A DISTORTION THEOREM ON SCHLICHT FUNCTIONS

By Mitsuru Ozawa

1. Let & be the family of schlicht functions regular in |z| < 1 with local
expansion f(z) = Sh-1a.2" a, =1, at the origin. The estimation on the
third coefficient is well known and its proof has been performed by quite
different three ways, that'is, the Lowner’s differential equation method or its
variants, the Schiffer’s variational method and the symmetrization method.

Lowner’s theorem. If f(zj € &, then |a;|< 3. Equality sign occurs only
for the Koebe’s extremal function.

Suppose that | f(#) + f/(— DN f(#) — fF(—NI= @1 + 6#%)/r for an infinite
sequence {7,}, 7»—0, then (1 + 2Ra,7* + O (#*)/r = (1 + 67%)/7 whence follows
Ra,=3. Then the Lowner’s theorem implies that there are only two func-
tions f(z) = z/(1 == 2)? such that Ra; =3. For these functions, we have

|f) + F(=7)| _ 1460247
[ () — fF(=7) r(l—7Y) °
Consequently there follows that any function f(z) € S satisfies
A £+ (=7 ~ 1+67*+ 7
(A) Fn— =l = 7@ =79
for all sufficiently small r.

In the present paper we shall prove (A) without making use of the Low-
ner’s theorem. Hence |a@;|<3 is an immediate consequence of our result.
Our mode of proof is based upon the variational method due to Schiffer [2]
and is somewhat complicated and tedious as compared with the other ways
arriving at the Lowner’s theorem. Our result is weak as it is not establi-
shed for all ». To obtain its full result is a remaining problem.

2. We shall consider an extremal problem to obtain Maxseg{| f/(#) + f(— #)|
=| f(r) — f(— #)[}, » being a positive number less than 1. Evidently, extremal
functions w = f(z) exist. For any extremal function w = f(z) we shall
obtain the following fact by the Schiffer’s lemma [2]:

The complementary continuum C, of the image domain f(|z| < 1) consists

of a finite number of analytic arcs satisfying the following differential
equation for a suitably chosen real parameter #:

(d_w 2 (R — R)((S; — Se)w — SiR, + S;R))
dt (Sy + So)(Ry — w)* (R, — w)?

Here we put R, = f(r), Ro= f(—7), S;= f(r) and S, = f/(— 7).

=1.
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If S,=3S; then we say that C, belongs to the case («). Otherwise,
we say that C, belongs to the case (8). Let w, be the zero point of an
expression (S; — S,)w — SR, + S;R,. We must classify the case (B) into
three subcases.

(I) C; does not contain w,.

(II) C, contains w, as its finite end point.

(m) C, contains w, as an inner point.

In the case (a), C; is a single analytic arc which contains the point at
infinity as an inner point. Then we have by the method due to Schiffer
[2] that w = f(z) satisfies in |z| < 1 a differential equation ’

2 2 2 2
G(z) = z2w'(2)* &, _5121))’;(_;_?22)— w)? =9 2z —1' <72) (z — C)ﬁ,,,,, e
(z — r)z(z -) (z + r)z(z -+ 7)
b and ¢ being two points on |z|= 1 such that w(b) and w(c) are two end
points of C; and % is a constant factor to be determined.

In the case (8), the point at infinity is an end point of C,. If C, (1),
C, consists of a single analytic arc and does not contain w,. Then w(z)
satisfies in |z| < 1 a differential equation

— 2 2 iRz - Rl)«sl —S;)w— SR, + S.R,)
Cle) =20 =g L SR, — wP (R, — wP
1

Fe—bre—aeamg)
(2 — r)z(z — —1—)2(2 + 7,)2(2 n %)2 :

Here b and z, are determined by |b| =1 and |z,] < 1 together with the condi-
tion that w(b) and w(z,) are the finite end point of C, and w,, respectively.
%A is a constant to be determined.

