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REMARKS ON FUNDAMENTAL GROUPS OF COMPLEMENTS

OF DIVISORS ON ALGEBRAIC VARIETIES

BY ICHIRO SHIMADA

Introduction

We work over the complex number field C, and consider the topological
fundamental group of the complement of a divisor on a nonsingular projective
variety.

Let V be a nonsingular connected projective variety of dimension ^ 2 and
let DdV be a reduced divisor. We denote by p: L-+V the line bundle cor-
responding to the invertible sheaf Oγ(D), and we put

L x :=L\{the zero section}.

We fix base points b<=V\D and bf<=Lx such that p(b')=b. There exists a
unique section s : V—>L which defines D and passes through bf. By restricting
s to V\D, we get a morphism V\D-*LX, which we denote by the same letter
s. We consider the homomorphism

s*: 7Γχ(7\A W—>Λn(i x , * ' ) .

In various "good" situations (for example, when D is very ample and non-
singular), this homomorphism is an isomorphism. The following is a special
case of Nori's result [3, Corollary 2.10], which is one of the corollaries of his
Weak Lefschetz Theorem.

PROPOSITION (NORI). Suppose that D is irreducible and not composed of a
pencil. If the singular locus of D is of codimension >3 in V, then πγ(V\D) is
isomorphic to τr1(Lx).

In this paper, we give another condition under which s* is an isomorphism,
using some ideas originated in [4]. As an application, we compute the funda-
mental groups of complements of certain singular plane curves.

Let V be as above and let b be a linear system on V. We put

B$ϊ>:={x(=V x<=D for all

We also put F° :=F\Bsb. Then there is a morphism Φ: F°->b" induced by b
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where if is the dual projective space of b. As above, we denote by p: L-+V
the line bundle corresponding to OV(D) where D is an arbitrary member of b,
and by Lx the complement of the zero section of L. We also put

; D is not reduced}.

The main result is as follows:

PROPOSITION 1. Suppose that b has no fixed components and the image of Φ
is of dimension ^>2. Suppose also one of the following holds; ( i ) b n r c b is of
codimension >2, or (ii) every fiber of Φ is of codimension ^ 2 in V°. Then, for
a general member D<=b, s# is an isomorphism.

Note that if s* is an isomorphism, we have a commutative diagram

(0.1) ι*\

where i: V\Dc^V is the inclusion. By this commutative diagram, we have an
exact sequence

d
(0.2) —> π2{V) —+Z—> π^VXD) —> πx{V) —> 1,

derived from the homotopy exact sequence of LX->V. It is easy to see that
the image of Z-^π^VXD) is contained in the center of τri(7\D). Thus πλ(V\D)
is a central extension of πλ(V) by a cyclic group.

We shall study the boundary homomorphism 3 in the sequence (0.2). The
homology class [D]e//2n-2(Vr, Z) of the divisor D, where n = d i m F , defines a
linear form

δ: HIV, Z)—> Z

by the intersection paring H2(V, Z)xH2n_2{V, Z)-*Z.

PROPOSITION 2. Suppose that s* is an isomorphism. Then the boundary
map d in (0.2) is given by

η δ
π2(V)—>H2(V,Z)—>Z,

where η is the Hurewicz map and δ is the linear form defined above.

Let Z;>o be the set of non-negative integers. We put

Sd :={(ί, y, β)€Ξ(Zs0)
3; i+j+k=d\.

For a subset SdSd of Sd, we denote by b(S) the linear system of all curves
on P2 whose defining equations are of the form
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atJkXiX{Xl=0,
S

where (Xo: Xx: X2) are homogeneous coordinates of P2. As a corollary of
Propositions 1 and 2, we have the following:

PROPOSITION 3. Suppose that Card(Sn{z^0})^2, Card (Sn {7=0}) ̂ 2 , and
Card(Sn{&=0})^2. Let D be a general member of b(S). Then the fundamental
group πλ(P2\D) is isomorphic to the cyclic group of order d.

