ON AN EIGENVALUE AND EIGENFUNCTION PROBLEM
OF THE EQUATION 4u + au =0

By Imsik HoNG

First of all, we shall observe a phenomenon on a two-dimensional eigen-
value problem of the equation 4« + Ax = 0 about the fixed boundary condi-
tion for a special domain whose boundary consists of a circumference of
a circle and its centre. Let us denote by D such a domain, by C its circular
boundary with radius R and by C* its centre which is also a boundary point
of D.

Next we take a sequence of annuli

D,CD,C--CD,C -

exhausting the domain D. The boundary of the annulus D, consists of two
circular components. Let one of them be C which is the circular boundary
of D, and another be C, of radius R, where lim,.. R, = 0.

Now consider an eigenvalue problem for the domain D,:

Au+7\.u=0 in Dm
u=0 on C+ C,,
n = 1,2,....

Let the first eigenvalue and the first eigenfunction be A, and «,, respectively.
Then we can readily show that the following phenomenon occurs:

When # tends to oo, the sequence {u,} satisfying a suitable normalization
converges to the first eigenfunction of the whole circular .domain together
with its centre, namely D + C* and the same is true for the eigenvalue,
i.e. A\, tends to the first eigenvalue of D 4 C*.

In fact, let the polar coordinates be denoted by (r,4). Then u = a,J,(v A7)
-+ azYo(«/ A7) is a general solution for 4 + Ax = 0 which is independent
of 9, where J, and Y, denote the Bessel functions of the zero-th order, and
a, and a, are any constants. As # =0 on C, and C, so we have the relations

al]o(“/TRn) + azyo(’\/TRn) =0,
a.J”W N R) +a Y~ AR =0.

Since J,W/ N R,)—1 and Y,W A R,)—> — o for R,—0, the first equation
implies that @, must tend to zero, and hence the limit function of », becomes
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a,J,(W/ "X r) where a, is to be determined by a certain normalization. From
the second equation there follows J,(W/ A R) = 0, so that the limit function
satisfies the fixed boundary condition on the circular boundary C.

Since we see that J;(0) = 1 = 0, the first eigenfunction of the same problem
for a circle never vanishes at its centre. Therefore, C* can not be
regarded as a boundary point of our limit function. But, we may explain
this phenomenon in the following way:

Our limit function satisfies the boundary condition except for a single
isolated boundary point C* (of course, of capacity zero).

Thus this suggests us to investigate the following more general problem:

Let C be a smooth closed curve, D’ be the bounded domain surrounded
by C, and C* be a closed set lying entirely in the interior of ). We now
consider the domain D whose boundary consists of C and C*. We take
a sequence of domains

D, CD,C-CDuC -

exhausting D, i.e. a sequence {D,} such that lim,,. D, = D. Let the bounda-
ry of the domain D, consist of C and C, where C, consists of a finite
number of smooth curves tending to C* as n— oo.

Now consider the eigenvalue problem:

Au+7\:u=0 in Dn;
u=0 on C+ C,.

Denote by A, the first eigenvalue and by u, the first eigenfunction norma-
lized by

SgD”uﬁda- =1 and  u, >0,

where do denotes the area element. Then, what would be the behavior
of u, and A, as z tends to o7 It was Prof. M. Tsuji who has kindly
recommended this problem for study.

In the present paper, investigating this problem, we obtain the following
result:

THEOREM. liMusetty =0 and liMy.. Ay, = P exist and are determined in-
dependently of the choice of exhausting sequence. Moreover, the limit function
v and the limit value p satisfy the equation dv + pv = 0 in D together with the
condition v =0 on the boundary of D except for a set of capacity zero, where
the exceptional points are identical with those of Green’s function for the same
domain DD

1) In particular, if C* consists of a finite number of smooth curves, then the limit
function » and the limit value p are the first eigenfunction and the first eigenvalue, re--
spectively, for the domain D itself.
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Especially if C* is of capacity zero, the limit function v and the limit value
P coincide with the first eigenfunction and the first eigenvalue for the domain
D, i.e. D+ C*, respectively.

The proof of this theorem will be given in the several steps as follows.

