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Introduction

Let F be an open Riemann surface of null boundary which has a single
ideal boundary component in the sense of Kerékjarto-Stoilow (cf. [3, p. 987).
A relatively noncompact subregion £ of F is said to be an end of F if the
relative boundary 0£2 consists of finitely many analytic Jordan curves (cf. Heins
[4]). We denote by @(2) the class of all nonnegative harmonic functions on
£ with vanishing values on d2. The harmonic dimension of £, dim P(£2) in
notation, is defined as the minimum number of elements of ®(£2) generating
P(R2) provided that such a finite set exists, otherwise as c. It is well-known
that dim £(2) dose not depend on a choice of end of F: dim #(2)=dim ¥(2’)
for any pair (2, Q') of ends of F (cf. [4]). In terms of the Martin compactifi-
cation dim P(£2) coincides with the number of minimal points over the ideal
boundary (cf. Constantinesc and Cornea [3]).

In this note we especially consider ends W which are subregion of
p-sheeted unlimited covering surfaces of {0<|z|<oo}. For these W it is known
that 1=<dim @(W)<p (cf. [4]). Consider two positive sequences {a,} and {b,}
satisfying b,,,<a,<b,<l and lim,..a,=0. Set G={0<|z|<1}—I where
I=U5.1, and I,=[a,, b,]. We take p (>1) copies G,, ---, G, of G. Joining
the upper edge of I, on G, and the lower edge of I, on G,,; ( mod p) for
every n, we obtain a p-sheeted covering surface W=W% of {0<|z|<1} which
is naturally considered as an end of a p-sheeted covering surface of {0<|z|<oo}.
In the previous paper [6] we proved the following.

THEOREM A ([6, Theorem]). Suppose that p=2™ (meN). Then
(i) dim W)=p if and only if I 1s thin at z=0;
(i) dim W)=1 of and only 1f I 1s not thin at z=0.

The purpose of this note is to show that, in a bit more general setting for
I, Theorem A is valid for every p (>1) (cf. §1). Consequently we have the
following.
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THEOREM. For every integer p (>1), 2t holds that
(i) dim LW)=p i1f and only if I 1s thin at z=0;
(i) dim L(W)=1 if and only if I s not thin at z=0.

In §1 we give preliminaries and state Main Theorem. The proof of Main
Theorem is given in § 2.

Finally the author would like to express his deepest gratitude to Prof. S.
Segawa for his valuable comment and constant encouragement and at the same
time to the referee for his helpful advice. They pointed him out some mistakes
of the original Theorem 1.1.

1. Preliminaries from potential theory and statement of Main Theorem

1.1. We begin with recalling the definition of balayage. Consider an open
Riemann surface F possessing the Green’s function. Denote by S=S(F) the
class of all nonnegative superharmonic functions on F. Let E be a subset of
F and s belong to S. Then the balayage RE=YRE of s relative to E on F is
defined by

I?f(z):lir? iznf inf{u(x): ueS, u=s on E}

(cf. e.g. [1]). Let G{(-) be the Green’s function on F with pole at & We
here review fundamental properties of balayage (cf. [1], [2], [5], etc.).

PROPOSITION 1.1. (i) If E\CE, then RE\<R¥2;

(ii) REvE<RE+RE;

(ili) RE,,=RE+RE;

(iv) if N is a polar set, then REVN=RE;

(v) if E is a closed subset of F, then RE(z)=s(z) on E except possibly for
those z=0FE which are irregular boundary points of F—E, and RE=HZF"F on
F—E, where HF "E=FHF"F s the generalized Dirichlet solution for s on F—E.

The following lemma gives us the relation between balayage on F and
balayage on a covering surface of F.

LEMMA 1.1 (cf. [6, Lemma 3.17). Let F be an unlimited covering surface
of F, E a subset of F, s a positive superharmonic function on F and m the canonical
projection from F onto F. Then, 1t holds that

FREm=FRESIP
on F.

Next we state the definition of thinness (cf. [2]).

DEFINITION 1.1. Let z be a point of F and E a subset of F. We say that
E is thin at z if FR%stth.
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Assuming that E is closed and z belongs to dE in the above definition, it
is well-known that E is thin at z if and only if z is an irregular point of F—E
with respect to Dirichlet problem (cf. e.g. [1, p. 348]).

