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NONEXISTENCE OF FINITE ORDER SOLUTIONS OF
CERTAIN SECOND ORDER LINEAR
DIFFERENTIAL EQUATIONS

Ki-Ho KwonN

1. Introduction and statements of results

Let p(g) denote the order of an entire function g. Consider the second
order linear differential equation

(1) f"+ARSf'+B()f=0,

where A(z) and B(z)=£0 are entire functions. It is known that if p(B)<p(4)
<1/2, then every solution f==0 of (1) is of infinite order [3], [6], [9]. In [7],
the author proved the following

THEOREM A. Let A(z) and B(z) be entire functions such that p(A)<p(B) or
0(B)<p(A)<1/2. Then every solution f#0 of (1) satisfies
m log log T(r, f)

lim log 7 zmax {p(4), p(B)},

where T(r, f) is the Nevanlinna characteristic of f (see [5]).

In the case that p(A4)>1/2 and p(B)<p(A), the possibility of solutions fz=0
of finite order of (1) remains open. In fact, if p(A4) is a positive integer and
p(B)<p(A4), (1) may have nonconstant solutions of finite order [3, Examples 1
and 2].

Here we give a partial result for the case that p(A) is not a positive
integer with o(A4)>1 and p(B)<p(A) by proving the following

THEOREM 1. Suppose that A(z) is an entire function of finite nonintegral
order with p(A)>1, and that all the zeros of A(z) lie in the angular sector
0,<arg z<0, satisfying

T
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if q is odd, and
(2¢g—D=
29(g+1)

if q is even, where q is the genus of A(z). Let B(z) be an entire function with

0<p(B)<1/2. Then every nonconstant solution f of (1) has infinite order with
i log log T(r, f)
oo log »

02_‘01<

zp(B).

Let P(z) and Q(z) be nonconstant polynomials, and let h,(z) and h,(z)%0 be
entire functions satisfying p(h,)<deg P and p(h,)<deg @, where deg R denotes
the degree of a polynomial R. Then every nonconstant solution of the second
order linear differential equation

(2) F74hi(2)e" 1 ho(2)e f=0

has infinite order if deg P#deg Q (p. 419, [3]). If deg P=deg Q, then (2) may
have nonconstant solutions of finite order. Indeed, f(2)=z solves f”-+ze*f’
—e*f=0.

In this note, we shall investigate the growth of the nonconstant solutions
of (2) in the case that deg P=deg Q.

THEOREM 2. Let P(z) and Q(z) be nonconstant polynomials such that
P(@)=a,z2"+a,_2" '+ - +a,z2+a,,
Q(Z)zbnzn+bn—lzn_l+ A +blz+bo

for some complex numbers a,, b; (=0, 1, 2, ---, n) with a,+0, b,#0 and let h,(2)
and hy(2)#0 be entire functions satisfying p(h,)<deg P and p(h;)<deg Q. Then
the following four statements hold :

(i) If either arg a,+arg b, or a,=cb, with 0<c<1, then every nonconstant
solution f of (2) has infinite order with

fim o8 log 7(r, /)
T log r

(ii) Let a,=b, and deg(P—Q)=m2=1, and let the orders of h.(z) and h.(z)

be less than m. Then every nonconstant solution f of (2) has infinite order with
i log log T(7, f) .

700 log r

(iii) Let ap=cb, with ¢>1 and deg(P—cQ)=m=1. Suppose that p(h,)<m
and hy(z) is an entire function with 0<p(h;)<1/2. Then every nonconstant
solution f of (2) has infinite order with
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— log log T(r, f) -
lim log 7 =o(h).

(iv) Let a,=cb, with cz=1, and let P(z)—cQ(z) be a constant. Suppose that
o(h)<p(hy)<1/2. Then every nonconstant solution f of (2) has infinite order
with

— log log T(», f)

lim

>
oo log » zp(hy).

2. Preliminary lemmas

For the proofs of the theorems we need the following lemmas.

LEMMA B [4]. Let f(z) be a nonconstant entire function, and let a>1 and
e>0 be given constants. Then the following two statements hold :

(i) There exist a constant ¢>0 and a set E,C[0, ) having finite linear
measure such that for all z satisfying |z|=r&E, we have

f®(2)

f(@)

(ii) There exist a constant ¢>0 and a set E,C[0, 27) having linear measure

zero such that if ¢o<[0, 2n)—E,, then there is a constant Ry=R(¢,)>0 so that
for all z satisfying arg z=¢, and |z|=r=R,, we have

l f®(2)
f(@

<c[T(ar, f)rclog T(ar, f)]*, kEN.

|=clT(ar, flog T(ar, )1, kEN.

For EC[0, «), the upper linear density of E is defined by

Jens E=iim M END, 7D
r )

T 00
where m(F) is the linear measure of a set F.

LeMMA C [1]. Let f(2) be an entire function of order p where 0<p<1/2,
and let ¢>0 be a given constant. Then there exists a set E,C[0, ) with

dens E;=1—2p such that for all z satisfying |z|=r&E;, we have

[ f(2)| zexp(re™®).

