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CIRCLES IN RIEMANNIAN SYMMETRIC SPACES
KaTsuya MasHmMo* AND Kon Toro

Abstract

We show that every circle in a compact Riemanmian symmetic space of rank one 1s
obtamed as an orbit of a one parameter subgroup of 1sometries. We also show that
a homogeneous space with the above property 1s either a FEuclidean space or a
Riemannian globally symmetric space of rank one.

Introduction

Let (M,g) be a Riemannian manifold and V the Riemannian connection of
(M,g). An arc-length parametrized curve ¢(¢) in (M, g) is called a circle if there
exist a unit vector field Y(7) along c¢(¢) and a positive constant k such that

Vé(t)é(t) = kY(t), Vc-(,) Y(t) = —kc"(t).

The constant k is called the curvature of the circle. Let {X, Y} be an arbitrary
pair of mutually orthogonal unit vectors in 7,M at a point pe M and k be a
positive constant. There exists a unique circle c: (—¢,&) — M with the initial

condition
c(0)=p, 0)=X, (Ve6)(0)=kY

for sufficiently small ¢. It is known that in a complete Riemannian manifold
every circle can be defined for —oo < f < 0.

Recently Adachi, Maeda and Udagawa [3] studied the circles in a complex
projective space P"(C) of constant holomorphic sectional curvature. For in-
stance, they proved that a circle in P"(C) is characterized by the curvature k and
the complex torsion. Adachi [1] studied the similar problem for a quaternion
projective space and its non-compact dual. Adachi and Maeda also studied
circles in complex hyperbolic space [2]. One of the purpose of this paper is to
generalize their results to circles in compact Riemannian symmetric spaces of
rank one.
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As a part of a theorem in Maeda and Ohnita [8], every circle in a complex
projective space P"(C) is obtained as an orbit of some one parameter subgroup
of the full isometry group PSU(n+1). In this paper we show that a homo-
geneous spaces G/K with the property that every circle is an orbit of some one
parameter subgroup of G is a two point homogeneous space and vice versa.

The authors would like to thank professor S. Murakami for his useful
comments and to professors R. Takagi, S. Maeda and H. Tasaki for their useful
conversations and encouragement during the preparation of this paper.

1. Orbits of one parameter subgroups

In this section we give a necessary and sufficient condition for the existence
of homogeneous circles in Riemannian homogeneous spaces.

Let (M,g) be a Riemannian manifold and c¢:/ — M be an arc-length
parametrized curve in M. We denote by 7; the parallel translation along ¢ from
c(f) to ¢(0). There exists a unique curve c*: 1 — T, oM which satisfies

*

—=(e(), (0 =0.

We call c*(¢) the development of c(t).

We call c(t) a Frenet curve of osculating rank d if {¢(), V:é(2),...VI7'é(2)}
are linearly independent and {¢(f),V:é(2),...V9é(z)} are linearly dependent at
each tel. For a Frenet curve of osculating rank d, if we take the the Frenet
frame {Yi,...,Y;} (the orthonormalization of {¢(t),V:é(?),...Vi7l¢(2)}), we
have the usual Frenet-Serret’s formula:

Vé(Yh Y2,..., Yd) = (Y1> Y27"'7 Yd)A)

where A4 is a (d,d)-matrix

0 —K 0
K1 0 —K2
A= 0 K) 0
0 —xa
Kd-1 0

and «, (called the i-th curvature function of c(t)) are positive functions. A Frenet
curve of osculating rank d is called a helix of order d if all the curvature functions
are constant. Especially, a helix of osculating rank 2 is a circle.

The following is easily verified.

LemMma 1.1. A curve c(t) is a Frenet curve of osculating rank d if and only if
its development c*(t) is a Frenet curve of osculating rank d. The i-th curvature
Sunction x, of c(t) is equal to the i-th curvature function k} of c*(t) for any i
(1<i<d).
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Let (M,g) be a Riemannian homogeneous space such that M is the coset
space of a Lie group G by its compact subgroup K. We denote by g and f the
Lie algebras of G and K respectively. Take an Ad(K)-invariant decomposi-
tion g=f+p of g. We will write X, for the p component of X €g. Under
the canonical identification of p with the tangent space 7,(G/K) at the origin
o = {K}, the restriction {, ) of the Riemannian metric g at o is an Ad(K)-
invariant scalar product on p.