Example 1. We fix three points Λ = ( l : 0: 0), P2=(0: 1: 0) and P 3 = ( 0 : 0: 1)
on P2. Let mlf m2, m3 and d be non-negative integers. Let b be the linear
system of all curves of degree d in P2 which have singularity of multiplicity
mx at each point Px for ι = l, 2, 3. Suppose that mx-\-m2<d, m2+m%<d, and
ms+τni<d. Then the fundamental group of the complement of a general
member of b is isomorphic to Z/(d).

Example 2 (cf. [1, Chapter 4 (3.11)]). We fix aflfine coordinates (x, y) on
P2. Let di>d2> •" >dμ be a decreasing sequence of positive integers with
μ^2. Consider the projective plane curve C defined by an inhomogeneous
equation ,

where f&^x, y){i—l, •••, //) are general homogeneous polynomials of degree dt.
Then πi(P2\C) is isomorphic to the cyclic group of order dλ.

In the last section, we give some other elementary examples.

1. Proof of Proposition 1

First, we shall show, by contradiction, that the assumption (ii) implies the
assumption ( i ) . Suppose that there exists an irreducible component b' of bnr

of dimension dimb—1. Let τl(b)c//0(F, L) be the linear subspace corresponding
to b, and let C(b')czΛ(b) be the cone over b'. Let s 0 eC(b0 be a general point.
We may assume that C(W) is nonsingular at s0. Then the tangent space
TgQ,cw) to C(b') at So is canonically isomorphic to a linear subspace Af of
codimension 1 in Λ(b). Let M be a small coordinate neighborhood of s0 in
C(bO, and let

φ: Δ : = : { z e C d i m C ( b / ) ; |2r|<l} -^> M

be the coordinates. We denote by sz the global section of L corresponding to
^0)<=C(b'), and by Dz the divisor defined by sz=0. Since s 0 eC(b0 is general
and M is small, there exist analytic families of divisors {Ez}z^ and {FZ}Z^Δ
over Δ such that

Dz=l Ez+Fz
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and Ez are reduced irreducible divisors for all z. Let UaV be a classically
open neighborhood of V around a general point of Eo, over which there exists
a trivialization

of the line bundle L. Then there exist families of defining functions {tz\ and
{uκ\ of Ez and Fz, respectively, on U such that

(1.0) st=tl u,

holds on U, where we consider sz \ Ό as a function on U by the above trivializa-
tion. Let s'eTS()(ί7(b') be an arbitrary tangent vector to the cone C(b') at s0.
Then we can deform (1.0) to the direction s' in the first order. Let ε be a
dual number ε2—0. We write the first two terms of expansions of sz, tz and
uz of this deformation as follows

se=So+εs', te=U+εt', and uε=u0+εu'.

Then, considering s' as an element of Λ(b) by the canonical isomorphism
T8o,c<b') = Λ'c:ΛQ)) and regarding s'\u as a function as above, we see that

s'=tl-Klt'uo+tou')

holds on U. Thus, locally on U, the divisor {s'=0} contains Eo with mul-
tiplicity ^/—1>0. Since Eo is irreducible, this implies that the divisor {s'=0}
contains Eo globally. Since TgOtCw) = Λ'c:Λ($) is a linear subspace of codimen-
sion 1 and s'^TgQiCw) is arbitrary, this means that E0Γ\V° is mapped to a
point by the morphism Φ. (Note that since b has no fixed components by the
assumption, Bs b is of codimension ^ 2 in V. Thus E0Γ\V° is non-empty.) This
contradicts the assumption (ii). Therefore we may and will assume the assump-
tion ( i ) from the outset.

Let q0 be a general point of if. Since dimΦ(F°)^2, the inverse image
Φ~\qo)c:VQ is either empty or of codimension >2. We put V1:=Vϋ\Φ~1(g0).
Let A be the space of all hyperplanes H in the projective space tf such that
Hφq^. Then A is isomorphic to an affine space. We put

W:={(y, H)<ΞV1XA; Φ{y)^H}

and HJ :=(V1xA)\W. Then W is a Zariski closed subset of codimension 1 in
V1xA. We give W the reduced structure. For H<=A, we denote by WH the
scheme theoretic intersection WΓ\(VιX{H}), which is regarded as a divisor of
y 1 . Then we have WH=DHΓ\V1, where DH is the divisor of V corresponding
to T/eOfΓ^b. Since Bsb is of codimension Ξ>2 in V, V1 admits a non-singular
projective compactification V such that V\V1—Φ~1(q0)\jBsb is of codimension
^ 2 . Combining this with the assumption ( i ) , we can use [4, Theorem 1] and
get isomorphisms
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(1.1)

for a general H^Λ. These isomorphisms are induced by the inclusions V1\WH
and Vι\WHz+V\DH.