3. Proof of Theorem 1

The proof of the theorem depends heavily on the following lemma, which
gives information of the minimum moduli of entire functions having their zeros
in certain angular sectors.
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LEMMA 3. Let f(z) be an entire function of finite nonintegral order p and
of genus g=1. Suppose that for any given €>0, all the zeros of f(z) have their
arguments in the following set of real numbers:

7
= H <
Sg 9={0: 101550 ]
if q is odd, and

T 3z
= e < < _
S(g, €) {0- 2 +e=|0|=2(q+1) s}
if q is even. Then for any c>1, there exists a real number R>0 such that

| f(—=7)| =exp(—cr?)
for all y=R.

Proof. Let z=re'’ with >0, |6|<z. Then, from the well-known repre-
sentation due to Valiron [10], we have

log B~ q):log{(l+7z‘[)exp(_r‘i+ 2(5;2 o +<_l)qq‘<i(j‘7){>}
=]

for any r,>0, where E(w, ¢) is an elementary factor. Taking real parts, we
get

_z 1y QHS“’ tcos(g+1)0+r cosqf
1°g\E( o' q)i DT ATt 2ir cos 1%

If 8=S(q, ¢), then there is a >0 such that

(—1)cos(g+1)<—0 and (—1)cosqf<—0.

Hence, for 6=S(g, ),
' re~i0 o dt
o < q+1 . .
(3) log\E( e’ q)tz d Srntq”(t—i—r) :
By the canonical representation of f(z), we may set

fe)=zme"* g(z)

for some nonnegative integer m, where P(z) is a polynomial with deg P<q¢ and
2@)=I1 E(z/a,, q) with a,=r,e*’», »,>0 and §,=S(g, ¢). Since f(z) has non-
integral order p, we have p(g)=p and ¢<p<g+1. Let n() be the number of
zeros of g(z) in the disk |z|<t; then it follows from (3) that for all »>0,

(4) log| ()| =3 log| (", 4))|



382 KI-HO KWON
—z1og B~ 7" )
e dt

sl n(t)dt
=—0ort So 1Ly

Now, deg P<gq implies that there are real numbers ¢>1 and R,;>0 such that

<o n

|P(z)| =cr?

for all |z|=r=R,. Since p>¢ and

I log n(r) _
r- logr

’

there is an R,> R, satisfying

(5) n(Ryz 2R

Furthermore we may presume that R, is so large that for any »>2R,, we have

S°° n(t)dt >Sr n(®dt
o 19 (t4-7) T IRy 11Tt +7)
> n(R;) ST dt

= 2r Jry1ot?

n(Rz)( 1 1 )

(6)

(Rt ¢

n(Rz)
“4g(Ry)r

Thus (4), (5) and (6) imply that

log|g(—n)|< —5rq+1S:}q_f§(tt)—('f__fﬂ

for all »>2R,. Therefore

log| f(—7)|=mlogr+Re P(—r)+log| g(—7)i
<—cr?

for all >R with R=2R,.

Proof of the theorem. Rotating properly the axes of the complex plane,
we may assume that all the zeros of A(z) have their arguments in the set
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S(g, ¢) defined in Lemma 3 for some ¢>0. Hence, by Lemma 3, there exists a
positive real number R such that for all =R, we have

(7) min,, -] A()| 1.

If f is a nonconstant solution of (1), it follows from (1) that
f"(2) f'(z)

(8) 1B@)I=| 5| +14@1| 7

Hence we deduce from Lemma C and (8) that if 0<o<p(B), then there is a
set E,C[0, ) with a positive upper density such that for all z satisfying
|z|=reE,;, we have

f7(2) f'(2)
f(2) f@ 1"

Thus Lemma B and (9) imply that there is a set EC[0, «) with positive upper
density such that for all z satisfying |z|=r<F, we have

(10) exp(r )=+ AR NTCr, 1)

(9) exor)s |2+ 14|

Therefore we deduce from (7) and (10) that
exp(r)=2TQ2r, )
for all r€ EN[R, ). Thus we conclude that f(z) has infinite order with

i log log T(, f)

=0.
oo log r

Hence the result of the theorem follows, since ¢ is an arbitrary number less
than p(B).

4. Proof of Theorem 2

In the proof of the theorem, we use the following basic property of poly-
nomials: Let n be a positive integer, and let P(z2)=a,z"+a,_,z* '+ - +a,z+a,
with a,=a,e*’», a,>0. For given ¢, 0<e<m/4n, we introduce 27 closed angles

0., . biq 4. . s . _
i H @D te 0= =S+ Qi+ )g o~ (=0, 1, -, 2n—1).

D
Then, there exists a positive number R=R(e) such that
Re P(z)>a,r"(1—¢)sinne
if |z|=r>R and zeD,, where ; is even, while

Re P(z2)< —a,r"(1—¢)sinne
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if |z|=r>R and z€D,, where j is odd (see pp. 253-255, [8]).
Suppose that £,=0. Then if f is a nonconstant solution of (2), it follows
from Theorem A that
i log log T, /) _ -
P log r

Hence all four statements of Theorem 2 are true. Thus, in the following
proofs, we always assume that A,=0. We also assume that f is a nonconstant
solution of (2).

