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HARMONIC FUNCTIONS EXPRESSIBLE
AS DIRICHLET SOLUTIONS!

MiITSURU NAKAI

Abstract

It 1s shown that any quasibounded harmonic function on any continuous domain
can be expressed as a generalized solution of the harmonic Dirichlet problem on the
domain with a resolutive boundary function on the boundary of the domain 1n the sense
of Perron-Wiener-Brelot.

1. Introduction

The basic function space we consider is the linear space H(R) of harmonic
functions (i.e. C? solutions of the Laplace equation Au=0) on a bounded
subdomain R of the Euclidean space RY of dimension d >2. We denote by
HP(R) the linear subspace of H(R) consisting of harmonic functions # on R
such that |#| admit harmonic majorants on R so that HP(R) is the totality of
harmonic functions which are differences of two positive harmonic functions on
R. The significance of the class HP(R) lies in the fact that it forms a vector
lattice under the lattice operations u v v (the least harmonic majorant of two
harmonic functions # and v on R) and u A v (the greatest harmonic minorant of
two harmonic functions ¥ and v on R).

In this paper we mainly consider the relation between two linear subspaces of
H(R) mentioned below. The first is the space Hy(R) of quasibounded harmonic
functions u on R, where u € H(R) is quasibounded, by definition, if u € HP(R)
and (u A A) v (—4)(4 > 0) converges to u almost uniformly on Ras A T co. There-
fore we have the inclusion relations HB(R) = H,(R) < HP(R), where HB(R) is
the space of bounded harmonic functions on R. The second is the space Hy(R)
of generalized Dirichlet solutions H f (cf. §2 below) on R with resolutive
boundary values f on 0R in the sense of Perron-Wiener-Brelot.

It is readily seen that Hy(R) > Hy(R) for every bounded domain R (cf. §3
below) and there exists a domain R such that the above inclusion relation is
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proper (cf. §3 below). If a harmonic function # on R is known to be expressed
asu=H f, then we are able to grasp, to a certain extent, the boundary behavior
of u, which is very convenient in many instances. For this reason we are
interested in finding the condition on R for which the equality holds in the above
inclusion relation; in other words, we wish to find the condition on R under
which the necessary condition that ue Hy,(R) for u to be expressible as a
Dirichlet solution is also sufficient. The purpose of this paper is to prove that if
R is a continuous domain (see §4 below for the precise definition), then Hy(R) =
Hy(R).

At this point we must remark that the class Hy(R) heavily depends upon the
compactification of R whereas the class Hy(R) is not. In this paper we are
taking the Euclidean closure R of R as its compactification which is the important
point to be noted. If we adopt the Wiener or Martin compactification of R and
define the class H} (R) accordingly (where X = W or M indicating that the class
is considered with respect to the Wiener or Martin compactification), then we can
obviously conclude the identity Hu(R) = Hf(R)(X = W,M) at once. The
Wiener compactification of R is always different from R and hence this does not
supply any information to our original problem. However there are cases where
the Martin compactification of R are known to be identical with R, in which case
our original problem is solved. But to find the condition that the Martin
compactification coincides with R is probably harder than the original problem
itself except for a few known cases. Therefore we will confine ourselves to the
proper compactification R of R and prove the following result.

THEOREM 1.1. Every quasibounded harmonic function on any continuous
domain is expressible as a generalized Dirichlet solution on the domain of a
resolutive boundary function on the boundary of the domain.

A continuous domain is roughly a domain which is expressed locally as one
side of a graph of a continuous function in Cartesian or the polar coordinate.
Examples of continuous domains are convex domains, star shaped domains, C!
domains or more generally Lipschitz domains, certain Holder domains, and so
forth; closures of continuous domains may or may not be identical with their
Martin compactifications; boundary points of continuous domain need not to be
regular ‘in general. Hence continuous domains may be considered to occupy a
considerable portion of bounded domains R of Carathéodory type, i.e. IR = dR.

The proof of the above Theorem 1.1 will be given in §9 after preparatory
discussions in §§2-8. In §2, certain inverse results are given deriving some
properties of the boundary functions f from the Dirichlet solutions H f. The
general inclusion relation Hy(R) = Hyp(R) and the occurrence of the strict in-
clusion relation Hy(R) < Hgp(R) are shown in §3. In §4 a rather tedious de-
scription of continuous domains and some related facts are stated. Nevertheless
the intuitive meaning of continuous domains should be clear. An old notion of
Wiener algebra though not too popular is stated in §5 just for the sake of
convenience. The proof of Theorem 1.1 starts in essence from §6 in which the



118 MITSURU NAKAI

extremization of Wiener harmonized function on a subdomain to the whole
region is discussed and the corresponding extremization of Dirichlet solution is
considered in §7. The essential use of the continuous domain property is made
in §8 and the main trick proving our theorem appears here. Summing up those
results obtained in §§6—8, the proof is completed in the final §9.

