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CONSTRUCTION OF n-END CATENOIDS
WITH PRESCRIBED FLUX

SHIN KAaTO

1. Introduction

Let X: C—{q, -, go} —R® be an n-end catenoid, that is, a complete mini-
mal surface of genus 0 having 7 catenoid ends at ¢;’s, where € := C\U{oo}.
Let G: C—{qi, -, gn} —S? be its Gauss map which can be extended naturally
on C, and let w(q;) denote the weight of the end ¢, that is, the similitude ratio
of the asymptotic catenoid of the end ¢; to the standard catenoid (g=—z, =
—z7%dz). Remark that w(q;) takes negative value if the orientation of the end ¢,
differs from that of the standard catenoid, and that w(q;) vanishes if the end ¢,
is a flat end or is removed. The vector w(q;)G(q;) is called the flux vector of
the end ¢, and, it follows from the flux formula (cf. e. g. [2]) that 337, w(g:)G(q.)
=0. Now, conversely, we consider the following

PROBLEM. Given n unit vectors vy, -, v, in R® and n non-zero real numbers
@i, -, Qp satisfying D%, a;v;=0, is there an n-end catenoid X: C—{q,, -+, qu}
—R?® such that G(g))=v, and w(g;)=a,’

In this paper, we study the problem in the case when ¢, coincides with
a(v,) for each 7, where ¢: S?*—C is the stereographic projection from the north
pole. Our main result is stated as follows.

THEOREM. Let vy, -+, v, be unit vectors in R®, and a,, -+, a, non-zero real
numbers satisfying 3%, a;v,=0. Set p,:= a(v,) and
Fiz):= 1; f;l
Suppose there are complex numbers by, -+, b, satisfying
1.1 0; Djen, bi=a, =1, -, n,
(1.2) Sien, biF(p)=0  i=l, -, n

and %, b;#0, where N,:={j&N|1<j<n, j#i}. Then there exists an n-end
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CONSTRUCTION OF n-END CATENOIDS 87
catenoid X : C—{p,, -+, pa} —R® such that G(p,)=v, and w(p,)=a,.

In Section 2, we prove this theorem by giving explicit representation for
the solution surface.

Except for the (2-end) catenoid, examples of n-end catenoids were first
introduced by Jorge-Meeks [3]. These are the case with p,=(; and a;=1,
where {, is a primitive root of the equation z"=1. (Throughout this paper, we
keep this notation.) Subsequently, Karcher [4] constructed some new 4-end
catenoids, and Lopez [5] classified all of the 3-end catenoids. In each of these
examples, vy, ---, v, lies on the same great circle in S2

Recently, Xu [9], Rossman [7] and Umehara-Yamada [8] constructed poly-
hedrally symmetric n-end catenoids and some less symmetric ones, in each of
which v,, .-+, v, do not lie on the same great circle in S® For this purpose,
Xu used directly the Enneper-Weierstrass representation. On the other hand,
Rossman employed the conjugate surface method and constructed also higher
genus examples (see also Berglund-Rossman [1]). Umehara and Yamada con-
structed polyhedrally symmetric ones as limits of those corresponding CMC-¢
surfaces in H3—c?).

Each example of n-end catenoids in Jorge-Meeks [3] and Xu [9] has the
ends of the same weight, and it is easy to observe that they are all described
by the following special case of our theorem.

COROLLARY. Let vy, -, v, be unit vectors satisfying 2r,v;=0, and p,, F,
and N, as in Theorem. If
2 Fl(p])ZO Z:ly Tty n,
JEN,
then there exists an n-end catenoid X : C— {p1, =+, Pat—R® such that G(p,)=v,
and w(p,)=1.

Finally, we emphasize that almost all of the known examples can be con-
structed by our theorem. In Section 3, we discuss this and also give far more
new examples of families of n-end catenoids having ends of 2, 3 or 4 different
weights.

The author would like to express sincere gratitude to Professors O. Koba-
yashi, S. Nayatani, W. Rossman, M. Umehara and K. Yamada for their constant
encouragement and valuable conversations.