For each X €p, we define an element A,(X) € so(p) by

P(X) [X Y]p+ U(X Y)v X» Yepy

where
U, Y),Zy=(1/2){[Z,X],, Y>+<[Z,Y],, XD}, X,Y,Zep.
Define a linear mapping A : g — so(p) by

AlX adx, XEf,
( )_ AP(X)> Xep.

We denote by O(M) the bundle of all orthonomal frames on M = G/K. An
element X of g generates a one parameter subgroup {exp(¢X)} of isometries on
M and a one parameter subgroup of automorphisms {(exp(¢X)),} of O(M). We
denote by X the vector field on O(M) induced by the one parameter subgroup of
automorphisms {(exp(¢X)),}. The connection form w of the connection on
O(M) which corresponds to the Levi-Civita connection is given by

o(X)=AX), Xeg,

(cf. [7], Vol. II, p. 201).
Now we prove the following theorem.

THEOREM 1.2. Let G be a connected Lie group and K be a compact subgroup.
Take an element V of the Lie algebra g of G. The development c*(t) of a curve
c(t) = n(exp(tV)) in M = G/K is given by

o0
t

=3 AN,
=

Proof. Take an orthonormal frame uy of M at o = eK. By a proposition
([7], Vol. 1, p. 104), the horizontal lift v(¢) of ¢(¢) in O(M) with v(0) = uy is given

by

v(r) = (exp(tZ)) (o) - e,
Thus the parallel translation 7? : 0yM — T, yM is given as follows (cf. 7], Vol.
I, p. 114),

7 (dn(Z)) = (exp(t2)),(e P dn(Z)).
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From the definition of the development, we have

exp(2), (79 (5°0) ) = é() = (expli2), (an(2).

Thus we have

% (1) = N Odn(z) = 3 ;—]'(A(Z))’dn(Z).

J=07"
Integrating both sides of the above equation, we obtain the desired result. [J

From Lemma 1.1 and Theorem 1.2, we easily obtain the following

THEOREM 1.3. Let (G/K,<, ) be a Riemannian homogeneous space and g, t
and p be as above. Let {X, Y} be a pair of mutually orthogonal unit vectors in p
and H be an element of ¥. The orbit c(t) = n(exp t(H + X)) is a circle in
(G/K,{, >) of curvature k(>0) with the initial condition

0)=X%, (V)(0)=kY
if and only if the following holds:
A(X)(X) = [H,X] + Ay (X)(X) = kY,
AX(Y) = [H, Y] + A,(X)(Y) = —kX.
CoROLLARY 1.4. Let (G,K) be a Riemannian symmetric pair and (g,t) be
the corresponding orthogonal symmetric Lie algebra. Let {X,Y} be a pair of
mutually orthogonal unit vectors in the standard complement p of t in g. The orbit

c(t) =n(expt(H + X))(H €¥) is a circle of curvature k(>0) in the Riemannian
symmetric space (G/K,{,») with the initial condition

{0) =X, (Vee)(0) = kY
if and only if the following holds:
(1) [H,X]=kY, [H,Y]=-kX.

2. Circles in symmetric spaces of rank one

In this section, we study circles in Riemannian symmetric space of rank one
using Corollary 1.4.

THEOREM 2.1. Let M = G/K be either a Euclidean space or a Riemannian
symmetric space of rank one. We denote by (g,f) the corresponding orthogonal
symmetric Lie algebra and by p the orthogonal complement of t in g.
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(i) Let o, (i =1,2) be 2-planes in T,M and {X,,Y,} be orthonormal basis of
g;. There exists an element k € K with k(X)) = X2 and k(Yy) = Y, if and only if
the sectional curvature K, and K,, are equal to each other.

(i) For any pair of mutually orthonormal unit vectors {X, Y} in p there exists
an element H et which satisfies the equation (1). Namely, any circle in M is
expressed as an orbit of a one parameter subgroup of the full isometry group.

As a consequence we have the following congruence theorem of circles.