2. Dirichlet solutions

In addition to the class H(R ) of the space of harmonic functions on a
domain R in the Euclidean space R? of dimension d > 2, we consider the class
F(R) of superharmonic functions on R. For a class & of some functions
we always set F1':={feZF :f>0}. We also consider the class #(R) of
potentials p on R characterized by that p e &#(R)" and the greatest harmonic
minorant of p is zero on R. Thus we include 0 in 2(R).

In this paper we consider the Dirichlet problem mainly for a bounded
domain R in R? and a general boundary function f on dR with respect to the
Laplace equation Au=0. We follow the usual procedure of Perron-Wiener-

Brelot (cf. e.g. [2, pp. 156-176]): we denote by "V the class of lower bounded
se.?( ) such that lim lnfxeR x_.ys( x) = f(») for every y € OR; we set "//f =

—"// _s> we denote by gt P (HR 7> resp.) the lower (upper, resp.) envelope of
7R f (¢ R 70 resp ), Wthh is either harmonlc or identically +o0; we see that H }z

H and Hr = f and, if H H is harmonic, then the common function
is denoted by H ¢ and fis sald to be resolutive; HR ¢ Is referred to as the
Dirichlet solution with the resolutive boundary function f.

We denote by dwX the harmonic measure on 0R characterized by H R( ) =
Jor f doR for each x e R and each f € C(0R). We fix a point xo € R and use the
51mp11ﬁed notation dw = dw® = dwX. There is a function P(-,x) € L*(dR,dw)
(and actually a Borel function P(- x) such that ¢! < P(-,x) < cdw-a.e. on R
with the Harnack constant ¢ determined by x and xo and R) such that doX =
P( ,X)dw on dR. Then a function f on 4R is resolutive if and only if f e

(6R dw) and in this case Hf(x) = [,z f(»)P(y,x)dw(y) (x € R).
We use the following fact which is an easy consequence of the definition of

gk ! and HR i for any function f on dR for which g% f (HR i resp.) is harmonic

there is a Borel function g (and actually a decreasing (increasing, resp.) limit of
lower (upper, resp.) semicontinuous functions) on JR such that f<g<
Hf L®(0R,dw)|| < 0o (f =g = — ||f; L*(0R,dw)|| = — o0, resp.) on R with
H =H R(H R =H; R resp.). In particular we see that for any resolutive
functlon f on aR there is a Borel function g on JR with |g| <|f;
L*(3R,dw)|| < o0 on R and g = fdw-a.e. on R such that Hf =H}

As is well known and also easy to see, the operator f — H R from
L'(8R,dw) into HP(R) is positive and linear. Then the class Hds(R) 1ntroduced
in Introduction is nothing but the image of the operator, i.e. f [ H
L'(0R,dw) — Hy(R) is a surjective linear operator. Less trivial is its m-
Jectiveness. This instantly follows from the following result.
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=R . . ..
ProposiTioN 2.1. If H; and H j’f are harmonic on R, then the inequalities

(2.1) liminf HE 7(x) < f(») < limsup Hf(x)

X€R, x—y X€R, x>y

hold for dw-a.e. y in OR.

Proof. We take a pe %(R)" such that ak rtepe “// for every positive
number ¢ (cf. e.g. [1, p. 21]). Let F be the set of pomts y € OR such that
liminfyeg x—yp(x) = +00. Since ep € “IfFR (xp being the characteristic function
of F on 0R) for every ¢ >0, we see that F is of harmomc measure (i.e. dw
-measure) zero. Let y e R\F. Then i rtepe 7R ¢ implies that

f(y) < liminf (Hf(x) +¢ep(x)) < limsup Hf(x) +611m1nf p(x)
X€R,x—y x€eR,x—y R, x>y
for every ¢ > 0. Since 0 <liminf,ecg x—yp(X) < 00, we conclude that the in-
equality of the right hand side of (2.1) holds by letting ¢ | 0. To show the left
hand side of (2.1) observe that I-_Iff is also harmonic since Flff =—-H f is
harmonic by the assumption on H% Hy. Therefore, by the same argument as above,
we see that

—f(y) < hmsupH (%)
X€R,x—y
holds for dw-a.e. y in 0R, which is nothing but the validity of the left hand side
of (2.1), and the proof is herewith complete. O

For two functions ¢ and y we denote by ¢ Uy = max(p,y) and ¢Ny =
min(p,¥). One should not be confused by these with u v v and u A v used
only for harmonic functions u and v. Since Hf = Hf ;o — H{ /), We see that

Hy(R) = HP(R) and actually Hy(R) is a vector sublattice of the vector lattice
HP(R). Of course L'(0R,dw) is a vector lattice under the lattice operations U
and N. Then we can conclude using (2.1) that Hy(R) is isomorphic to
L'(0R,dw) as vector lattices. In fact, for example, in addition to the triv-
ial implication from f >0 on dR to HR >0 on R, (2.1) assures the inverse
implication from Hf >0 on R to f >0 on dR.