(i) Suppose first that arg a,+arg b,. Then there exist real numbers a>0,

R, and #,<@, such that for all =R, and 6,<60<6,, we have
Re P(re'?)<0,

11) )
Re Q(re*?)>ar™.

Let B satisfy o(h,)<B<n (=1, 2). Then there is an increasing sequence {r.}
of positive real numbers converging to infinity as #— o such that for /=1, 2,
we have

(12) —(rp)f<log|hirie’®)| <(rs)?

for all k=N and <[00, 2x) (for the left inequality of (12), see Theorem 3.7.1,
[2]). We deduce from Lemma B that there exist real numbers 8,=(8,, 6.),
R,>0 such that for all z satisfying z=ve*’0 and r=R,, we have

(13 | Lt sTer, o
for =1 and 2. It follows from (2) that

o< | L@ o F/@
s @t < |22 h@ere |22

Hence, calculating at the points z,=r;e%0 with »,=max{R,, R.}, we get from
(11), (12), (13) and (14) that

e“‘rk>’ge"‘<rk)"§_(1+e"k’ﬁ)T(Zrk, 1.

Thus, n>p implies
Tim 08 log T(r, /)
700 log
Suppose now that a,=cb, with 0<c<1. Since deg Q>deg(P—cQ), there
exist real numbers a>0, A4, R; and #,<#, such that

Re Q(ret®)>arm,

(15)
Re{P(ret?)y—cQ(rei?)} <2
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for all »>R, and 6<(6,, 6,). It follows from (2) that

16 Ih@ecoeoigjeen) | LE | peeraen| L2,

Calculating at the points z,=r,e'’0 with »,=>max{R,, R}, we deduce from (12),
(13), (15) and (16) that

e‘(rk)'ged"f)“<rk)"é(e<“)“<rk>"+e<rk>ﬁex)T(2r,,, e
Thus, n>p and 0<c<1 imply

i log log T(r, /) _
oo log »

(ii) Suppose that a,=b, and deg(Q—P)=m, 1<m<n. Then there exist

real numbers a>0, R, and 6,<6, such that
Re P(re'?)=0,

a7 ‘ _
Re{Q(re'?)—P(re'®)} =ar™

for all ¥>R, and 0<(b,, 0;). If p(h,)<m (i=1, 2), then there is an increasing

sequence {r,} of real numbers satisfying (12) for some B<m. It follows from
(2) that

f"(z)
f(2)

Hence we deduce from (12), (13), (17) and (18) that

f'(z)
fla) I°

18) | h@et@ @ | < |e P | |+ 112 |

e—(rk)ﬁea(rk)mgrk(1+g(7k)'3)T(2rk, f)3

for all sufficiently large »,. Thus, m>pS implies

i log log T(r, f) _

oo log =

(iii) Suppose that a,=cb, with ¢>1 and deg(P—cQ)=m=1, and that
p(h)<m and h,(z) is an entire function with 0<p(h,)<1/2. Since deg(P—cQ)
<deg Q, there exist a positive real number @ and a continuous curve C tending

to infinity such that for all zeC with |z!=7», we have
Re Q(2)=0,

19)
Re{P(z)—cQ@)} < —ar™.

Let B satisfy p(h,)<<Bf<m. Then there exists a positive real number R, such
that for all z satisfying |z|=r>R, we have

(20 [ hi(2)| <exp(r?).
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Furthermore, if 0<y<p(hs), then by Lemma C, there exists a set E;C[0, )
with positive upper density such that for all z satisfying |z|=r&E,, we have

@1) [ ho(2)| Zexp(rT).
It follows from (2) that
@ Ih@ecomm s e | ZE | @ereren) | L)

Calculating at z=re¢*’ on C, we deduce from (19), (20), (21), (22) and Lemma B
that
e <r(l+erPe-ar™T(2r, f)?

for some unbounded set of ». Thus, m>8 implies

fm Jog log T(r, f) -
rosco log »

Therefore

— log log T(r, f_) <
17151;10 log » =p(ha),

since y is an arbitrary real number less than p(h,).
(iv) Let a,=cb, with ¢=1 and let P(z)—cQ(z) be a constant. Suppose
that p(h)<p(h:)<1/2. If a and B satisfy p(h;)<B<a<p(hs), then Lemma C

and the definition of the order imply that there exists a set EC[0, «) with a
positive upper density such that for all z satisfying |z|=r&E, we have

| hi(2)| <exp(rf),
(23)
| ho(2) | Zexp(r®).
Let C be a continuous curve tending to infinity on which Re Q(z)=0. Then we
deduce from (21), (22), (23) and Lemma B that
e <r(14+be®)TQr, f)*
for some real number b, and for some unbounded set of ». Hence a>f implies

i log log T(r, f) >a.

Too log -
Thus
-— log log T(r, f) >
!,-I_II‘Q log ¥ = p(hZ) ’

since a is an arbitrary real number less than p(h,).
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