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VANISHING THEOREMS FOR CONSTRUCTΊBLE SHEAVES Π

HELMUT A. HAMM AND LE DUNG TRANG

Introduction

In [H-L2], we have proved theorems on the vanishing of the higher co-
homology of direct images of complexes with constructible cohomology sheaves
(constructible complexes). As a particular case of these theorems, we have
obtained a theorem of Artin-Grothendieck which states that the direct image by
an affine map of a constructible sheaf satisfying the support condition ([B-B-D]
(4.0.1) or [G-M2] §4.1 Definition), also satisfies the support condition. P.
Deligne has obtained the Lefschetz Theorem for hyperplane sections for the Z/-
cohomology (cf [D2] (4.1.6)) by considering the theorem of Artin-Grothendieck in
the case the affine map has a point as target and by using the duality. In fact,
Lefschetz Theorem can be obtained directly by proving theorems on the vanishing
of the lower cohomology of direct images of constructible complexes. Following
Deligne's idea, one would use duality theorems and apply them to the results of
[H-L2], as K. Fieseler and L. Kaup do in [F-K2] for the intersection homology
complex of a complex analytic space by applying their results of [F-K1].
However, when the base ring is not a field or a principal ideal domain, such
duality theorems are delicate. Furthermore, when the topology of the maps
is complicated, we cannot apply duality arguments. For instance, to obtain
Lefschetz Theorems of Zariski type, i.e. on open varieties, especially when one
does not have good transversality conditions on the hyperplane section, we
definitely have to get a direct approach. The advantage of this viewpoint is that
we can state and prove general Theorems of Lefschetz type for constructible
complexes and that we can also have such generalizations for relative situations.

In this paper we first "dualize" the proofs and concepts introduced in
[H-L2]. Some of these proofs are similar to those we have developped to prove
Lefschetz Theorems for homotopy groups ([H-L1] e.g. Theorem 3.4.1). We also
obtain results with respect to maps. An important case is when the maps are
inclusions, from which we obtain vanishing of global cohomologies from the
vanishing of local ones. Then, we obtain a natural statement which can be
understood as the "dual" statement of the Artin-Grothendieck Theorem. In
fact, we prove a more general statement (Theorem 3.1.4) which applies to q-
complete maps in the sense of Andreotti and Grauert. In the last section, we
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show how to obtain all kinds of Lefschetz type theorems for the cohomology of
constructive sheaves.

Beware that the classical Lefschetz Theorem on hyperplane sections is true
for the usual cohomology, because it concerns non-singular varieties. When the
space has singularities, A. Grothendieck in [G] (Expose XIII) has already noticed
that such a theorem holds when we have good topological depth conditions on
the singularities of the space, e.g. in the case of local complete intersections (see
[H-L1] Corollary 3.2.2). In order to have a nice formulation for a Theorem of
Lefschetz type for constructive complexes we have to impose local vanishing
conditions for these complexes which are analogous to good depth conditions.
Here the condition is the co-support condition (see §2 2.2.1). This is why there
are Lefschetz type theorems for perverse sheaves. By definition, perverse sheaves
(in particular the intersection cohomology complex) satisfy the co-support
condition and the dual condition, which is the support condition.

1. Vanishing bounds for lower cohomology groups

We shall essentially consider the same topological setting as in [H-L2].

1.1. Let X be a topological space endowed with a constant sheaf of rings
defined by a ring R. Let (Xk)keκ ^e a l°caUy fi^6 partition of X into non-
empty locally closed connected subsets of X. The sets Xk, ke K, are called the
strata of the partition. We denote the inclusion map by ik

ik : Xk —* X-

We assume that the partition satisfies the frontier condition.
We replace the finiteness condition (*) of [H-L2] (1.1) by the following one:

(**) For any k e K there is an integer δ(Xk) which is the maximum of all
numbers r > 0 such that there is a chain

Xk, c - cz Xkr

of closures of distinct strata of length r with Xk = Xkr>

As in [H-L2], D(X,R) is the derived category of the abelian category
M(X,R) of sheaves on X which are left ^-modules and D+(X,R] denotes the
full subcategory of D(X, R} whose objects are complexes of left ^-modules which
are bounded from below. We always use derived functors without explicit
indication, so we write /* instead of Rf*, etc. As usual, left ^-modules are
considered as complexes in these categories where all terms are trivial except in
degree zero where the left ^-module is placed.

In all this paper we shall only consider left ^-modules. Therefore we shall
only say ^-module instead of left ^-module.

Let F be an object in D+(X,R).
Let Z = Z u {+00} u {— oo }. By convention the supremum of the void set

is —oo and the infimum of the void set is +00.
We define:



210 HELMUT A. HAMM AND LE DUNG TRANG

DENITION 1.1.1. a) For any locally closed subset Y of X, let iγ : Y -> X be
the inclusion map, and define

b) In the case Y = {x} we write pFx instead of PF,{X}
c) If, for k e K, the cohomology sheaves of i\.F are locally constant, we put

LEMMA 1.1.2. Suppose that for any keK the space Xk is a topological
manifold and that the cohomology sheaves of i^F, k e K, are locally constant.
Then we have

for any k e K, xεXk, where dimA^ is the topological dimension of Xk.

Proof Let fx : {x} — » Xk and ix : {x} — > X be the inclusion maps. Then
we have

so ixF = t]$f. Since ί'kΈ is locally constant on the topological manifold Xk we
have SxiίF = rxίίF[-dimXk} (see [G-M2] §1.10), so Hv(ixF) = Hv+dimXk((ilF)x).

Let / : X — > Z be a continuous map. We introduce:

DENΓΠON 1.1.3. For any locally closed subset T of Z we define
dftτ(k) = df^τ(Xk) as the infimum in Z of the set of integers s such that there is a
locally constant ^-module 5£ on Xk such that

where j is the inclusion of T in Z. If Γ = {z} we write df z(k) instead of

df,{,}(k).

Remark 1.1.4. There is the following relation between df^τ(k) and pfy.

where the infimum is taken on the class of all locally constant /^-modules <£ on

Xk

The following theorem gives the behaviour of pf under direct image with
proper supports:

THEOREM 1.1.5. Assume that for any keK the cohomology sheaves i\F are
locally constant. Let T be a locally closed subset of Z. Then, we have

Pf^τ > mf(pF(k)+dfίT(k)).

Proof We formally dualize the proof of Theorem 1.1.3 in [H-L2].
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We have to prove the vanishing of hq(ff\F), for

where j is the inclusion of T into Z.
For any m > — 1 let Xm denote the union of the strata Xk such that

δ(Xk) < m:
Xm= (J Xk

δ(Xk)<m

According to [H-L2] Lemma 1.1.4, the space Xm is closed in X, and Xk is an
open subset of Xm - Xm~l if δ(Xk) = m.

For m = -l, X~l = 0.
Call ιm the inclusion map from Xm into X, um the inclusion of Xm~l into Xm

and vm the inclusion of Xm - Xm~l into Xm. We define:

f» -foιm

Fm := (ιm)'F

We prove by induction on m > — 1 that the cohomology sheaves hq(jl(fm)]F
m)

vanish, when

q<mf(pF(k)+df,τ(k)).

The theorem will follow from the fact that

lim hq(f(fm)ιFm) = W(fβF).
m

Notice that, the partition (Xk)keκ being locally finite, the hypothesis (**) implies

For m = -1, there is nothing to be proved. To make the induction, we consider
the distinguished triangle, see [B-B-D] p. 43:

-+ (um)ι(um)lFm -^Fm^ (vm)M]F>" ±1

We use the identity ιm o um = ιm~l to get the distinguished triangle

to which we apply the (derived) functor y !(/m)ι. We obtain the long exact
sequence of cohomology sheaves

because /m o «m =/m~1 implies
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We have to show that ^ y ! / w . ϋ m ^ m ! / Γ W = 0 for

We have the other identity

(vm)lFm = (vm)\n'-F.
This implies

(/Ί.(«fc)W*m =/'(O.(O.(%)W*

Since ιm o vm is the inclusion wm of Xm — Xm~l into X and since Xm is closed in
X (see above), we have (/w),(tfm)* = (*w)*(*>m)* = (wm)*, so

Now we have to show that h^(f(β(wm)^(wm)lF)) = 0, for

q < u j f ( p P ( k ) + d f ι T ( k ) ) .

To obtain this vanishing, we use a spectral sequence. In fact, by assumption, the
cohomology sheaves of (ι*)!F are locally constant, so that

tf((ik)
lf) = 0

for any q<pp(k) and, for any q, by definition of the function df^x, the
cohomology groups

= 0

when p <dfj(k). The spectral sequence

converges when F is in D+(X,R) (see [Go] Chap. II Theoreme 4.17.1) and this
gives the vanishing of the cohomology

for q <pF(k) + df,τ(k], for any k, and therefore for

Now the space Xm-Xm~l, endowed with the topology induced by X, is the
disjoint union of the strata Xk for which δ(Xk) = m, and these strata are open in
Xm — Xm~l, as mentioned above. This implies that

V(Jlf<(Wm).(">m)]F= Σ Wff'&U

δ(Xk}=m

which is 0 if

q < ΪΏS(pp(κ) + dfίT(κ)).
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1.2. As in 1.1, we consider a topological space X endowed with the constant
sheaf of rings ̂  defined by R and with a locally finite partition Sf = (Xk)keK by
non-empty locally closed connected subsets of X.

Now we fix a perversity of the partition £f, i.e. a map p : Sf — > Z (see [B-B-D]
(2.1.1)), but notice that we admit Z instead of Z). As above, consider a
complex of ^-modules F in D+(X,R), but we assume furthermore that the
cohomology sheaves of i\F are locally constant on the locally closed connected
subsets Xk (keK), where fe is the inclusion of Xk into X. _

Associated to the complex F, we define a perversity pF : £f — > Z of the
partition Sf by

for any xeXk.
Following the definition 2.1.2 of [B-B-D], for a given perversity p, we have:

DENITION 1.2.1. The subcategory PD-Q(X,R) of D+(X,R) is the sub-
category of complexes K such that, for any *S in the partition £f, with is being
the inclusion of 5 into X, we have hn(isK) = 0, for any « <p(S).