3. Quasiboundedness

In Introduction we introduced the class Hg(R) of quasibounded harmonic
functions on R, which is also a vector sublattice of HP(R). A function ue
HP(R) is said to be singular if (u A ) v (—1) =0 on R for any positive number
A. The totality of such functions is denoted by H (R). Then we have the
Parreau decomposition HP(R) = Hy,(R) @ Hg(R) (the direct sum).

Take any f e L'(0R,dw), which is equivalent to f being resolutive. Then
(HF AWV (=4) = Hf AHY vHE = Hfy, vHY = Hf )00 = Jx
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(f(») NA)U(=A)P(y,-)dw(y), which, by the fact that |(fNA)U(—41)| <|f| and
(fNAU(=A) — f as 11 o0 on R and by the Lebesgue dominated convergence
theorem, converges to [, f(¥)P(y,-)dw(y) = H f on R. This means that H }3 €
Hg(R). Thus we have established the following inclusion relation

(31) Hds(R) (e qu(R)

for every bounded domain R. The Parreau decomposition with (3.1) assures that
Hus(R) N Hy(R) = {0}.

Next we exhibit a simple example of a domain R for which the inclusion
relation (3.1) is proper. We denote by B the open unit ball in RY. Let X =
B\{x=(x',...,x%) : x! 2 0,x? =0}. Then our claim is that

(3-2) Has(X) < Hop(X),

where < means the proper inclusion: C and #. We denote by B =
{x=(x',x"eB:x*>0} and B~ = {x= (x',x%) e B: x? <0}. Similarly we
set b ={x=(x',....,xNeB:x'>0,x4=0} and b ={x=(x!,...,x%€
B:x'<0,x4=0}. Letu:= HXB_: (xz= being the characteristic function of b* on
0B™), which has boundary values zero on 0B*\b* and in particular on b~ and 1
on b* so that u > 0 on B*. By the reflection principle, u can be continued to X
across b~ so as to satisfy ue H(X) and u(X) = —u(x) (xe X), where X =
(x',—x?) for x = (x',x9). Since it is bounded, we trivially have u € Hy(X). We
wish to show that u ¢ H;(X). Contrariwise suppose u € Hy(X) so that there
exists an f e L'(0X,dw) with u=H ;" on X. By the boundary behavior of
u|Bt we see that u=0 on 0B\b*. Hence f =0 on 0B\b* by Proposition
2.1. This means that H¥ is symmetric with respect to the plane
{x = (x',x%) : x¥ = 0}. Then u is symmetric (i.e. u(X) = u(x) (x € X)) and at the
same time antisymmetric (i.e. #(X) = —u(x) (x € X)) which must imply u =0,
which contradicts u|B* > 0.

In view of (3.1) and (3.2) we are naturally led to investigate the question
when Hy(R) = Hgp(R) occurs. The example in (3.2) suggests that to have the
identity there should not be too many boundary points of R at which R is not
locally connected. For the rest of this paper we are concerned with such a
sufficient condition.

4. Continuous domains

We call a coordinate system on R? a Cartesian coordinate (polar coordinate,
resp.) if it is obtained from the standard Cartesian coordinate x = (x!,..., x%) =
(x’,x?) (the standard polar coordinate x = ré = (r,&) with r >0 and |&| =1,
resp.) by translation and rotation on R“.

For a Cartesian coordinate x = (x!,...,x%) = (x/,x%) we use the following
notation: for any positive number a > 0 we set

Bla) = {x' e RI": x| i= \/(x1)? 4 -+ + (x-1)? < a}
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and, for any a,b > 0 and any real number ¢ we consider a cylinder
U(c;a,b) := {x = (x',x%) : x" € B(a),|x? — | < b}.

The point with coordinate (0, ¢) will be referred to as the center of the cylinder
U(c;a,b), where 0’ = (0,...,0) is the origin of RY"! in this coordinate.

For a polar coordinate x = r¢ = (r,£) we use the similar notation as above:
for any a e (0,2) we set

Bla):={¢eS*":|¢—e| <a}

with $41 = {¢eR?:|¢| =1} and ¢; = (1,0,...,0) € S4! and, for any 0 < a <
2 and ¢ > 0 and for any b€ (0,c) we consider a sectorial ring

U(c;a,b) :={x=r&: e p(a),|r —c| < b},

for which the point with coordinate ce; will be called its center.

