
H. MASAOKA
KODAI MATH. j.
18 (1995), 487—493

HARMONIC DIMENSION OF COVERING SURFACES, II
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Introduction

Let F be an open Riemann surface of null boundary which has a single
ideal boundary component in the sense of Kerekjartό-Stoϊlow (cf. [3, p. 98]).
A relatively noncompact subregion Ω of F is said to be an end of F if the
relative boundary dΩ consists of finitely many analytic Jordan curves (cf. Heins
[4]). We denote by &(Ω) the class of all nonnegative harmonic functions on
Ω with vanishing values on dΩ. The harmonic dimension of Ω, dim &(Ω) in
notation, is defined as the minimum number of elements of &(Ω) generating
&(Ω) provided that such a finite set exists, otherwise as oo. It is well-known
that dim^(β) dose not depend on a choice of end of F: dim £>(Ω)=dim &(Ω')
for any pair (Ω, Ω') of ends of F (cf. [4]). In terms of the Martin compactifi-
cation dim&(Ω) coincides with the number of minimal points over the ideal
boundary (cf. Constantinesc and Cornea [3]).

In this note we especially consider ends W which are subregion of
/^-sheeted unlimited covering surfaces of {0< \z\ ̂ oo}. For these W it is known
that l<ίdim5>(WO<;/) (cf. [4]). Consider two positive sequences {an} and {bn}
satisfying bn+ι<an<bn<l and lim n _ooα n =0. Set G={0<z |< l } — / where
/^Un^i/n and /n^Cf ln, bn]. We take p (>1) copies G ί f •••, Gp of G. Joining
the upper edge of In on G3 and the lower edge of In on GJ+ι (j mod p) for
every n, we obtain a /^-sheeted covering surface W—Wp of {0< z|<l} which
is naturally considered as an end of a ^-sheeted covering surface of {0< \z\ ̂ 00}.
In the previous paper [6] we proved the following.

THEOREM A ([6, Theorem]). Suppose that p=2m (me7V) Then
(i) άim&(W)=p if and only if I is thin at z—0
(ii) dim3>(WO=l if and only if 1 is not thin at z=Q.

The purpose of this note is to show that, in a bit more general setting for
7, Theorem A is valid for every />(>!) (cf. § 1). Consequently we have the
following.
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THEOREM. For every integer p (>1), it holds that
(i) dim&(W)=p if and only if I is thin at z=Q
(ii) dim^HO^l if and only if 1 is not thin at z=0.

In § 1 we give preliminaries and state Main Theorem. The proof of Main
Theorem is given in §2.

Finally the author would like to express his deepest gratitude to Prof. S.
Segawa for his valuable comment and constant encouragement and at the same
time to the referee for his helpful advice. They pointed him out some mistakes
of the original Theorem 1.1.

1. Preliminaries from potential theory and statement of Main Theorem

1.1. We begin with recalling the definition of balayage. Consider an open
Riemann surface F possessing the Green's function. Denote by S=<S(F) the
class of all nonnegative superharmonic functions on F. Let E be a subset of
F and s belong to S. Then the balayage Rξ=FRξ of s relative to E on F is
defined by

Rj(z)= lim inf mf{u(x): u^S, u^s on E}

(cf. e.g. [1]). Let Gf( ) be the Green's function on F with pole at ξ. We
here review fundamental properties of balayage (cf. [1], [2], [5], etc.).

PROPOSITION 1.1. (i) // E,c:E2 then tf

(\\\\ f?E __ PE\ ΌE .(in; KU+V~KU-±KV ,
(iv) // N is a polar set, then R^N=Rf;
(v) if E is a closed subset of F, then Rj(z)—s(z) on E except possibly for

those z^dE which are irregular boundary points of F—E, and R*j—HF~E on
F~E, where HF~E—FHF~E is the generalized Dinchlet solution for s on F—E.

The following lemma gives us the relation between balayage on F and
balayage on a covering surface of F.

LEMMA 1.1 (cf. [6, Lemma 3.1]). Let F be an unlimited covering surface
of F, E a subset of F, s a positive superharmonic function on F and π the canonical
projection from P onto F. Then, it holds that

Ffif π=f&&<*>
on F.