COROLLARY 2.2. Let M be either a Euclidean space or a Riemannian
symmetric space of rank one. Let ¢;(t) (i =1,2) be circles in M ematating from
0. We denote by k, the curvature of c¢;(t) and by K, the sectional curvature of the
plane spanned by 6;(0) and (V.¢;)(0). Two circles ci(t) and cy(t) are congruent to
each other if and only if ky =k, and K, = K, hold.

Remark. Let c¢(t) be a circle in a Complex projective space (resp. qua-
ternion projective space) M and t be the complex torsion defined in [3] (resp. the
structure torsion defined in [1]). The sectional curvature K of the plane spanned
by ¢(0) and (V:¢)(0) is given by

K = ko(1 + 37?)

where ky is the minimum of the sectional curvature of M.

Proof of Theorem 2.1. If M is the Euclidean space the assertion (i), (ii) are

trivial.
Let ¢(¢) be a circle of curvature k( # 0) in M = G/K with ¢(0) = o and put

2) X =¢0), Y=(1/k)Vxc.

If there exists H et which satisfies (1), then the orbit exp(#(H + X)) - o is the
circle of curvature k which satisfies (2). By the uniqueness of the circle we have
c(t) = exp(?(H + X)) - 0. Without loss of generality, we may assume that M is
compact and simply connected. The case in which M is a sphere is trivial. The
case in which M is a complex projective space is a part of the result by Maeda
and Ohnita [8]. So we shall prove the theorem for quaternion projective space
and Cayley projective plane. The following proof for quaternion projective
space is valid for sphere and complex projective space under a slight modification.

Case P"(Q). Put
G=Spn+1)={ge M,1(Q):99" =1},

K = Sp(1) x Sp(n) = {(q,9) : g€ Sp(1),g € Sp(n)},

We denote by g and f the Lie algebras of G and K respectively. We denote by m
the orthogonal complement of f in g with respect to the inner product on g
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defined by <X,Y)=—(1/2)trace(X'Y), (X,Y eg). Under the canonical
identification

0 & - 4
m_)Qn; . . - : H[ql,---aqn]
gn O - 0

the adjoint representation K on m is as follows;

Ad((qvg))[ -y qjs - ] = l: -azn:gﬁqiq"":ly q€ Sp(l)ag = [gl]] € Sp(n)vqi € Q
=1

Since Sp(n) acts transitively on the unit sphere in Q”, we may assume that
X =11,0,...,0]. Similarly by the action of

Sp(n—1) ={g e Sp(n) : gX = X}

on Q" we may assume Y = [u,b,0,...,0] where u+#=0 and b>0. For an
element g € Sp(1) we put

It is easily seen that Ad(/)(X) = X and Ad(/)(Y) = [qug,b,0,...,0]. The group
Sp(1) acts transitively on the unit sphere in Ri + Rj + Rk by x — gxg, we may
assume that

X =11,0,...,0], Y =[ai,b,0,...,0], a*+b*=1,a>0,b>0.

The sectional curvature of the plane spanned by X and Y is equal to
4 —3b%. Thus we have (i).

If we put
0 0 0 0
0 ia -b 0
H=k|0 b —ia 0
0 0 0 0

then we have (1).

Case P(€). Take an orthonormal basis {ep = 1,ej,...,e;} of the Cayley
algebra € such that
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€1 =e€3, €14 =2¢€s5, €166 =¢€7, €265=¢€7,

€266 = €4, €364 = €7, €365 = €.
We put
C={ueC:u+ua=0}

where ~ denotes the conjugation Zg aie; = apey — 217 aie;.

Let G; (0 <i,j <7,i# j) be a skew-symmetric transformation on € defined
by Gjj(ex) = dje; —ikej (0 <k <7) and define skew-symmetric transformations
F; (0<i,j<7,i#j) on € as follows;

Fio(x) = —Foi(x) = (1/2)eix (1<i<7),
Fy(x) = (1/2)ej(eix) (1<i,j<T,i#J).
Then a linear mapping 7 : s0(8) — so0(8) with

is an automorphism on so(8) of order 2. Define a linear mapping « : SO(8) —
SO(8) by
(kD)(x) = DX, De SO(8),xeC.

We denote also by x the differential mapping of ¥ and put v=nox:
s0(8) — s0(8).