2. Proof of Theorem

In this section, we prove our main theorem. First, we recall the following
famous and significant

ENNEPER-WEIERSTRASS REPRESENTATION. (cf. [6]) Let X be a Riemann
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surface, g a meromorphic function on X, and 7 a holomorphic 1-form on X.
Define a map X: X—R® by

X(@=Re [(1-g*, v=11+g", 28)7 .
If
@.1) Re | (1-g%, v=1(1+4), 2007=0

for any closed curve C on XY, then X is a conformal minimal branched immersion
whose Gauss map is a7 og. Moreover, the induced metric of X is given by

ds*=(1+g1")*In1".

Proof of Theorem. First, we assume p,#co for any z. Set

b:
1= 12 ﬁz

(2.2) f@):=

and

Bi=3bi,

g(z):= z—%, pi=—{f(2)}dz.

We will show that the surface X: € — {g1, ==, ga} —R® represented by these data
is an n-end catenoid we want to construct.

Let (v,;, vis, v55) be the orthogonal coordinate of the vector v;. Then, by
using the assumptions (1.1) and (1.2), we have, for any i,

__ o2 pp]
Res.-p, {—(1—g*) [} =2b; Eb; e p]
olpea g PPy BPIED o
=—2{bdp=b) e A )
=—2(Ziv“€R,
Res.p, (= vTT+g0 s =25 51 p, 2t
3 T J
_ pi—h. |, bipi+1)
== bbb T Tt 3,00}
=—2aivi2€R,
+
Res,_p, {—2g £} =—2b, zbzz zj
[p.1*—1 2b:p,
=—2{bu =00 {5 ey~ T T, b

=—20i013€R .
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Hence the condition (2.1) holds, and the surface X is well-defined. Moreover,
since §8#0, the induced metric

ds*=(f1*+|zf—pI*)*|dz|*

is non-degenerate. By simple calculation, we get the following expansions
around p,.

8 =1~ e 00,

7]:{- (z—i)i)z)z_i~ O(Zin)}dZ )

Therefore, for any ¢, the surface X has a catenoid end at p, such that G(p,)
=g 'og(p,)=v; and

w(pd=—L 2V —by=vis-bo=c..

On the other hand, it is easy to see that, even if p,=co for some 7, the
assertion of Theorem and the data (2.2) are valid in the sense that

ﬁlpf_*_l_ OO/)]+1_

Fi(pnH= = =—p,,
(p5) DD, py—oo P,
poptl __pyoo+1
F; )= == e s
J(p ) pi‘—/)] OO——i)J pl
by —917:0. q.e.d.

z—p, z—o
Proof of Corollary. Apply Theorem to the case when a;,=1 and b,=
1/4/n—1. qg.e.d.

Remark 2.1. By the proof of Theorem, we can observe the flux formula
from another point of view. Namely we see that

@gl a;vipi= lzleesz=P1,{ 2 }- z,]=lz;l¢]blbj pl—pl _0’

n Ve R0V P SR Y Yo S
Eaivlz_EResFW{ 2 }_ \/r]:zd:l; 1#) it bi— D, =0,
n o n o n ) ‘pi+p1_

Ealvls—‘ ElReSz:pi {gf }_‘ ,,]=12;z¢1blbjpi‘"p1__o'
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3. Examples

First, we remark that the linear transformation F;(z) defined in Section 1
is identified with an isometry of the unit sphere S2=¢-1(C) such that Fy(p,)=oo
and Fy(—1/p,)=0. Therefore, if the subset {v;}%-; of S*— {¢7*(p,)} is invariant
under the action of some nontrivial subgroup of SO(3) which fixes ¢7%(p,), then
clearly 3%, Fi(o(v;))=0 (cf. Xu [9, Lemma 4.6]). By this observation, we get
the following example without any more computation.