If C, (1), C; consists of a single analytic arc whose finite end point
coincides with w,, and w(z) satisfies in |z| < 1 a differential equation

— 2 2 (R — R)((S; — Sz) w — SiR; + S;R))
Cle) = 2w @ g LS R, — wi (R, — w
2*(z — b)*

(z — r)Z(z - %)2 (= + r)2(z + %)2 ’

=9

b being a point on |z| = 1 corresponding to the finite end point of C;, that
is, w,. A is a constant to be determined.

If C, e(m), C; consists of two or three analytic arcs all of which have
w, as a common end point and C, forks at w, with asymptotic angle 120°,
one branch being eventually vacuous, and w(z) satisfies in |z]| < 1 a differ-
ential equation
— 2 2 (B — R)((S, — S;) w — SiR, + SRy)

Gla) = 2w @ S L SR, — wP (R, — wP
2%z — b)*(z — ¢)*

(2 — r)2<z - %)2 (2 + r)2(z + %)27’

=9
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b and ¢ being two points on |z| =1 which, in general case, correspond to
two finite end points of C,. (In degenerate case, one of w(b) and w(c) may
coincide with w, and the remaining one corresponds to an end point of Cy.)
A is a constant to be determined.

3. Case (8),(I). In this case, G(2) satisfies a functional relation G(2)
= G(1/2) in |2|<1 and arg G(2) = #, mod 27, on |z|=1. Now we shall
.determine the constant factor . Comparing the residues at z = »(resp.

z = — 7) in both sides of the differential equation, we have
- S _ 2 iy — b)*
Si+S; T T 4Q =7 A+ )

-S, _ 73 (v + b)*
(reSp' S+ S = Aa = £ )

Hence there holds

Y=o (1 + 72)2(1 — 72)?
ri(r* 4 6b*r® + b*) ©
On the other hand, we see that there holds Ap*=A by virtue of G(z)
= G(1/2). From these we can easily see that b* =1 and % is real.

If b=1, then S,/S, =1 —#*/(1 + »* On the other hand, by the well-
known distortion theorem on schlicht functions, there holds a distortion
inequality

1Sl A=r)/Q+7? _ (1—17)*
(S| =T +n/A—=7r" ~ T+
Here the equality sign occurs only for w = f(z) = z/(1 + 2)?, for which we see
|Lfr) + f(=n)| _ 1+6°+7*
fir)=f(=n| — r(I—79

If b = — 1, then the procedure is similar as in the above and we obtain

a fact that the extremal function is w(z) = z/(1 — 2), for which we again get
|f(r) + f(=7)] _ 1+6r"+7*
[fr)=f(=nl — r1—79

Let * = —1. then # = arg G(1) = arg A + arg (1 = {)* = arg A + 7, mod 2x.
Thus U is real positive. On the other hand A has been determined already
and is equal to

(1 =71+ 7

rirt—6r2 +1) °

‘Therefore we see that » has to s_atisfy an inequality »* — 6#* 4+ 1 >0, from
which we obtain an inequality /2 —1 <7». We may omit the case »* = —1,
since our final aim is to obtain a distortion inequality for any sufficiently
small 7.

-2

4. Case (a). In this case, G(z) satisfies a functional relation G(z) = G(1/2)
in |z|<1 and arg G(z)=0, mod 2z, on |z| = 1.

Comparing the residues at z = 7 in both sides of the differential equation,
we have
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r*(r — b)*(r — c)?

1=U g0 =1 e
Similarly, at z = — 7, we have
1=9 v + b)*(r + ¢)*

41 -1+ 2

Thus b 4 ¢ = 0 holds. Let b and ¢ denote e¢ and ¢*, respectively, then § — ¢
=0, mod 2z. On the other hand, there holds % = Ab?c* by G(z) = G(1/z) and
simultaneously we obtain

4(1 + 722 (1 — 722
7%(r* + be)?
Hence we have b%* =1 or equivalently § + ® =0, mod =, from which we
see that there are four cases to be considered, that is,
{b=1 {b=—1 b=i d b=—1
=—1 c=1 " {c=—-i an { =i
If bc = — 1, then 0 = arg G(i) = arg A + arg®(d — 1)2(¢ + 1)2/{(i — )2 (i + »)?
(t— 1/ + 1/7)*} = arg A + #, mod 2z. Thus arg A = =, mod 2z, that is,
A is negative. On the other hand A =4(1 + r%)?%/#* is positive which is
absurd. Therefore, we have only to consider the case bc = 1. Without loss.