Therefore by definition F is an object of the category PfD-Q(X,R). In fact
we have:

LEMMA 1.2.2. The complex F belongs to the category PD-°(X, R) if and only
if

PF>P

and we have

pF = sup{/7 e Z^ I F E PD**(X, R)}

where Z is the set of maps of Sf into Z.

Recall that when the elements S in the partition &* are topological manifolds
of even dimension, there is a particular perversity called the middle perversity p\/2

defined by:

pl/2(S) = -(l/2)dim(S)

1.3. Let us use the notations of §1.1. In particular, let / : X -» Z be a
continuous map, but_here we suppose that Z consists only of one point 0. We
put d(K) = d(Xk) = dffl(k), and obviously we have that d(Xk) e Z is the infimum
of all integers q for which there is a locally constant sheaf & of .R-modules on X
such that

^ o.
Here, Hq

c(X,ik*&) is the #-th hypercohomology group of i^JSf on X with
compact supports.
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Furthermore, for any complex F in D+(X,R) for which the cohomology
sheaves of the complexes i^F are locally constant we have

Let Ik be the inclusion of Xk into Xk. Since Xk is closed in X we have

for any left ^-module L on Xk. Therefore we obtain:

LEMMA 1.3.1. The invariant d(Xk} eZ is the infimum of all integers q for
which there is a locally constant sheaf £? of R-modules on Xk such that

2. ^-completeness of spaces and related properties

2.1. Let us assume that A" is a complex analytic space. Let A be a closed
complex analytic subset of X, q> 0.

Let us recall the definition of ^-completeness.

(Cq) The space X is called ^-complete if there is a proper ^-convex function
φ : X -> R+.

Recall that a function φ : X — > R+ is called ^-convex if for any point x e X
there is an open neighbourhood U, a complex manifold U and a °̂° function
φ : U -> R such that U is a closed complex analytic subspace of U, φ = φ\ U and
the Levi form of φ at x has at most q eigenvalues which are not positive. For a
discussion of this notion see [V].

Be aware of the fact that in [A-G] the actual definition of A. Andreotti and
H. Grauert of a ^-complete space gives a (q — Incomplete space in the sense of
(Q).

There is a weaker topological notion introduced in [H-L2], Definition 2.2.1:

(TCq) The space X is topologically ^-complete with respect to A if, for any
locally closed connected subspace Y of X not contained in A, for which the
closure Y and Y — Y are complex analytic subspaces of X, there is a complex
analytic open dense subset YQ of Y -A such that, for any locally constant
^-module JS? on YQ, the cohomology group Hk(X,i\&) vanishes for any
k > dime Y + q, where i is the inclusion of YQ in X and dime Y is the complex
dimension of Y.

In this paper, however, we need a slightly different condition:

( TCq) The space X is dually topologically ^-complete with respect to A if,
for any locally closed connected subspace Y of X not contained in A, for which
the closure Y and Y — Y are complex analytic subspaces of X, there is a complex
analytic open dense subset YQ of Y — A such that, for any locally constant
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^-module 3? on YO, the hypercohomology group Hk

c(X,ί*<£} vanishes for any
k < dim" Y - q, where i is the inclusion of YO in X.

Here, dim" Y := inf{dimc( Y,y) \ye Y}, whereas dime Y = sup{dimc( Y,y) \
yeY}.

In fact we shall see later_on that we could have taken YQ = Y — A m the
definition of the condition (TCq), see Corollary 2.2.5.

As in the case of topological ^-completeness, we have

Remark 2.1.1. If X is dually topologically ^-complete with respect to A, any
closed analytic subspace Y is dually topologically ^-complete with respect to
AnY.

In [H-L2] it has been proved that a space X which is ^-complete is also
topologically ^-complete with respect to any closed complex analytic subspace
A. Here we show that this holds also for the condition (TCq):

THEOREM 2.1.2. If the space X is q-complete, it is dually topologically q-
complete with respect to any closed complex analytic subspace A.

Proof. Let Y be a locally closed connected subspace of X not contained in
A, for which the closure Y and Y — Y are complex analytic subspaces of X. Let
YO be the smooth part of Y — A (with respect to the reduced structure). Call /
the inclusion of YO into Y. Consider a locally constant ^-module & on YO.
Since X is ^-complete, the closed complex analytic subspace Ϋ is also ^-complete.
We claim

for any k < dim" Y — q. Then, if i denotes the inclusion of YQ into X we have
X)9 which finishes the proof.

Our claim is a consequence of the following proposition:

PROPOSITION 2.1.3. Let X be a q-complete space, A a closed complex analytic
subspace, ά\m~(X — A) = n, X — A smooth. Let <£ be a locally constant 0ί-
module on X — A, and let i : X — A —* X be the inclusion map. Then

Hk

c(X,i*<e} = Q
for k < n — q.

This proposition follows from a statement in homotopy:

LEMMA 2.1.4. Let X and A be as in Proposition 2.1.3. Let us fix a complex
analytic Whitney stratification of (X, A) such that X — A is a stratum, and let
φ : X — > R+ be proper and q-convex. Let r > 0 be a regular value of φ, i.e. of
its restrictions to the strata, and let X>r := {x e X \ φ(x) > r}. Then, the pair
(X — A, X>r — A) is (n — q — l)-connected.
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Proof. We are using stratified Morse theory. We may assume that φ is a
Morse function in the sense of Goresky-MacPherson ([G-M1] I §2.1). In fact,
we use -φ instead of φ. Let x be a critical point of -φ with φ(x) < r, and let 5
be the stratum containing x. If S = X — A the index of the Hessian of — φ at x
is > n — q, by the usual argument of Andreotti-Frankel type (see [A-F]). So let
us assume S c A, s = dim S. Again, the index of the Hessian of the restriction
— φ\S at x is > s — q, so the tangential Morse data is (s — q — l)-connected. Let
TV be a normal slice of S in X at x and L the corresponding complex link. Then
TV — A is smooth, dim" (TV — A) > n — s. By the Strong local Lefschetz theorem
[H-L1] (Theorem 2.12) we have that the pair (N-A,L-A) is (n-s-l)-
connected, so the normal Morse data is also (n — s — l)-connected (see [G-M1] I
§2.4). In total, by using Lemma 1.8 of [H-L1], we obtain that the local Morse
data at x is (n — q— 1) -connected, which implies our lemma.

Proof of Proposition 2.1.3. Since A'is ^-complete, there is a proper ^-convex
map φ : X — > R* and we can apply Lemma 2.1.4.

First we prove that, under the assumptions of Lemma 2.1.4, the relative
cohomology

is 0, for k < n - q and any regular value r of φ.
According to [Sw] §6.13, for a pair (Γ, T) of CJF-complexes which is s-
connected, there is a map

from a pair (£, C) of C ̂ -complexes, where B is obtained from C by adding cells
of dimension > s, to (Γ, Γ), such that g is a homotopy equivalence. We apply
this result to the case when Y = X — A, T — X>r — A and s = n — q — 1. Now
Theorem 2.6 of [H2] shows that this homotopy equivalence implies an
isomorphism

Hk(X - A, X^r -A,<e)-+ Hk(B, C, g*X)

of the corresponding relative cohomology groups. As the inverse image of a
locally constant sheaf by g is obviously locally constant, the cohomology group
Hk(B,C,g*&} vanishes for k<n-q-\ (apply 3.11 of [H2]).

Again, let r be a regular value of φ, and let X<r := {XG X \ φ ( x ) < r}.
Consider the diagram of inclusion mappings

X.
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Observe that

Hk(X - A, X>r -A,X)= Hk(X - Ajj;&)

and, by Leray spectral sequence,

πk(x - Ajj x) = Hk(x, ulj g}.
Now we have the following base change isomorphism (see Appendix, Lemma
A.3) which is true here, since r is a regular value of φ:

Hk(X, ijjr*&) * Hk(XJr,irJ;<?).

On the other hand jr is an open map, so j* =y'r
!. Another base change gives

irJl&=jli*<?.
So, we obtain

Hk(xjήir*];<?} = Hk(xjήfri*<e}.
Altogether this implies

Hk(X,jήjlί*<e)=Q for any &<«-?.

Since X<r is relatively compact in X, we can replace here the usual hyper-
cohomology by hypercohomology with compact supports:

Now

therefore

lim Hk(XJr{jrΊ*2>) = Hk(X, i^\
r

which gives our proposition.

2.2. Now we want to apply the result of §1.1 to the case where X is dually
topologically ^-complete with respect to A and where Z = {0}.

We shall prove a theorem analogous to a dual statement of Theorem 2.3.2 in
[H-L2] which implies the classical Weak Lefschetz Theorem.

We shall deal with weakly constructible complexes (see 2.3.1 of [H-L2]), i.e.
complexes in D+(X,R] whose cohomology sheaves are locally constant on a
complex analytic partition of X. In this paper for the sake of simplicity, we shall
assume that all the cohomology sheaves of a weakly constructible complex are
locally constant on the same complex analytic partition. All the proofs on the
vanishing of the cohomology in what follows can be extended to general weakly
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constructible complexes by using truncation (see e.g. [B-B-D] 1.3.2). Notice that
we have

Remark 2.2.1. Let (Xk)keκ ^e a complex analytic Whitney stratification
of X such that the restrictions of the cohomology sheaves of the complex
F e D+(X, R) are locally constant along each Xk. Then the cohomology sheaves
of i[F are locally constant, where fe : Xk — » X is the inclusion map.

Let Z be a complex analytic space. We define the category l/2D-m(Z,R)
(compare to [B-B-D] 2.1.2) to be the full subcategory of weakly constructible
complexes F in the category D+(Z,R) such that, for any stratum Zk of some
complex analytic Whitney stratification of Z on which the cohomology sheaves of
F are locally constant, we have

Such sheaves are said to satisfy the co-support condition, when the base ring is a
field (see [B-B-D] (4.0.2) or [G-M2] §4.1 Definition).