Next we state the definition of thinness (cf. [2]).

DEFINITION 1.1. Let z be a point of F and E a subset of F. We say that
E is thin at z if FRE

GFΦGF.
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Assuming that E is closed and z belongs to dE in the above definition, it
is well-known that E is thin at z if and only if z is an irregular point of F— E
with respect to Dirichlet problem (cf . e. g. [1, p. 348]).

1.2. In order to state Main Theorem, we begin with fixing the notations.
Denote by D the open unit disc { |z |<l}. Let {/n}n=ι be a family of closed
segments Jn in (D— {0})Γ\β such that /πΠ/m— 0 for every m and n with
mφn and that /„ accumulate only at z=Q in D\jdD. Set /— US=ι/n and
S=D—{Q\—J. We take p (>1) copies S l f ••• , Sp of S. Joining the upper
edge of Jn on S} and the lower edge Jn on SJ+1 (j mod p) for every n, we
obtain a ^-sheeted covering surface W—WP of {0<|z|<l} which is naturally
considered as an end of a /^-sheeted covering surface of {Q<\z\^oo\. Then,
our previous paper [6] gives us the following results.

THEOREM B. // / is thin at the origin, then άΊm^(W)=p.

THEOREM C. Suppose that p=2m (m^N). If neither of J and R—J is
thin at the origin, then dim £P(WO— 1.

We will prove that Theorem C holds for every integer p (>1).

THEOREM 1.1. // neither of J and R—J is thin at the origin, then

By Theorems B and 1.1 we obtain Main Theorem.

MAIN THEOREM. It holds that
(i) dim&(W)=^p if and only if J or R—J is thin at the origin]
(ii) dim<P(WO=l // and only if neither of J and R—J is thin at the origin.

It is easily checked that Theorem in Introduction follows from Main Theorem.

2. Proof of Main Theorem

2.1. Here and hereafter, for simplicity, we denote by Gf( ) the Green's
function on {|z|<l} with pole at ξ. We first give the following lemma which
is useful in the sequel:

LEMMA 2.1. Let J and Wp be as in § 1, and K be the upper edge of J on
Si. Suppose that dimί?(WO=l. // / is not thin at the origin, then, for every
integer n (Kn^p),

on Wn, where π is the canonical projection from Wn onto D— {0}.
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Proof. Suppose that dim^Wp)— 1 and p^2. First we prove the assertion
of this lemma for n — p. Let θ be a covering transformation of Wp :

ΰ(Zτ)=Zτ+ι ( /mod/?, 1 = 1, •••, p\

where π ~ l ( z ) = { z ί t ••-, zp} and zίe5l for z^D— {0}. We note that θp is the
identity mapping on Wp. We set Kl=θl~l(K) (/=!, •••, />). Since / is not
thin at the origin, by Lemma 1.1 and (ii) of Proposition 1.1, we have,

on Wp. By the fact dim &(WP}—1 and by Nairn's theorem (cf. [3, Lemma 11.2]),
wpR§0

Joπ 0 = 1, •••, />) is equal to G^π or a Green potential on Wp, and hence,
by (1), we can find an integer λ (<p) such that

( 2 )

on Wp. By definition of balayage, we have, for every z

( 3 ) wpRcQi*(z)=tim inf inf {s(;y)|seΞcS(Wp), s^G0°τr on
2/-2

= l i m i n f inf {(sofl^^ ^π on K]

on Wp. Therefore, by (2) and (3), we have

(4) w*β5ί *=Gt π

on Wp 0 = 1, -, #).
Next we prove the assertion of this lemma for n = p—l (p>2). By (4) and

(i) of Proposition 1.1, we have

on Wp, and hence,

(5) wpR^Kp = G«*π

on Wp. Thus, by (v) of Proposition 1.1 and definition of generalized Dirichlet
solution (cf. [1]), we have, for every z^Wp—(Sp\jKp_l\jKp))

where we consider a point of
Hence we have

p^ as a point of Wp—(Sp\jKp-ι\jKp).

on
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For a general integer n (Kn^p), repeating the same argument successively
as in the case: n — p—l, we obtain the desired result.