W=

of generality, we may consider the case b =7 and ¢ = —i. In this case %
is equal to 4(1 — #%)*/7* and hence we have in |z| < 1 a differential equation
R —R 1—72 (z—i)(z+ 1)
w, 1 2 = =+ .
(@) (R — w)(R, —w) 2 r

=z E)e+n(e++)

In the right hand member of the above equation, the minus sign should
be adopted. This is seen by comparison of the residues at z=7. Thus.

we have
R, — R, dw=< 11 11+ 1 >dz.

Ry — w) (R, — w) g—r zt+tr 1 z+l
7 7
Integrating this and denoting the integration constant by C we have
(z — r)(z + —};)
1
(z — 7)(2 + 7)

Here we shall fix a branch of logarithm of right hand side in the last equa-
tion such that it reduces to zero at z = 0. Let z tend to zero, then w tends
to zero, and hence we see

W"—Rl
w— R,

log

= log + C.

C = log —gl
2

Therefore we have

.

R, w—R, _ (z—r)(z—!—%)
Bow—R " ipz-1)
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Let z tend to 7, then we have

R, S =47
R1 Rl""Rz - 21’(1'—'"2) :

Similarly let z tend to — 7, then we have
R R—R _ 2r(1—-7%)

R1 82 - 1 + 72
‘Our assumption S; = S, and two relations listed above imply that R, = — R,.
Thus we have
[Si+Se| __2]S]| _ _1+7°

IR, —R;| ~ [R— R~ r(1—17%"

5. Case (B),(m). In this case, G(z) = G(1/2) in |z|<1 and arg G(z) = =,

mod 2z. Let z tend to 7, then we have
=S _ 92 73y — b)2(r — ¢)*
Si+S: T T A=A+
Similarly, let z tend to — 7, then we have
—S: _ %A ri(r + b): (v + ¢)*
Si+S: T T A=A+
Moreover Ab*c* =AU holds since G(z) = G(1/z). From these three relations
‘we see easily that b%® = 1 and that % is real and is equal to
(1 —=7)A+ )

yirt+ (B + c* + 4dbe) P + 1) °

If bc = —1 and if b and ¢ denote ¢'° and ¢'*, respectively, then § + @ = =,
mod 27, and the denominator in the expression of ¥ is equal to 7*(7* — 2
+(2—cos20)7* +1). Lethbe a root of x* —2(2—cos28)x +1=0in (0,1],
that is, 2 =2 — cos 20 —4/(2 — cos 29)* — 1. If his not equal to 1, then % is
positive for k< 7* <1, and negative for 0 < #* < k. If % is equal to 1, then
€0s 20 =1 and hence the denominator of U is positive, whence follows that
‘A is negative for any . On the other hand, there holds that = = arg G(1)
=arg A + arg (1 — ') (1 — ¢*)? = arg A + arg (— 2 + cos 26 4+ cos 2¢), mod
27z, from which we can easily see that % is positive if cos 26 + cos 2@ =+ 2.
If cos 209 4 cos 2¢ = 2, then 29 = 29 = 0, mod 27, and hence either b =1 and
c=—1lorb=—1and ¢=1. In general, we may consider the case b =1
<c=—1. In this case we can calculate arg G(z) as follows: let z = ¢ then
arg G(i) = arg A + arg (— 4/(1 + 78)*(1 + 1/7%)?) = arg A 4+ 7, which shows that
arg W =0, mod 27, that is, U is positive. At any rate, positivity of % leads to
a contradiction, since it is evident from its representation that % is negative
in this case. Thus we have only to consider the case that cos 29 + cos 2¢
+ 2. In this case it can be seen that » must satisfy an inequality #® > 4.