The following lemma shows that the definition of l/2D-m does not depend
on the Whitney stratification (see [B-B-D] (2.1.14)).

LEMMA 2.2.2. Let X be a complex analytic space, m e Z, and let F be a
weakly constructible complex in D+(X,R). Let us fix a complex analytic Whitney
stratification (Xk)kεκ °f C^»^) suc^ *hat the restrictions of the cohomology
sheaves of F to each stratum are locally constant. Let Kf be the set of all k e K
such that Xk is not contained in A. For xeX call ix the inclusion of {x} into
X. The following conditions are equivalent:

a) pp(k) := pF,xk >m — dime Xk for any k e Kf;
b) dim{x eX-A\ Hq

c(fxF) φ 0} < q - m, for any integer q.

Proof. For any integer q, let Zq be the set

Zq := {x e X - A \ Hq

c(rxF) Φ 0}.

Then we observe that Zq is stratified by strata of the given Whitney stratification

Let us suppose a). By Lemma 1.1.2 we have that, for any keK' and
xeXk,

PF,X = PF(K) + 2 dime Xk>m + dime Xk

because the topological dimension dim Xk of Xk is twice the complex dimension
of Xk> Let Xt be a stratum in Zq. Of course, t belongs to K' . Pick a point
x e Xt. By definition HffljF) φ 0}, therefore, as ( e K1, we have

q > pFjX >m + dimc A>
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which yields

q — m> dime A/.

This implies b).
Now suppose b). Let k e K1 and x e Xk. Observe that pF x / — oo be-

cause F belongs to D+(X,R). If pF x = +00, for this k e K1 ', the inequality a) is
trivially obtained. Otherwise, we have by definition that

xeZPF,x-

Therefore Xk c ZpFχ. By b) this yields that

pFtX -m> dime ZpFχ > dime Xk

Now pFx = pF(k) +2dimcXk, so that

PF,X -m=pp(k) + 2 dime Xk~tn> dime Xk

which means a).

Now we can state

THEOREM 2.2.3. Assume that X is dually topologically q-complete with re-
spect to A. Let ί : X — A — > X be the inclusion map. Let F be a complex in
l/2D-m(X -A,R) such that i\F is weakly constructible. Then

Hk

c(X,i*F) = Q

for any k <m — q.

Proof. It is sufficient to prove this theorem only for the case where X is
finite dimensional, because we can go over to the direct limit in general.

We first assert that we can find a complex analytic Whitney stratification
(Xk)keκ °f C^»^) adapted to the constructible complex F such that

d(k) := d(Xk) > dime Xk-q

for any k e K1, where K' denotes the set of all k such that Xk is not contained
in A and where d(Xk) is defined as in 1.3. Since F is a complex in

X-A,R> we have

Pf(k) >m- dime Xk

for any k e K'. Furthermore, p^f(k) = oo for any k e K - K'. By Theorem
1.1.5, applied to the case where Z is a point, we obtain the desired result.

It remains to prove the above assertion. This is a consequence of

LEMMA 2.2.4. Let us assume that X is dually topologically q-complete with
respect to A and that X is finite dimensional. Let (X'ι)ιeL be a complex analytic
partition by smooth connected strata of X. Then there is a finer complex analytic
Whitney stratification (Xk)keK °f X as in 1-1 such that A is a union of strata which
has the following property:
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Let K1 be the set of all k e K such that Xk is not contained in A, then, for any
keK1,

d(k) >dimcXk-q

Proof. By induction over n = dimc(^ — A). For X = A there has nothing
to be proved. Otherwise, let Ln be the set of all / such that dime X[ = n and X\
is not contained in A. Since X is dually topologically ^-complete with respect to
A, for any / e Ln there is a complex analytic open dense subset X\ of X\ — A such
that, for any locally constant ^-module & on Xι, the cohomology group
Hk

c(X,/* JS?) vanishes for any k < n - q, where i is the inclusion of Xι in X. Let
X* =X - (JleLnXι. The partition (A7)/eL induces a partition (A7nA"*) / e L of
X*, after refining this latter we may assume that this partition, together with
(Xι)isLn, is a Whitney stratification because, for I e Ln, dime A} is maximal. By
induction hypothesis we may refine further the partition of X* such that we
obtain in total the desired partition of X.

Theorem 2.2.3 has the following corollary

COROLLARY 2.2.5. Assume that X is dually topologically q-complete with
respect to A. Let Y be a locally closed^ connected subspace Y of X not contained
in A, for which the closure Y and Y — Y are complex analytic subspaces of
X. Let $£ be a locally constant ffl-module on Y — A. Then the hypercohomology
groups Hk

c(X,/*J£?) vanish for any k < dime Y — q, where i is the inclusion of
Y -A in X.

In fact this means that we could have taken YQ = Y — A in the definition of
the condition (TCq).

3. Dually topological ^-complete maps

3.1. By analogy with the notion of ^-completeness for spaces introduced by
A. Andreotti and H. Grauert, we can define ^-complete complex analytic maps
(see [K-S], [H-L2]). In [H-L2], we have also extended the notion of topological
completeness to maps. Of course, in a dual way we can define

DENΠΊON 3.1.1. (TCq(f}} Let/ : X —> Z be a complex analytic morphism
and A be a closed complex analytic subspace of X.

a) Let z be a point of Z. We say that / is dually topologically ^-complete
at z with respect to A if there is a fundamental system of open neighbourhoods
(C/α(z)) of z in Z such that, for any α, the space ( f ~ l ( U Λ ( z ) ) is dually
topologically ^-complete with respect to Ar^f~l(U^(z))}.

b) We say that the map / is dually topologically ^-complete with respect to
A if it is so at every point z ε Z.
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Remark 3.1.2. Remark 2.1.1 yields that, if / is dually topologically q-
complete with respect to A , for any closed subspace Y of Z, / induces a map fy
from f"l(Y) to Y which is dually topologically ^-complete with respect to

From Theorem 2.1.2 we obtain immediately

LEMMA 3.1.3. Let f : X — > Z be a complex analytic morphism. Let z be a
point of Z. Iff is q-complete at z, then it is dually topologically q-complete at z
with respect to any closed complex analytic subspace A of X.

The main result of this section is the following dual to the generalization of
the theorem of Artin-Grothendieck stated in [H-L2] (Theorem 3.1.4).

THEOREM 3.1.4. Let f : X —* Z be dually topologically q-complete at z with
respect to a closed complex analytic subspace A of X. Let i : X — A — > X be the
inclusion. Let F be a complex in l/2D-Q(X — A,R). Assume that i\F and f\i*F
are weakly constructible. Then f\i*F is in l/2D-~q(Z,R).

Proof. Because of Lemma 1.2.2, Theorem 3.1.4 follows directly from

PROPOSITION 3.1.5. Let f : X — > Z be a complex analytic map and let A be a
closed complex analytic subspace of X. Let i : X — A —* X be the inclusion. Let
F be a complex in l/2D-Q(X — A,R). Assume that i\F and f\i*F are weakly
constructible. Let us fix a Whitney stratification (Xjc)keK of X adapted to A and
to i\F. Furthermore, let us fix a Whitney stratification (Zh)h€lί of Z adapted to
f\i*F. Let Z/j be a stratum of Z. Let us assume that there is a point z e Z/j such
that f is dually topologically q-complete at z with respect to A and such that for
each stratum Xk of X there is no critical point x of f\Xk with f(x) = z. Then

Pf^F(h) > -dimcZh-q.

In order to prove Proposition 3.1.5, we need to prove the following two
Lemmas 3.1.6 and 3.1.7.

LEMMA 3.1.6. Let f : X — » Z be a complex analytic morphism and A be a
closed complex analytic subspace of X. Let z be a point of Z. Assume that f is
dually topologically q-complete at z with respect to A. Let (Xk)keκ ^e a complex
analytic Whitney stratification as in (1.1). Then we have

dftZ(k) >dimcXk-q

for any k e K with Xk <= X — A.

Proof of Lemma 3.1.6. Since /is dually topologically ^-complete at z with
respect to A, Corollary 2.2.5 shows that we can choose a fundamental system
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(UΛ(z)) of open and relatively compact neighbourhoods of z in Z, such that, for
any locally constant ^-module JS? on a stratum Xk contained in X - A and for
s < dime Xk — q, we have

where & : Xk — > X is the inclusion. Now, we notice that

Hs

c(f-\UΛ(z)),ikt<?) ~ Hs

c(UΆ(z)Jάk*<e)

and we use the exact sequence

-> Hs

c(U«(z)Jάkf2>) -> Hs(ZJdk^} -> //'(Z - U,(z)J^ίe)

^H?l(UΛ(z),βik*3>)^.

Therefore, for ί < dime A^ — q—\, the natural map

Hs(Z,fdk*<?) -> ff'(Z- tfβ(z),/ιίt.J2?)

is an isomorphism. So, Hs(Z,f\ikt&) is isomorphic to the projective limit

In particular the projective system (HS(Z— C7α(z),/ιϊjt*JS?))α satisfies the Mittag-
Leίfler condition for 5- < dime AΆ; — ̂  — 1, which yields by Theorem 3.7 of [H2]
applied to complexes instead of sheaves

HS(Z - {z},/.feJ2?) ^ lim ^(Z - ϋ.(z),/ιi*J2?) ^ H\ZJάk^\
α

for 5- < dime ^A: — ̂  — 1. Let 7 : {z} — > Z be the inclusion. From the exact
sequence

*2>) ^ Hs(Z,βik*<?)

-̂
we obtain

.jsα = o,
for Λ < dime ̂  — ^ Note that, for Λ = dime A^ — ^ — 1, the map

is zero, since it factorizes through Hs

c(Ua(z),f\ik*<&) which is zero.
By definition 1.1.3, this means that df,z(k) > dime Xk — q and proves 3.1.6.

If the map/ : X — > Z can be compactified, we may obtain a better bound for
d/>(&), see Proposition 3.2.1 below.