Example 3.1. (Families of polyhedrally symmetric minimal surfaces) Let P
be a regular polyhedron inscribed to the unit sphere S? in R®, {v;}%-, the set of
the vertices of P, {vj}%., the set of the centers of the edges of P, and {v%}%.,
the set of the varycenters of the faces of P. It is well-known that

4, 6, 4) if P is a regular tetrahedron,
8, 12, 6) if P is a cube,

(k, k', R")=1 (6, 12, 8) if P is a regular octahedron,
(20, 30, 12) if P is a regular dodecahedron,

(12, 30, 20) if P is a regular icosahedron.

Set p,:= a(vy), p;:= a(vi/lv}l), and p%:= a@}/I1v}|). For any real numbers b,
b’ and b”, define a surface X, o,0n: C—{p1, =, P, P1, =+, P, P1, -, pir} —R®
by the data

1 g1

. £ 1 . & B ”
[@i=b3 b B b B

‘B::' kb-‘—k/b'-l'k”b” .

Then {X ., 5.5} is a 3-parameter family of minimal surfaces which are invari-
ant under the action of the polyhedral group /'» corresponding to P. For a
generic (b, b’, b”), X.5,5m has k+k’+k” catenoid ends whose weights take 3
different values. More precisely, by using Lemma A.l in Appendix, we see
that, for any positive numbers a, a’ and a”, there exists a I'p-invariant (k+k’+k”)-
end catenoid X, 5 Such that

(3'1) g(pl):pj ) w(p]):a ]:11 Ty kr
(3.2) gpp=p;, wppp=a =1, k',
(3.3) gpN=py, wpH=a" j=1,--, k"

When one of b, b’ and b” vanishes, since k, 2’ or k” ends are removed, it
has k’+£k”, k+k” or k+k’ ends. By using Lemma A.2, we see that, for any
non-zero real numbers a and a’, there exists a I p-invariant (k+k’)-end catenoid
Xos.o: C—1{py, =, ps, Dl .\ P} —R® satisfying the conditions (3.1) and (3.2).
Indeed, in the construction above, we may choose purely imaginary numbers b,
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b and b” in place of real numbers, and, by Lemma A.2, we get X.5.0) @S
above. Of course, the same assertion holds also in the case with =0 or b=0.

Xu [9], Rossman [7] and Umehara-Yamada [8] studied the special cases
of this type when two of b, b’ and b” vanish.

The dihedral version of this type is the following

Example 3.2. (Families of D,-invariant minimal surfaces) Let %2 be an
integer greater than 1. For any real numbers b, b’ and b”, define a surface
X om: C—A1, Lop, -+, (&Y, o, 0} —R® by the data

kzk 1 ,kzk 1 b// L , Y
f(z):= b +b pr: +1+ B = k(b+b")+2b" .
Then {X. b5} i a 3-parameter family of D,-invariant minimal surfaces. For
a generic (b, ', b”), X@,» o, has 2k+2 catenoid ends whose weights take 3
different values. More precisely, by using Lemma A.l, we see that, for any
positive numbers a, a’ and a”, there exists a Dg-invariant (2k+2)-end catenod
X(b,b',b") such that

3.4) g&=a, wEh=a j=0, -, k—1,
(3.5 g(g‘u H=g"1, w(C%“):a’ =1, -, k,
(36) g(oo)-:_oo s g(O):O, w(oo):LU(O):a”_

When b” (resp. b’)=0, it has 2% (resp. #+2) ends and the similar result as
above also holds. It was partially obtained by Karcher [4] (£=2), Xu [9] and
Rossman [7] (k=3). More generally, by Lemma A.2 and the same considera-
tion as in Example 3.1, we see that, for any non-zero real numbers a and a’,
there exists a D,-invariant 2k-end catenoid X, s, 0): C—1{1, Gy, -, (&} —R?
satisfying the conditions (3.4) and (3.5), and that, for any non-zero real numbers
a and a”, there exists a Dy-invariant (k+2)-end catenoid X o,0n: C—1{1, Ci, -,
1, oo, 0} —R? satisfying the conditions (3.4) and (3.6).

When b'=56"=0, we get the examples in Jorge-Meeks [3].