In view of our final aim, that is, to obtain a distortion inequality for all

—2

sufficiently small , we may neglect the case that bc = — 1. Thus we may
<consider only the case bc =1. For this case, we can easily see that % is
negative. )

We shall now integrate our differential equation
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S, — 1/2
(1 + S.R, — Sle ) (z—b)z—¢)

(-)0-2) e n(e-Dernz+ L)

Here we fix a branch of (1 + (S, — S,)w/(S;R, — SiR,))*/* which reduces to 1
at w =0. Then, comparing the residues of both sides, the plus sign should
be adopted. For the sake of brevity, we shall denote (1 + (S; — S,) w/(S.R,
— S:R.))'? by u. Then we have

B Sx(R1 R2) )112

= 4=

w'(2)

RR, S, mg“ SR, — S,R,
SoR; — SiR, (,Mz)_)m “+ ( Si(Ry — Rz)_)1I2
Sle - Sl-Rz SzRI —_ S,Rz
So(Ry — Ry) \'* -
_ S, log “- (SZRI—SRZ) |
( SRy — RZL)‘Iz . ( Sy(R — R;) )112 2
(SR, — S|R, u S.R, — S|R, _
= alog % + v log z+; + C,
zZ— 7 z+ 7
: _ —r(r—b)r—c _r(r+ b +o)
with a= 201 — 79 and v = i

By comparison of the residues at z, lying on |z| =1 for which w(z,) = w,,.
we see that

RR, [ S 'S,

— 1) — -1
SR — SR, (Mm—mwmm“ b (M&—mwmmg )
SZRI - SIR2 S2R1 - SIRZ -
= alog Zo—; +rylogz°—+r_+c
2y — 7 r4) + —
By our fixation of the branch of #, the p01nts z =7 and z = — 7 correspond

to (Su(Ry — Ry)/(S:Ry — SiRy))'* and (Sy(R, — R;)/(S:R, — SiR;))'*, respectively.
We see that the relations

o = R,R, . S, -
SR, — S|R, (_SI_MJ_) !
S2Rl - SIRg
and
1= SR SRR
p2A81 JEAS] (S?I(Q 1 13) )
oty T I fte

must hold, and hence we obtain

Sy(R, — R,) \'*
Siz]o “= (SgRl — S\R, ) z
o8 SR — R) VP
”+(&&—&&) 2=y
Sy(R, — Ry) \'* 1
:S}/zlogu_f-(sle-—Sle) s A Z +
L (SRR e L R
S.R, — S|R, Vs

_1
r  —(2—7)
—7 1
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When z tends to 7, u tends to (Si(R; — R.)/(S:R, — S,R;))'/* and we have

S, — LA =7z —7) Syt 4 Si2 oy 1 42z
1/2 1 1 2 0 — Q12 1 2_, . 0
Sl TR =Ry ™ 0z -1 SPI0g i s T S ()
Similarly, let z tend to — 7, then we have
SP=S8" 1+ 2z, —7r 4R —R) —(1+2z7
1/2 Bt S o = Si2 1 2) | 0
S;*log SIS T 2y g =1 BT T = G )

Remembering the fact that (S,/S,)'? is equal to— (» — b)(r — ¢)/(v + b)( + ¢)
=— (1 —27cos @ + »*)/(1 + 27 cos @ + »*) which is real negative and separat-
ing the real part of the above two equations, we have

S 4R — R C g ISP S 2y

S8 g =, L) = o8 [em i T
and

Sz [ S — Si2| 1 4 o2 4|R —R,| 1

Tgé—ﬂ‘lo IS”Z ¥ SI/2I 2 IOg IS‘1 — Sz' 1— 7,.2'7.