LEMMA 3.1.7. Let p : T -* S be a subanalytic map onto a homology manifold
S. Let F be a weakly constructίble complex of ^-modules on T and let s e S.
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We suppose that, for every point t e Ts :=p~l(s), there is a fundamental system of
good neighbourhoods (UΛ(t))QίeA relatively to F and TS) such that the restrictions of
p to UΛ(t) induce proper maps p^ from UΛ(t) onto p(UΛ(i)), the images p ( U Λ ( t ) )
are a fundamental system of neighbourhoods of s =p(t) in S and the direct images
(pa}^(F\UΛ(t)) have locally constant cohomology sheaves on p(UΛ(t)). Let i
denote the inclusion of the fiber Ts into T. Then,

i*F[-dimS] = i'F

where dim S is the topological dimension of S.

Proof of Lemma 3.1.7. Let zε Ts. We have to prove that, at z, we have

i*F[-dimS]z = ΪFz.

As F is weakly constructible, we have, for adequate α,

and, PS denoting the constant map of Ts n UΛ(z) onto the point {s}, we have

Hk(Ua(z) n T,,F) = hk(Psti*x(F\Ux(z)))

where /« denotes the inclusion of UΛ(z) n Ts in UΛ(z). As /?α is proper, by base
change we have

where is is the inclusion of {s} into p(UΛ(z)). Now by hypothesis we have that
the complex (/?α)5|c(F|ί7α(z)) has locally constant cohomology sheaves on/?(t/α(z))
which is supposed to be a homology manifold. The standard identity (15) of
§1.13 in [G-M2] gives that

Therefore

Now by base change we have

tf
and by definition

n

= Hk-d™s(Ua(z),U«(z)-Ts,F).

The weak constructibility of F implies, for the interior Ux(z) of UΛ(z)

a(z), U,(z) - TS,F) = Hk-ά™s(Ua(z), Ux(z) - TS,F)
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and the weak constructibility of vF yields, for adequate α

ff*-dim5(t/α(z), UΛ(z) - Γ,,F) = #*-dim5(t/α(z) n Ts,i
lF) = h

which shows that hk(i*Fz) = hk-ά™s(i Fz) and so ι!F[dimS] = ι*F.

Now, we can proceed to prove Proposition 3.1.5.

Proof of Proposition 3.1.5. Let z e Z/, c= Z be chosen as in the statement
of 3.1.5. Letyz : {z} —> Z be the inclusion. Because of Lemma 1.1.2, we have
to show

pfίUFtX := inf {* e Z \ hs(jzf^Fz} Φ 0} > dimc ZΛ - q.

From the definition and general results about Whitney stratifications, there is an
open neighbourhood U of z in Z and a normal slice Jf of Z/, at z such that N is
closed in 17, the space f~l(U) is dually topologically ^-complete with respect
to Arιf~l(U), and the map /> induced by / from f~l(^) to ̂  is dually
topologically ^-complete with respect to Ar\f~l(^). Moreover, we have a
stratified product structure Jf x V of U, where F is a suitable neighbourhood of
z in Z/j.

Now, let / be the inclusion of {z} into Jf and k the inclusion of Jf into Z:

{z} Λ jr Λ z.
Then we have jz = kol. For any weakly constructive complex G on Z for
which the Whitney stratification on Z is adapted to G, we have the quasi-
isomorphism

(*) k]G~k*G[-2dimcZh]

because of the stratified product structure Jf x V of C7, as one can see e.g. from
[H2] (3) of Proposition 5.3 or Lemma 3.1.7. Namely, the normal slice Jf can be
defined as the fiber r~l(z) of a local retraction r : U — > V of the open neigh-
bourhood U of z in Z onto an open neighbourhood V of z in Z/^. In fact,
because of the properties of Whitney stratifications, Thorn-Mather first isotopy
lemma (see [M]) shows that r can be assumed to be a locally trivial stratified
continuous fibration on V and therefore one can show that, for any weakly
constructive complex G on Z, for which the Whitney stratification (Z/j) is
adapted, the complex G\U and r satisfy the hypothesis of the Lemma 3.1.7.
Hence, we obtain the result quoted above from [H2] (3) of Proposition 5.3

if k\ denotes the inclusion of the normal slice Jf into U. Since U is open in Z,
this yields the isomorphism (*) above.

Now, applying this result to the weakly constructive complex G :=f\i*F, we
get:

z) = hs((llk*βi*F[-2dimcZh})z).
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Let/j/ denote the map induced by / from f~l (^Γ) to ΛΛ We call; the inclusion
of f-l(ΛT) into X, ι> the inclusion of f-\Λf}-A into /"1(^T), and jA the
inclusion of /-1(ΛO ~ A into A' — A.

Now, by base change (see [B] (4) of 10.7, p. 159), we have

Because of the assumption about z, after shrinking Jf (or the neighbourhood U)
if necessary, we have an induced stratification of f~l(^V) and we have some
relation between j and j*

(**) fi*F=j]i*F[2dimcZh}.

since the restrictions of / to the strata Xl are non-critical at every point of
f~l(rf). In fact, letyV be the inclusion of/"1^) into/"1 (17) and q be the
map from f~l(U) into V defined by q(x) =r(f(x))> for any xef~l(U). The
hypothesis made on / above the point z e Z/, implies that for sufficiently small C7,
we have that # is locally in/"1 (£7) a locally trivial stratified continuous fibration
on V by Thorn-Mather first isotopy lemma again. This implies that, for any
weakly constructible complex K on X for which the Whitney stratification X^ is
adapted, q and K\f~l(U) satisfy the hypothesis of the Lemma 3.1.7 and therefore

However f~l(U) is open in X, so we have

j*K[-2dimcZh]=j'K.

We apply this result to the complex i*F. This gives (**).
By base change, we have

ΛF[2dimcZA] = (i>),ta)!

A similar reasoning as above gives

and, with (**), it yields

Now, fa is dually topologically ^-complete at z with respect to/"1^) r\A and
Lemma 3.1.6 implies that

df^z(Xk n/"1^)) > dimc(Xk π/"1^)) - 9 = dimc ** - dimcZΛ - 9

for any stratum Λ^ of X which is contained in X — A and intersects f
Since F belongs 1/2D-°(Ar- A,R), we assert that

(***) (i
This fact is rather long to prove.
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The assertion means by definition that, for all the strata S of a Whitney
stratification of /~J(^Γ), we have

for all s< — dime S — dime Zh and where ϊ$ denotes the inclusion of S into
f ~ l ( Λ f ) . Because of the transversality assumption made on f~l(*V) in the
Proposition 3.1.5, we have a Whitney stratification induced by the one we have
on X. As the latter is adapted to A, the stratification induced onf~l(^V) is
adapted to A n/"1^). For a stratum S of this stratification off~l(Λ*), there
exists a stratum Xk of the Whitney stratification of X such that

First, we notice that for any stratum S of the induced stratification of
— A, we have, for any integer s,

- A)) = Attorn
where i's is the inclusion of S into f~l(^) — A. This comes from the fact that,
ijr being open, we have r^ = (̂  (see [B-B-D] 1.4.1). So

As the stratum S is ΐnf~l(^V) — A, the inclusion of S n (f~l(jV] — A) into S is
the identity. By base change we have

s

In fact the same proof shows that, if S is contained in A,

for any s.
Again, let S = Xknf~l(^) be contained in f~l(^)-A. Call y* the

inclusion of S into Xknf~l(U) and ί* the inclusion of X k Γ \ f ~ l ( U ] into
A" — ̂ 4. Of course, we have

k°jk=JA°is

Lemma 3.1.7 gives

as we have seen above. Therefore

i*(JA) F = ί^(^)!F[2dimcZΛ] =jlί'kF[2dimcZh}.

Applying again Lemma 3.1.7 to q\Xk n/~'(C7), we have
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So, finally

which gives that

because, jk being closed, j£ is exact (see [B-B-D] 1.4.1).
We have assumed that the complex F belongs to l/2D^(X - A,R). This

implies that hs(i]

kF) = 0, for s < — dime Xk> which shows that

V(ϊs(iMf\ΓlW - Λ)) = WsϋAΐF) = 0

for s < -dime Xk = -dime S - dimcZ/,, as desired for any S in f~l(*V") - A.
When S is contained in A, we saw above that the vanishing of

is true of any s. This ends the proof of the assertion (***) above.
Moreover, by definition P(i^^(F\f-i(jv)-A)(χt n/~1(^0) = +°° f°r anY

stratum A> contained in A. Then, by 1.2.2,

-dimcZh - dimc(^ n/-!(^)) = -dimc Xk

Theorem 1.1.5 and Lemma 3.1.6 imply

Pf*\(iΛ\(F\f-\Λ }-A\z ^ -dimcZh - q

and, since (**) yields

this implies

inf {s e Z I hs(ΐ'k*βί*Fz) *Q}> -dimc Zh - q

or equivalently, by (*),

inf {s e Z I hs(fzβi*Fz) *Q}= inf {s e Z | hs(llk*βi*F[-2 dimc ZΛ]Z) ^ 0}

because hs(jzβί*Fz) = ^(/!A:*/.z;F[-2dimcZ4) implies

inf{* 6 Z I hs(fzβi*Fz) Φ 0} = inf {̂  e Z | A5(/!A:*/,z;F[-2dimcZ4) / 0}.

This proves our proposition.

3.2. In particular, we may consider the case where the map/ : X —> Z can be
compactified.



228 HELMUT A. HAMM AND LE DUNG TRANG

PROPOSITION 3.2.1. Let f : X — > Z be a complex analytic morphism which
has an analytic compactification_f : X_-+ Z. Let A be a closed complex analytic
subspace of X whose closure A in X is a closed complex analytic subspace of
X. We assume that f is dually topologically q-complete with respect to A. Let us
fix Whitney stratifications 3F = (Xk)keK °f % an^ * = C^/)/eL °f ^ adapted to A,
to X and to the map f. Let z be a point of some stratum Z/ of Z5 and let us
assume that the map f is dually topologically q-complete with respect to A at
z. Let df,Zι(k) be defined as in (1.1.3). Then we have

df,Zι(k) > dime Xk - dime Z/ - q

for every k e K such that Xk <= X — A.