For y^V1, let ly be the line in fcf connecting Φ(y) and q0. Note that since
^-Qo, the line ly is uniquely determined. Since Φ*0^(ϊ)=0Vo(DHΓ\V°), we

have isomorphisms which fit into the commutative diagram;

j
; qς=lv,

= {(y,

and are compatible with the projections to V1. Under these isomorphisms, the
section s(DH) of L—>V defining DH is given by

over Vi. (Note that the above isomorphisms are unique up to the automorphisms
of the fiber bundles p: L-+V and p: LX-*V by the group Cx acting on fibers
by the scalar multiplication. For the section y*-*(y, Hr\ly) to pass through a
given point b'(=Lx as in Introduction, we have to choose the isomorphisms in
a suitable way.) If (y, //)<=CU, then H intersects the line ly at a point on
ly\{Φ(y), Qo\> because yφDH. Therefore, using the above isomorphisms, we
have a morphism

(y, H) ^ - * (y, HΓ\lv) (=s(DH)(y)).

This makes HJ a locally trivial fiber space over L*\Vi, whose fiber is the space
of all hyperplanes of fcf passing through a given point (Φq0) and not containing
q0, which is isomorphic to an affine space. Hence we get isomorphisms

(Note that LX\(LX \Vi) is of codimension ^2.) Combining this with (1.1), we
have

for a general H^Λ. By the constructions, this isomorphism is induced by the
section s(DH): V\DH->LX. D

2. Proof of Proposition 2

We fix base points b of V\D, and * of an oriented 2-sphere S2. Let

g: (S2, *) — > (F, b)
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be a continuous map. We shall consider the image of the homotopy equivalence
class W E ^ 2 ( F , b0) via the boundary map 9 in (0.2). Deforming g homotopically
relative to *, we may assume that the image of g intersects the divisor D at
its nonsingular points transversely, and g~ι(g(S2)Γ\D) is a finite set of points.
We put

g-Kg(S2)r\D)={Pu - , P k ) .

Let S-^V be the oriented S^bundle associated with LX-*V, where the orienta-
tion is induced by the complex structure of the fibers of LX-»F. The section
s = s(D): V\D~>LX induces a section r(D) of S | V\D->V\D. By pulling back, we
get a section of g*S-^S2 over S2\{Plf •••, Pk], which we shall denote by r'(D).

For simplicity, we fix some notation. Let P be a point of S2, and let Δ c
S2 be a subset which contains P in its interior and is homeomorphic to the
closed disk {z<=C; \z\^l\. We denote by SP the fiber of g*S-+S2 over P,
which is oriented. There exists a trivialization

which is the identity on SP. Now suppose that there is a section σ: dA->g*S
of g*S~->S2 over 9Δ. We define an integer m(σ, A, P) to be the mapping degree
of the composition

σ pri

9Δ—>g*S\*^SPxA—>SP,

where the orientation of 9Δ is induced from that of S2. It is easy to see that
this number m(σ, A, P) is independent of the choice of the trivialization of
g *cS|Δ. If the section σ extends over the whole Δ, then m(σ, A, P)=0. By
the definition of the boundary map 9, if Δ contains the base point * in its in-
terior and the section a is defined over the complement S2\(the interior of Δ),
then
(2.1) m(σ,A, *)=

We fix a small closed disk At on S2 with the center Pt. By the definition
of the section r'(D), we have

(2.2) m(r'(D), Au P0=the local intersection number of g(S2) and D at Pz.

(Since g(S2) and D intersect transversely, these numbers are ±1.)
Let o)i: /->52 be a path from * to a point £ ΐe9Δ ΐ such that each ωt is

injective, ωi(I)Γ\Aι= {et\, and if iφj, then (ύi(l)C\Aj-=.% and ω<(/)Πω//)={*}.
We put

Tι—Ai\Jωi{I),
and

T : = U ί - i 7 \ .