Here use is made of the facts |z, — 7|/]z» — 1] =1 and |z, + 7|/|]1 + 27| =11.
Therefore we have
Sx st _ SZI
(1 — 2 =
Szl 4lR1—R2l( 7’) log
which leads to a relation |S; — S,|(1 — 7?) = 4| R, —
we can conclude that

[S:—S,|
iR — R,

R,|, since S, = S,. Then

1 -7,

FiEl dRREL:
Stz — St 2r
On the other hand, by (S,/S:)® = — (r — b)(r — ¢)/(r + b)(r + ¢),
\ Sz 4 Sie l _ 27|cos 8|
Siz— Qi [T T 42
From the above two relations, there holds an equality (1 + 7?)* = 47%|cos @ |.

At any rate this is absurd. Hence we can conclude that the case (3), (1)
does not occur.

6. Case (B),(I). This case constitutes the most tedious and difficult part
in our discussions. Though the previous cases could be really treated
throughout the whole range of 7, we must be obliged in the present case to
state our result only for sufficiently small 7.

In this case G(z) satisfies again a functional relation G(z) = G(1/2)in|z| <1
and arg G(z) = 7, mod 2z, on [z|=1. Let z tend to », then we have

we obtain

- S,
Sl+Sz

rir— b1t —2)(r — )
a—ry

Similarly, let z tend to — 7, then we have

— S,

S+ S;

b2 (r + 2)(7 + g)

—u’ A0 = iy
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From these two relations, we obtain
o = — 2(1 — r#)?
2( 4 2fp2 1 R0 1 2 2\
r(r + (5 + % 1 2bz, + 20 5) + 0L )

0

By G(z)= G(1/z), we have W = Ab%*z,/z,. Therefore we can conclude that
b*z,/Z, =1 and U is real. Let b = ¢ and z, = x¢'*, then @ + ® =0, mod =,
by b%z,/2Z, = 1.

If 94+ @ ==, mod2~, then U is positive if 7 < 7> <1 and negative if 0
< 7* < h, h being a zero point of 4% + 2x(cos 20 — x — 1/x) + 1 such that 0 < 2
<1, that is, A= x+ 1/x — cos 20 — +/(x + 1/x — c0os 20)° — 1. On the other
hand we have n =argG(l) =argN + arg(— (1 — cos §)(x + 1/x + 2 cos @)
=argA+7, mod2w, if b+1. If =1, then # =argG(—1) =argU
4+ arg(l — x)(1 — 1/x) = arg A + =, mod 27, At any rate, U is positive. There-
fore 7> > h holds. In view of our final aim, we may again neglect the case @
+ @ = 7, mod 2z. Thus we have only to consider the case  + @ =0, mod 2.

Let u = (14 (S; — Sz)w/(S:R, — SiR,))"/? whose branch is fixed by #(0) =1,
and let ¢ = ((z — 2,)/(z — 1/2,))!/* whose branch is fixed by #(0) =|z|. Then
we have a differential equation

v y It Gl G %:)f: .
(1 - T)(l - 72) (z—7)(z + r)(z _ L)(z N )

Integrating this equation and denoting the integration constant by C(— 7)
+ 2(1 —7r*), we have

wm (SR = Ry

R.R, S, log S.R, — SR,
S.R, — SR, ( Si(Ry — Ry) )‘/2 4 (SR = Ry |7
SR, — SR, u ( S:R, — S|R,
So(Ry — Ry) \1*7]
S tog (sle —Sle)
SR, — Ry 108 (SR = R
Sle - Sle SgRl Sle

()
(1)

-
—
Y]

[
~|
[

t+

ALUPEN
AN
|
By
=
S
|
~
TP
|
S|
|
/—\/‘_\°
|
hln—t

P P
|
S *J"‘ﬁ]n—a
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2
1 1z t+<§0+r)
__(r+z)r+b) _(Z“) og VB "
1 1 2+ 7 2+ 7 \'*
or(r—)r+5) f‘(f )
=+ 7
2
1/2
zo+%
t.__ [,
1)1 1 1\2 1 1
~ (= +5)G +2) (27 e VBT
2 1 1 1 1\
H G R oty
T
1