Proof. We shall apply Theorem 3.1.4 to the complex F on X — A defined in
the following way. Let Xk be a stratum contained in X — A. Let <& be a
locally constant sheaf on Xk. Let ik be the inclusion of Xk into X — A. Define

We notice that

since (ί/)!(ίjt)j|t.S? is 0, if / φ k, and 5£, when / = k. Since / is compactifiable,
f\i*F is weakly constructive and i\F is obviously weakly constructible. So
Theorem 3.1.4 gives that

f\i*F e i/2D^<timcXk-<i/z p\

This implies that (see 2.2)

Pf\ί*F,Zι — dime Xk ~ q ~ dime Z/.

Since we have i*F = (4:)*^?, this leads to

dfιZl (k) > dime Xk-q- dime Z/

by Remark 1.1.4. This ends the proof of 3.2.1.

For any z e Z/, we can get a lower bound for df,z(k). By Lemma 1.1.2 we
have

Pf\i*Έ,Zι — Pf\ί*F,z ~ 2 dime ̂ /

so that
df,z(k) > dime Xk — q + dime Z/

which improves the inequality of 3.1.6 in the case / is compactifiable.
Now we obtain

THEOREM 3.2.2L Let f : X —> Z be a complex analytic morphism which has
a compactification f : X —> Z. Let A be a closed complex analytic subspace of
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X whose closure A in X is a closed complex analytic subspace of X. Let
F e l/2D-°(X — A, R). We assume that f is dually_ topologically q-complete with
respect to A. Call Ί the inclusion of X — A into X and i the inclusion of X — A
into X. Assume that ι\F is weakly constructible. Then f\i*F is in l/2D-~q(Z,R).

Proof. This theorem can be obtained in two ways: either as a consequence
of Theorem 3.1.4, since i\F = ι\F\X and/ι/*/Γ =f\i\\i*F are weakly constructible,
where i\ is the inclusion of X in X, or as a consequence of Proposition 3.2.1 and
Theorem 1.1.5.

An important example is the case of an algebraic morphism /, algebraic
varieties A and X and a complex F which is weakly constructible in the algebraic
sense, because this situation is naturally compactifiable.

Another important example is the inclusion of X — A into X:

COROLLARY 3.2.3. Let i: X - A —> X be the inclusion and ̂  = (Xk)k€K a
Whitney stratification of X adapted to A. Let x be a point of some stratum X\ of
A and suppose that i is dually topologically q-complete with respect to the empty
set at x. Let d^x^k) be defined as in (1.1). Then we have

dl)Xl(k) > dimcXk - dimcX\ - q

for any stratum Xk in X — A.

This obvious corollary is useful in the case where X - A is locally ^-complete
along A, as defined in the following (see [H-L2] Definition 3.2.3):

DENITION 3.2.4. We say that X - A is locally ^-complete along A if the
inclusion i: X — A —> X is ^-complete, i.e. if for any point x e A there is an open
neighbourhood U of x in X such that U - A is ^-complete. If the inclusion i
is ^-complete at a point xeA ([H-L2] Definition 3.1.2), i.e. if there is an open
neighbourhood U of x in X such that U — A is ^-complete, we shall say that
X — A is locally ^-complete along A at x.

We have as a consequence Lemma 3.1.3:

LEMMA 3.2.5. If X — A is locally q-complete along A at x, then the inclusion
i: X — A —» X is dually topologically q-complete at x with respect to any closed
complex analytic subspace of X — A.

Example 3.2.6. If A is locally defined by at most q + 1 holomorphic
equations, X-A is locally ^-complete along A [S-V].

As an application of this case, we have a vanishing theorem for the
cohomology on X — A:
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COROLLARY 3.2.7. Let X be dually topologically q\-complete with respect
to the empty set, let F be a weakly constructible complex in l/2D-m(X — A,R).
Assume that the inclusion i : X — A — > X is dually topologically qi-complete with
respect to the empty set at x and that i\F is weakly constructible on X. Then, for
any extension F\ of F to X:

H*c(X,A,Fι) := HS

C(X^F] = 0, for any s < m-q,- q2.

Proof. We have that /.Fe l/2D^m~q2(X,R). Then, we apply Theorem
2.2.3, when the set A considered in 2.2.3 is the empty set so that the inclusion / of
2.2.3 is the identity on X.

4. Theorems of Lefschetz type

In this paragraph we shall show that the main consequences of the Vanishing
Theorems of §2 and §3 are the classical Theorem of Lefschetz on hyperplane
sections for cohomology and several of its consequences. Our formulation
enables us to state all these consequences in great generality.

4.1. For the sake of simplicity, we first consider the cohomological version of
the classical Weak Lefschetz Theorem on hyperplane sections (see [D2] (4.1.6)):

THEOREM 4.1.1. Let V be a non-singular complex projective variety and W a
hyperplane section of V. Then we have that

for any k < dimc(V - W}.

Proof. The complement X := V — W is an affine variety and can be en-
dowed with a 0-convex exhaustion function as it has been shown by Andreotti
and Frankel (see [A-F]), and therefore, it is 0-complete. Theorem 2.1.2 tells that
X is dually topologically 0-complete with respect to the empty set 0.

We choose m := dimc^ On X we consider the complex R given by the
constant sheaf generated by the ring R in degree 0. We may consider X as the
unique stratum of the trivial Whitney stratification of X. Obviously we have

PR,X > 0

so that R belongs to l/2D-άϊmcX(X,R). Theorem 2.2.3 implies that, for the
hypercohomology,

Hk

c(X,R) = 0

for any k < dime X Since the sheaf complex R is trivial, we have, in fact

Hk

c(X R) = 0
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for any k < dime X. In this case, it is well known that, for any fc,

which proves our theorem.

If A is a closed analytic subspace of a complex analytic space X, for a
complex F in D+(X,R), we use the following notation

Hk(X,A,F):=Hk(XJ{j*F]

where j is the inclusion of X-A into X, as we already did in [H-L2]
§2.2. When A is not closed in X, Hk(X,A,F] is given by the hypercohomology
of the mapping cone of the natural morphism F — > i*i*F.

Then, we have a general lemma to compare the hypercohomology with
compact supports with the relative hypercohomology:

LEMMA 4.1.2. Let us assume that X is compact and A is a closed analytic
subspace of X. Let F be the restriction of F\ to X — A. Then

Hk(X,A,Fl)=Hk(X-A,F}.

Proof. Let p be the mapping of A" to a point 0. Then p is proper, therefore

Hk(X,A,Fλ) := Hk(XJ>F)

Now a generalization of Theorem 4.1.1 to singular varieties and more
general complexes (compare to [L] 4.10) is

THEOREM 4.1.3. Let V be a complex projectίve variety and W a hyperplane
section of V. Let j be the inclusion of V — W into V. Let F be a complex in

}(y _ γy^R) anj jet pl be any extension to V. Then we have that

for any k < dimc(V - W}.

Proof. The proof is again a straightforward consequence of Theorem 2.2.3
by observing that j*F\ =F and, by Lemma 4.1.2,

Remark 4.1.4. We shall give below other statements which generalize the
Weak Lefschetz theorem on hyperplane sections. To avoid expressing bounds
involving the complex dimension of the ambient space, we shall shift the complex
by this dimension, so that the complex dimension does not appear in the
statements. Doing so, we follow the conventions introduced in [B-B-D].
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In fact, the preceding Theorems of Lefschetz type are consequences of a
general vanishing theorem of the relative hypercohomology:

THEOREM 4.1.5. Let V be a compact complex analytic space and W be a
complex analytic closed subspace of V. Suppose that V — W is dually topo-
logically q-complete with respect to the empty set and that F is a weakly con-
structible complex in 1/2Z)^°(F — W,R). Let F\ be any extension of F to
V. Then we have

Hs(V,W,Fl) = Q, foranys<-q.

Proof. By Lemma 4.1.2, we have

Hk(V, W,Fλ} = Hk(V- W,F).

Therefore we may apply Theorem 2.2.3.

4.2. More generally, there is a general theorem of Zariski-Lefschetz type for
quasi-projective varieties. To get it, we shall apply the results of §2 and consider
the case where X is of the form V — A, where A is closed in V.

We first need a topological statement

LEMMA 4.2.1. Let V be a topological space, A and W closed subsets of
V. Let i and j be the inclusions of V — A u W into V —W and into V — A, let
i\ and j\ be the inclusions of V — A and of V — W into V. Let F be a complex
on V — A u W and F\ an extension to V — A. Let us assume that we have the
following base change property

(jι)j*F=(iι)JιF.

Then we have, for any k : Hk(V - A,W - A,¥\) = Hk(V, (yι),ι*F).

Proof. Hk(V-A,W-A,Fl)=Hk(V-A^F}=Hk(V,(iι)^F] and by
assumption Hk(V, (iι)JιF) - Hk(V, (jι\i*F}.

In fact to apply this lemma we need a criterion to get the base change
property which will be stated and proved in the appendix (Lemma A.2).

Now we can prove a vanishing theorem for the relative hypercohomology
analogous to Theorem 4.1.5 which implies a generalized theorem of Zariski-
Lefschetz type:

THEOREM 4.2.2. Let V be a compact complex analytic space and A and W
be complex analytic closed subspaces of V. Suppose that V — W is dually
topologically q-complete with respect to A — W. Let i and j be the inclusions of
V — A u W into V —W and into V — A, let i\ and j\ be the inclusions of V — A
and ofV-W into V. Let F be a complex in l'2D^(V - AvW,R) and Fλ an
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extension to V — A. Assume that i\F is weakly constructible. Let us assume that
we have the following base change property

Then we have

HS(V -A,W -A,Fι) = 0, for any s< -q.

Proof. This follows from Lemma 4.2.1, Lemma 4.1.2 and Theorem 2.2.3.