By the consideration in Examples 3.1-2, we can observe that there are
essentially different n-end catenoids with the same data v, ---, v,, a,, -+, a,.
For example, in Example 3.2, applying Lemma A.2 for (%, 2")=(k, 2), we see
that, for any non-zero real numbers a and a” such that k2a+4a”, there exist
two D,-invariant (k+2)-end catenoids X,,o”, satisfying the conditions (3.4)

and (3.6). Since the metric of X 0,5 IS given by

[1(kb+b")z*—b" |*+ |2 {(kb+b")—b"2*} |2]?
|z(z*—1)|*

and |bf]=#|b"] if k?a+2a”, X, 04", and X _ ", are not isometric with each

ldz|®
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other for generic a and a”.
We can deform the surfaces in Example 3.2 to the following

Example 3.3. (Families of C,-invariant minimal surfaces) Let 4 be an integer
greater than 1. For any non-zero real number p and real numbers b and &,
define the surface X, 5.0y : C—{p, pCs, -, pCi7', oo, 0} —R® by the data

k k-1 ”
. +2, = kbtbnr,

where b” := (k—1)(p*—1)b/2+p?%’. Then {X(,.5.5,} is a 3-parameter family of
C,-invariant minimal surfaces.
Indeed it is clear that the condition (1. 2) holds with p,=o and 0, and we

f@):=b_—%

have only to check it with p,=p¢} ({=0, 1, -+, k—1). By direct computation,
RS
pck{b 5 g”“ +b’]>2-—b”}
pck{(k 1)(27’2 Db poyy v}

=0.

Hence the surface X ;.5 5, is well-defined.

For a generic (p, b, &), X5, has k42 catenoid ends whose weights take
3 different values. More precisely, by using Lemma A.3, we see that, for any
non-zero real number p and positive numbers a, a’ and a” satisfying a :zie " (pLl)
+a’'c7(0)+a”c7(0)=0 (f.e. ak(Pp?—1)/(p*+1)+a’—a”=0), there exists a C,-
invariant (k+2)-end catenoid Xy 5.5, Such that

3.7 gp)=C, wplh=a ;j=0, -, k-1,
(3.8) g(e0)=0c0,  w(co)=a’,
3.9 g(0)=0, w0)=a” .

Karcher [4] constructed this example with k=2,

When 4’=0, since the end oo is removed, it has #+1 ends. Xu [9] con-
structed this example with (p, b")=(+/(k+1)/(k—1), 0). However, more generally,
by using Lemma A.2, we see that, for any non-zero real number p+ +1 and
non-zero real numbers a and a” satisfying a X%z o '(pld)+a’e ' (0)=0 (.e.
ak(p2 L/(p2+1)— a”——O), there exists a C p-invariant (k+1)-end catenoid X p, 5 0y :

—{p, s, -+, pCE', O} > R® satisfying the conditions (3.7) and (3.9).
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See Figure 3.1 for the arrangements of the ends. We point to the positions
of the ends by the symbols O, ® and A. Any two ends of different symbols
may have weights different from each other.

Example 3.1 Example 3.2 Example 3.3
P is a regular octahedron k=6 k=6
Figure 3.1.

By the similar computation as in Example 3.3, we get various examples of
families of n-end catenoids, e.g. as follows.

Example 3.4. (Example 3.2 plus 2k ends) Let &£ be an integer greater than
1. For any non-zero complex number & such that £?#=£1, and any real numbers
b, b’, b” and b” satisfying

(3.10)  2R{E*+ 11N+ Db+ (EF—1&15)(EF—1)b'}
=2(1&1P—=1)(E** —1)b" + {(k—1)(1§]°6** +1)—(Bk —1)(&** + 119} 0",

define a surface X(f,b,b’,b”,b"’): 6‘— {l, CZk: ey g;’;_l, 0, O, 511, Eile, ey éilcl’:—l} —R?®
by the data

k-1 k-1 7 k-1 k-1
fom b o S+ Do (S 5, Bim RG24 20
Since we assume (3.10), the condition (1.2) in Theorem is satisfied and
{X b5 0n5m} is a family of D,-invariant minimal surfaces. For a generic
(& b, b, b”, b") satisfying the condition (3.10), X 4,500, has 4k-+2 catenoid
ends whose weights take 4 different values. However, when some of b, b’ and
b” vanish, it has 4k, 3k+2, 3k, 2k+2 or 2k ends.