Consider a domain R in R?. A point p e dR is said to be a Cartesian
graphic point for R if there exists a Cartesian coordinate x = (x’,x“) for which
the coordinate of p is (0’,¢) (¢ > 0) and there exist two positive numbers a and b
and a continuous function x? = ¢(x’) defined on f(a) such that SUPg)le —c| <b
and

U(c;a,b)NR = {x = (x/,x%) : x' € f(a),c — b < x? < p(x')}
and at the same time we have
U(c;a,b)NOR = {x = (x', x%) : x' € f(a), x? = p(x")}.

In this case the neighborhood U(c;a,b) of p is said to be an admissible
neighborhood of p and the function x? = ¢(x') is called the local representing
function of R (or JR) associated with U(c;a,b).

A point p € OR is said to be a polar graphic point for R if there exists a polar
coordinate x = r¢ for which the coordinate of p is ce; (¢ > 0) and there exist two
numbers 0 < a < 2 and 0 < b < ¢ and a continuous function r = ¢(¢) > 0 defined
on f(a) such that supg,|¢ —c| <b and

U(c;a,b)NR={x=ré:leP(a),c—b<r<pl&)}
and simultaneously it holds that

U(c;a,b)NOR = {x =ré: &€ Pa),r = p(&)}.

In such a case the neighborhood U(c;a,b) of p is referred to as an admissible
neighborhood at p and the function r = (&) is said to be the local representing
Sfunction of R (or OR) associated with U(c;a,b).

In either of the above two parallel definitions of graphic points we assumed
that ¢ is continuous. However this is not a thing to be assumed but the con-
sequence of the very definitions: if we simply assume that ¢ is merely a single
valued function in either of the above two definitions, then we can prove that ¢
must be automatically continuous. It should also be noted that there is a plenty



122 MITSURU NAKAI

of examples of R such that dR contains points which are Cartesian (polar, resp.)
graphic points but not polar (Cartesian, resp.) graphic points.

Finally a point p in dR is referred to simply as a graphic point for R if p is
either a Cartesian graphic point or a polar graphic point. A bounded domain R
in R? will be called a continuous domain (cf. e.g. [3]) if every boundary point of R
is a graphic point for R. It may happen for continuous domain R that there are
two points in R one of which is a Cartesian graphic point for R and another of
which is a polar graphic point.

For any continuous domain R we can find a finite open covering { Ui}y, <,
of R such that each U; (1 <i<l!) is an admissible neighborhood U (c,,a,,b)
whose center is a point in dR and Uy < R. Such a covering {Ui}o.,.; is
referred to as an admissible covering of R. A partition of unity {¢;}o., <,, on R
is said to be an admissible partition of unity on R subordinate to an admissible
covering {U }o<i<; Of R if the followmg three conditions are satisfied: each
p; € CP(R?) (0<i<m); {p;}o<,<m i subordinate to the admissible covering
{Ui}o<.<; of R such that the support spt ¢, of ¢, is contained in Uy and for each
l<i<mthereisa 1 <j<Iwithspt g, = U; 3. ¢; = 1 on a neighborhood of
OR and _",¢; =1 on a neighborhood of R. The existence of such an ad-
missible partition of unity on R can be easily shown.

5. Wiener algebra

Consider 2 real valued function f on a bounded domain R in RY. We
denote by V) s the class of functions se & (R) having compact subsets K; = R

such that s > f on R\K;. We denote by h the lower envelope of the class “//f
and set A% hy = ik _s- The functlons 3 ! and h are either harmonic or 1dentlcally
+00 on R and satisfy hf > hf on R. If hf = hR on R and the common

function is harmonic on R, then we say that f is harmomzable on R and we
denote the common function by hR (cf. [1, pp. 54-55)).

Still assuming R to be bounded we denote by N(R) the class of bounded
continuous functions f on R which are harmonizable on every subdomain of
R. 1t is known that N(R) forms a Banach algebra having the multiplicative
identity 1 equipped with the supremum norm and also N(R) is a vector lattice
under the lattice operations U and N (cf. [4, pp. 223-227]). The most important
point is that N(R) is an algebra and complete with respect to the uniform
convergence. The operator f hR N(R) — HB(R) is seen to be a homo-
morphism as vector lattices. Thus we have e.g. AR fng = hR A hR on R.

We denote by Cy(R) the class of bounded continuous functlons on R. Itis
not difficult to see that any function s e (R)N Cp(R) is harmonizable on any
subdomain V of R. In fact, let u be the greatest harmonic mlnorant of s and
(V)i be an exhaustion of V' by regular domains. Then R | uasi 1 oo,

where R\ s the balayage of s over the set V\V, thh respect to the domain
V. Since RV\V”V € “/// we see that RV\V"V > h > hV >u on V, which
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implies that flsV =h/ =u on V. Hence we see that
(5.1) F(R)NCyp(R) = N(R).