1.2. In order to state Main Theorem, we begin with fixing the notations.
Denote by D the open unit disc {|z|<1}. Let {J.}%-: be a family of closed
segments J, in (D—{0})N\R such that J,N\J.=0 for every m and n with
m#n and that J, accumulate only at z=0 in DU@D. Set J=\U%., /. and
S=D—{0}—J. We take p (>1) copies S,, -+, S, of S. Joining the upper
edge of J, on S, and the lower edge J, on S,,,; (y mod p) for every n, we
obtain a p-sheeted covering surface W=W, of {0<|z|<1} which is naturally
considered as an end of a p-sheeted covering surface of {0<|z|<o}. Then,
our previous paper [6] gives us the following results.

THEOREM B. If J is thin at the origin, then dim @P(W)=p.

THEOREM C. Suppose that p=2™ (meN). If neither of ] and R—] is
thin at the origin, then dim @(W)=1.

We will prove that Theorem C holds for every integer p (>1).

THEOREM 1.1. If neither of J and R—J is thin at the origin, then
dim e(W)=1.

By Theorems B and 1.1 we obtain Main Theorem.

MAIN THEOREM. It holds that
(i) dim @(W)=p if and only 1f | or R—] is thin at the origin;
(ii) dim @(W)=1 if and only if neither of J and R— ] is thin at the origin.

It is easily checked that Theorem in Introduction follows from Main Theorem.

2. Proof of Main Theorem

2.1. Here and hereafter, for simplicity, we denote by G¢(-) the Green’s
function on {|z] <1} with pole at & We first give the following lemma which
is useful in the sequel:

LEMMA 2.1. Let J and W, be as in §1, and K be the upper edge of | on
S:. Suppose that dim PW)=1. If J is not thin at the origin, then, for every
integer n (1<n=p),
Wnﬁgooﬂzcoﬂr

on W,, where « is the canonical projection from W, onto D— {0}.
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Proof. Suppose that dim @(W,)=1 and p=2. First we prove the assertion
of this lemma for n=p. Let 6 be a covering transformation of W,:

0(21,):Zz+1 (# mod b i=1, - ’ ]7),

where n7'(z)={z,, -, z,} and z,€S, for z&D—{0}. We note that #? is the
identity mapping on W,. We set K,=6"'(K) (=1, ---, p). Since J is not
thin at the origin, by Lemma 1.1 and (ii) of Proposition 1.1, we have,

P
b Bl pE
(1) Guom="Re, w=" 2R3,/ < 3 ¥oRE e

on W,. By the fact dim ®(W,)=1 and by Naim’s theorem (cf. [3, Lemma 11.2]),
Wp]?é‘oz,,, (7=1, -+, p) is equal to G, or a Green potential on W,, and hence,
by (1), we can find an integer A (<p) such that

(2) ¥R} =Goom

on W,. By definition of balayage, we have, for every zeW,,

(3) Wpl?goﬁ,,(z)zlirzrll*iznf inf{s(y)|s€ES(W,), s=G,om on K;}
—_—lir?#iznf inf {(se 02710 )y)|s- 02 'eS(W,), s-0%'=Gyem on K}
=Y 2 RE (0" 4(2))

on W,. Therefore, by (2) and (3), we have

(4) Vo RG 4= Goomr

on W, (=1, -, p).
Next we prove the assertion of this lemma for n=p—1 (»p>2). By (4) and
(i) of Proposition 1.1, we have

Goom="pRGE<VrREEVEP<Gyom

on W,, and hence,
(5) WoREE P =Gyor
on W,. Thus, by (v) of Proposition 1.1 and definition of generalized Dirichlet
solution (cf. [1]), we have, for every zeW,—(S,UK,_\UK},),

(Goom)&)="PRo2:" &) =" v H 27 777V (2)

=g p TR )= e RE B () =" P RE L (6777(2)),

where we consider a point of W, ,—K,_, as a point of W,—(S,UK,_UK,).
Hence we have

Yp-1RE 0r=Goomt

on W,_,.
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For a general integer n (1<n<p), repeating the same argument successively
as in the case: n=p—1, we obtain the desired result.