Iy )

By our fixation of the branches of # and ¢,

— 1/2 1/2
0, (—vr zf) and (___r +21° )
Yy — —= Y+ =
2 2y

correspond to

Si(Ry, — R,) /2 So(R, — Ry) \'*
0. (SR —sEk S,R2> and (_SZR“, -———SIR;) '

by u = u(t), respectively. Thus we see that the relations

r(r — b)((zo — r)(é—o — ))”2

RR,SY" _
(SeRy — SiR,)'? (R, — R)'® 2(1 =71 + 7%
and
1 172
R1R231,2 7’(7‘ -+ b)((zo -+ 1’)(5—0 -+ 7'))

(SR, — S,R)'P(R, — Ry ~ 20 =71 + 7

must be true. Let z tend to z, then ¢ approaches zero and hence # also

approaches zero, and we obtain

(o= 2)(a= 2 1) st
(o B 2+ 2) e,

whence follows

o\
1\, (slz(eRl s;.'e)”2 t+(‘1‘o—”>

(r — b)((" - Zo)(r — z)) ( 21(.1R;— }?2; )1/2 . 2 7\
“+\5,R — SR, ”‘< 1 )
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Zo+ 7 12
L e (g (T

—(r + b)((r + 20)(7 + .—)) log 822(11’?1—— AR zz o

u+ (‘SZR, — SR, ) t— ( 1 )

i+ 1— 7z \'*
— -1 - 1’z0)(1 - f-—)) log - Z

Let z tend to 7, then ¢ tends to |z,|((1 — 7/2,)/(1 — 7Z,))"/%, and we have

1 1— 7)1 — 27)
(1—-%)((1——:—0)(1—20r))/210g 2::}9;2 ( zzo)l 27 g_z

1/2 12
A
1 vz _ gl \ -z‘;,— + 1+_2‘;_
4 r = 12 1 — D2 — 2o 2y
—(1+ N+ F)a+an) g

S+ i (1 _ L)‘“ 1+ 2\
2 | 2,
1— 27 1+ zy7

1/2
1 12 1— r
+ 207 2,
r | 2] 1 —Z7
7 1/2 1 + ?o
=@+ on(a+zn(i+ L)) log —n
1/2 _
s +|z¢,|(1 _20)
\1 + L — Zr
0

PR T L

0

Similarly, let z tend to — », then we have
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1/2 1/2
0 o R0 _
Silz - Sy 1 + Zor * 1 — 27

(1= 5N - L)a—zn)" 108 S =5 (1 - ) (1 Yy >
Bo | | Z

(1 -+ Zor)(l + _*) 2

v oV S, S, 2
(1 5+ Latan) g R —1
0 Zo
y \12

1/2 1+ —
1427\ _ | 2| <_1._A : _z_o__>

o \1+£ e

= @+ o0+ a1+ %)) log % -

0 12 1+ zr

m::r_ + 1] 1*5‘0“

1+ 1 + 207

2
1/2

v
1— 12 14+ —
(;—z:ﬁ> - m(l Tiy

P 1/2 - 'z:
— (1 — br)((l — Z(ﬂ’)(l + Z)) log , -
1 — zp\'2 1+ Z
——;,— + 12| 1—-—_0‘
1T + 2,7
4

Eliminating the term (S; — S,)/(R, — R,;) from these two relations, we have

v -
— fi A 2oz — 1’2_ (1 - 70)(1 — Zo7)
(1 z§> (1 — 28%) (1 b ) log (1 -+ )(1 + Z,7)

~[(+ L)+ a1+ -~ L) — a1 - 3]

i _gn (- 2)a+a0)" +((1+ 2)a—20)"
S St (- D)a+an "~ (1+ ;ﬂ—)(l —zn)