§ 1. Since our eigenvalue is a monotone domain function decreasing in
the strict sense, so we have

An > Aty for every =.
Moreover
Ap > @}

here 1 denotes the first eigenvalue of the domain D’. Hence, there exists
a limit value of A, as #— oo,
Put

limA, = p,

n-roo
then p= u. This limit value p is uniquely determined no matter how the
sequence of exhausting domains is chosen. In fact, take another sequence
of exhausting domains

D,cD,c--CD,C -

Let the boundary of D, be C and C, where C, consists of a finite number
of smooth closed curves. Let corresponding eigenvalues be

-Xl) xz» “tty ‘xm oo
and set
lim X\, = p.
n—>c0
Since D, tends to D, there exists a Dy such that D, C Dy for a fixed Dy,
hence Ay > Ay. Therefore p=p. On the other hand, fixing D, we get

P =p, justin the same way. Thus p = p, so that lim,,.A, = P is determined
independently of the choice of exhausting sequence.

§ 2. In order to investigate the behavior of the function #, we take in
D a domain A bounded by I' and C¢ where I' consists of a finite number
of closed smooth curves which enclose C* and have the distance 2& from
-.C*, while C¢ is a curve with the distance & from C. Moreover, we take in
the domain which is surrounded by I"' and includes C*, a finite number of
curves I” with the distance &€ from I'. Then Cgs and I” bound another
domain A’. If we take an integer m large enough, then all of the C, with
n > m become to lie outside of the domain A’.

Therefore

A’ C D, for n=m.
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Now, we will show that the function u, is uniformly bounded in A with
respect to #n.

To prove it, let us take an arbitrary point p in A and a circle K of radius
&€ about p. Since evidently K is contained in A’, and also in D,, we get,
by Schwarz’s inequality

(1) ([ lumldr = ([[ sdr)"((] ao)" =vme =va

where a denotes the area of the circle K.
On the other hand, we have an equality

(2) T N ) () = o [ nd

where J, is the Bessel function of the zero-th order and the integral in the
right hand member is taken over the circumference of the circle about p
with radius ». Multiplying both sides of (2) by » and integrating, we have

(3) #n(D) S:]a(’\/ A 7) vdr = %—S:S:ﬂunm’edﬁ

From the beginning, let € be small enough such that 0 < & < j,/~/ A; where
Jo is the first positive zero of the function J,. From the property of J, we
have, for E=>7r=0,

JoW M) = W A7) = JoW N E) = k> 0.
Then from (3)

and therefore

82
(4) lun(D)] o < ([ ] e,
which, together with (1), implies

L= e || lunldo < L,
Hence
1
n e > m.

(5) |”(P)|<k~/a for every n=m

Thus {u.(p)} is uniformly bounded in A.

§ 3. {oua(p)/ox} and {ou.(p)/oy} are also uniformly bounded in 4. In
fact, ou./ox also satisfies our differential equation, i.e.

Sy en(Z)m0 o p
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where (x,y) denote the coordinates of p, i.e. p(x,¥).
From the same reasoning as in the preceding paragraph, we have the
same kind of inequality for n=m, as (4) in § 2,

<33

Oy,

% do.

2 = 27z

On the other hand, we have the relation

o) + (2 )} do = na < 0,

so that
(SS Dty
x| ox
This implies

(6) louayip)|<k‘/7;x for »n=m.

da’)2 < SSK<%>2 do- SSKda' < aSSDn(—aa%)z do < a\,.

Thus {ou.(p)/ox} is also uniformly bounded in A.

The same is true for {Ou.(p)/oy}.

After all, by the theorem of Ascoli-Arzela, we can select a uniformly
convergent subsequence {u, } from {u,}. Let us denote its limit function
by v, i.e.

limuy =v in A.

n —>oco

§ 4. Here we study furthermore about the uniform boundedness of the
sequence {u,} in D. Let D, be a domain whose boundary consists of C, and
C’ where C,, represents the boundary of D, as we defined already, while C’
does a closed smooth curve lying in the interior of the domain D, and
enclosing C,.