Since an affine complex variety is 0-complete, an obvious corollary of 4.2.2 is
another theorem of Zariski-Lefschetz type:

COROLLARY 4.2.3. Let V be a complex projective subvarίety of PN and A be
a subvariety of V. Let F be a complex in l/2D-Q(V — A,R). Let i\ be the
inclusion of V — A into V and assume i\\F is weakly constructible. There is a
Zariski open dense set Ω of projective hyperplanes in PN such that, for any H e Ω,
we have

Hs(V-A,VnH-A,F) = Q, for any s<Q.

The Zariski open dense set Ω is the set of projective hyperplanes transverse to a
Whitney stratification adapted to A and to the complex i\\F (compare with [C]
Theoreme 1.1). According to the appendix, this transversality condition implies
the base change property of 4.2.2.

In fact, the base change condition in Theorem 4.2.2 can be weakened.

THEOREM 4.2.4. Let V be a compact complex analytic space and A and W
be complex analytic closed subspaces of V. Suppose that V —W is dually
topologically q-complete with respect to A— W. Let i and j be the inclusions of
V — A u W into V —W and into V — A, let i\ and j\ be the inclusions of V — A
and ofV-W into V. Let F be a complex in 1/2Z)^°(F - AvW,R) and F\ an
extension to V — A. Assume that i\F is weakly constructible. Let us assume that
we have

H'(W,(ii)^F) = 0, foranys<-q.

Then we have

Hs(V-A,W-A,Fl)=0, foranys<-q.

Proof. We have H'(V-A,W- A , F f i = HS(V- AJ,F) = HS(V, (ii)J.F).
Because of our assumption it is therefore sufficient to prove that

HS(V, W, (iι)JιF) = 0, for any s < -q.

But Hs(V,W,(h)J<F) = Hs(V,(j\)JΪ(h)J,F) = H'(V,(JM*j,F) = HS(V,
(j\)\i*F) = HS

C(V - W,i*F) = 0 for ί < -q because of Theorem 2.2.3 and
Lemma 4.1.2.
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The assumption of Theorem 4.2.4 is fulfilled if tf((i\)J\f)\W = 0 for any
s. In particular, it is fulfilled if the base change property of Theorem 4.2.2 holds.

In fact, it is obviously sufficient to suppose that hs((i\)^j\F) = 0 for any
s < -q. Such a hypothesis can be obtained using a local Lefschetz-Zariski
theorem which will be developed in section 4.4. Using the results of that section
we will be able to prove:

THEOREM 4.2.5. Let V be a compact complex analytic space and A and W be
complex analytic closed subspaces of V. Suppose that V — W is dually topo-
logically q-complete with respect to A—W. Let i and j be the inclusions of
V — A u W into V —W and into V — A, let i\ and j\ be the inclusions of V — A
and of V-W into V. Let F be a complex in l/2D^Q(V - A u W,R) which
admits a weakly constructible extension F' to F, and let F\ be an extension to
V — A. Let us assume that there is a complex analytic subset S of A n W such
that W - S is transverse to the subset A - S of V - S and F'\V - S. Then we
have

HS(V -A,W - A , F ι ) = 0, for any s<-q- dimc S - 1.

Here, by definition, dim0 = — 1, so, in the case S = 0, Theorem 4.2.5 follows
from Theorem 4.2.2 and Lemma A.2 of the appendix. Now, this theorem
implies the following corollary which is more general than Corollary 4.2.3.

COROLLARY 4.2.6. Let V be a complex projective subvariety of PN, S a
linear subspace of PN and A a subvariety of V. Let F be a complex in
l/2D-°(V — A,R). Let i\ be the inclusion of V — A into V and assume i\\F is
weakly constructible. There is a Zariski open dense set Ω of projective hyper-
planes in PN containing S such that, for any H e Ω, we have

Hs(V-A,VnH-A,F) = Q, for any s < -dimcS- 1.

The Zariski open dense set Ω is the set of projective hyperplanes containing
S which are outside S transverse to a Whitney stratification adapted to A and S
and to the complex i\\F.

4.3. Now if the base change property (or the weaker assumption of Theorem
4.2.5) does not hold, it has been first observed by P. Deligne in [Dl] that there
is a Lefschetz type theorem on a comparison with a neighbourhood of the
hyperplane section.

We need another topological lemma:

LEMMA 4.3.1. Let V be a topological space, A and W closed subsets of
V. Let (Uι)leL be a fundamental system of neighbourhoods of W in V. Let i be
the inclusion of V — A u W into V — W and j\ the inclusion of V — W into
V. Let F be a complex on V — A u W and F\ an extension to V — A. Then we
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have, for any k

lim Hk(V- A, Uι - A, /Ί) = Hk(V, (j\)<i*F).
i

Proof. We may assume that the {// are open. Let / e L, let k and 1*2 be the
inclusions of £// — A into V — A and into £//, and let i\ and &ι be the inclusions
of V - A and of V\ into F. Since k\ is open, we have k\(i\)^F\ — (i2)J<*F\.
Therefore

)̂̂ ^̂= Hk(Uh((il^
which implies

Furthermore, Hk(V - A,F\\(V - A)) = Hk(V, (lOJFΊ). By comparison of long
exact hypercohomology sequences we obtain

lim Hk(V- A, Uι - A,Fι) = Hk(V, t/ι),./ΐ('Ί),*Ί) = Hk(V, (j\)^F)
/

because yfO'i) JFΊ = i*j*F\ = ι*F, where 7 is the inclusion of V — ( A \ j W ) into
V-W.

Now, Theorem 2.2.3, Lemma 4.1.2 and Lemma 4.3.1 give another vanishing
theorem for the hypercohomology:

PROPOSITION 4.3.2. Let V be a compact complex analytic space and A and W
be complex analytic closed subspaces of V. Suppose that V —W satisfies con-
dition (TCq) with respect to A — W. Let (Uί)leL be a fundamental system of
neighbourhoods of W in V. Let i be the inclusion of V — A u W into
V-W. Let ¥ be a complex in l/2D-Q(V - AvW,R) and F\ an extension to
V — A. Assume that i\F is weakly constructible. Then we have

limHs(V-A, U I - A , F I ) = Q, for any s< -q.
~ΐ

Of course, it would be interesting to have the vanishing for a particular
neighbourhood U. It is quite easy to specify such a U if V — W is ^-complete:

PROPOSITION 4.3.3. Let V be a compact complex analytic space and A
and W be complex analytic closed subspaces of V. Suppose that V —W is
q-complete. Let φ : V — W — > R+ be a proper q-convex function. For c > 0 let
Uc := W u {x e V - W \ φ(x) > c}. Let i be the inclusion of V - A u W into
V-W. Let Έ be a complex in 1/2D-°(F - A u W,R) and F\ an extension to
V — A. Assume that i\F is weakly constructible. Then we have for any c > 0

HS(V-A, Uc-A,Fι) =0, for any s< -q-\.
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Proof. As the proof of Lemma 4.3.1 shows, we have

Hs(V-A,Uc-A,Fl)=Hs(V_,Uc,(il)Jl)

where i\ is the inclusion of V — A into F. Let Uc be the closure of Uc in V. It
is sufficient to show that HS(V, Όc,(i\\F\Y= 0, for any s<-q-\. But
HS(V, UCJ (*ι),Fι) = HS

C(V- Uc, (h)Jι\(V- Uc)) and F - t/c is ^-complete, so
that we can conclude using Theorem 2.2.3.

In practice, it is useful to have the concept of good neighbourhoods (see [P]).
These neighbourhoods will be used to formulate Zariski-Lefschetz type theorems,
when the base change condition used above does not hold:

DENITION 4.3.4. Let F be a complex analytic space and W be a closed
complex analytic subspace of F. Let us fix some Whitney stratification (Vk}k€K

of F. Let T(W) be an open neighbourhood of W in F. T(W) is called a good
neighbourhood of W with respect to (Vk}keK if T(W) is a member of a
fundamental system (Tι(W]}leL of open neighbourhoods of W'm F, such that for
any /, meL such that Tι(W) c Tm(W] there is a deformation retraction of
Tm(W) and of Tm(W) onto Tι(W) which respects the strata Vk. In this case,
T(W) (the closure of T(W)) is called a good neighbourhood as well.

Remark 4.3.5. Suppose furthermore that W is compact. Then there is
always such a good neighbourhood which is relatively compact in F. There are
several ways of construction: using a triangulation of F which refines the
stratification, using a non-negative subanalytic function on F whose locus is W,
or using a suitable Riemannian metric on a real analytic manifold (e.g. RN) into
which F has been embedded.

Now, the following result will show that this concept is useful:

PROPOSITION 4.3.6. Let V be a complex analytic space and A and W be
complex analytic closed subspaces of V. Let F be a weakly constructίble
complex on V — A u W, F\ an extension to V — A. Let yΊ : F — JF — > F,
i:V — AvW^V— W and i\ : V — A — > F be the inclusions. Assume that
(i\)\F\ is weakly constructίble. Let (Vk}kEK be a Whitney stratification of V
adapted to A and to (ι'ι)ιFι, and let T(W) be a good neighbourhood of W with
respect to (Vk)keκ- Then we have

In particular, HS(V — A, T(W) — A,F\) does not depend on the choice of the good
neighbourhood.

Proof. Let (T\(W))leL be chosen as in Definition 4.3.4. Let I, meL such
that Tι(W) c Tm(W). Because of Theorem [H2] 2.9, we have:

Hs(Tm(W)-A,Fl)=Hs(Tm(W)-A,Fl)=Hs(Tl(W}^A,Fl)
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Therefore, Hs(Tι(W) - A,Fλ) and H*(V - A, Tt(W) - A,Fι) are independent of
/. The rest follows from Lemma 4.3.1.

Finally, when the base change property is not satisfied, using the notion
of good neighbourhoods, we can state another vanishing theorem of relative
hypercohomology:

THEOREM 4.3.7. Let V be a compact complex analytic space and A and W be
complex analytic closed subspaces of V. Suppose that V —W satisfies condition
(TCq) with respect to A - W. Let i : V - A u W -> V - W and h : V - A -> V
be the inclusions. Let F be a complex in 1/2Z)-°(F — A u W,R) and F\ any
extension to V — A. Assume that (i\)\F\ is weakly constructible. Then we have:

Hs(V-A,T(W)-A,Fl) = 0, for any s< -q

where T(W) is a good neighbourhood of W with respect to any Whitney
stratification of V which is compatible with A and (i\)\F\.