@) =+ L)a+a(t+ L)a+zn) (14 5)a+om

X log

(@ + 21— 2 — 1l (1= Z)(1+ L))"
(1 + 2or)(1 — 2o+ 120l (1 ) (1 + —))"2

X log

~((r+ )(1 + 21— _—)(1 — zor)> (1+ F)a -2
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(@ = 2t =B — ] (1= 21— L))"
=zt — 2y + 120 (1= 21— 2))"
+ ((1 + zor)( 1+ %’o-)(l — 50,,)(1 )) (

Vs

7

(1 + 201 + Z7))? — | 2, |(( +—-( +
((1+ L)+

Zo
%)
z—

X log

)+
)"
)

20

)1 2

—% 1 —br)

X log
(1 4 27)(1 + Z7)'% + | 20|

— (@ =21~ —z%)(l — a1 L))

(= 2n1+ 2 = |2l (1= L)1+ 2))"
TR (A P

We shall now enter into the local considerations. What we want to show
is that the equation (Z) has no solution for any b,z, and . Unfortunately we
have failed to decide that this is true or not. Thus we are obliged to retract
our original intention. In the present step we can show that (Z) has no
solution for any b,z, and for all sufficiently small ». Suppose that (Z) is
satisfied by a sufficiently small 7 for a suitable pair (b,2,). Since both sides
of (Z) are odd analytic functions of 7, under somewhat tedious calculations
the equation (Z) reduces for a sufficiently small » to an asymptotic identity

7‘
7
v

X log

2 1
=+ 2+
_L = 1 = 1 b )
"‘(zo"l‘zo)'—(b +Zo+';;‘)l°g——]:_——2
2o o
_ 1 [20] _ 22 .
= (2 20+ 3108 1T 01— 12} + 00

Neglecting the O-term, we shall denote this equation by (Y) and we shall
remark that (Y) coincides with the equation (3.5) in Schaeffer-Spencer’s
paper [1]. Their procedure leading to a contradiction has been carried
under the effect of the above equation (Y) and their supposition |a,|= 3.
Now we shall suppose that
=Sy |~ 14672+ 7"
— R, r(1—7rY

remains true for a sufficiently small ». Then we have an inequality

_Sle"is2 l laIll SI+S2
(X) RiR;

-~ 14677+ 7 2(1 — 72

T (e (B g+ 2+ 2 5) + 1)
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for the same 7. Therefore we can conclude that

2, 1 1)
B+ 5 + 2 (20 + 5-) 26,
since | SR, — S:R;|/| RiR}| = 2|1 4+ O(r*)|/#® and the right hand member in (X)
is asymptotically equal to

2 2b) . o)

1,3 20)7’ +O(7’)}.

Now all the necessary tools in order to lead to a contradiction has been

obtained and we may repeat the reasonings in the Schaeffer-Spencer’s paper
[1] with some necessary modifications caused by O-term.

(1+(6—b2—%—2bzo—

7. Now we have finished the discussions for all cases. And we can con-

clude that, for any fe &,

S+ (=) | 1+ 6r°+ 7

fr)—f(=n = rl1—7r
holds for all sufficiently small » and the equality sign occurs only for two
Koebe’s extremal functions z/(1 = 2)2.

Let 7* be the upper bound of » such that for » < * our result surely
remains valid. It seems to the author that #* is really equal to 1. Con-
sequently, to show this is now a remaining problem. Finally we should
remark that »* can be estimated from below if we perform our calculations
with some cares in our local considerations and in the Schaeffer-Spencer’s
rejection processes.

Addendum in proof. It is regretted that a paper by M. Goulsin ‘ On distortion
theorems in the theory of conformal mapping. Rec. Math. 18 (1946), pp. 379—389 >’ has
not been taken into attention of the present author. In Goulsin’s paper the problem
has been completely solved by means of the Lowner’s method, which is quite different
from that availed here.
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