Let f € C(R?) and S be a bounded domain with R = S. As is well known
there are sequences (s/);.; and (s/);.; in F(S)NC(S) such that (s;);,,; with
s; =] —s! converges uniformly to f on R. By (5.1), s/ and s’ and hence s;
belong to N(R). By the completeness of N(R) in the uniform convergence, we

can conclude that f € N(R). Hence we have the following relation:
(5.2) C(RY)|R = N(R).

We will use (5.2) in the following fashion. Let u € HB(R) ad p € CP (RY).
It is obvious that u € N(R), and by (5.2), ¢ € N(R). Hence the closedness of
N(R) under multiplication assures that gu € N(R).

6. Wiener extremization

Fix an admissible neighborhood U(c;a,b) with a center p, in the boundary
OR of a continuous domain R and set V := RNU(c;a,b). According as
U(c;a,b) is considered with respect to a Cartesian coordinate or polar coor-
dinate, we let the coordinate of the center p, be (0’,¢) in the Cartesian coordinate
or ce; in the polar coordinate in question. We will prove the following result.

LemMa 6.1. If ve N(R)" satisfies v=0 on R\U(c;a’,b’') (0 <a' < a,
0 < b’ < b), then h] can be continuously extended to R by setting h! =0 on R\V
and the extended h) is subharmonic on R and has boundary values zero at each
point of OR\U(c;a,b). Moreover the extremization of h) on V to R is hR in the
sense that

(6.1) hR —h) e 2(R),

where h! is considered to be the above extended subharmonic function on R.

Proof. For simplicity we set 4 := U(c;a,b) and C := U(c;a’,b’) so that
V =RNA. Observe that (6.1) is equivalent to 0= GHM[KR —h)]=hk -
LHM[h)], where GHM|s] (LHM|s], resp.) means the greatest harmonic minorant
(the least harmonic majorant, resp.) of a superharmonic (subharmonic, resp.)
function s on R. Thus we only have to show that

(6.2) LHM[A)] = hX.
Consider ¢ := filcnR’V, where the term on the right means the balayage of
the constant function 1 on CNR relative to the domain ¥ so that ¢ is the
harmonic measure of CN R on the domain ¥\C. By the cone condition every
point of dV\4 is regular and thus ¢ has boundary values zero at every point in
0V\A. The delicate points are those EVaAﬂaR but this set is contained in
0V\A. Let y:=supgv. Clearly yte #, and hence 0 <h) <yt so that h)
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also has boundary values zero at every point in dV\A. Hence h) can be
continuously extended to R by setting 4/ =0 on R\V and the extended h)
has boundary values zero at each point of 0R\U(c;a,b). Hereafter we use
the notation 4! in this extended sense. Clearly 4/ € — %(R), i.e. h} is sub-
harmonic on R.

For the proof of (6.2) we need a function p e #(R)* with the following

property:
1 —
(6.3) hvV+—m—pe"f/va (me N),

where N is the set of positive integers. We now explain the procedure of the
construction of p and show it actually satisfies (6.3). .y
Fix an arbitrary point xp€ ¥V and choose ;€ %, such that u;(xp)—
h)(x0) <27 for each ie N and set q:=3Y .o, (u; —h)), which belongs to
F(V)*. Modify ¢ to u:= RC”R Ve #(V)". Again by the cone condition, u
can be contmuously contmued to RNJA on which u takes the value 0. In view
of this if we take a’ < a” < a and b’ < b" < b sufficiently close to a and b, then

sup u < oo,
RNOB

where B:= U(c;a”,b"). Next take w: , the harmonic measure of
BNR on the domain R\B, ie. we #(R)* ﬂC(R)ﬂH(R\B) with w=1 on
BN R. Take a large ball D such that R < D. Then w' := RB D takes the values
less than 1 on dA4. Since 0 < w < w’ on R we see that

NR,R
RB

sup w < 1.
RNo4

Therefore if we choose a positive number M’ sufficiently large, then the following
inequality holds:

1
sup w < 1-—— sup u.
RN4 RNOB

We fix such an M’. Then we can find a positive number M such that

M e(supwl— L supu)

M' " \rnoa =~ M’ gnos )
We also fix such an M. Then, since M/ supgnoqw < M =u+ M on RN3JA, we
see that

u+M>M'w on RNIA.
Similarly, since supgpnsput+ M < M' = M'w on RNJOB, we obtain

u+M < Mw on RNOB.

Using the above last two displayed inequalities we can easily see that the function
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p on R defined by

u+M on BNR
p:=< min(u+ M,M'w) on (4\B)NR
( M'w on R\4

is superharmonic on R, ie. pe #(R)*.