Proof. This theorem follows from the preceding proposition, Lemma 4.1.2
and Theorem 2.2.3.

Of course, Theorem 4.3.7 gives a Theorem of Lefschetz type in the case the
hyperplane section is not general, where, following the idea of Deligne (see [Dl]),
we consider a good neighbourhood of the hyperplane section:

COROLLARY 4.3.8. Let V be a complex projective subvarίety of PN and A be
a subvariety of V. Let F be a complex in 1/2Z)-°(F — A,R). Let ί\ be the
inclusion of V — A into V and assume ί\\F is weakly constructible. For any
projective hyperplane H and any good neighbourhood T(H) of H with respect to
some Whitney stratification of V compatible to A and i\\F, we have

HS(V - A, V n T(H) -A,F) = 0, for any s<0.

4.4. Now, of course, there are also the corresponding local versions of the
preceding theorems. As we have already observed in [H-L4], in this local case
the bound for the vanishing of the cohomology is one unit less. Since we are
working locally, we may look at locally closed complex analytic subsets of CN

instead of complex analytic spaces.
Let Bε := {z e CN \ \\z\\ < ε}, Sε the boundary of Bε. Let ε0 > 0 and let X be

a closed complex analytic subset of B^ which contains 0. First we need the
following lemma (where we omit to denote the restriction of complexes):

LEMMA 4.4.1. If F is a weakly constructible complex on X and if ε > 0 is
sufficiently small, ε < SQ, we have

= Hk((Bε - {0}) n JΓ,
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Proof. The first statement follows from [H2] Theorem 2.9 (for complexes
instead of sheaves). Let us choose a complex analytic Whitney stratification of
X. Then there is a compatible deformation retraction of (Bε — {0}) n X onto
Sε n X provided that ε is small enough, see [B-V], so the second statement follows
from [H2], loc. cit.

Similarly to Theorem 4.1.5 we have

THEOREM 4.4.2. Let Y be complex analytic subset of X containing 0, and
suppose that the inclusion j : X — Y — > X is dually topologically q-complete with
respect to the empty set. Let F be a complex in l/2D-°(X — Y,R) such that j\F
is weakly constructive, and let F\ be any extension of F to a weakly constructible
complex on X (e.g. FI = j\F). If ε > 0 is sufficiently small, ε < SQ, we have

Hs(Bε n X - {ϋ},Bε n Y - {0},Fι) = 0, for any s<-q-\.

Proof. Because of Theorem 3.2.2, the direct image with compact supports
7ιF is in l/2D ~^(X). Let k : {0} -» X and / : X - {0} -> X be the inclusions,
then

hs((k'jiF)Q) = 0, for any s < -q.

Let ε > 0 be sufficiently small, ε < εo, let U := Bε n X. Because of Lemma 4.4.1,

0 = hs((j,F)Q) = H'(UJ*F) and hs((lJ^F\) = HS(U, /,Γ/.F) = HS(U - {0} j,F).

By [B-B-D], we have the distinguished triangle

By taking the long exact cohomology sequence at 0, we obtain

tf ((*ί/.F)0) = HS~\U - {0} j,F) = HS~\U - {0} j,y*Fι).

By definition, Hs'l(U - {0}J\j*Fι) = HS~\U - {0}, (U - {0}) n 7,Fι), which
gives the desired result.

Theorem 4.4.2 gives a local Theorem of Lefschetz type (compare to [H3]):

COROLLARY 4.4.3. Let Y be a complex analytic subset of X containing 0 and
defined by one equation. Let j be the inclusion of X — Y into X. Let F be a
complex in l/2D-Q(X — Y,R) such that j\F is weakly constructible, and let F\ be
any extension of F to a weakly constructible complex on X (e.g. F\ =j\F}. If
ε > 0 is sufficiently small, ε < eo, we have

Hs(Bε n X - {ϋ},Bε n Y - (0},Fι) = 0, for any s < -1.

There is also a local version of Theorem 4.2.2:

THEOREM 4.4.4. Let Y and A be closed complex analytic subsets of X which
contain 0. Let i andj be the inclusions of X — A u Y into X — Y and into X — A,
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and let i\ and j\ be the inclusions of X — A and of X — Y into X — {0}. Suppose
that the inclusion fa of X — Y into X is dually topologically q-complete with respect
to A- Y. Let F be a complex in l/2D-Q(X - A u Y,R) such that (J2)\i\F is
weakly constructive, and let F\ be any extension of F to X — A (e.g. F\ =j\F).
Suppose that we have the base change condition

If ε > 0 is sufficiently small, ε < εo> we have

Hs(BεnX-A,Bεn Y-A,Fι) = 0, for any s< -q-\.

Proof. We begin as in the proof of Theorem 4.4.2. Let ε > 0 be suffi-
ciently small, ε < βo, let U := Bε n X. By Theorem 3.2.2, the complex (J2)\i*F is
in l/2D*-«(X, R). Let k : {0} -> X and / : X - {0} -» X be the inclusions, then

ff((k*(j2)>i*(F)o) = 0, for any s < - q - 1.

By [B-B-D], we have the distinguished triangle

-> k^(j2)^F -» (72),ι;F -> /*/* C/2),/*F 4 .

By taking the long exact cohomology sequence at 0, we obtain

But we have

ι*r(j2)ύf = /*/*/. (71 ),I;F = /*(Λ),I;F.
By hypothesis, we obtain

/,/*0/2).4F = /*(Λ).^ = /*(/ι) J^ = (fe)*7 ̂  = (i2\J\J*f\

where 12 is the inclusion of X — ̂ 4 into ^f. Finally,

IΓlm)J\Γfι\) = B°-l(U, (i2)JU*Fι)

= Hs~l(U - AJifFi) = Hs~l(U -A,UnY- A,Fι).

Theorem 4.4.4 also gives a local Theorem of Zariski-Lefschetz type (compare
to [H-L3]):

COROLLARY 4.4.5. Let Y and A be closed complex analytic subsets of X
which contain 0 and suppose that Y is defined by one equation. Let i and j be the
inclusions of X — A u Y into X — Y and into X — A, let i\ and j\ be the inclusions
of X - A and of X - Y into X - {0}, and let J2 be the inclusion of X - Y into
X. Let F be a complex in lf2D^(X - A\J Y,R) such that (J2)^F is weakly
constructible, and let F\ be any extension ofF to X — A (e.g. F\ =j\F}. Suppose
that we have the base change condition
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If ε > 0 is sufficiently small, ε < βo, we have

H'(BβnX-A,BenY-A,Fι)=0, for any s < -1.

The base change condition of Theorem 4.4.4 is fulfilled if Y — {0} is
transverse to A — {0}, see Appendix. We may weaken this condition:

THEOREM 4.4.6. Let Y and A be closed complex analytic subsets of X which
contain 0. Let i and j be the inclusions of X — A u Y into X — Y and into X — A,
and let ii and ji be the inclusions of X — A and of X — Y into X. Suppose that J2
is q-complete. Let F be a complex in l/2D-Q(X — A u Y,R) which has a weakly
constructible extension F' to X, and let F\ be any extension of F to X — A (e.g.
/Ί =y,jp). Suppose that there is a closed analytic subspace S of Y c\A such that
Y — S is transverse to A — S and F'\X — S. If ε > 0 is sufficiently small, ε < εo,
we have

Hs(BεnX-A,BεnY-A,Fι) = 0, for any s < -q-dimcS- 1

where dim0 := — oo.

Proof. The case S = 0 follows from the appendix, while the case S = {0} is
covered by Theorem 4.4.4. So let 0 e S and dime S > 0. Let L be a linear
subspace of CN of codimension dime S. We may choose L sufficiently general
such that L-{Q} intersects ^-{O}, A-{0}, Y - {0} and ^nΓ-{0}
transversally. The inclusion of X — L into X is (dime S— 1) -complete.
Furthermore, we may assume without loss of generality that F\ =j\F. By
assumption, ji is (/-complete, so j too. By Theorem 3.2.2 we have thatyΊF is in

By Theorem 4.4.4, we obtain that

< -q-dimcS-2.

By base change, we have that (j\F)\(X nL-A) = (jL)}(F\(X n L - A u 7)),
where JL is the inclusion o f ^ n L — A\jY into X n L — A. So

Hs(Bε n X n L - AJiF) = Hs(Bε nXnL- AJL\(F\(X n L - A u 7))).

Since L intersects X — Y \j A transversally, we can apply (***) in the proof of
3.1.5 and we have that the restriction F\(X c\L- A\J Y) is in

By Theorem 4.4.4 again, we obtain that

Hs(BεnXnL-AJLι(F\(XnL-AvY))=0, for any s <-q - dimcS- 2.

Altogether this implies that

Hs(Be n X - AJ\F) = 0, for any s < -q - dimc S - 1 ,

which is our assertion.
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Proof of Theorem 4.2.5. Because of the constructibility of F the assertion of
Theorem 4.4.6 can be expressed in the following form:

hs((i2)J\F\ = 0, for any s < -q - dimc S-l.

This implies the hypothesis to be verified in Theorem 4.2.5.

Note that in the case that F is a subspace of some projective space PN we
could have directly argued similarly to the proof of Theorem 4.4.6, using a
general linear subspace of PN.

There is also a local version of Theorem 4.3.7:

THEOREM 4.4.7. Let Y and A be closed complex analytic subsets of X which
contain 0. Let i be the inclusion of X — A u Y into X — Y. Suppose that the
inclusion J2 of X — Y into X is dually topologically q-complete with respect to
A- Y. Let F be a complex in l/2D-Q(X -AvY,R) such that (J2)\UF is weakly
constructive, and let F\ be any extension of F to X — A. Let us fix a Whitney
stratification of X adapted to A and to (J2)\i*F. Let ε > 0 be small enough', then
SεπX will have an induced Whitney stratification. Let T( Y) be a good
neighbourhood of Sε n Y in SεnX with respect to this stratification. Then we
have

HS(S€ nX-A,T(Y)- A,Fι) = 0, for any s<-q-\.