Since ﬁ,,,%D,,, all of the eigenvalues of the same problem for D, are
greater than the first eigenvalue A, for D,. Therefore the Green’s function

I'.(p, q) of the equation du + Ay = 0 for D, is uniquely determined; here
Ta(p,q) = 5—1log = + Hy(p,0)
7 ’ 2” r ” ’

where H, is the regular solution of 4u + A,u = 0 for D..
By Green’s formula

(unta) 22— rata) 20 Y as = — [[,  (ndl'w — Totin) do(a),

S C'4+C ptx ov D8

where v denotes the inner normal of the boundary of D,— E, and E is
a small circular domain around p and « is the boundary of E. By making
the radius of the circle E tend to zero, we get
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_ ol
un(p) - So,un v ds for ﬁ = ﬁ”,

as #p,=0on C,and I', =0 on C, + C. _
In order to obtain an estimation for u, in the domain D,, we introduce
an auxiliary harmonic function @, such that

Aqln =0 in 51;,
(7 ) Pn = Uy on C,
P, =0 on C.

By Green’s formula

(8) g 0'+0n+x{¢” ?81;_” — I aa?/” } ds = — S Sin_E{g’”"r n — IndPn} do(q).

By making the radius of E tend to zero and from the boundary condition
for @, and I',, the left hand side of (8) becomes

§0,¢n %1%' dS( = un(p)) .

As 4@, =0, AI'y, + AT, =0 in D, — E, so the right hand side of (8) is equal
to AuffPal'vda(q). Therefore by making the radius of E tend to zero,
we get

Un(P) =NAn SSBn‘PnF ndo.

From this and the maximum principle for harmonic functions, we can obtain
an inequality

(9) |n(£)] = N max | 9(0) | [, (. ) dota)

Next we shall estimate I',(p,q) which is represented as

Tu(p,0) = — 1 Yo/ Ru7pa) + B— Va(,0),

where B represents the first maximum value of Y,/4 and v.(p,q) a function
which satisfies the conditions

du 4+ Ayt =0 in D,
u=B— % Yo"/ An7m) on the boundary of D,.

D, & D,, assures the unique determination of v,,.
Since 7, is a superharmanic function, its minimum is attained on the
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boundary and hence v,(p,q) =0.
Therefore we get

(10) 0= TI'u(p,9) < B— % Yo(N/x—nrpq)
which has — log7,,/2z as the main term. Then we have

[5rade <[ {B — 4 ¥t/ X)) do-

Finally we will give an estimation for the right hand member. If we take
a circle d which contains the domain D’ in its interior, then on account of
the property of Y,, we have

(o4 v x5 ¥ i

éS.ga{B - % Y:"(“/K:rpq)} do=Fk < ©
where £’ is independent of #. So we get

Un(D) < Ank maox un(q) .
qe 0’

Moreover, from § 2, C' can be taken in A such that

max u,(q) < M, and Ay > A
qel’

Thus we obtain an estimation
(11) un(p) < N M in D, for any #,
where the right hand side is independent of z.
Now the domain defined by
b=D,—D.

is surrounded by C and C’ only. Then the uniform boundedness of {u.}
in D can be shown just in the same way as the above. Thus, combining
the results of § 2 and this paragraph, the uniform boundedness of {u,} in
D has been established.

§ 5. For our limit function » the normalization condition SSszdo- = 1 holds
as shown below. By setting
un(p) in Dm

0 in D—D,
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the definition of #, in D, is extended into the whole domain D.
Because U, is uniformly bounded in D by § 4,

lim |[,vzde = [ 1im U2de = [{ vdo.

n—oo

But

tm |],U2do = tim [, s = 3.
Hence
(12) ([ prdo =1.

§6. Next we shall show that the limit function » and the limit value p
satisfy the integral equation

(13) w(p) =[] b9 ui@ dola)

where 272G (p, q) denotes the ordinary Green’s function for the domain D,
and hence

G(p.q) = 5 log = + H(p,q),

where H denotes a regular harmonic function in D.
In the first step, let p be a fixed interior point of D, then p € D,, for su-
fliciently large n». It is known that (13) holds true for #,, A, and D,, namely

s 2) = Mo [, Gl @) 0l0) drla);

here 27Gy(p, q) denotes the ordinary Green’s function for the domain D,.
Now by setting

Gu(p,q) in D,,
Gulprq) = { :
0 in D —D,,
we have
Un = [{ Gul @) Un)dor(a),
and

Gu(p, q) Unlg) < MBy(p, q) < MG (p,q),
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by using the uniform boundedness of U, in D.
Because G(p,q) is integrable, so by Lebesgue’s bounded convergence
theorem

tim | Gu(6,0) Unla) dor(a) = [{ 1im (5, 0) Unla)dr )

=[§ G (t.0u(g) ds(a)-

Thus we have

o(8) = p{[ G109 v(@dola).