Let K, be a compact set in ¥ such that u; > v on V\K, for each 1 <i<m
for an arbitrarily fixed m and set K := Ul'f'__lK,, which is a compact set in V.
Then (1/m)> ", u; >v on V\K. Hence, on (CNR)\K,

1

1 1 1 & 1 &
v _ v v 1% vy _ ,
h +—p=h)+—(u+M)>h/ +—q>h +—l§:](ui—hv)— ,§=1 w > v,

m
ie. hY +(1/m)p>v on (CNR)\K. This is also true on ¥\C since v = 0 there.

Thus 4” + (1/m)p = v on V\K, which implies (6.3).
Choose an arbitrary u € % f so that there is a compact set K = R such that

u>von R\K. By v=0 on R\C, u>v holds on R\AKNB and a fortiori on
V\K N B so that we have u|V € %’ UV. Thus u > h) holds on V and naturally on
R, which implies that A% > ) and in turn LHM[h!] < hR.  Conversely, take an
arbitrary u e (R)" such that hvV <u on R. By (6.3), there is a compact set
K < V such that A/ + (1/m)p > v on V\K. The last inequality is trivially true
on R\V and therefore

1 1
—p>hl +—p>
u+mp_ U+mp_v

on R\K, ie. u+(1/m)pe W, and thus u+ (1/m)p > hR on R. On letting
m 1 oo and then on taking the infimum with respect to u € #(R) with u > h} on

R, we can conclude that LHM[h)] > AR, which proves (6.2). O

= Tty

7. Dirichlet extremization

Let U(c;a,b) and V := RN U(c;a,b) be as in §6. We set a:= U(c;a,b)N
OR, which is a subset of 0V and at the same time a subset of R. Let f be a
bounded nonnegative Borel function on « vanishing continuously at each point of
0U(c;a,b)NOR. We extend f to R? by setting f =0 on R?\a. Hence if we
write H fV (H }’5, resp.), then the boundary function f is understood to be f|dV
(f|OR, tesp.). The following result is a counterpart to (6.1) but its proof this
time is easy and immediate.

LemMMA 7.1. The function HY on V can be continuously extended to R by
setting HY =0 on R\V and thus extended H[ is subharmonic on R. Moreover
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the extremization of HY on V to R is H} in the sense that
(7.1 Hf —H[ e Z2(R),

where H fV is understood to be the extended subharmonic function on R.

Proof. By the cone condition every point in dU(c;a,b)NR is regular.
Since f =0 on 0V\a, we see that H }’ has boundary values 0 on V\o. Thus if
we extend H/ to R by setting HY =0 on R\V, then it is continuous on R and
easily seen to be subharmonic on R.

To see (7.1) we take a Borel function ¢ on dV defined by ¢ =0 on « and
¢=HF on dV\a. We first note that

R _ Vo _ vV V
HR\Vv=H) ,=H]+H).

In fact, take an arbitrary s € VfR. Since s > Hf on V, we have s e ﬁ@ and a
fortiori Hf] V> H}/+¢. Similarly Hff] V> H_Vf_(p, which means HfRI V<
H fV +p- Thus we have deduced the above displayed identity. Note here that the
sign of f is immaterial in the above argument so that considering —f in addition
to f is allowable.

We extend H[ and H, to R by setting H/ =0 and H) = Hf on R\V.
Then by the above displayed identity we still have Hf = H} + H, on R so that

R vV __ vV
Hy -H; =H,

on R. To deduce (7.1) we only have to show that the extended Hq,V is a
potential on R. Since every point in RNJV = ¥\« is regular with respect to V,
the extended H) € C(R). Since H®R > H” >0 and f vanishes continuously at
each point of dU(c;a,b)NdR, we see that H) € #(R) and H) has boundary
values zero at every regular point of dR. This with the boundedness of Hq,V
assures that it is a potential. [

8. Construction of boundary function

Fix an admissible neighborhood U(c;a,b) with a center p in the boundary
OR of a continuous domain R and set V := RN U(c;a,b). According to whether
p is a Cartesian or polar graphic point, we let the coordinate of the center p be
(0’,¢) in the Cartesian coordinate or ce; in the polar coordinate in question. We
now prove the following result.

Lemma 8.1. If v is a bounded nonnegative harmonic function on V having
boundary values zero on 0V\U(c;a,b), then there exists a bounded nonnegative
Borel function f on 0V vanishing continuously at each point of dV\U(c;a,b) such
that

(8.1) v(x) = H}/(x) (xe V).
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Proof. Without loss of generality we may assume that 0 <v <1 on V.
There is a y € (0,5) such that even U(c;a,b — y) is admissible. We now define
V, and v; for i > i separately according as p is a Cartesian graphic point or p is a
polar graphic point.