Proof. Let ε > 0 be sufficiently small, U := Bε n X, dU := Sε n X. Accord-
ing to Theorem 3.2.2, the direct image j2\i*F is in l/2D-^(X,R). Let
k : {0} — » X be the inclusion, then the cohomology sheaves h?(k]J2\i*F) vanish, for
any s < — q — 1.
On the other hand we have that the stalk (h?(klJ2\i*F))0 is isomoφhic to

Moreover

therefore (hs(klJ2\i*F))Q is isomoφhic to H*~l(U - {0}j2\i*F) which is iso-
moφhic to

where p{ is the inclusion of dU into X, see Lemma 4.4.1. Letye and p be the
inclusions of dU — Y into dU and into X — Y. Then p\J2\i*F =jε\p*i*F.
Let iε and p be the inclusions of dU — A^jY into dU — Y and into
X - A u Y. Since Sε intersects the stratification of X transversally, we have
p*i^F = (ie\jPF (see Appendix Lemma A.3).
Let/ be the inclusion of dU — A u Y into d U — A, p the inclusion of d U — A into
X — A, and j the inclusion of X — Av Y into X — A. Then joρ = poj, so
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p*F = p*y*Fι =j*p*F\. Altogether we have

P\hUF = jεφ*i*F = yε!(4)*/rF =jά(iε)J*β*Fl = jtA(iΛ).(Fl\(dU - A u 7)).

Therefore, using a proposition for subanalytic spaces similar to Proposition 4.3.6
with V = dU, where 82 < ε < ε\, we have

which gives the desired result.

Finally Theorem 4.4.7 gives a local Lefschetz theorem relatively to a
neighbourhood of a hyperplane section, as proposed by P. Deligne in [Dl]:

COROLLARY 4.4.8. Let Y and A be closed complex analytic subsets of X
which contain 0 and suppose that Y is defined by one equation. Let i be the
inclusion of X — A u Y into X — Y. Let J2 be the inclusion of X — Y into
X. Let F be a complex in

such that (J2)\ί*F is weakly constructive, and let F\ be any extension of F to
X — A. Let us fix a Whitney stratification of X adapted to A and to (J2)\i*F.
Let ε > 0 be small enough', then SεπX mil have an induced Whitney stratifi-
cation. Let T( Y) be a good neighbourhood of Sε n Y in SεnX with respect to
this stratification. Then we have

Hs(SεnX-A,T(Y}-A,Fι)=Q, foranys<-\.

Appendix

In this appendix we prove the base change theorem that we needed in this
paper.

DENITION A.I. Let F be a closed subanalytic subset of a real analytic
manifold M. Let A and W§ be closed subanalytic subsets of V. Let F be a
weakly constructive complex on V. Then, WQ is called transverse to A and F, if
there is a closed subanalytic subset W of M, a weakly constructible extension FI
of F to M and Whitney stratifications ̂  of V and y of M adapted to FI such that

a) ^o= WnV,
b) A is a union of strata of 5 ,̂
c) W is a union of strata of «̂ ,
d) S and T intersect transversally within M, where S and T are arbitrary

strata of £f resp. y contained in A and W, respectively.

Note that the condition is not symmetric in A and WQ.

LEMMA A.2. Let V be a closed subanalytic subset of a real analytic manifold
M, and let A and W$ be closed subanalytic subsets of V. Let F be a complex on
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V — A u WQ and let G be a weakly constructible complex on V — A which have
weakly constructible extensions F\ and G\ to V. Assume that WQ is transverse to
A and the weakly constructible complexes F\ and G\. Let ί and] be the inclusions
of V — A u W$ into V — Wo and into V — A. Let /Ί, j\ and k\ be the inclusions
of V — A, V — WQ and WQ into V. Let k and ii be the inclusions of WQ — A into
V — A and WQ.

w _/f^77^
Then we have the following base change properties:

Proof. Let W, ^ and 2Γ be chosen as in Definition A.I. To prove the first
equality in the lemma, we first show that there is a morphism of j\\i+ to i\*j\.

We may identify i*i*F with F, so that

i\*j\f = i\*j\i*i*F.

By usual base change jii* ^ i\j\\, so

We have an adjunction morphism

7i!i*F ->

which yields

y*i!/*F Λ iι*7'ιF.

To prove that α is an isomorphism, we prove that, for any x e V, it induces an
isomorphism of the cohomology of the stalks.

For x e V — W, it is enough to prove that the image y'fα of α by j f is an
isomorphism. In fact, j fα is the composition of JΪJ\\i*F ^ i*F ^ i*j*j\F ^
J\i\*J*F.

For x e V — A, it is enough to prove that the image ίjfα of α by i\ is an
isomorphism. Now, ijα is the composition of i{j\\i*F ~jά*i*F ^j\F ~ ili\*j\F.

It remains to prove that, for x e A n W, α gives an isomorphism. In fact,
we will show that the cohomology sheaves of j\\i*F and of i\*j\F vanish at x.

However hk(j\\i*F)x = 0, because WQ is closed in V.
We have an induced stratification &*' of V whose strata are the connected

components of S n T, where S and T are strata of Sf and "̂, respectively. We
prove our assertion by induction on —dim 5", where Sf is the stratum of έ?' which
contains x.
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Consider xeAnW and an adequate neighbourhood U of x in V such that

hk(i^F}x^Hk(U,h^F}.

So, we have to prove that (hk(i\*j\F)x or) Hk(U,i\*j\F) is 0. Leray spectral
sequence applied to i\ gives

Hk(U,wf)=Hk(U-A^f).

Let S, S", and Γ be the strata of &*, y7 and ̂  which contain x. Then we may
suppose that S'r\U = SnTnU. We may write U = E7 n F, t/ being an open
subset of M. We may identify U with an open subset of Rn in such a way that
U n 5' corresponds to the intersection by some linear subspace L. Therefore we
have a projection

π : U -> S" n C/

which corresponds to the orthogonal projection onto L.
Now, let φ and ^ denote the distance functions to S and T, defined on

U9 and d the distance function to x, defined on S' n U. Let ε, α and β be
positive real numbers which are sufficiently small. With a suitable choice of U,
the map (π, ̂ , ψ) defines a proper stratified submersion of U — S u 71 onto
(S"n Un{d < ε})x]0,α[x]0,/?[. Also, we have a stratified submersion

(π,$ : C/ - S -» (5" n Un {d < ε})x]0,α[.

Since (S1 n U n { d < ε}) x {α'} is a deformation retract of (S" n £7 n {d < ε}) x
]0, α[, 0 < α; < α, we obtain that C7 n {̂  = α7} is a deformation retract of U - S
in the stratified sense for the given stratifications.

Since S c A we obtain from [H2] (Theorem 2.9)

J5Γ*(tf - Λ j .F) = Hk((U -A)π{φ = α/}j,F)

Furthermore, we have that, for 0 < β' < β, the space (S" n (7 n {d < ε}) x
{α7} x {β'} is a deformation retract of (Sr n C7 n {d < ε}) x {α7} x [/?',/?[, which
implies that

is a deformation retract of U n {̂  = α7} n {ψ > β'} in the stratified sense for the
given stratifications. So

0 = Hk((U -A)n{φ = α7} n {φ > β'}, (U-A)n{φ = α7} n {* = β'}^F)

= Hk((U -A)n{φ = α7}, (U - A) n {φ = α7} n {ψ < β'}J<F)

which means that

Hk((U -A)π{φ = α7} j,F) = Hk(U n {φ = α7} n {ψ < β'}, /w'.F).

Now we can pass to the direct limit:

lim Hk(Un {φ = α7} n {ψ < β'},ί^F) = Hk(UnTn{φ = α7}, i^F).
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By induction, we have

Hk(UnTn{φ = α'}, i\+j\F) = Hk(UnTn{φ = of}Jv^F) = 0.

for any k, because the cohomology sheaves of j\\i*F vanish along FnΓc:
F n W. This implies

0 - lim Hk(Un {φ = of} n {ψ < β'}, i^F) = Hk((U -A)n{φ = of} ,y,F)
?

= Hk(U-AJ*F)=Hk(U,iιJιF)

which finishes the proof of the first equality. It remains to prove the second one.
We prove that there is a natural morphism

which is defined from the adjunction morphism

(M)*(/i),C-(/2)*(/2)*(A:i

and the equalities

We shall prove that β is an isomoφhism. To do so, we make use of the
distinguished triangle

Then, it is enough to check that β induces isomorphisms for j\j*G and
k*k*G. For JfcJfc*G, β induces

which is the identity, since (i\)Jc* = (^ι)*(i2)* and k*k* = (kι)*(kι)+ = Id.
For j\j*G, β induces

which is the trivial isomorphism, since k*j\ = (k\)*(jι)ι =0 and (71), /* = (ii)*ji
by the first equality of the lemma proved above. This ends the proof of Lemma
A.2.

In particular, we have the following consequence:

LEMMA A. 3. Let M be a real analytic manifold., A and V closed subanalytic
subsets of M, A a V. Let ^ be a Whitney stratification of (V,A). Let
φ : M — > R be a real analytic function, and let R be a regular value for the
restrictions of φ to the strata of F, W = {φ = R} (or: W = {φ > R}). Let ί andj
be the inclusions of V — A u W into V — W and into V — A, let z'ι, j\ and k\ be
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the inclusions of V — A, V —W and W into V. Let k and ii be the inclusions of
W-A into V-A and W.

W-A — -̂> V-A ^— V-AuW

r
W —^U V <-̂ — V - W

Let F be a complex on V — A u W and let G be a weakly constructible complex on
V — A which have weakly constructible extensions to V to which the Whitney
stratification £f is adapted. Then we have the following base change properties'.

Proof. This follows from Lemma A.2: first, we may assume the R is a
regular value of φ, then, the stratification 2Γ consists of the strata {φ < R},
{φ = R} and {φ > R}.
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