LemMa (Principle of triality [4], [5]). (i) Let Dy be an element of so(8).
There exist Dy, D3 € s0(8) which satisfy

(D1x) y + x(D2y) = Ds(xy), x,y€G.
Furthermore Dy and D3 are uniquely determined from D,. Namely
D, =vD,, Ds=nD.
(i) For any o) € SO(B), there exist oy, a3 € SO(8) which satisfy
ar(x)o2(y) = a3(xy), x,yeC.

The following isomorphisms of Lie groups are known ([5])
Spin(8) = {(1,0,23) € (SO(8))” : a1 (¥)aa(y) = ()},

Spin(7) = {0 € SO(8) : 2oz € SO(7) s.t. ay(x)az(y) = w2 (37)}.
For &= (&,6,,8) € R’ and u= (u1,u2,u3) € €3, we denote by X (& u) the

matrix
& w3 iy
{173 &How } .
u ;&3
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The group of automorphisms of the Jordan algebra
I={X(&u):£eRuet’}
with the Jordan product
XoY=(1/2)(XY+YX), X,Ye3,
is the compact simple Lie group of type f,;
Fy={aelsomg(J): (X oY) =a(X)oa(Y), X,Y €T}
The group G = Fy acts transitively on the Cayley projective plane;

PXC)={XeJ:XoX = X,trace(X) = 1}.
1 00
Elzlo 0 0|, E

000 000
[010}, E3=[000]
000 000 00 1

of P?(€) and denote by K, (i =1,2,3) the isotropy subgroup in F; at the ele-
ment E, (i =1,2,3). The subgroup K, (i = 1,2, 3) is isomorphic to Spin(9). We
denote by H the intersection K; N K; N K3 and by § the Lie algebra of H. We have
an isomorphism ¢ : Spin(8) — H defined by

Take 3-elements

&1 uz i & was(ws) ()
P(or, 02, 23) [f% & ul:l = |as(u3) & o)
i & w(u) o(w) &
and the isomorphism
@, : {(D1,D2,D3) : Dy € 50(8),D, = vD|,D3 = (kom)D1} — b

defined by

(& us i 0  Dsus Dy
¢.(D1,D2,D3) | @3 G wi| = |Dsus 0 Dy |-
Ly 63 Dzuz D1u1 0

Remember that koz =v2. We put

r 0 us; —ip
M = —u3 0 Uy tup,p,uz3 €€
L u, —i 0

and for each 4 € M~ define a homomorphism 4 : § — T by
AX =[4,X] YX€eS.
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The Lie algebra f, is decomposed as follows
h=h@®{4d:4eM}.

For a Cayley number x € € we put

0 0 0 0 0 —x 0 x 0
Al(x)z[o 0 x}, Az(x)[O 0 0}, A3(x)=|:—)'c 0 0]
0 -x 0 x 0 0 0 00

and write A;(x) for AT(;) (1<i<3). The Killing form B on f, is given by
3
B(X,X) = =9 trace(D1'Dy) — 72> it
=1
where X = ¢,(Dy, D2, D3) + Z;l /L(u,-) €fs. We denote by <, ) the invariant
Riemannian metric on the Cayley projective plane induced from the inner
product —(1/72) B on f,. We have the following relations;

A3) [4i(a), 4,:41(b)] = —Ai12(ab), [$,(D1, D2, Ds), Ai(a)] = Ai(Dja)
where indices in the first relation are considered modulo 3. The tangent space at
o = E; of the Cayley projective plane is identified with

To(P*(€)) = {Ax(x) + 43(y) : x, y € €}

Since the action of K = Kj = Spin(9) on the unit sphere S in T,(P?(€)) is
transitive we may assume that X = Aj(e9). The isotropy subgroup at Aj(ep)
of the action of Spin(9) on S5 is isomorphic to Spin(7). Under the isotropy
representation of Spin(7), the tangent space TyS!® is decomposed into two
irreducible components;

{Ay(x) : x € G} @ {43(y) : y e €}.