In the case p is a Cartesian graphic point we set iy := 1+ [1/y], where [-]
is the Gaussian symbol. For each i>iy we set V,:={x+ (1/i)es:xeV}
where e; = (0,...,0,1) € R%. Consider a function v; € H(V;,NR)NC(V) given
by vi(x) := v(x — (1/i)ey) for x € V,N R and v;(x) = 0 for xe V\V,. In the case
p is a polar graphic point we set iy := 1+ [(c — b)/y]. For each i > i, we set
V,:= {(1+(1/i))x:xe V}. Consider a function v; e H(V,NR)N C(V) given
by vi(x) := v((1 + (1/i))'x) for x e V,N R and v;(x) = 0 for x e V\V,. In either
case we set w; := H}", where f, =v;|0V € C(0V) and satisfies 0 < f, <1 on V.

We denote by dw) the harmonic measure on 9V evaluated at x e V; fixing
an arbitrary point xoe V we set dow = dw;; ; there is a function P(-,x)e€
L®(9V,dw) such that dw! = P(-,x)dw (cf. §2). We denote by (L!(0V,dw))”
the dual space of L!(8V,dw) which is L®(0V,dw). By the Alaoglu theorem,
the closed unit ball B in L®(dV,dw) = (L'(0V,dw))* is weakly * compact,
which is characterized by the fact that any generalized sequence in B has a cluster
point in B. Hence the particular generalized sequence (f;);., in B has a cluster
point f’ in B. We will show that

i

(8.2) v(x) = HfV,(x) (xeV).
For this purpose we only have to show that
(8.3) [v(x) — HfV,(x)I <e

for any positive number ¢ > 0 and any point x € V' chosen arbitrarily and then
fixed in advance.

If i>i, is sufficiently large, then xe ;N R and hence uv;(x)— v(x) =
v(x — (1/i)eq) — v(x) or v((1+ (1/i))"'x) — v(x), according as p is a Cartesian or
polar graphic point, tends to zero as i T oo by the continuity of » on V. Therefore
there exists a number j; > iy such that

(8:4) o) =0l <5 ().

We introduce an auxiliary function w := H | where the boundary function ¢
on 9V is given by ¢| RNV =0 and ¢|VNOR=1. Then w has boundary
values zero on RNJV and one at every regular point in dV\RNJV. Clearly
0<w<1on V. Choose a sufficiently large ball B(p,p) := {x:|x—p| <p} >R
and a function qe H(B(p,p)\6RNAV)* such that ¢ has boundary values 0
on 0B(p,p) and +oo at each irregular point of ORNJV with respect to V.
Examining the boundary values of the harmonic function w — w; +dq on V¥ on
dV for an arbitrary positive number § we see that w +Jdg > w; on ¥ so that w >
w; on V by letting d | 0. In particular 0 < w; < Supj, y, w on V\V,. Once again
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by examining the boundary values of the harmonic function w; —v; — (5q—
supjy, w on V, NR on d(V,NR) for an arbitrary positive number J, we see it is
nonpositive on ¥;N R and then on V so that, by letting ¢ | 0,

0<wi—v < supw
Y,

on V. The rightmost term of the above tends to zero as i T co. Therefore we
can find a number j, > i such that

(8.5) () 0@ <3 (02 0).

Finally, since f' is a cluster point of the generalized sequence (f, )i, in the
dual space (LY(9V,dw))* = L*(aV, da)) for the number J3i= max(jl,jz) > o,
there is a number i) > j; such that f, is contained in the given neighborhood of
f" in the dual space determined by P( ,x) € L1(0V,dw) and the positive number
g/3, ie.

U PO O d0() — | Ponaf () do()]| <
oV Vv
which means that

(8.6) i () = HY.(¥)] < 5.

Since i} > j; and j,, from (8.4) with i =4, (8.5) with i =i, and (8.6), the
desired relation (8.3) follows so that we can conclude (8.2). We can find a Borel
function f” with 0 < f” <1 on 0V such that v = HY, = H}',, on V (cf. §2). Since
v has boundary values zero on RN 3V, by Proposition 2.1, we can replace f” by
f "= f"x7nor Uinor being the characteristic function of ¥ N 3R on d¥), which
is still a bounded nonnegative Borel function on oV (since ¥ NJR is a Borel
subset in @¥) vanishing continuously on RN AV and satisfies v = HY, = =HY, s on
V. Finally let 8:= 0U(c;a,b) N R and B(t) (B'(¢), resp.) be the set of points
xedV (xeV, resp.) such that there is points y,ef with |x— y | <t for
a positive number ¢. Since v vanishes continuously at each point of f, there is
a strictly decreasing sequence (t,);  of positive numbers ¢; | 0(i T oo) such that
s = supﬂ w01 0(iTo0) Byv= HfV,,, on ¥V and by Proposition 2.1, we see that
0< " <s, dco-ae on f(t;) and hence on B(#;)\f(ti+1) (i€ N). Hence if we
replace 1" by