Here we claim that, for any &, there are infinitely many (b, b’, b7, b")e R*
satisfying the condition (3.10).

CASE 1. When &*<R i.e. £é=p{}, for some non-zero real number p (# =1)
and some integer j, the condition (3.10) is satisfied if and only if the following
condition holds:

2kp*L{p* (=1 (1Y o+ {p* 2= (1Y} {p*—(—1)'} ']
=20 —1)(p* —1)b"+ {(k—1)(p** 24+ 1)— @Bk —1)p*(p** >+ 1)} b” .
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Hence the claim above is justified. In this case, X 57,0, has the symmetry
of a regular k-angular prism.

CASE 2. If we set p:= |£] and »:= Re £*/|&|*, then, by using the equality
£ =2rprek—p2* we can rewrite the condition (3.10) as follows.

2RLA(@rp*+ 1+ D —pY(p** = Db+ (2rp* — p*— 1) —p*(p** >~ D} ']
=2(p*—1){2rp*E* —(p**+ 1)} b
HL(k—1){2rp**28* —(p**+*— D)} — (3 —1) {2r p*&*— p*(p** 1)} 1"

Therefore, when &*¢& R, the condition (3.10) is satisfied if and only if both of
the following conditions hold :

(3.11)  2kp¥Hp**r—1)b+b")

=200 —1)(p** +1)b" + {(k—1)(p****—1)— Bk —1)p*(p** >~ 1)} b";
(3.12)  R{@rp*+p*+Db+Q@rpt—p*—1)b"}

=rp*L2(p*—1b"+ {(k—D)p*—(3k—1)} b"].

Hence, also in this case, the claim above is justified. Let us observe this case
more concretely.

(1) When é*e+/—1R i.e. £&=pl2* for some non-zero real number p and
some integer j, the condition (3.10) is satisfied if and only if both of the fol-
lowing conditions hold:

4k p¥p?t-2—1)b
=2(p*=D)(P**+ Db + {(k —1)(p***—1)—(Bk —1)p*(p** > —1)} b";
b=b".
In this case, X 56,075+, has the symmetry of a regular k-angular antiprism.

(2) When &2*¢R i.e. £ RU~/—1R, the condition (3.10) is satisfied if and
only if both of the following conditions hold:

20k —DrpH(p* = 1)b+b)+ (= D)(p**—1)—(3k—1)p*(p** 1)} (b—b')
=4rpH(p =10 ;
@rp* 2 Db+ 2rp* —p™—1)b’+2rp*b" =0 ,

In this case, if |&]#1 and b”+0, then X 50,500 has neither the symmetry

of a regular k-angular prism nor the symmetry of a regular k-angular antiprism.
(3) When |&|=1, the condition (3.11) is automatically satisfied. Therefore

the condition (3.10) is satisfied if and only if the following condition holds:

r+1Db+(r—1)b"+rb"=0.
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In this case, we can choose b” independently.
See Figure 3.2 for the arrangements of the additional ends &*'{j in each
case above.

569
0%

i~
®

-1
k

Cor @ Cr

&

L
@ Casel, (B --Case2(1),(Q- -Case 2(2),(D---Case 2(3).

Figure 3.2.

Now we will describe a less symmetric

Example 3.5. (All of the 3-end catenoids) For any non-zero real numbers
p and p’ such that (p—p’)(pp’+1)+#0, and any non-zero real or purely imaginary
number b, define a surface X, p'.00: C—{p, p’, 0} —=R*® by the data

p(p—p") , p'(p'—p) | pp'(pPp’+1)
+ T+
z—p z—p z
This representation gives the affirmative answer to our problem in the case
when n=3 and v»;’s are different from each other. Conversely, all of the 3-end
catenoids are described by this. Lopez [5] recently proved this result by some-
what different but essentially the same representation.

f(@):=b{ e T e YOO

In the case n=4, our problem is still open.