Since the action of Spin(7) on {43(y) : y € €} is transitive we may assume that
Y = Ay(a) + As(bey), €y 3a, b >0. Consider the subgroup

H' = {k e K : k(Ay(ey)) = Az(e0), k(A3(e0)) = A3(e0)}-

Since H' is isomorphic to the exceptional compact simple Lie group G, and it
acts transitively on the unit sphere S® in {4>(x) : x € €}, we may assume that
Y = Ay(ae) + As3(beg) (a*+b*>=1,a>0,b>0). For each ue€ we define
three linear endomorphisms L,, R, and T, on € by

L,(x) =ux, Ry(x)=xu, T,(x)=ux+xu.

If ue €, then L,, R, and T, are elements of s0(8). By a direct calculation, we
have

[Xv Y] = _A~1 (beO) + ¢* (R—Zael ) T2ae1 P L—2ae1)
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and the sectional curvature of the plane spanned by X and Y is equal to
4 —3b%. Thus we have (i).
Put o = ae; and

Dy=-T,, Dy=vDi=L, D;=vD =R,
For H = k(¢,(D1,Dy,D3) — Ay(bey)) € t, we have from (3)
[H, X] = k(A3(D(eo)) + A3(beo)) = kY,
[H, Y] = k(Ay(D2(aer) + b(—bey)) + A3(D3(bey) — aey(bey)))
= —kX. O

Remark. The maximum of the sectional curvature of (P?(€), <, ») is equal
to 4.

PROPOSITION 2.3. Let M be the complex projective space P"(C), the qua-
ternion projective space P"(Q) or the Cayley projective plane P*(€) equipped with
a canonical invariant metric. For any circle c(t) of curvature k(#0), there exists
a totally geodesically embedded complex projective space P*(C) which contains the
circle.

Proof. The case that M is the complex projective space or the quaternion
projective space is trivial. So we shall prove the Proposition for the case of
Cayley projective plane.

We retain the same notation as in Theorem 2.2. If we put

Si=Adi(ey), Ti=Ai(e) (1<i<3)
we have
[Si, Siv1] = —[T0, Tip1) = =Siv2,  [Siy Ti1] = [T3, Siv1]) = To2

where the indices are considered as modulo 3. Since {24,(Gjy,vGy,v*Gy):0 <
i< j<T7} is an orthonormal basis of b, it is easily verified that

[S2, T2] = 44, (v*G1o, Gio, vGho),

[S3, T3] = 44, (vGro, v* Gio, Gyo).

The subspace spanned by {Goi, G2, Gss,Ge7} in $o(8) is invariant under the
automorphism v. Thus the subspace s spanned by {S», S3, T>, T3} is a Lie triple
system and [s,s] + s is isomorphic to su(3). Let U be the subgroup of Fy of
which Lie algebra is [s,5] +s and N be the totally geodesic submanifold gen-
erated by the Lie triple system s. It is clear that N is diffeomorphic to P?(C)
and contains the circle {c(f)}.
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THEOREM 2.4. Let M be a complex projective spaces P"(C), a quaternion
projective space P"(Q) or a Cayley projective plane P?(€). Equip M with the
canonical invariant metric such that the maximum of the sectional curvature is
equal to 4. Let c(t) be a circle with curvature k(#0) in M. We denote by K the
sectional curvature of the tangent 2-plane spanned by ¢é(0) and (V:¢)(0).

Case K =4: The circle c(t) is a simple closed curve with prime period
2n/Vk? +4.
Case K =1: The circle c(t) is a simple closed curve with prime period
2n/Vk? + 1.
Case K # 1,4: Suppose that oy, ay and a3 (o] < oy < a3) be nonzero solutions of
the equation;

B -2+ 1D)A-ky/(K-1)/3=0.

Then the circle c(t) is closed if and only if one of the three ratios a1 /ay, 0z /03 and
o3 /oy is rational.  Moreover, the prime period of c(t) is the least common multiple

of 2n/(az — a3) and 2n/(oz — oy).

Adachi, Maeda and Udagawa [3] proved the theorem for the case that M is
the complex projective space. From Proposition 2.3, the theorem is a direct
consequence of their theorem. We shall give another proof.

Proof. For any circle c(¢) of curvature k£ in M, we can take a totally
geodesically embedded submanifold P?(C) which contains the circle. Thus we
assume that M = P*(C).