Q0

£= 2 " ) 2pen pioy + 0 28+ S " Ko

=1

then we still can conclude that f'is a bounded nonnegative Borel function on dV
and v=H ;/,,, = HY on V and moreover f vanishes continuouslty on the set dV'\
U(c;a,b) and especially on f = 0U(c;a,b) NOR. O
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9. Proof of Theorem 1.1

Given a u € Hy(R) for a continuous domain R and we are to find an f €
L'(0R,dw), or equivalently a resolutive boundary function f on R, such that

(9.1) quf on R,

where dw = dco}; for a fixed xo € R. First we remark that we may and thus we
will assume that 0 <u# <1 on R in proving (9.1). In fact, since Hy(R) is a
vector lattice, a general u € Hy(R) can be expressed as u = ut —u= (ut =uvo0,
U =-uAn O) f (9.1) holds for functions in Hy(R)", then there are f* e
L'(0R,dw)* such that u* = HR, . Hence the choice f := f* — f~ e L'(0R, dw)
suffices to deduce (9.1) for 1. Hence we can assume that u > 0. Next let
ui'=u AieHB(R)" for each ie N. Then u; Tu on R. If (9.1) is valid for
functions in HB(R)", then there are f, € L'(dR,dw) such that u; = H}(ie N).
By Proposition 2.1, 0 < fi<iand f, < f,,, (ie N). Hence f := hm,_,OO f, exists
and is dco-measurable on JR. Since 0< fa fidw = ui(xg) < u(xp), we
have 0< [(xfdw=limje [;p f,do <u(x), ie. feLl(ﬁR dow). Hence Hf 1

( 1 o0) and HR =u; T u(i T oo) assure the validity of (9.1) for u. Thus
we can assume that ue HB(R)" in proving (9.1). For ue HB(R)" there is a
constant ¢ >0 such that 0 <cu<1 on R. If cu= Hf for an f e L' (3R, dw),
then u=H C’fl . Therefore, finally, we have seen that we may assume 0 <u <1
in proving (9.1).

Let {U}y<,<; be an admissible covering of R and {¢;},.,.,, be an
admissible partition of unity on R subordinate to {U;},.,; (cf. §4). For each
0 < i < m there exists a j = j, (0 <j <) such that spt ¢, = U, with j, =0 and
L #0(1<i<m). We set V,:=U,NR(0<i<m). By (5.1) and in fact
trivially # € N(R) and by (5.2) we have ¢g; € N(R) (0 <i <m). Since N(R) is an
algebra, u; := ug, eN(R) 0<i<m) (cf. §4) and u=u-1=ud"10;=> "0
up; = > —ou; on R, ie. we have

with u; € N(R) (0 <i <m) and (u;, V,) plays the role of (v,V) in §6 for each
i(1<i<m). In view of hf =0, we have

u=h=hgm, = ZhR ZhV+Z(hR 10!

Here hV' are understood to be nonnegative continuous subharmonic functions on
R by settlng h)'=0on R\V,. By Lemma 6.1, k¥ —h}' € Z(R) (1 <i <m) and
thus P:= " I(hR h)') € Z(R) and

9.2) u=Yy hy'+P onR
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Since hV € H(V,) and, in view of Lemma 6.1, has boundary values zero on
oVAU;, there is, by Lemma 8.1, a Borel function g; on dV, with 0 < g; <1 and
g; vanishes continuously at each point of JV,\U;, such that h,Z =H g"’ on
V,(1<i<m). Weset f,=g; on V,NdR and f, =0 on R*\V,NIR. Then f
is a Borel function on R? with 0 < £, <1 and hV H, ’ on ¥, and hence on R
by setting Hft/' =0on R\V, (1 <i<m). Let f:= E, 1f,, which is a bounded
nonnegative Borel function on dR. We have

Zh“ —ZHV' —ZHf Z —Hp)

1=1

m

m
=Hgp ;=D (Hf —Hf)) = Hf =3 (Hf - H[)

1=1 =1
on R. Since HR HVGW(R) (i=1,...,m) by Lemma 7.1 and thus Q:=
Yo (Hf Hf ) EQ(R), we have

m

(9.3) Y h/'=Hf-Q onR

=1
y (9.2) and (9.3), we see that u=H }5 + P — Q on R, which implies that
|u — H}fl <P+0

on R. Since the nonnegative subharmonic function |u — H f| on R is dominated
by the potential P+ Q on R, we must have [u — H fl =0 on R, which proves
(9.1). a
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