2.2. Proof of Theorem 1.1. For a point zeW =W, which belongs to S,
(=1, ---, p), we denote by Z the point in S, whose projection coincides with
n(z). Let f be a mapping on W, defined by the following fashion; for z;€S,
@=1, ---, p) with =n(z,)=zD— {0},

(6) f(zi)=zp+2—1 (] mod p: ]:1» T 17)-

Observe that f is an anti-conformal automorphism of W and that f.f=id.
First, we prove that, if A is an element of @(W) such that hA-f=h on W,
there exists a positive constant a such that

(7) h=aGy-r

on W. Letting 6 be the covering transformation of W as in the proof of
Lemma 2.1, we can find a positive constant 8 such that

(8) ﬁcoun:ihom
P

on W. Let K be the upper edge of J on S,. Since neither of / and R—] is
thin at the origin, by Theorem C and Lemma 2.1 we have

(9) BGot=Rfgpex (=" Rfgyer)

on W. By (8), (9) and (iii) of Proposition 1.1, we have
(10) .BGOW-':RI;:;’:lhoM: Jél?ffw:é}é he@/=BGoem
on W, and hence,

(11) he@?=RE.ps

on W (j=1, ---, p). On the other hand, we find that
(12) he@?'=h

on K, because hef=~h on W. By (11) and (12), we have
(13) he0P'=RE p-1=RE=h

on W, and hence,

(14) hof=nh

on W. By (14) we can consider h as an element of 2(D— {0}) and hence, there
exists a positive constant « such that the equation (7) holds.
Next, let he®(W) be a minimal function on W. Setting
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K'=(x"(R—J— {0} )NS;,
we prove that there exists an integer g (1=<p=<p) such that
(15) ho0#=REqn

on W. The assumption that R—J is not thin at the origin implies that
(R—J)N\D is not thin at the origin (cf. e.g. [2]) and hence, by (iv) of Prop-
osition 1.1, J/=(R—J—{0})N\D is not thin at the origin. Thus, by Lemma 1.1,
(8) and (iii) of Proposition 1.1, we have

(16) BGoon=Ri,on=Rjsi L =R

2;’=1h031
= S RIS B het'=4Gyen
=1
on W and hence,
a7 hoﬂf:ﬁ;:;,””
on W (=1, -+, p). Setting
K;ZBJ(K’) (]:1; ) p)’

by (17) and (ii) of Proposition 1.1, we have

" UP_ k5 b K}
(8) h=Ri =R < SRy

on W. Since h is a minimal harmonic function on W, by Naim’s theorem (cf.

[3, Lemma 11.2]), REI (7=1, ---, p) is equal to h or a Green potential on W,
and hence, by (18), we find an integer x4 (1=<p<p) such that

(19) REu—p
on W. By (19) and definition of balayage, we have
(20) h=REu=RO" K> —(REsu)o "

on W and hence, we obtain the equation (15).
Finally, we prove that, if he®(W) be a minimal function on W, there
exists a positive constant y such that h=yGo,em on W. We set

2D H=ho0"+h-0"sf,

where 2 is the same integer as in (15). Since Heof=H, we see from the first
observation that there exists a positive constant ¢ such that

(22) ho@t+hofte f=3G,om

on W and hence, we have
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23) hoﬂﬂzho()"of:g—Goor:

on K’. By (15) and (20) we have
(24) ho6#=REpp=REqr., <ho0%s f

on W. Since h<f#-f is a minimal harmonic function on W, by (23), we find
that

(25) he@#=h-§%f

on W and hence, by (22), we have
(26) hoﬁf‘:g—Goorc
on W. Therefore we have the desired result.

2.3. Proof of Theorem. In order to prove Main Theorem, by Theorem B
and 1.1, we have only to prove that, if R—J is thin at the origin, dim 2(W)=p.
Denote by {/z}%-1 the family of connected components of (R—J—{0})N\D and
by J» the closure of J; for each n. By replacing {/.}%-, in 1.2 with {/3}5%=,
we construct a p-sheeted covering surface W’ of {0<|z|<1} in the same way
as in 1.2. Then \U5., j;, is thin at the origin and hence Theorem B yields that
dim @(W’)=p. Therefore we find that dim #(W)=p since W is conformally
equivalent to W’.
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