Take any circle ¢(¢) in P?(C). Without loss of generality we may assume
that ¢(0) is the origin [1,0,0]. There exist real numbers a,b € R(a® + b* = 1)
such that c(z) is the orbit of the one parameter subgroup exp(¢#(kH + X)) for

0 0 O 0 -1 0
H= l:O ia —b], X=|1 0 O].
0 b —ia 0 0 O

CAse a=0or 1. In this case there exists a totally geodesically embedded
submanifold P?(R) or P'(C) = S? which contains the circle. Thus the assertion
of the theorem is trivial.

CASE ab #0. We denote by ia;, iy and ias the eigenvalues of kH + X,
namely «;, «; and a3 are the solutions of the characteristic equation;

|(kH + X) —iAl| = i(A* — A(k? 4+ 1) — ak).

Since the sectional curvature K of the 2-plane spanned by X and [H, X] is equal

to 3a’>+ 1 we have a= /(K —1)/3.
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Remember that the solutions of the above equation are mutually distinct.
Take a unitary matrix U which diagonalize the matrix V =kH + X;

iy O 0
uvu =10 ix, 0.
0 0 iOC3

By an easy calculation we can show that none of the entry of the eigenvector
of V (accordingly none of the entry of U nor U~!) is zero. Thus none of the

entry of the matrix
1 00
z=U{o 0 O}U‘l

0 0O

is zero.

We denote by Sym;(C) the set of all 3 x 3 complex symmetric matrices and
by E; the element of Sym;(C) whose (1,1) entry is equal to 1 and other entries
are zero. The mapping SU(3) — Sym;(C); g — gE1g™' induces an embedding
1: P?(C) — Sym;(C). The image of the circle ¢(f) = exp(tV) - o is

(c(t)) = U'D,ZD_,U

where
et Q 0
D,=| 0 et 0
0 0 eim

If we assume that ¢(0) = ¢(¢) then 1,(¢(0)) = 1.(é(¢)). Namely c¢(¢) is a simple
curve. It is easily seen that the condition c¢(0) = c(f) is equivalent to the
condition

(Oti—dj)IGZTEZ (1 Sl,]S3)

The assertion of the theorem is an immediate consequence. O

3. Circles in homogeneous spaces

We devote this section to a proof of the following theorem.

THEOREM 3.1. Let (M,g) be a Riemannian homogeneous space and k be a
positive constant. If all the circles of curvature k are orbits of one parameter
subgroups in the isometry group of (M,g) then (M,g) is either a Euclidean space
or a Riemannian globally symmetric space of rank one.

Proof. The ‘only if’ part of the theorem is the assertion of Theorem
2.1. In the following we prove the ‘if’ part.
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Suppose that all the circles in (G/K,<,)») are orbits of one parameter
subgroups in G. Let {X, Y} be an arbitrary pair of mutually orthogonal unit
vectors in p. Take two circles ¢; and ¢, emanating from 0 = eK which satisfy
¢1(0) = ¢,(0) = X and (V,,¢1)(0) = —(V,¢2)(0) = kY. From Theorem 1.3, there
exists elements H; and H, in f such that the following hold.

[Hy, X]+ Ap(X)(X) = kY,
(Hy, X] + Ap(X)(X) = k(- Y).
Thus for H = (1/2k)(H, — H,), we have
(4) [H,X] =Y.

To prove the theorem we shall show that the linear isotropy group Ad(K)
acts transitively on the unit sphere S(p) in p ([6, p. 535]).

Consider the mapping ¢: K — S(p) by ¢(k) =Ad(k)-X. Since K is
compact, #(K) is closed in S(p).

For each kg€ K, identify the tangent space Ty, S(p) with {Ad(ko) - Y;
Yep,Y L X}. The differential mapping of ¢, given by

(d9)y,(H) = Ad(ko) - [H,X], HEet,

is surjective for any koe K by (4). Therefore, from the implicit function
theorem, we can see that Ad(K)-X is open in S(p). Consequently we have
Ad(K) - X = S(p). O

Considering the proof of Theorem 3.1, we have the following.

COROLLARY 3.2. Let (M,g) be a Riemannian homogeneous space and
peM. Then there exists a vector X in T,M such that all the circles c(t) in
(M, g) with ¢(0) = X are orbits of one parameter subgroups in the isometry group
of (M,g) if and only if (M,g) is two-point homogeneous.
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