In the second step, it will be seen that the relation still remains to hold
even if p tends to a boundary point. What is to be shown is:

lim u(p) = 1 lim [[ G (p,q) u(a) do(a)

(14)
= ([, 1im 6(p,9 u(9) do (@) = 2 {[ G (50, 9 u(a) do@)

F2and )]

where p, is a boundary point of D and
G(po,q) = lim G(p, q).
foud 0]
In fact

G(p,q) < const-log % r = pq,
G(p’ q) u(‘l) é COnst~log % in D.

By Lebesgue’s bounded convergence theorem, we get the result required.
Thus for any point in D and on the boundary point of D,

(15) o(8) = p{[ G(£.0)0(@) do(@)

does hold.

§ 7. For any interior point p of the given domain D, our limit function
and limit value satisfy the equation
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du + Au = 0.

In fact, from § 6, for v and p

o(8) = P G(b,9)v(a) doa).

Let p(x,y) be an arbitrary interior point of D and K a circle about p small
enough to be contained in D. Then

plf,c.0v@dr@=p(| _Gb.00v@do@ +r|] G500 do@).

Denote the first and the second integrals in the right hand member by I,
and 1,, respectively. Then

2 2
aa—l;; = SSD—K% v(9) dolg), aa_xIZL = SSD_K%_E v(q)do(q).

The same is valid for 3°1,/0)% i.e.

21 ﬁ2G
=1, 2y v@dsta.
Therefore

et *1
Al = ax"’l %yzl = S§D_KAG0(q) do(9) =0,

as 4G=0in D — K.
As for I,, it is well known
4(pf] 6t.00@do@) = — po(p)
so that
dv(p) + pv(p) =0 in D.

Moreover, when p tends to a boundary point, v(p) tends to zero except for
a set of capacity zero. In fact, from § 6

tim o() = p{[,G(0.0) v(0) do@)
»=>Dg

where limy.,G(p,q) = G(po, q), since we know that G(p,,q) becomes zero
except for a set of capacity zero.

For the special case where the closed set C* is of capacity zero, the
limit function v is identical with the first eigenfunction of D’ = D + C*.
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§ 8. What is left to be proved is the uniqueness for the limit function v.
As in the last part of § 1 where the uniqueness of p was proved, taking
another sequence of exhausting domains

ﬁ1C52C CD.nC

Let the corresponding first eigenfunctions be

and 7 be a limit function of it. We shall prove v = .

First consider the case where C* consists of a finite number of smooth
closed curves. In this case, because the boundary curve is smooth every-
where, G(p,,q) =0 for all p, on the boundary. Therefore from (15), v
satisfies the fixed boundary condition. Hence v and p are the first eigen-
function and the first eigenvalue of D. From the well known property of
the first eigenvalue of such a domain, p must be simple, and the first eigen-
function must be unique, i.e. v = 7.

The above fact shows us that the first eigenfunction has the continuity
relation on the domain provided the boundary of the domain consists of
smooth curves.

Now we return to the general case, where the boundary does not need to
consist of smooth curves only. Suppose that v 7 in D. Then there would
be a point p such that

lv(p) —v(p)l=a>0

and for sufficiently large integers m, » and a small positive number €,

l#m(p) — v(P)| <

’

™»  Nm

l#n(p) —2(P)| < 7
So we would get
(16) | (D) — #n(p)| > a — &> 0.
But, on the other hand, we have
17) | #m() — @n(D) | < 7,

where 7 can be any small positive number making m and » large enough,
by the above mentioned continuity relation between the first eigenfunction
and the domain, as the boundaries of D,, and D, consist of smooth curves.
Then (16) contradicts (17).
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Therefore v = v, which proves that our limit function » is determined
independently of the choice of exhausting sequence. Thus our theorem has
been proved.

At the conclusion of this paper, the author wishes to express her grati-
tude to Prof. M. Tsuji for his kind suggestions and continuous encourage-
ment and also to thank Prof. Y. Komatu for his considerate advice at all
times.
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