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§ 1. Definitions,

In the space of rv complex vari-
ables ZL,'*"» »

 ?
 Zru , a domain p is

called a domain of regularity, if
there exists a regular function which
cannot be continued beyond the boun-
dary of P .

Let 3 be a domain containing P ,
eventually coinciding with D We
say that P is convex with respect to
B , if D satisfies the following

condition: let C be any closed set
in D , for every point f> of D
whose distance from the complement of
P is less than the minimum distance
between C

 a
πd the complement o f P ,

there exists a function f(z-) (depen-
ding on p ) regular in 3 such
that

Suppose that a closed domain P
In P satisfies the following condi-
tion: there exist finitely many
functions i

t
(z) ,,.., f^C*)

regular in p , such that ior every
inner point of p

< 1, - - ,\f
w
.W\<t j

while at each boundary-point of P ,
at least one of them takes absolute
value 1. Then p is called an ana-
lytical polyhedron or polyhedral do-
main represented by the functions

f 1 •••• * f«v

§ 2° Fundamental theorem,,

Of all the various cases, in which
the following proposition seems still
to be valid, let us consider the sim-
plest case of the unlvalent and boun-
d$& domaino In this case the follow-
ing three conditions are equivalent:

P is a domain of regularity;
P is convex with respect to

itself;
P is the union of an increa-

sing sequence of analy-
tical polyhedrons repre-
sented by functions regu-
lar in P o

It is well known that (A) and (5)
are equivalent, and that Qg) im-
plies (1y ?* But, so far as I am con-
cerned., the proof of the proposition

that © implies @ depends upon the
following two facts: Γirst, the uni-
on of an increasing sequence of do-
mains all convex with respect to β ,
is also convex with respect to β P
and second, an analytical polynedron
represented oy functions regular in
P is convex with respect to D

and this last statement seems not to
be quite evident.

From another point of view, the
proposition that © implies (A) is
a special case of the result due tp
Behnke and Stein

4
>

f
 saying that if

each of an increasing sequence of
domains is a domain of regularity,
so is their union,, Butit seems to
me that the fact © - * © is indis-
pensable as a lemma in proving the
above theorem of Behnke and Steinl

In this note, we will give a di-
rect proof of the statement © - > ® .
For simplicity's sake, we consider
only bounded and univalent domains,
but, I hope that the same method may
be applicable to the case of domains
having more unrestricted types.

§3. The proof.

Suppose that the domain P is the
union of monotone-increasing sequence
of analytical polyhedrons J)

v
 repre-

sented by Tvi , (fr ** -ί * »
 />rt
»

/
 ) t

regular in p » Construct a point
set {%&} countable and every-where
dense over the boundary of £)
First, take a s.ubdomain P ^ such
that the minimum distance between %

t

and Pι^ is less than l There is
a boundary-point S± of Py

χ
 satis-

fying $t% < 1. By the assumption,
there exists a function f

v
 i

±
 (z>)

satisfying j f ^ CS
t
) | = 1 . Since

X . is regular in £) and is

not a constant, it cannot take Its
maximum modulus at

 s
l

 o
 Therefore

there exists a point ^ in a vici-
nity of S

λ
 , such that iT^Cfi)!

y 1, end h.^1 < l Of course. fι
is outside Py *

Then-we construct by Induction, a
sequence of points 1 Pj*Ϋ ?

 a
 sequ-

ence of domains i^y^ $ and a se-
quence of functions ί T ^ ^ J as
follows: Suppose that they have al-
ready been determined for /* ~ 1 ,
• ••, ft- 1 We can select Hfc
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such that the domain ^ K ^ contains
Dfc^-i

 a n d
 Pβ-l 9 and its

minimum distance from t>4 is less
than 1/& > There is a boundary
point s^ of P^t % satisfying

s
iί%& < 1/& , and by the assump-

tion, we can find a function ί^n
such that 1 TV* £« (-S&) I ~ 1

 o
 Since

ί** ίfc
 i s

 regular in D and
is not a constant, there exists a
point p& in a neighborhood of S&
such that

and

By virtue of this construction, we
have fe φ ϊ)

Vfk
 , ft € Iλfe+i ,

and T)S, C D ^
+ ι
 Here we have

, and hence
v' C

For simplicity
1
s sake, we put

We construct a function

C4)

where λ ^ are positive integers
which we shall determine later

Every given closed set (1 > con-
tained in p , is contained in D ^
for sufficiently large fλ , and ^

(5) |ή j (zMί l inp^c , if * * ^
Therefore, whatever A^ may be, we
have- the following relation in, C

and so we see that the right-hand
side of (4) converges uniformly in
C d h h t ? C J i

g y
C , and hence that ?C^J is

regular in p
 o

On the other hand, we have

Our construction shows that
€l^ + 1CD£ for every J
then using (5), we have

Now we will determine λ ^ by in-
duction. Put λi = 1 * Suppose that
λi ,..., λfc-i have already been
determined, then

α*β £ il-l

is determined also. Since
> 1, using (1) and (3), we can

select a positive integer X̂ _
greater than

if*
For such

Since we have taken ΛV-fk) every-
where dense on the boundary of & ,
using (2), for each boundary-point
t> of D there exists a subsequen-

c β
 iP&ί} converging to fr . There-

fore by (6), J5£ ISPCPΛ
%
)\ — &o s

and hence <fiiL) cannot be continued
beyond the boundary of T> This
means that P is a domain of regu-
larity.
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