 μκ = 0 μ

•X-

where ^...Pv and a$...Pv are defined by following complicated recurrence

formulae:

(Pi
' ' ~ ~ P ι + l f Pl~

;ci)=/° (PI+ 1^0),
1 (ίh + 1 = 0),
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(1-3)

(μ — 1, 2, , j,

^P?—P/ arbitrary (pH \-pv + v = 0),

Σ tfjv p^p^ p,, = 0 (piH \-pv + v = 0), where

«p?...P/, = l for μ = 0 and α^+1...Pl, = l for μ = v.

In what follows, we try to draw some conclusion about the irregular singular
point of the second order linear differential equation availing the above stated
result of Lappo-Danilevsky.

2. Matrix F(6) associated with the second order equation. The equation
we are to consider in this paper is the second order linear equation of the form

d2y °°
7 0~ "" .̂/ («^/2/7 J ί*^)" / I JpX Jdx* P=-S

where the radius of convergence of *Σιfpx
p is supposed to be greater than unity.

Putting

this equation will be transformed into a linear system
->

(2.1) -̂ - = »ΣϊX, Γ, = ΓJ f'\ax P=-S \_OQp 0 J

where 30p denotes a Kronecker's symbol. An associated matrix equation will
be written as

fJY °°
(2.2) ^ΓL=Y Σ

We shall apply to this system the result of Lappo-Danilevsky stated in the
preceding section.
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Let
foi"', y^\ < = 1, 2,

be the fundamental system of solutions of (2.1) such that

yια>(δ) = l, 2/2α)(δ) = 0, 2//2)(6)-0, 2/2

(2)(δ)

Then, naturally, the solution Y(b\x) of (2.2) will be

Since

[^y CD oy CD

C2> C2>^(2) p2C2>

Ί \ty 1 £7ώ tJ J. i?ώ / 1

and

we have

Therefore, from the definition of F(6), we have

\V(b)\=l,
which shows that the product of the eigenvalues of V(V) is equal to 1. Hence
these eigenvalues can be written as

QΪπίλ e-2 *iλt

Thus, to calculate the eigenvalues of V(b), it is sufficient to know the value of

trace V(b) = e2πί* + e~M.

3. Calculation of trace F(6). From formula (1.2), we immediately have

trace V(b) = 2 +
l plt ,pv=-a

As is well known, the eigenvalues of V(b) and, consequently, trace V(b)
must be independent of 6. Therefore, in the expression of trace V(b) written
above, all the terms containing the positive powers of 6 must vanish. Hence
we have

trace F(δ) = 2 + f Σ trace(ΓΛ - Tpv) ± α^...pμ lf<x$+ί...Pv (2πi)«.
v=l Pi + +Pv=-v μ=0 «=0

As can easily be shown by induction, product of n matrices of the form

[0 Q] is of the form

ΓQ 1̂ if n is even, I Q] if n is odd.

Therefore, if v is an odd number, we have
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So we have only to consider the case when v — 2n.
Since

τ τ _Γ 0 / p i r 0 fpj+ί-]__\d0p.+ίfpj 0
ί ί - - J J

we have

•* Pi * * * •* P2W = \ * Pι L Pz) ' ' ' ( •*- Pzn-i •*• Pzn)

= |ΛPl fPί 0 Ί . |Ap2W /pin-, 0
L 0 tfop! /P2-I L 0 o0p2n_1 J

— Ϊδ0pzdop4 δop2nfplfp3 fp2n_ 0
L 0 UQpiVQps' ' *00p 2 w _ι/p 2 /p4* ' * ./ P2« J

Hence
trace(!ZV ΓP2J

— Vθp2Vθpi' ' '^OpznfpίJPa' ' * fpzn-i H" ^Opi ^Op8 " " ' ^Opaw-i Jpzfp* ' ' ' JPzn*

Since the summation is to be made for the indices pi, , ̂  for which

Pi + + P2n = - 2n,

Pi, •••, ί>2/i can never vanish simultaneously. In other words, at least one of
the indices pί9 , p2n, say pjf is different from zero. Then

^Op4* * δθp2nfpιfps ' ' 'fpzn-i if 3 IS θdd,T ϊ =
. - !PzJ ^ .̂ . .ί^j^. . .fpzn if j is even.

Therefore the non-vanishing value of trace(ΓPl Tp2n) is obtained only if one
of the following situations is realized:

1) P2 = ί>4 = * ' = P2n = 0 , 2) Pi = Pz = - = ^2w_ι = 0.

Consequently

trace V(b)
oo r 2Π 3f 2W— μ

— 2 + 2j 2-i /Pi/Pa* * " Jpzn-1 2-ίaPιOp3' Pμ Z_l ^P« + ι P2?ι-ιO (27Γΐ)*
(31) w=lLPι+P 3 + +P2τι-l = -2« ^=0 ^ *=0 ^

2w -fc 2τι-^ ^ -,

"ί" Σ fpίfpt* ' JPzn Σ^OP20 P« Σ apKμ + ι ΌPzn (^^J
P2+334 + '" + P2w=-2w μ=0 μ κ=0 μ J

4. Further reduction. Written in detail, the term

in the expression of F(6) will be

/fl,«0 _J_ xy(0) α(0) i (0) ^(0) j
V"Pl...p2w T "Pl «Pa. ..p2w T "pipa^ps. .pa^ ̂

4-
T- P P P P P - Pzn

Since pH ----- h pw = — 2w, we have
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* *
- - — 0

pι P2« "Pi "Pa—Pin "Pi —Pan ~"

according to the last relation of (1.3). Hence, renumbering the indices, we have

trace 7(6) = 2+Σ Σ Apl...Pnfpl. fpn,τι=ι Pl + ...+pn=-2n

*= /yd) 4- /y(0) /yd)
"p^. PnO^"?! "o—

α(2) -_ ,̂(2)
"Pi— Pn "PiO— PnO

/y(2) _L fl,(0) ^(2) I ____ U /V CO) /y(2)
"opt—Opn^^O "pr OPn^ ^ "oPi— PΛ-I Opn»

Pn "~ "Pi0

_ /y(2w)
~~ "

«ί0)

Opn

According to (1.3), the relation PI H ----- h ί>n = — 2^ implies

. "Opr Opn-!
(/

0 if PH + Pn-i * - (2n -1),

Whence follows that

Further, from the relation

trace 7(6) = e2πiλ + e'*πiλ = e~2πiλ + e^u = trace F(6)-1,

we have

trace F(6) = —(trace 7(6) + trace F(6)-:).
&

If we notice that the expression for trace F(6)"x can be obtained by replacing
(2πΐ) in the expression (3.1) by (— 2ττi),

trace 7(6) = ~ (trace 7(6) + trace 7(6)~1)

Since
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we have, by taking the relation (4.2) into account,

(4.3) trace V(b) - 2 + f] Σ Γ ΣJ <?..̂  (2πir]fPl - - - fPn.w=l Pi + " pn = -2n [_r=l J

From (4.3) we can immediately see that, if
1) PJ^ — 2, i.e. x = 0 is a regular singular point,

or if
2) PJ^ — 2, i.e. x = oo is a regular singular point,

trace V(b) is a function of /_2 only, because, in these cases, the relation

Pi H ----- h Pn = - 2n

can be realized when and only when

Pι = = Pn = —2

Except these well-known cases, eigenvalues of V(b) seem to depend upon
all the coefficients fp. Explicit calculation shows

trace V(b) = 2 + (2πί)2(/l2 -/_ι/_3)

In the forthcoming paper, we are intending to treat the simplest case

X X X

in further detail.
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