Let d be a standard distance on S2. For a small positive real number ε>0,
we put
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; minQ(Ξτd(P,Q)<e}.

Then both of Tε and Tι>ε contain * in their interiors and, if ε is small enough,
they are homeomorphic to the closed disk. Moreover, since the section r'(D)
is defined over S2\(the interior of T ε), we have, from (2.1), that

(2.3) m(r'(£), Tβ, *)=3([g]).

On the other hand, it is obvious that m(r'{D), Δiy Pt) = m(r'(D), Tx>ε, *). Con-
sidering the limit ε^O and taking (2.2) into account, we have

m(r'(D), T9, *)= Σ m{r'{Ώ), 7\.., *)= Σ m(r'(£), Δt, P,)
t=l 1=1

Combining this with (2.3), we complete the proof. •

3. Proof of Proposition 3

We put

Then the group (Gm)3/(diagonal) acts on P2\T and on b(S) compatibly by

(a : b: c) •—>(λa: μb: vc) for U, ^, v ) e ( ^ m ) 3 .

This action on JP2\T is transitive. Therefore we have Bs(b(S))cT. In parti-
cular, the fixed components of b(S) must be contained in T. On the other
hand, the assumption implies that no lines in T can be a fixed component of
b(S). Hence b(S) does not have any fixed component.

We consider the restriction

Φ': P2\T — > b ( S ) v s P ! ( s+l=CardS)

of the morphism Φ : P2\Bs(b(S))-b(SΓ to P2\T. Let (Uo: ί/i: •••: £/,) be the
homogeneous coordinates of b(Sy dual to the basis {XlX{XVt u,3,k)^s of b(S).
We denote by X\»X{>X\» the monomial corresponding to Uv. Then the image
of Φ' is contained in

By changing the numbering if necessary, we may assume that the three vectors
(ί'o, jo, k0), (iu j \ , ki), and (/2, ;*2, ^2) are linearly independent over Q because of
the assumption. There exist a positive integer N and integers aμ, bμ, cμ(μ=
0, 1, 2) such that

Σ ^ f e jμ, kμ)={N, 0, 0),
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hbμ(iμ,jμ, kμ)={Q,N,0),

ίlcμ{iμ,jμ, kμ)=(0,0,N).

μ=o

Let Ψ be the composition of the morphisms

Ψ: P \{ί/, ί/,=0} — + P^MUoUrU^O} — > P v

(£/, :••. :£/ . ) .— (£7, : ! / , : £ / , ) —

The composition of Φ' and ?P* is given by

(Xo '. Xι I X2) ' * (Xθ X\ -Λ 2 ) .

Therefore it is finite and etale. Hence the image of Φ' is of dimension 2 and
no curves in P2\T are mapped to a point by Φ\ On the other hand, the as-
sumption implies that no lines in T are mapped to a point by Φ. Thus the
assumption (ii) in Proposition 1 holds. Using Propositions 1 and 2, we complete
the proof. D

4. Other examples

Example 3. Let VczPN be a nonsingular projective variety of dimension
^ 2 . Suppose that V is simply connected. Let SczPN be a general hypersurface
of degree d. Since τr2(F)^i/2(F, Z)Φθ, and the linear map H2(V, Z)->Z in-
duced from the intersection with [ynS]^H2n-2(Y, Z) is non-trivial, Proposition
2 implies that πx(V\S) is a finite cyclic group, and its order is in proportion to d.

Example 4. Let V and S be as in Example 3. If V is a complete intersec-
tion, then 7Ci(V\S)sZ/(d). Indeed, by the generalized Lefschetz-Zariski The-
orem due to Goresky-MacPherson ([2]), we have ffi(i/n(VλS))sπi(VΛS) for a
general hyperplane HdPN if d i m F ^ 3 . Therefore, we may assume that dim V
is large enough compared with its multi-degree. Then V contains a line and
its class generates H2(V, Z)=Z. Since 5 is general, this line intersects S at
distinct d points transversely. Hence the cokernel of the boundary map π2(V)
sft(V, Zy+Z is Z/(d).
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