Appendix

Here we prove three lemmas which were used in the previous section.

LEMMA A.l. Let n be an integer greater than 1, and a,, ---, a, positwe
numbers. If there are two indices i, and i, such that @, =Q,,—MaXs,<n ., then
there are positive numbers, by, -+, b, satisfying

1.1) b; Xjen, bi=a, 1=1, -, n.

In particular, if a,=a, for some i and j, then we can choose b; and b, as the
same value.
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Proof. We may assume 7;,=1 and 2,=2 without loss of generality. Set
o) = (n—2)t— gl Vtt—4da, .

It is clear that ¢(¢) is a continuous function on [2+/a,, +c0) and lim,.. .. ¢(¢)<O0.
On the other hand, by the assumption, we have

peVE)=2An—DVa—2 3 Vai—a,

=23 (Vai-va—a)

%

0.

Hence, by the intermediate value theorem, there is a positive number r=2+/a,
such that ¢(z)=0. Set

=
_t—+/7T—4a, i=1, -

2
Then, for any 7, b, is positive and

r—+/?—4a, 5 = v/t —4a,
2 i€V, 2

b;: n.

’

bi 2 b;=
JEN,

_t—A/7"—4a, % (n—Dr— {(n—2)t—+/t*—4a,}
- 2 2

=a,,

namely, by, -+, b, satisfy the condition (1.1). g.e.d.

LEMMA A.2. Let k be an integer greater than 1, k’ a positive integer, and
a and a’ non-zero real numbers. Then there is at least one (b, b’) which belongs

to either R? or (v/—1R)® and satisfies
b{(k—1)b+k'b'}=a,
(A.1)
b {kb+(k'—1)b'} =a’
and kb+k’b’ 0, if k’>1, or if k’=1 and a’+ka, k?a.
Proof. When k’>1, solving the system of quadric equations (A.l), we get
a solution (b, b")=(b., b.), where

k*a*—k"?a’*—D+2k'a’ /D
4(k—1)k+k'—1)a’ ’

o _ a—(k—=1b:
bei= = k.

bl :

and
D:= k?a?+2(kk'—2k—2k"+2)aa’+k"?a’.
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By the assumption and direct computation, we have D>0 and k?a®—k’%a’*—D
+2k’a’+/D #0. Therefore, we can easily see that (b., b.) belongs to either R?
or (+/—1R):.. Moreover, since
a+bi _ a'+b?

b, b,
we have kb,+k’b,+0 or kb_+k’b.+0. Indeed, if k2a+k’?a’ (resp. k*a=k"?a’),
then each (resp. one) of (b., b.) satisfies kb.+k’bL=0.

On the other hand, when k’=1 and a’+#ka, k%a, solving the system of

quadric equations (A.l), we get a solution

kb.+ kb=

o EE:@ a’
(. )= (\/k(k—l)’ w5):
We can easily see that (b, ') belongs to either R? or (~/—1R)®.. Moreover, we

have
2 7
kia—a 0.

kbbi=
L 7 ded

LEMMA A.3. Let %k be an integer greater than 1, and a, a’ and a” positive
numbers. If max{a, a”’} <a’<ka+a” or max{a, a’'}<a”<ka-+ta’, then there
are positive numbers b, b’ and b” satisfying

b{(k—1)b+b'+b") =a,
(A.2) b(kb+b")=a’
b"(kb+b")=a” .

Proof. Solving the system of quadric equations (A.2), we get a solution
(b, b’, b”), where

b VD —k(a’+a”"—a)

k(k*—1) ’
b k*a+Q2k+1)a’—a”—+/D
T 2k(k+1)b ’
pr o kra+@k+1)a”—a’— /D
T 2k(k+1)b

and
D:= kta?+a’?+a”*—2kR*a’+a”)a+2(2k%*—1)a’a” .

By the assumption and direct computation, we have D>0 and
0<k(a’+a”—a)< /D <min {k2a+Q2k+1)a’—a”, k2a+(2k+1)a”—a’}.

Therefore, we can easily see that b, b’ and b” are positive numbers. q.e.d.
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