2.2. Proof of Theorem 1.1. For a point z&W=Wp which belongs to Sl

(*'=!, •••, p\ we denote by z the point in Sτ whose projection coincides with
π(z). Let / be a mapping on Wp defined by the following fashion; for
(ι=l, — , p) with π(zt)=zeD—{0},

(6) /(zj)=*p+2-., 0 mod/?, /=!, — , />).

Observe that / is an anti-conformal automorphism of W and that /°/=id.
First, we prove that, if h is an element of &(W) such that h^f—h on W,

there exists a positive constant α such that

(7) h = aG,°π

on PF. Letting θ be the covering transformation of W as in the proof of
Lemma 2.1, we can find a positive constant β such that

(8) j8G0 7 r = Σ Λ 0'
.7 = 1

on PF. Let K be the upper edge of / on S^ Since neither of / and R—J is
thin at the origin, by Theorem C and Lemma 2.1 we have

(9) βG* π=&fa.x (=wRfGooπ)

on W. By (8), (9) and (iii) of Proposition 1.1, we have

(10) βG«»π=RκτPhoθJ_ Σ RLe^ Σ h θ'=βG0 π
J-i — j=ι j=ι

on W, and hence,

(11) h*θ>=R%oθj

on W (/—I, •••,/>). On the other hand, we find that

(12) h-θv-^h

on /C, because h°f—h on VF. By (11) and (12), we have

(13) h»θp-l=R%0θP-^R%=h

on W, and hence,

(14) h θ = h

on PF. By (14) we can consider h as an element of &(D— {0}) and hence, there
exists a positive constant α: such that the equation (7) holds.

Next, let ΛeίP(ίF) be a minimal function on W. Setting
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we prove that there exists an integer μ (l^μ^p) such that

(15) h θP

on W. The assumption that R—J is not thin at the origin implies that
(R—J)Γ\D is not thin at the origin (cf. e.g. [2]) and hence, by (iv) of Prop-
osition 1.1, J/—(R—J—{0})r\D is not thin at the origin. Thus, by Lemma 1.1,
(8) and (iii) of Proposition 1.1, we have

(16) 0Go *=Λft *=£jCί')=£%1(i'f)

on W and hence,

on W 0 = 1, •••, />)• Setting

K'j^θJ(K') 0=1, -, /O,

by (17) and (ii) of Proposition 1.1, we have

/ 1 Q \ L E>7T~1(J ' ) p ^ ^ <*" V"> p ^
\-*O/ '4 — •**• /ι —-**• h == <ώ-J -*»• ft

on W7. Since /ι is a minimal harmonic function on W, by Nairn's theorem (cf.

[3, Lemma 11.2]), ^f; 0—1, •••, p) is equal to h or a Green potential on W,
and hence, by (18), we find an integer μ (l<μ^p) such that

ΠQ^ 7??^ — h\±iJ) -ΐ^ h — fί

on W. By (19) and definition of balayage, we have

on W and hence, we obtain the equation (15).
Finally, we prove that, if h^&(W) be a minimal function on W, there

exists a positive constant γ such that h—γG^π on W. We set

where λ is the same integer as in (15). Since H f=H, we see from the first
observation that there exists a positive constant δ such that

(22) I

on W and hence, we have
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/oo\ /- f\ μ /^ Λ μ £ "__ (~*

on K'. By (15) and (20) we have

on W. Since h°θμ°f is a minimal harmonic function on W, by (23), we find
that

/Of~\ L. C\ μ L. C\n -C

on W and hence, by (22), we have

(26) h°θμ~~G0°π

on W. Therefore we have the desired result.

2.3. Proof of Theorem. In order to prove Main Theorem, by Theorem B
and 1.1, we have only to prove that, if R—J is thin at the origin, dim<£(W)—p.
Denote by \J'n}n=ι tne family of connected components of (R—J— {Q\)Γ}D and
by Jn the closure of J'n for each n. By replacing {Jn\n=ι in 1.2 with {/ή}n=ι,
we construct a /)-sheeted covering surface W of {0<|z|<l} in the same way
as in 1.2. Then Un-iΛ is thin at the origin and hence Theorem B yields that
dim &(W)=p. Therefore we find that dim &(W)=p since W is conformally
equivalent to W.
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